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Abstract: The concept of k-subdirect sums of matrices, as a generalization of the usual sum and
the direct sum, plays an important role in scientific computing. In this paper, we introduce a new
subclass of S -Nekrasov matrices, called {iy}-Nekrasov matrices, and some sufficient conditions are
given which guarantee that the k-subdirect sum A @ . B 1s an {ip}-Nekrasov matrix, where A is an
{ip}-Nekrasov matrix and B is a Nekrasov matrix. Numerical examples are reported to illustrate the
conditions presented.
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1. Introduction

In 1999, Fallat and Johnson [1] introduced the concept of k-subdirect sums of square matrices,
which generalizes the usual sum and the direct sum of matrices [2], and has potential applications
in several contexts such as matrix completion problems [3-5], overlapping subdomains in domain
decomposition methods [6—8], and global stiffness matrices in finite elements [7, 9], etc.

Definition 1.1. [1] Let A € C"*™ and B € C™™, and k be an integer such that 1 < k < min{ny, n,}.
Suppose that

A A B B
A:l 1 lzlandB:[ 1 121’ (L.1)
Ay Ap By By

where Ay, and By, are square matrices of order k. Then
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Ay A 0
C=|Ay An+B; Bp
0 By By,

is called the k-subdirect sum of A and B and is denoted by C = A . B-

For the k-subdirect sums of matrices, one of the important problems is that if A and B lie in a
certain subclass of H-matrices must a k-subdirect sum C lie in this class, since it can be used to
analyze the convergence of Jacobi and Gauss-Seidel methods in solving the linearized system of
nonlinear equations [10]. Here, a square matrix A is called an H-matrix if there exists a positive
diagonal matrix X such that AX is a strictly diagonally dominant matrix [11]. To answer this question,
several results about subdirect sum problems for H-matrices and some subclasses of H-matrices have
been obtained, such as §-strictly diagonally dominant matrices [12], doubly diagonally dominant
matrices [13], Z-strictly diagonally dominant matrices [14], @; and a@,-matrices [15], Nekrasov
matrices [16], weakly chained diagonally dominant matrices [17], QN-(quasi-Nekrasov)
matrices [18], SDD(p)-matrices [10], and H-matrices [19]. Besides, the subdirect sum problems for
some other structure matrices, including B-matrices, BX-matrices, P-matrices, doubly non-negative
matrices, completely positive matrices, and totally non-negative matrices, were also studied; for
details, see [1,20-22] and references therein.

In 2009, Cvetkovié, Kosti¢, and Rauski [23] introduced a new subclass of H-matrices called S -
Nekrasov matrices.

Definition 1.2. [23] Given any nonempty proper subset S of N := {1,2,...,n}and S = N\ S. A
matrix A = [a;;] € C™" is called an S -Nekrasov matrix if |a;| > his (A)forallie§, and
(lail = 1 (&) (laj| = B (A)) > hf (MRS (A), forallie$, jeS,
where hf A= 2 lajland
JES\{1}

S _ O lail ¢ C .
K (A) = ; ] j:,-;es lagl, i =2,3,...,n. (1.2)

Specially, if § = N, then Definition 1.2 coincides with the definition of Nekrasov matrices [23], that
is, a matrix A = [a;;] € C™" is called a Nekrasov matrix if |a;| > h;(A) for all i € N, where h;(A) :=
hY(A). It is worth noticing that the class of §-Nekrasov matrices has many potential applications in
scientific computing, such as estimating the infinity norm for the inverse of S -Nekrasov matrices [24],
estimating error bounds for linear complementarity problems [25-27], and identifying nonsingular
H-tensors [28], etc. However, to the best of the author’s knowledge, the subdirect sum problem for
S -Nekrasov matrices remains unclear. In this paper, we introduce the class of {iy}-Nekrasov matrices
and prove that it is a subclass of S -Nekrasov matrices, and then we focus on the subdirect sum problem
of {iy}-Nekrasov matrices. We provide some sufficient conditions such that the k-subdirect sum of {iy}-
Nekrasov matrices and Nekrasov matrices belongs to the class of {iy}-Nekrasov matrices. Numerical

examples are presented to illustrate the corresponding results.
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2. Subdirect sums of {i;}-Nekrasov matrices

We start with some notations and definitions. For a non-zero complex number z, we define arg(z) =
{0 : z = |zlexp(if), —m < 6 < mr}. As is shown in [12], if we let C = A @D, B = [c;j], where A = [a;j] €
C and B = [b;;] € C"™", then

aij, €S, jES1USo,
0, ieSy, jess,
aij, ieS, jesy,
Cij=1q aij+tbij, 1€855 jES,,
bi—t,j—t’ iESz, j€S3,
0, i€S; jesy,
bi—t,j—t’ i€S3a jESZUS3,

where f = n; — k and
Si1={1,2,....n1 =k}, So={n —k+1,....m}, S3={n +1,...,n}, 2.1

with n = ny + n, — k. Obviously, S; S, JS3 =N.
We introduce the following subclass of S -Nekrasov matrices by requiring S is a singleton.

Definition 2.1. A matrix A = [a;;] € C™" is called an {iy}-Nekrasov matrix if there exists iy € N such
that |a;, ;,| > ni,(A), and that for all j € N \ {ip},

(aiyio] = 110 (A)) - (lajj] = 1 i(A) + nj(A)) > (iy(A) = i (A)) - (A,

where n;(A) = 0 for all i € N ifiy = 1, otherwise, n,(A) = |a;;,| and

i-1

2 %m(A) +lail =200 -1
j=1 i

UI(A) = i-1 laiil

ZI¢UJ(A)’ i:io,i0+1,...,n.
j=

ajjl

(2.2)

Remark 2.1. (i) If A is an {iy}-Nekrasov matrix, then A is an S-Nekrasov matrix for S = {ip}. In
fact, using recursive relations (1.2) and (2.2), it follows that hl.SO (A) =0 =n;(A) ifip = 1, otherwise,
1 (A) = m(A) and

n

i-1

|aij| s
Zm_jﬂhfm“ D lail
j=1

Jj=i+l,jes

ki (A)

i-1
laijl . .

Z] w_jjﬂnj(A)-i_lai,iol’ l :2’-'~710_ 17

_ =1

=g ..

ZlVﬂ_}imj(A)’ i=1ip,lp+1,...,n.

j=

= 1i(A).
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In addition, hY (A) = hi(A) — ni(A) follows from the fact that hi(A) = kS (A) + h’ (A) for each i € N.
These imply that an {iy}-Nekrasov matrix is an S -Nekrasov matrix for S = {iy}.

(ii) Since a Nekrasov matrix is an S -Nekrasov matrices for any S, it follows that a Nekrasov matrix
is an {ip}-Nekrasov matrices.

The following example shows that the k-subdirect sum of two {iy}-Nekrasov matrices may not be
an {ip}-Nekrasov matrix in general.

Example 2.1. Consider the {iy}-Nekrasov matries A and B for iy = 2, where

3 1
9i-4-1-2 550
- - _Lo_p il
A= 1:10 -1 =2 nd B = 411 ) 4 %
—1i-2 4 -2 A A
-2:-1 -3 7 _g 0 01

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

It is easy to check that C = A @3 B is not an {iy}-Nekrasov matrix for neither one index i,. This
motivates us to seek some simple conditions such that C = A @kB for any k is an {iy}-Nekrasov
matrix. First, we provide the following conditions such that A @1 B is an {iy}-Nekrasov matrix, where
A is an {ip}-Nekrasov matrix and B is a Nekrasov matrix.

Theorem 2.1. Let A = [a;;] € C"™ be an {iy}-Nekrasov matrix with iy € S| and B = [b;;] € C"™
be a Nekrasov matrix, partitioned as in (1.1), which defines the sets S|, S, and S as in (2.1), and let
t =ny — 1. If arg(a;;)=arg(b,_,;—;) for all i € S, and B, = 0, then the 1-subdirect sum C = A @1 Bis
an {ig}-Nekrasov matrix.

Proof. Since A is an {iy}-Nekrasov matrix and iy € S, it follows that if iy = 1 then |c;| = |ai1| >
n1(A) = 0 = n;(C), otherwise,

in—1

Ciois) = laipiy] > miy(A) = }]' il )zz}]"°” ni(C) = 1 (C). (2.3)
J=1

io—1

| jjl | J]l

Case 1: Fori € S, we have

h(C) = “Wu0+zhuw “MWM+EN%MhM)

j=1 Jj=i+l Jj=i+l
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and if iy = 1, then n,(C) = 0 = 1;(A), and if iy # 1, then 1,(C) = |c;;,| = lai .| = 71(A) and

i-1,
;1 JCL_;;.:nj(C)"'lci,iol, i=2,...,i0—1,
ni(C) - " il lcijl . .
|L_”|77](C), 1=1p,...,N — k.
jzl J]
2 Jayl . ,
4 1ﬁnj(A)+|ai,i()|a 1= 1,2,...,[0—1’
— J=
- -1, ) )
> Hﬂj(A), i=iy,...,n —k.
j:1 J]
= ni(A).

Hence, for all j € S \ {ip},

(cigiol = 1) - (lejjl = O + 0 ©)) = (@il = My (A)) - (lajs] = hy(A) + j(A))

> (hi,(A) — n;,(A)) - n;(A)
= (hi,(C) = 1;,(C)) - n;(C).
Case 2: Fori € S, = {n;}, we have
ni—1 |C | n
() = D RO+ D el
=1 leji j=m+1
ni—1 Ia | n
= D+ D Wi
=1 14 j=ni+1
= hnl(A) + hnl—l(B)’
and
" lew, " |
2 (C) = Wl (C) = 2l p (A) = n,, (A).
7 (C) Z e ) Z A = 1 (4)
j=1 ! j=1
So,

(Iciiol = M (C)) + (I | = 1y (C) + 11, (©)) = ICiysig| = M3 (C)) + (I, g + b11l = (B, (A) + h1(B)) + 1y, (A))
= (laiyio| = 1ig(A)) -+ (lan, | = B (A) + 1011l = hi(B) + 17, (A))
> (laiyig| = 1ig(A)) * (lan, | = By (A) + 17, (A))
> (hiy(A) = 1;,(A)) - 17, (A)
= (hiy(C) = 1iy(C)) - 11, (O).

Case 3: Forie S; ={n; +1,...,n}, we have

i-1 n
lcijl
mC) = Y ZLh(O)+ ) lai
j=1

- |ij| j=itl
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n

_ lz il s Eanl oy s Z il )+ + ) e
J=1

il Tema] eyl T 4

[ S -
= S (B, (A) + By (B) + Y T (B)+ ) iy

t
|an1,n| + bnl—l,nl—l| |b‘—t, ‘—tl !
J=LJ

j=n1+1 Jj=i+l

[ < 1biidl 2
= B+ Y e hy (B4 ) by (by By = 0)

|bn1—t,n1—t| j=ni+1 | j—f’-i—’l & j=i+l
= hi_(B).
It follows from B,; = O that
. (C)_iwmﬂ,ﬂn (C)_’“Z‘W%H,An €+ il oy Pueicnd o
n 1 - j - j n - 77 1 IIn -
v = lejil P el lCayml By gl
and foreachi=n; +2,...,n,
|cijl |cin 1bi—t,j—|
m(C)—Z e = il )+ Z e =0.

]]l |n1n1 /n+1|111f

So, for all j € S5,

(cipil = 1 (©)) - (Iejil = BAC) + i (©)) = (atiyiy) = My (A)) - (1bjor,joil = hj-(B))
> 0= (hy(C) = 1:,(C)) - n(C).

The conclusion follows from (2.3), Case 1-3. |

Next, we give some conditions such that C = A @ . B for any k is an {io}-Nekrasov matrix, where
A is an {ip}-Nekrasov matrix and B is a Nekrasov matrix. First, a lemma is given which will be used in
the sequel.

Lemma 2.1. Let A = [a;;] € C"™" be an {iy}-Nekrasov matrix with iy € S; US, and B = [b;;] € C"™
be a Nekrasov matrix, partitioned as in (1.1), k be an integer such that 1 < k < min{n;,n,}, which
defines the sets S|, S, and S; asin (2.1), lett =n; —kand C = A @k B. If arg(a;;)=arg(b;-;;—;) for all
i €8y, B, =0, and|ajj + bi_y j| < lajjl fori # j, i, j €S, then

hiy(C) = 1;,(C) < hiy(A) = 1;,(A).

Proof. If iy € S, then it follows from the proof of Case I in Theorem 2.1 that 4;(C) — n;(C) = h;(A) —
ni(A) for all i € Sy, and thus £,,(C) — 1;,(C) = h;,(A) — 1,,(A).
IfiyeS,={n —k+1,...,n}, then from the assumptions and ¢t = n; — kK we have

Zl |i:—1|_]|(h(c) UJ(C)) + Z |Ct+1 ]l |Ct+1,i0| ifr+1< io,
hia(©) =0 (€)= . e |
Z t+l/ (h (C) - nj(C)) + 2 |Ct+1,j| ift+1 =i,

Jj=t+2
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art1,j m . .
2 Sy (A) = (A + 3 = la gl i £+ 1 < o,

j=t+2

t
'Zl lﬁ:jlljl(h (A) - ﬂJ(A)) + Z |at+1]| ift+1 =i,
= j=t+2

h11(A) — N1 (A).

IA

Suppose that #,(C) — n;,(C) < hi(A) — n;(A) for all i < t + m, where m is a positive integer and
1 < m < k. We next prove that /,.,,(C) — 1,1,u(C) < hyy(A) — 714m(A). Since

Z |L1+m/|(h (C) — UJ(C)) + Z |Ct+mj| |Cz+m,i0|’ t+m <i,
+m i>t+m
ht+m(C) - 77t+m(C) = = [Ct+m J| . ]
Y RO = ni(O) + 2 |Ctm, s r+m =i,
j<t+m J>t+m
Z laltgﬁjl(hj(A) - U](A)) + Z |at+m,j| - |al+m,i0|’ r+m< iO’
< j<trm Jj>t+m
3 Sl A) - nfA) + 3 [, t+m 2 i,
j<ttm 9 Jj>t+m

= hem(A) = m(A),

it follows that #,(C) — ;(C) < hi(A) —n,(A) for all i € S,. Hence, h;,(C) — n;,(C) < h;,(A) — n;,(A). The
proof is complete. O
Theorem 2.2. Let A = [a;;] € C"™" be an {iy}-Nekrasov matrix with iy € S| and B = [b;;] € C"™*™ be
a Nekrasov matrix, partitioned as in (1.1), k be an integer such that 1 < k < min{n, n,}, which defines
the sets S|, S, and Ss asin (2.1), and let t = ny — k. If arg(a;;)=arg(b;_,;—) for alli € S,, Ay =0, and
aij + by ji| < |bizyjil for i # j, i, j € S, then the k-subdirect sum C = A @kB is an {ig}-Nekrasov

matrix.

Proof. Since A is an {ip}-Nekrasov matrix and iy € S, it is obvious that |c;, ;| > 7;,(C).
Case 1: For i € §4, since h;(C) = h;(A) and 1;(C) = 1;(A), it holds that for all j € S \ {io},

(cipipl = 7, (©)) - (Icjil = B (C) + i (©)) > (hiy(C) = 1, (C)) - i (C).

Case 2: For i € §,, by the assumptions, we have

ni—k n n
-k 1,'|
Ik (©) = ) O+ D ekl S )y Bnckeraged = ()
j=1 €ji j=n—k+2 j=ni—k+2
Similarly, fori=n, —k+2,...,m
= el < ey -
mC) = _|h O+ ) €+ Z i
=1 j=ni—k+1 € =i+1
i—1
1Bic,j-d
< “Chy (B) + Z [
j=ni—k+1 101, j=itl

AIMS Mathematics Volume 7, Issue 1, 617-631.
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Andfori=n; —k+1,by Ay =0,

ni—k
€kl
i (€) = ) ==L i(C) = 0,
= |ij|
implying that for all i € S ,,
(€) = H'Z_‘f lcijl ) + S“ |cijl (€) =0
j=1 Jj=n1—k+1

So, forall j€§,,

(cipil = 1 (©)) - (Iejil = (O + i (©)) > atiyiy] = My (A)) - (b1 joil = hj-(B))
> 0
= (1(C) = 1;y(C)) - 1(C). (2.4)

Analogously to the proof of Case 2, we can easily obtain that (2.4) holds for all j € §3. Combining
with Case 1 and Case 2, the conclusion follows. O

Example 2.2. Consider the following matrices:

31011 60 —15(-15 —15
A= |12000 20 p =75 105 <45 0
00010 2 —60 —60! 120 —15
002 4 ~15 —15/-15 45

It is easy to verify that A is an {i}-Nekrasov matrix for iy € §; = {1,2} and B is a Nekrasov matrix,
which satisfy the hypotheses of Theorem 2.2. So, by Theorem 2.2, A @2 B is an {iy}-Nekrasov matrix
for i € §1 = {1,2}. In fact, let C = A €D, B. Then,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

and from Definition 2.1, one can verify that C is an {iy}-Nekrasov matrix for i, € S| = {1, 2}.

Theorem 2.3. Let A = [a;;] € C"™ be an {iy}-Nekrasov matrix with iy € S US, and B = [b;;] € C"™
be a Nekrasov matrix, partitioned as in (1.1), k be an integer such that 1 < k < min{n,,n,}, which
defines the sets S|, S, and S5 as in (2.1), and let t = ny — k. If arg(a;)=arg(b,_,;—) for all i € S,
By, = By =0, and |ajj + bi—y j4| < |aj| for i # j, i, j € S, then the k-subdirect sum C = A @kB is an
{io}-Nekrasov matrix.

AIMS Mathematics Volume 7, Issue 1, 617-631.
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Proof. Since A is an {ip}-Nekrasov matrix, it follows that if iy € S, then |c; ;| > 1;,(C), and if iy € §»,

then
|Cn1 —k+1 ]l .
Zl |ij ](C) + |Cn1 —k+1 l()l n] - k + 1 ¢ lO’
77n1—k+1(C) = - ni—k . |
> e 0), n —k+1=i.
j=1 cjil
mk an | —k+1,l )
.Z lajjl nJ(A) + |an1—k+1,i0|, ny—k+1#i,
J:
= MK, gl )
2 i — n;(A), n—k+1=i.
j=1 ajjl
T’I’l|—k+1(A)-

Similarly, we can obtain that 7;(C) < n;(A) for all j € {n; —k +2,...,n,}. Therefore,

ip—1 ni—k ip—1

| (& | | Ci | |Ci,'|
n,-o(C>—Z “Eni(C) = Z - =€)
| JJl | le j=n1—k+1 | jjl
n'_k |y O3 ai
< D A Y )
=1 a1 k41 laj1
= 1;(A),

and
|Cio,i0| = |ai0,i0| + |bi0—l‘,i0—l‘| > |ai0,io| > r]l()(A) > nlo(c)

Case 1: Fori € S, proceeding as in the proof of Case 1 in Theorem 2.1, we have h;(C)
n;(C) = n;(A), which implies that for all j € §; \ {ip},

(Icipil = 70, (©)) - (Iejil = B (C) + i (©)) > (hiy(C) =, (C)) - n(C).

Case 2: Fori € §,, by the assumptions, we have

ny—k i—1 ni
|cijl lcijl
hi(C) = —h;(C) + —h;(C) + |cijl
jZ: I ”l Jj=n1—k+1 I ”' ]Z;l !
" Jayjl < lail
< ZI i) + > i |h(A)+Zlal,l
j=1 ajj Jj=ni—k+1 ajj j=i+l
= hi(A),

and

Z ||?J||77](C) + |Ci,i0|a i=nm—k+1,...,ip—1,

n(C) = {7~ o |
Z 1, (C), i=ig,....n.

AIMS Mathematics
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i-1
a;;l . .

Z mnj(A)+|a,»,,-0|, 1 =m —k+ 1,...,10— 1,

J=1

IA

-1
|aijl . ,

2 _|aij|77j(A), I =1p,...,N.

=1

= ni(A).
Hence, by Lemma 2.1, it follows that for all j € S, \ {io},

lcjjl = hy(C) +

|ajj| - hj(A) + 1)
n;(C)

1 iiol = Mig(A)) -
) > (laiy,i)) — 1i,(A)) ( )
> (hi(A) — n,,(A))

2 (hiy(C) =1, (C)).

(lcio,iol - nto(c)) : (

Case 3: For i € § 3, similarly to the proof of Case 3 in Theorem 2.1, we show that for all i € §3,
hi(C) = hi_(B), and n;(C) = 0,

which implies that for all j € S,

\%

(aipiol = 1ig(A)) - (1Bjosjel = hy-i(B))
> 0
(hiy(C) = 1;,(CY);(C).

(cipiol = M (©)) - (Iejil = B (C) + ()

From the above three cases, the conclusion follows. O

Example 2.3. Consider the following matrices:

9i-4 -1 -4 51020
A= —1310 -1 =2 and B = 1 21 110’
-11-2 4 -2 205640
-2i-1 =3 7 00 0:9

where A is an {iy}-Nekrasov matrix for ip € S; U S, = {1,2,3,4} and B is a Nekrasov matrix, and
they satisfy the hypotheses of Theorem 2.3. Then, from Theorem 2.3, we get that the 3-subdirect sum
C=A @3 B is also an {iy}-Nekrasov matrix for iy € S1 U S, ={1,2,3,4}. Actually, by Definition 2.1,
one can check that

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

-1{15 0 -1.8i0
C=|-1:-1 25 -110
211 =25 1340

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

is an {iy}-Nekrasov matrix forip € S; U S, ={1,2,3,4}.

Theorem 2.4. Let A = [a;;] € C"™ be an {iy}-Nekrasov matrix for some iy € S, and B = [b;;] € C"™
be a Nekrasov matrix, partitioned as in (1.1), k be an integer such that 1 < k < min{ny,n,}, which
defines the sets S1, S, and Sy asin (2.1), and let t = ny — k. If

AIMS Mathematics Volume 7, Issue 1, 617-631.
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(1) arg(a;;)=arg(bi_,;—;) for alli € S,
(it) Bia =0, hi(A) < hi(B), ni(A) < ni-(B), and |a;j + bi—r j| < laijl for i # j, i, j € S,
(i) (hig-«(B) = Nip—1(B) @iy ig| = 1:,(A)) = (1Diy—r.ig—e| = Mig—e(B))(hiy (A) — miy(A)),

then the k-subdirect sum C = A @ . B is an {ig}-Nekrasov matrix.

Proof. Due to A is an {ip}-Nekrasov matrix and iy € S, it follows from the proof of Case 2 in
Theorem 2.3 that 1;(C) < n;(A) for all i € S5, which leads to

|Ci(),i0| > |aio,i0| > 77:0(14) = nlo(c)

Case 1: For i € §4, it is obvious that /#;,(C) = h;(A) and n;(C) = n;(A). Hence, forall j € S,

(cigiol = o) - (Iejjl = BAC) + 0 ©)) > aiyiol = My (A)) - (lajs] = hy(A) + nj(A))
> (hi(A) = mi,(A)) - mj(A)
> (1 (C) = 1iy(C)) - 1 (C). (2.5)

Case 2: Fori € §,, it follows from By, = 0 and |a;; + b j—| < la;j| fori # j, i,j € S, that
h;(C) < h;j(A), and thus for all j € §, \ {ip}, (2.5) also holds.
Case 3: Fori = n; + 1 € 3, by the assumption, it follows that

ni—k n

|Cn1+1J| < |Cn1+1J|
> he)+ ) B+ D lemel
lc;il lc;il

j:l j:nl_k+1 j:n1+2

WA+ > baysr o

j:n1+2

his(B)+ > busiorjodh

Jj=n1+2

By +1(C)

1Dy, 11,

IA

j=ni—k+1 €jt.j-4l

O Baysir

IA

j=ni—k+1 €j-t.j-]

= hp1-(B),

which recursively yields that fori = n; +2,...,n,

i-1 n

|Cij|
2 e O+ > e
j=1

j=i+l

hi(C)

n1—k ni n

|Cij| |Cij| - |Cij|
= E—h~C+ E —hi(C)+ E —h,(C) + E ii
= lejl A©) lejl A©) el A©) ]

Jj=ni—k+1 Jj=ni+1 Jj=i+l

ni i—1 n
|bizt,j—i| |bi-t,j—l
ST+ Y LB+ Y b

A by b

i1
l bi—,j|

|bj—t,j—t|

IA

j=n1+1 Jj=i+l

hi(B)+ D Ibiyjd

=i+l

IA

Jj=n1—k+1

= hi(B).
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Similarly, we have

ni—k ni
|Cn1+1,j| |Cn1+1,j|
Mei(©) = ) o O+ ), e )
j=1 Jj=n1—k+1
ni
|bn +l—t,j—t|
- Z |a--l+b- .|771'(A)
jeni—k+1 TS EImh
ny
|bn 1—,‘—|
< D B
j=ni—k+1 1B j-+.j-1
= nn1+l—t(B)9
andforalli=n; +2,...,n,
- |Cij|
me) = > =Ln(C)
= |ij|
= |Cij| . |Cij| - |Cij|
= DO+ D @+ ) )
j=1 "4 jEni—k+1 ) j=ni+1 I
ny i—1
1bi—1,j| 1bi—tjd|
< () ) n(B)
ity 1@ b A b jd
ny i—1
1Di1,j-l 1Di—t,jil
< ———1;-(B) + —1j-«(B)
JZ“ i+ et ,-:nzllﬂ 161,
= ni(B).

Hence, for all j € S5,

\

M+1)

bt it = hj—(B) . 1)
n;i(C)

1;(C)

1Djt.j — hj-«(B)
ol =y - (P2
hio—t(B) - Uio—z(B)
|bio—t,io—t| — Nip—1(B)
hi (A) — 1;,(A)
|tiy.io| — iy (A)

(|Ci0,i0| - Uio(c)) : ( (laio,io| - UiO(A)) : (

\%

\

(laio,io| - Tho(A)) :

\%

(laio,io| - nto(A)) .
= hio(c) — iy (C)
From Case 1, Case 2 and Case 3, we can conclude that C = A @ . B 1s an {ip}-Nekrasov matrix. O

Example 2.4. Consider the following matrices:

301 1 1 9 4 10

A 1 120 -2 =2 and B = -1 10 130,
01 10 -1 -1 -2 40
-0.5/05 1 4 0O 0 07
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where A is an {iy}-Nekrasov matrix for iy = 2 and B is a Nekrasov matrix. By computation, we have
hi(A) = 3, (A) =5, h3(A) = 1.25, hy(A) = 0.75, hi(B) = 5, hy(B) = 1.5556, h3(B) = 0.8667, hy(B) =
0, 711(A) = 1,1m72(A) = 0.3333,173(A) = 0.0167, n4(A) = 0.1767, ni(B) = 4,m(B) = 0.4444,n5(B) =
0.5333, and n4(B) = 0, which satisfy the hypotheses of Theorem 2.4. Hence, from Theorem 2.4, we
have that A @3 B is also an {iy}-Nekrasov matrix for iy = 2. In fact, let C = A @3 B. Then

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

1129 2 -1
C=| 0 0 200
-0.5-05 -1 8

and one can verify that C is an {iy}-Nekrasov matrix for iy = 2 from Definition 2.1.
3. Conclusions

In this paper, for an {ip}-Nekrasov matrix A as a subclass of S-Nekrasov matrices and a Nekrasov
matrix B, we provide some sufficient conditions such that the k-subdirect sum A €, B lies in the
class of {ip}-Nekrasov matrices. Numerical examples are included to illustrate the advantages of the
given conditions. The results obtained here have potential applications in some scientific computing
problems such as matrix completion problem and the convergence of iterative methods for large sparse
linear systems. For instance, consider large scale linear systems

Cx = b. (3.1)

Note that if the coefficient matrix C in (3.1) is an H-matrix, then the iterative methods of Jacobi
and Gauss-Seidel associated with (3.1) are both convergent [29], but it is not easy to determine C
as an H-matrix in general. However, if C is exactly the subdirect sum of matrices A and B, i.e.,
C=A6p . B, where A and B satisfy the sufficient conditions given here, then it is easy to see that C is
an {iy}-Nekrasov matrix, and thus an H-matrix.
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