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1. Introduction

Hermite and Hadamard's inequality [1,2] is one of the most well-known inequalities in convex
function theory, with a geometrical interpretation and numerous applications. The H - H inequality is
defined as follows for the convex function ¥: K — R on an interval K = [u, v]:

u+v 1 v YW+¥ ()
v (T) < Efu 'P(x)dx < S (1)
forall u,v € K.

If f is concave, the inequalities in (1) hold in the reversed direction. We should point out that
Hermite-Hadamard inequality is a refinement of the concept of convexity, and it follows naturally
from Jensen's inequality. In recent years, the Hermite-Hadamard inequality for convex functions has
gotten a lot of attention, and a lot of improvements and generalizations have been examined; see [3—12]
and the references therein.

Interval analysis, on the other hand, is a subset of set-valued analysis, which is the study of sets
in the context of mathematical analysis and topology. It was created as a way to deal with interval
uncertainty, which can be found in many mathematical or computer models of deterministic
real-world phenomena. Archimedes' method, which is used to calculate the circumference of a circle,
is a historical example of an interval enclosure. Moore, who is credited with being the first user of
intervals in computer mathematics, published the first book on interval analysis in 1966, see [13].
Following the publication of his book, a number of scientists began to research the theory and
applications of interval arithmetic. Interval analysis is now a useful technique in a variety of fields
that are interested in ambiguous data because of its applications. Computer graphics, experimental
and computational physics, error analysis, robotics, and many other fields have applications.

In recent years, several major inequalities (Hermite-Hadamard, Ostrowski, etc.) for
interval-valued functions have been studied. Chalco-Cano et al. used the Hukuhara derivative for
interval-valued functions to construct Ostrowski type inequalities for interval-valued functions in [14,15].
For interval-valued functions, Roman-Flores et al. established Minkowski and Beckenbach's inequalities
in [18]. For the rest, see [16-20]. Inequalities, on the other hand, were investigated for the more
generic set-valued maps. Sadowska, for example, presented the Hermite-Hadamard inequality in [21].
Other investigations can be found at [22,23].

Recently, Khan et al. [24] introduced the new class of convex fuzzy mappings is known as
(h4, hy)-convex F-I-V-Fs by means of FOR such that:

Let hy,h,:[0,1] € K = [u,v] » R* such that hy,h, 0. Then F-I-V-F @:K = [u,v] —
Fc-(R) is said to be (hq, h,)-convex on [u,v] if

PEw+ (1 =y <" (O h,(1—OPWFhi(1 - (D) PQ), 2

forallw,y € [u,v],& € [0,1].

And they also presented the following new version of H - H type inequality for (hq, h,)-convex
F-I-V-F involving fuzzy-interval Riemann integrals:

Let @:[uv]>F, be a (hy,hy) -convex F-I-V-F with hy,h,:[0,1] > RY and
h4 (%) h, G) # 0. Then, from O-levels, we get the collection of I-V-Fs Wy: [u,v] € R > K} are
given by ¥y(w) = [¥.(w,0),¥*(w,0)] for all w € [u,v] and for all # €[0,1]. If ¥ is
fuzzy-interval Riemann integrable (in short, FR-integrable), then
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TRUEM (5) 55 FR) [ P@)do < [F@FPO)] fy hi() h(1 - ) dE. (3)
If hy(§) =& and h,(¢) = 1, then from (3), we get following the result for convex F-I-V-F:

T(W)FP(v)
2

_ (U+V
7

2 )<viu(FR)j;vq7(w)da)<

A one step forward, Khan et al. introduced new classes of convex and generalized convex
F-I-V-F, and derived new fractional H-H type and H - H type inequalities for convex F-I-V-F [25],
h-convex F-I-V-F [26], (hy, h,)-preinvex F-I-V-F [27], log-s-convex F-I-V-Fs in the second sense [28],
LR-log-h-convex I-V-Fs [29], harmonically convex F-I-V-Fs [30], coordinated convex F-I-V-Fs [31]
and the references therein. We refer to the readers for further analysis of literature on the applications
and properties of fuzzy-interval, and inequalities and generalized convex fuzzy mappings, see [32—45]
and the references therein.

The goal of this study is to complete the fuzzy Riemann integrals for interval-valued functions
and use these integrals to get the Hermite-Hadamard inequality. These integrals are also used to
derive Hermite-Hadamard type inequalities for harmonically convex F-I-V-Fs.

2. Preliminaries

In this section, we recall some basic preliminary notions, definitions and results. With the help
of these results, some new basic definitions and results are also discussed.
We begin by recalling the basic notations and definitions. We define interval as,

[w, 0] ={wER:w, <w < w"and w,, w* € R}, where w, < w".

We write len[w,, w*] = w* — w,, If len [w,, ®*] =0 then, [w,, w*] is called degenerate. In
this article, all intervals will be non-degenerate intervals. The collection of all closed and bounded
intervals of R is denoted and defined as X, = {[w,, 0*]: w,,w* € Rand w, < w*}. If w, =0
then, [w,, w*] is called positive interval. The set of all positive interval is denoted by K.+ and
defined as K. = {[w,, w*]: [w,, w*] € K and w, > 0}.

We'll now look at some of the properties of intervals using arithmetic operations. Let
[0.,07],[8., 8] € K¢ and p € R, then we have

[Q*; Q*] + [5*,,8*] = [Q* + »5*,9*"‘.5*]'

min{o,8,,0"8.,0.8",0"8"},

o @'l x ls., &°] = max{0.s8.,0"8.,0.8",0°8*}I

[po., po*]ifp >0
p-lo., 0] =1 {0} ifp=0
[po*, pe.] ifp <O.

For [o,,0%],[8., 8"] € K, the inclusion “C” is defined by [g.,0*] € [s,, 8], if and only if s, <
Q*a Q* S ’5*'

Remark 2.1. The relation “<;” defined on K, by

[0.,07] <; [8.,8"] ifand only if g, < 8,,0" < 87, 4)
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for all [o.,07],[8.,8"] € K, it is an order relation, see [41]. For given [o,,07], [8., 8] € K, we
say that [o,,0"] <; [8.,8"] ifand only if g, < 8,,0" < 8" or g, < 8,,0" < 8.

Moore [13] initially proposed the concept of Riemann integral for I-V-F, which is defined as
follows:

Theorem 2.2. [13] If ¥:[u,v] € R - K is an I-V-F on such that ¥ (w) = [¥,(w), ¥*(w)]. Then
¥ is Riemann integrable over [u,V] if and only if, ¥, and ¥* both are Riemann integrable over
[u,v] such that

UR) [P (wW)dw = [(R) [ ¥.(W)dw, (R) [ ¥ (W)dw]. (5)

Let R be the set of real numbers. A mapping {: R — [0,1] called the membership function
distinguishes a fuzzy subset set A4 of R. This representation is found to be acceptable in this study.
F(R) also stand for the collection of all fuzzy subsets of R.

A real fuzzy interval ( is a fuzzy setin R with the following properties:

(1) ¢ is normal i.e. there exists w € R such that {(w) = 1;
(2) ¢ is upper semi continuous i.e., for given w € R, for every w € R there exist £ > 0 there
exist § > 0 suchthat {(w) —{(y) < & forall y € R with |w —y| < §;

(3) { is fuzzy convex i.e., {((1—&w + &y) = min (f(w),f(y)), V w,y €R and ¢ €[0,1];
(4) { is compactly supported i.e., cl{w € R| {(w) > 0} is compact.
The collection of all real fuzzy intervals is denoted by [F,.

Let { € F, be real fuzzy interval, if and only if, 8-levels [f]e is a nonempty compact
convex set of R. This is represented by

~10 ~
[¢]” ={weR|{w) =0},
from these definitions, we have

12]° = [2.(6),¢°(6)],

where

¢.(6) = inf{w € R| {(w) = 6},

¢*(0) = sup{w € R| {(w) = 6}.

Thus a real fuzzy interval { can be identified by a parametrized triples

{(¢.(6),¢7(6),6):6 € [0,1]}.

These two end point functions {,(60) and {*(0) are used to characterize a real fuzzy interval as a
result.

Proposition 2.3. [18] Let {,0 € F,. Then fuzzy order relation “<” given on F, by
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{ < 0 ifand only if, [Z]e < [@]6 forall 6 € (0,1],

it is partial order relation.
We'll now look at some of the properties of fuzzy intervals using arithmetic operations. Let
(,0 € F, and p € R, then we have

(] =16 ~10

[¢F6]” =[¢]” + (6], (6)
(% 6]°=[¢]" x[6]°, @
[p.21° = p.[2]°. ®)

For ¥ € F, such that { = OF v, we have the existence of the Hukuhara difference of { and 6,
which we call the H-difference of { and @, and denoted by {=@. If H-difference exists, then

).(6) = ((=0).(6) = {.(6) — 6.(6),
)" (6) = ((=0)"(6) = {*(6) — 07(6). ©)

Definition 2.4. [38] A fuzzy-interval-valued map ¥:[u,v] € R — F, is called F-I-V-F. For each
0 € (0,1], whose O -levels define the family of I-V-Fs ¥g:[u,u] € R - K, are given by
Yo(w) = [W.(w,0),¥*(w,0)] for all w € [u,v]. Here, for each 6 € (0,1], the end point real
functions ¥,.(.,0),¥*(.,0): [u,v] » R are called lower and upper functions of ¥.

The following conclusions can be drawn from the preceding literature review [38—40]:

Definition 2.5. Let P:[u,v] c R > F, be an F-I-V-F. Then fuzzy integral of ¥ over [u,V],
denoted by (FR) fuv P (w)dw, it is given level-wise by

[(FR) ] F(w)dw]® = (IR) [ YoW)dw = {[ ¥(w, 8)dw : ¥ (W, ) € R(iy11e)} (10)

for all 6 € (0,1], where R([,)6) denotes the collection of Riemannian integrable functions of
I-V-Fs. @ is FR -integrable over [u,v] if (FR) fuv‘T’(W)dW € F,. Note that, if
Y. (w,0),¥*(w,0) are Lebesgue-integrable, then ¥ is fuzzy Aumann-integrable function over
[u,v], see [18,39,40].

Theorem 2.6. Let ¥:[u,v] € R > F, be a F-I-V-F, whose O-levels define the family of I-V-Fs
Yo:[u,v] € R - K are given by ¥Yo(w) = [¥.(w,0),¥*(w, )] for all w € [u,v] and for all
0 € (0,1]. Then ¥ is FR-integrable over [u,V] if and only if, ¥,(w, 0) and ¥*(w,8) both are
R-integrable over [u,Vv]. Moreover, if ¥ is FR-integrable over [u,V], then

[(FR) [ Ew)dw|® = [(R) [ ¥.(w,0)dw, (R) [} ¥*(w, 8)dw] = (IR) [} Wo(W)dw, (11)

for all 6 € (0,1]. For all 6 € (0,1], FR([y+]) denotes the collection of all FR -integrable
F-I-V-Fs over [u,V].

Definition 2.7. [42] A set K = [u,v] € Rt = (0, ) is said to be convex set, if, for all w,y €
K,¢ € [0,1], we have
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wy
Oy € K. (12)

Definition 2.8. [42] The ¥:[u,v] » R* is called harmonically convex function on [u,v] if

¥ (ris;) < A= DY)+ (), (13)

for allw,y € [u,v],&€ € [0,1], where ¥(w) = 0 for all w € [u,v]. If (13) is reversed then, ¥ is
called harmonically concave F-I-V-F on [u, v].

Definition 2.11. [30] The F-I-V-F @:[u,v] - F, is called harmonically convex F-I-V-F on [u,v] if

(2 ) < (- OPWFF), (14)

for allw,y € [u,v],& € [0,1], where & (w) = 0, for all w € [u,v]. If (14) is reversed then, ¥ is
called harmonically concave F-I-V-F on [u, v].

Definition 2.12. The F-I-V-F @:[u,v] - F, is called harmonically convex F-I-V-F on [u,v] if

V(res;) < A-OPWTEPG), (15)

for allw,y € [u,v],& € [0,1], where P (w) = 0, for all w € [u,v]. If (15) is reversed then, ¥ is
called harmonically concave F-I-V-F on [u,v]. The set of all harmonically convex (harmonically
concave) F-I-V-F is denoted by

HFSX([u,v], Fy),
(HFSV([u,v], Fy)).

Theorem 2.13. Let [u,v] be harmonically convex set, and let @:[u,v] —» F.(R) be a F-I-V-F,
whose O-levels define the family of I-V-Fs Wy: [u,v] € R » XF c K are given by

Yo(w) =[P, (w,0),¥*(w,0)],VwE [u,v]. (16)

for all w € [u,v], 6 €[0,1]. Then, ¥ € HFSX([u,v],Fy), if and only if, for all € [0,1],
IIU*(W’ 9)7 llu*(W: 9) € HSX([U, U]FR+)'

Proof. The demonstration of proof is similar to proof of Theorem 2.12, see [26].

Example 2.14. We consider the F-I-V-Fs ¥:[0,2] —» F.(R) defined by,

d
~ \/_W Jd € [O, \/W]
YWw)(@) =42-29

PN 9 € (Ww,2Ww]

0 otherwise.

Then, for each 6 € [0,1], we have ¥go(w) = [Qx/W, (2 - 6)\/W] Since ¥, (w,0), ¥*(w,0) €
HSX([u,v],R*), foreach @ € [0,1]. Hence ¥ € HFSX([u,v], Fy).

Remark 2.15. If 7,(u,0) = T*(v,0) with 6 = 1, then harmonically convex F-I-V-F reduces to
the classical harmonically convex function, see [42].
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3. Fuzzy-interval fractional Hermite-Hadamard inequalities

In this section, we will prove two types of inequalities. First one is H.H and their variant forms,
and the second one is H - H Fejér inequalities for convex F-I-V-Fs where the integrands are F-I-V-Fs.

Theorem 3.1. Let ¥ € HFSX([u,v],F,), whose O-levels define the family of I-V-Fs ¥, [u,v]
R - K} are given by ¥o(w) = [¥.(w, 0),¥*(w,0)] for all we[uv], 6€[0,1]. If P e
fFfR([,_,‘U]’@), then

~ (2uv w L PW) lI’(u)$‘?’(1})

¥ (m) < v—- uf w? dw T a7
If ¥ € HFSV([u,v], Fy), then

~ (2uv w rVEW) W(u)$l7’(v)

I‘U(E) >v ufu w2 dw 2 ’ (18)

Proof. Let ¥ € HFSX([u,v],Fy),. Then, by hypothesis, we have

" (50 < P lera=m) " (a=pers)

Therefore, for each 6 € [0, 1], we have

2w (uz%,e) <y, (ﬁ,e) + ((1—;)—lzl+€v'9>'
. 2uv . uv ) uv
2 (u+v'9)3“” (m'e)”’ (m'9>-

Then

IA

1 1
z_folw(uzj-vv @ J;,BU* fu+(1—f)v d€+f0 i (1—€)u+€v )df'

1 1 1
zfo v (i 0) s fol‘u* iy d“fo"u* ErrErL s

It follows that

IA

IA

)

2uv Yy (w, 0
‘1’*( ,9> v f (2 )dW
u+v v—u), w

2uv vy (w, 0
tp*( ,9) “”J (2 ) aw
u+v v—u)J, w

IA

That is

2uv 2uv uv vy (w,0) vyr(w,0)
[sv*( ,9),41*( ,9)] < f dw,f 2w,
utv utu v—ul), w2 w2

Thus,
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~ (2Uv uv v l2”(W)

V(o) < 5 PR f) S dw. (19)
In a similar way as above, we have

uv v P (w) FWFPQ)

Combining (19) and (20), we have

~ (2uv ww v PWw) 'P(u)i"f'(u)
P < By, BTG

utv) O v—udu w2 2
Hence, the required result.

Remark 3.2. If ¥, (w,0) =¥*(w,0) with 6 =1, then Theorem 3.1 reduces to the result for
classical harmonically convex function, see [42]:

2uv
d
u+v Tuvu—u

Example 3.3. We consider the FIVFs ¥:[0,2] - F.(R), as in Example 2.14. Then, for each 6 €
[0,1], we have ¥g(w) = [Gx/W, (2 - 6)\/W] is harmonically convex FIVF. Since, ¥,(w,0) =
ovw, ¥*(w,8) = (2 — 6)/w. We now compute the following:

v
w ( 2uv 6) - _w f 'P*(W,Q)dw< Y. (u,0) + ¥ (v,0)

"\u+v' ) Tv—-ul), w? - 2 '

2uv
‘}f*( ,6)=‘1/*(0,6)=0
u+v

l1’(u) + % (v)
—2 :

ULTULUW*(VV;Q) dw —gfozev://zwdw =0,
Y. (u,0) +¥.(v,0) O
2 V2
forall 6 € [0,1]. That means
0<0< i
T2

Similarly, it can be easily show that

v * * *
W*(Zuv 9)< uv f 'P(W,Q)dw<ll’(u,9)+lll(v,9).

u+v' S/ Tv—ul), w? - 2

forall 6 € [0,1], such that

2Uv
sv*( ,9):4/*(0,9) —0
u+v
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vy (w, O 0 [%(2-0)Ww
w [0, O E0T,,

— 2
v—-uJj, w

Y (u,0) +¥*(v,0) (2-6)

2 V2
From which, we have
2—0
0<0< ( )’
V2
that is
[0,0] <, [0,0] <, %[9, (2 —0)], forall 6 € [0,1].

Hence,

lT’( 2uv ) __w f”lf’(w) A < ‘?’(u)-T—lT'(v).

utv) S v—ul), w2 o 2
Theorem 3.4. Let ¥ € HFSX([u,v],F,), whose 6-levels define the family of I-V-Fs Wy [u,v]
R - K} are given by ¥o(w) = [, (w,0),¥*(w,0)] for all we [uv], 6€[0,1]. If P e
T:R([u,v],e)a then
~ (2uv vP(w) TWFP(v)
7 (2 <op< 2 (FR) f) 22 dw <o, 5 T 1)

where

TWFPW) . / 2uv
Dl_zl 2 l’p(u+u)l'

317 (555) 77 ()|
&2=75 u+3v 3u+uv/l

and ;= [(>1*,(>1*], C,= [(>2*,(>2*]. If ¥ € HFSV([u,v], F,), then inequality (21) is reversed.

2uv
Proof. Take [u, m], we have

4uv 4uv
27 MR + ity
it (1-022 - pu+i
u 2uv U 2uv
<P U+U2uv 17 U+U2uv .
Ut (1-89) A-u+é—

Therefore, for every 6 € [0, 1], we have
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4yv 4uv
oy Y N e
* 2Uv 2uv’
u2uv 2Uv
<y “+”2uv,9 + “+“2uv,9 ,
Su+ (1 -85 A=Ou+$7
4yv 4uv
oY uu+v + uu+v
2Uv 2uv’
Su+ (=575 A=-Ou+é =
u2uv u2uv
Su+ (=87 A=Hu+ST

In consequence, we obtain

2
141(4”1’ 6)< u j%‘l’*(w,e)dw
2 "\u+3v ) T uv—ul, w? ’
1
2

2uv
4 P (w, 6
'P*( - ,G)S—UU f”+v—(v'; ) aw
u w

That is

2uv 2uv
1 4 4 o ¥.(w, 0 ¥ (w, 0
—[‘I{k( uv ,9),‘1/*( uv ,9>] SIL fu-H}MdW,fLH-ULdW
2 u+3v u+3v v—ull, w? u w?

It follows that

15 (4 25 @ (w)
EIP( uv)<ﬂfuu+v_wdw_ (22)

<
v—u w2

1~ (4 F(w)
2P (o) < 2 o S dw, (23)
Combining (22) and (23), we have

NP (L) 3o ()] < 2 I gy, (24)

2 u+3v 3u+v v—u

Therefore, for every O € [0, 1], by using Theorem 3.1, we have

2uv 4uv 4uv
v (rr50) =5 [% (G 0) + (o))
u+v’ 2 u+3v’ 3u+v

2Uv 4uyv 4uyv
v (o) =5l (G o)+ (o))
u+v 2 u+3v 3u+v
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)

u f”‘P*(W,G)d
“v—-u), w?
uv f”'P*(W,Q)d

) — 2
v—u), w

1|¥#.(u,0) +¥.(v,0) 2uv
Si[ o 'e)l'

)

2 u+v

lllP*(u, 6) + ¥*(v,0) 2uv
<= + e (22 0)),
2 2 u+v

1 lP(uQ)+‘P(v6)
2 2
SZIIP (u,8) +¥*(v, 6)

(11'( 0) + ¥, (v, e))l

> (11’ (u,0) +¥*(v, 9))]

[¥.(u,0) + ¥.(v,0)],

[¥*(u,0) + ¥P*(v,0)],

N'*—‘va—\

that is

7 (22) <0,% 2 (FR) [T 22 dw <0< 5 [F(W)FP ()],

u+v

Theorem 3.5. Let ¥ € HFSX([u,v],F,) and P € HFSX([u,v],F,), whose O -levels ¥,
Po:luv]c R->KF are defined by We(w)=[P.W,0),¥ (w,0)] and Py(w)=

[P.(w,0),P*(w,0)] forall w € [u,v], 6 € [0,1], respectively. If ¥ X P € FR(,.16)> then

u VP (w) X P(w) M (u,v) . N (u,v)
v_“u(FR)f—2 dw < ——F——

where M) =F(W) XPWFPW)XPW), NWwv)=PW) XPW)FPQW)XP(u), and
Mo (u,v) = [M.((u,v),0),M*((u,v),0)] and Ny (u,v) = [M.((u,v),0),N*((u,v),6)].

Proof. Since ¥, P are harmonically convex F-I-V-Fs then, for each 6 € [0,1] we have

uv

l{l* (m,@) < E’{’*(u, 6) + (1 - E)W*(U,Q),
uv

b (m,e) <P (u,0)+ (1 -8V (v,0).

And
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P 0) S EP.0.6) + (1 - HP.,0),
1-8&u+év

uv
P (mﬁ) <EP*(W,0)+ (1 —-8P*(v,0).

From the definition of harmonically convexity of F-I-V-Fs it follows that @(w) > 0 and P(w) >
0, so
uv uv
B ((1 —E)u+fv'6) * % ((1 —E)u+€v'6)
< (§%.u,60) + (1 - OP.(0,0))(§P.(u,8) + (1 - )P.(v, 6))
=¥ ,0) X P.(u,0)[(O)(O)] +¥.(v,0) x P.(v,0)[(1 - (1 - &)]
+ l[/*(u, O)fP*(U, 9)5(1 - E) + 'P*('U, 6) X :P*(U, 9)’5(1 - ’f);
uv uv
v ((1 —&u+ Ev'e) x P ((1 —&u+ fv'e)
<@EP WO+ (1 -O)¥ ©0)(¢P (,0)+ (11— 8P (v,0))

=¥ W,0)XP"(u,0) ()] + ¥ (v,0) x P (v,0)[(1 - &)1 —&)]
+ P (u,0) X P (v,0)é(1—-&)+¥*(v,0) X P*(u,0)(1 — §).

Integrating both sides of above inequality over [0, 1] we get

1 uv uv w [P, 6) X P.(w,6)
JO W*<(1—§)u+§v'9>X:P*((l—f)u+fv'9>_v—uJu w? dw
< (.0.0) X P.(0,0) + 1.0, 0) x 2.(0,0)) | ©)&)dg
0
+ (P(u,0) X P.(v,0) + ¥.(v,0) x P.(u, 9))J §(1 = &)dg,
0
o uv . uv w [PY(w,8) X P*(w,6)
]0 v ((1—€)u+€v'9>xgJ ((1—§)u+fv'9>_v—uju w? dw

< (#°(0.0) X P (u,0) + ¥ (,0) x P'(0,0)) [ () g
0

+(P*(u,0) X P*(v,0) + ¥*(v,0) X P*(u,0)) f (1 —&)dé.
0
It follows that,

M.((u,v),0) N.((u,v),0)
3 * 6

v
v f‘l’*(w,e)x?*(w,e)dws
v—u),

M*((u,v),0) N N*((u,v),0)

v
uv
Y*(w,0) X P*(w,0)dw <
;| v ) x w0 aw < = -

v —
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that is
UlP*(W, 0) X P.(w, Q)dW,JUlIJ*(W, 0) X P*(w,0)dw
1 1
<1 5 [M.(w ), 0), M ((w,0),0)] + ¢ [M.((u,),0), ¥ ((w,v), 0)].
Thus,
_uv_ (FR)f w dw < ]\7[(;”1)) _T_ﬁ(g'v)'

Theorem 3.6. Let ¥, P € HFSX([u,v],Fy), whose O -levels Wq, Po:[u,v] € R » K/ are
defined by W (w) = [P.(w,0),¥*(w,0)] and Py(w) = [P.(w, 0),P*(w, 0)] forall w € [u,v],
O € [0, 1], respectively. If ¥ X P € FR (] 0), then

2uv 2uv VP (w) X P(w M(u,v) - N(uv
zw( )x:D( )s — (FR)f W) X PW) oy 4 21 0) o N v)
u+v u+v v—u w2 6 3

where M(u,0) =PW) XPWFPW) XPWw), NWwv)=PW)XPO)FPw)XP(), and
Mo (u,v) = [M.((u,v),0),M*((u,v),0)] and Ny (u,v) = [M.((u,v),0),N*((u,v),6)].

Proof. By hypothesis, for each 6 € [0,1], we have

2Uv 2Uv
‘P*( ,9>><J*( ,9>
u+v u+v

2Uv 2Uv
v (550) <7 (7559)
u+v u+v

& (Eu-l—(u+§)v’6) * . (fu-l—(u+f)v'9>
)

IA
I

@ uv o uv o
* *(fu+(1—f)v' )XJ*(Eu+(1—E)v'
uv uv

=

lp*((l—f)u+fv'9> * . (fu+(1—f)v'6> ]
uv uv 4
+H (€u+ - E)v'e) xJ. ((1 —f)u+€v’9>

IA
N

¥ (fu+ a —f)v'e) xd ($u+ a —f)v'e) ]
uv uv
”J* (Eu + (1= E)v'e) xJ: (fu (1= f)v'9>

IS

v ((1—€)u+€v'9> xJ: ($u+(1—€)v'6> ‘
uv uv ’
e (Eu+ (1—{)1}'9) xJ: ((1—E)u+€v'6)
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1

<
4

n (i) (i 0)
)

uv uv
+# ((1 - &u + EU'Q) *J. (Eu + (1 - E)v'(9
(EP.(u,0) + (1 - OY.(v,6))
1% (1= 8)3.(u,0) +£J.(v,6))

4[+((1 - OP.(u,0) + E¥.(v,0)) |
X (§3.(u,0) + (1 = )J.(v,6))

v (e =s00) f(ﬁ'@)‘

N uv
(Eu+(1—f)v )X (5 +(1—€)v'6>
(E‘P (u,0) + (1 = O¥*(v, 9))]
My ><((1—€)<7 (1, 0) +¢J°(v,6))

4{ (1-O¥*(u,0) + ¥ (v, 6))J
(fJ w0)+(1-8)J(v6))

l EU+(1—E) >‘7(fu+(u+f)v6w

uv
(ara—o00) % Gra—e®)
{(E)(f) +(1 -1 -9IV.((yv),0)
+EA -+ &1 - O ((wv),0) |

_1l <fu+(1—f)v’> (Eu-l-(u+€)v)
)

1
<—
4

~ 4 . uv i uv

¥ (Eu+ a —f)v'e) *xJ (Eu+ a—ow'?
1HO@O + Q- - (W), e)l
4l +HEA -+ - OIM*((w,0),6) |

Integrating over [0, 1], we have

2Uv 2uv
o (2 0) . (2 )
+v u—+v

1 v 1
<—®) f W.(w, 0) X J.(w, 0)dw + M. ((u,v),0) fo £(1 - )d

+ %,((wv),6) f ©(©)de,
0

AIMS Mathematics Volume 7, Issue 1, 349-370.



363

2Uv 2Uv
2w (22 0)x g+ (22 )
u—+v u—+v

! (R)f v*(w, 0) xJ*(W,B)dW+M*((u,v),6)f §(1=8&)d¢
u 0

v—u

<

£ (@0).0) [ ©©ds,
0
that is

~ 200\ ~ = (2uv vPW)XP(w M (u) ~ N (uv
29 (22) 55 (2) < 0 B g E B
The theorem has been proved.

First, we will purpose the following inequality linked with the right part of the classical H — H
Fejér inequality for harmonically convex F-I-V-Fs through fuzzy order relation, which is said to be
2nd fuzzy H — H Fejér inequality.

Theorem 3.7. (Second fuzzy H — H Fejér inequality) Let ¥ € HFSX([u,v],F,), whose O-levels
define the family of I-V-Fs Wg:[u,v] € R - K7 are given by Wo(w) = [¥.(w, 0),¥*(w, 8)] for

all we[u,v], 0€[0,1].If ¥ € FR(uvle) and V:[u,v] > R, V é) =TV (w) =0, then
(FR) J) 2Ly (w)dw < ZLEED (1700 gy, (25)

If ¥ € HFSV([u,v], F,), then inequality (25) is reversed.

Proof. Let ¥ be a harmonically convex F-I-V-F. Then, for each 6 € [0, 1], we have
w ( uv 9) v ( uv )
\NA-Hu+é&v’ A1-8Yu+év

uv
< (§%.u0) + (1 - OF.(v,0))V (m)

v ((1—;)—111+€v’9> V((l—fu)—l;+5v>

< (89 (1,0) + 1 - ¥ (v, 0))V (ﬁ) (26)

And
& (m 0)v (fu-l—(u+$)v>

< (1~ O%.w.0) + .0 (7=
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. uv uv
v (€u+ (1—€)v'8>‘7<fu+ (1—5)1})
< (A-O¥" W 6) +§¥ v, 0V (i) 27)

After adding (26) and (27), and integrating over [0, 1], we get

[ (a=frm o) lapirm)

o[t )7 ri=an)

. Jl w.(u, 0) {EV (ﬁﬂ)f (1- E)V(W)} ‘d&
o |+ o) fa-ov (m) v (m)}

1 w w

| ¥ (a=ga ) (a=pira)®

o), ¥ Era=er )" Era=e) @

sfl w*(u,e){fv((l_g—“u+&zl?)+(1—€w(wlﬁ)}‘da
o |+ oy fa-ov (m) v (m»

- 200 [ 47 ()4 e [ (g e
=zq/*(u,9)f01€\7( d§+2‘1’*(v,9)f015\7(

uv uv
(1—§)u+§u) €u+(1—€)v)d€'

Since V is symmetric, then

=2[l1/*(u,6)+‘1’*(v,9)]f 5‘7<5++5)u> %,

2% (u,0) + ¥ (v,0)] [ &V (m) de. (28)

Since

Jl'z”*(é’u +a-omer( d
0

uv
A-8u+ Ev)

= folw*((l—f)U+fv'9)‘7(¢m(u+m) 4

u [V
= f Y, (w,0)V(w)dw
v—u),
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fol W (1= E)u+ &v,8)7 (Eu+(“+€)v) dé

1
_ f W+ (1= E)v,0)7 (—Eu - (ulv_ E)v) de
0
== [ W (w, 0)V (W)dw. (29)

From (28) and (29), we have

— f w,(w, 0)V W)dw < [¥.(u, 0) + ¥.(v, 6)] ]0 v (&+("+€)U) dz,
S j W' (w, 0)V (W)dw < [¥*(u,0) + ¥*(v,0)] L & (5u+(u+g)u> dé,
that is
lv“_”u f v w, 9)\7(w)dw,v”T”u f v, O)V(W)dwl
</ [¥.(u,0) + W,(v,0), ¥ (1, 0) + ¥ (v,0)] [ €V (m)df
hence

uv

this concludes the proof.
Next, we construct first H-H Fejér inequality for harmonically convex F-I-V-F, which
generalizes first H — H Fejér inequality for harmonically convex function.

Theorem 3.8. (First fuzzy fractional H — H Fejér inequality) Let ¥ € HFSX([u,v],F,), whose
O -levels define the family of I-V-Fs Wg:[u,v]c R—> KF are given by Wo(w) =

[¥.(w,0),%*(w,0)] for all weluv], 6€[0,1]. If ¥ €FRyye and V:[u,v] >R,
v <1++_1> = V(W) > 0, then

7

If ¥ € HFSV([u,v], Fy), then inequality (30) is reversed.

v lP(w) v 'I’(W)

dw

(30)

Proof. Since ¥ is a harmonically convex, then for 6 € [0, 1], we have
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. (i550) <3 (* (T=purs )+ @ra—se0))
v (511 6) %(l‘” ((1—$u)l:+$u' 6) +¥ (€u+(ulv—f)u’ 6)) 31

By multiplying (31) by ¥V (

uv . . .
m) = V(m) and integrate it by & over [0, 1], we obtain

W*(uzj-vv'e),flv<'§-l-([1+f)z)>df
” (a=oere® <ﬁ)d5\

1
s > (o)
1
v (uzivv' 6) f v (fu-l—(u+f)v) @

f L ((1 -Ou+év’ O)V(Eu+(1 E)v) df >

<!
i <+ fO L (fu+(ulv—f)v 6) v (Eu+(1 E)v) d¢

1
J, aarre ) Gpora)©

1
- |, Gva=ov )" Gra—o0)®
uv

- j "W (w, 0)7 (w)dw,

o uv uv
jo l‘i (fu +(1- E)v'e) V(§u+ (1 —f)v) “
u u
- | v (ampers o) (aopors)
= % [ ¥ (w, 0)V (w)dw. (33)

(32)

Since

From (32) and (33), we have

2uv 1 v
SU*( ,6) < — f Y. (w,0)V(w)dw,
u+v J, Viw)dw J,

sv*( 2uv ,e) < V;fvw*(w, 0 (W)dw.
u+v J, Viw)dw J,

From which, we have
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2uv 2uv
[ (250). v (250)
u+v u+v’

o [P0 [ v im 0]

that is

2uv v'P(w) vP(w)
7 (2 [ X 4w < (FR) f) 24

u+v

Then we complete the proof.

Remark 3.9. If V(w) =1, then from Theorems 3.7 and 3.8, we obtain inequality (17). If
Y.(w,0) =¥ (w,0) with 6 =1, then Theorems 3.7 and 3.8 reduce to classical first and second
classical H — H Fejér inequality for classical harmonically convex function.

4. Conclusions and future plan

Several novel conclusions in convex analysis and associated optimization theory can be
obtained using this new class of functions known as harmonically convex F-I-V. The main findings
include some new bounds with error estimations via fuzzy Riemann integrals. All of these papers aim
to provide new estimations and optimal approaches. But, the main motivation of this paper is that we
obtained new method by using fuzzy integrals for harmonically convex F-I-V-Fs calculus. The
authors anticipate that this study may inspire more research in a variety of pure and applied sciences
fields.
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