AIMS Mathematics, 7(1): 294-305.
ATIMS Mathematics DOI:10.3934/math.2022020
%5 Received: 11 July 2021

o Accepted: 16 September 2021
http://www.aimspress.com/journal/Math Published: 12 October 2021

Research article

On the character sums analogous to high dimensional Kloosterman sums

Jianghua Li* and Xi Zhang
College of Sciences, Xi’an University of Technology, Xi’an, Shaanxi, China
* Correspondence: Email: jianghuali @xaut.edu.cn.

Abstract: The main purpose of this paper is using the properties of the classical Gauss sums and the
analytic methods to study the computational problem of one kind of character sums analogous to high
dimensional Kloosterman sums, and give some interesting identities for it.

Keywords: character sums; high dimensional Kloosterman sums; analytic method; identity
Mathematics Subject Classification: 11103, 11L05, 11L40

1. Introduction

Let ¢ > 1 be an integer, A, c¢; and b are integers with h > 1 andi = 1, 2, --- , h. The h-dimensional
Kloosterman sums K(cy, ¢z, -, cp, b; q) 1s defined as:
SR L0 (crar + caan + -+ + cpay + baras - ay
K(cl,Cz,---,ch,b;q)=ZZ---Ze ,
a=1 ar=1 ap=1 q

q
where as usual, e(y) = ¥, Z denotes the summation over all 1 < a < ¢ such that (a,q) = 1, and

a=1
c-c=1modgq.

This sum occupies a very important position in the research of number theory, and many classical
problems in analytic number theory are closely related to it. For these reasons, many scholars have
studied the properties of K(cy, c,,- -+ , cp, b; q), and obtained a series of important results. For example,
R. A. Smith [1] studied the properties of the n-dimensional Kloosterman sums, and obtained a sharp
upper bound estimate for

q q —
’ ¢ fay+ay+---+a,+may-a;---a,
S e S
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W. P. Zhang and D. Han [2] studied the fourth power mean of the 2-dimensional Kloostermann
sums, and proved the identity

m=1 |a=1 b=1
7p° = 18p* = (b, +6) p’ —6p> —=3p  if p=1mod 6;
7p° = 22p* = (b, — 14) p* - 6p* —=3p if p=5mod 6,

where b, is an integer satisfying |b,| < 2p%.
W. P. Zhang and X. X. Li [3] obtained the identity

pz pz (ab)e(a +b+ mab)

a=1 b=1

4

> 5

x mod p m=1
= (p—l)(2p —7p +2p +8p +4p+1).

In this paper, we considered the character sums analogous to high dimensional Kloosterman sums
as follows:

p-1 p-1 -

NUNPE p)—ZZ ZX(‘“* “tap+mai--ap), (L.1)

ar=1 ay=1 ap=1

where p is an odd prime, y is any non-principal Dirichlet character mod p, h is any fixed positive
integer, and m is any integer.

About summation (1.1), X. X. Lv and W. P. Zhang [4] studied the hybrid power mean involving
S (m, 2, x; p) and two-term exponential sums, and proved the following results.

Let p be an odd prime with 3 1 (p — 1). Then for any non-principal character y modulo p, one has
the identities

-1 |p-1 p-1 1
3 ”Z:p )((a+b+m55) -pz:e[mb+b)
m=1 [a=1 b=1 1
-1 |p-1 p-1 2 p-1 2
= TS5 X(a+b+m55) 1) e mb”+ b =p2-(p2—p—1)-
m=1 |la=1 b=1 b=1 p

If p is an odd prime with 3 | (p — 1). Then for any three-th character y mod p (i.e., there exists a
character y; mod p such that y = X?), then one has the asymptotic formulae

2

p-1|p-1 p-1 2 |p-l 7
— b+b
Z X(a+b+mﬁb) : e(m ) =3p* + N(p),
m=1 |a=1 b=1 b=1 P
and
p—-1|p-1 p-1 2 p—1 3 2
b>+b
)((a+b+mab e(m ) =3p* + Ni(p),
m=1[a=1 b=1 =1 p
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where N(p) and Ny(p) satisfy [N(p)| <9 p? and |N,(p)| < 15 - p* respectively.

X. L. Xu, J. F. Zhang and W. P. Zhang [5] generalized the results in [4] to the high dimensional
cases, and obtained the following conclusions:
Theorem A. Let p be an odd prime, 2 > 1 is an integer with (A + 1,p — 1) = 1. Then for any
non-principal character y mod p, one has the identity

2

2
-1 —1 -1 —1
&k % “ ma"!' +a
"'ZX(GI+"'+ah+ma1"'ah) . el ——
m=1 la;=1 ap=1 a=1 p

=p"(PP-p-1).
Theorem B. Let p be an odd prime, /4 is an integer with (& + 1) | (p — 1), xy is any non-principal

character mod p. If y is a (& + 1)-th character mod p (That is, there exists a character y; mod p such
that y = x*!), then one has

-1 p—1 2

Yy xla+--+a,+may - -ay)

1 ap=1

p-1

<

2
p—1
ma™' + a
. e —
0

4

m=1 |a; a

=(h+1)-p"+ O (- p").

In addition, some other results related to the Kloosterman sums can also be found in the
references [6—12], we no longer list here.

The main purpose of this paper is using the analytic methods and the properties of Gauss sums
to study the computational problem of the fourth power mean of (1.1) with 4 = 2, and give some
interesting results. That is, we will prove the following:

Theorem 1.1. Let p be an odd prime with p = 1 mod 3, y be any 3-th non-principal character modulo
p. Then we have the identity

4

p-1|p-1 p-1
ZZX(a+b+m%)
m=1 |a=1 b=1
20p - DT 33 200 - DPWOF3) —
= 15ptp— 1)+ (p );2()())(( )'EQ(X)+ (p );Z(X)X()'ng)’

where E,(y) = ™(¢1) + T'(x14) + T(x14), E,(y) denotes the complex conjugate of E,(y), and E,(x)
satisfies the third-order linear recursion formula

Eni300) = Ex(x) - Enaax) = 7(0) - X3) - Ex(x) - Enar(x) + p - 7(0) - X(3) - Ex (),

the first three terms of E,(y) are

p-1
Eo(x) =3; Ei(y) = Zx(a)e(
a=1

3

%); Ex(x) = Ef(x) - 2t(x)¥(3) - Ei(x), and

p—1
T(y) = Z x(a)e (ﬁ) denotes the classical Gauss sums, [t(x)| = +/p.
P
a=1
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Theorem 1.2. Let p be a prime with p = 1 mod 3, then we have

£ lI)Zl(a+b+mab)

a=1 b=1

p-1

plz{

where (i) denotes the Legendre symbol modulo p, d is uniquely determined by 4p = d* + 27¢? and
d =1 mod 3.

From our theorems we can also deduce the following:
Corollary 1.1. Let p be an odd prime with p = 1 mod 3, g be any primitive root modulo p. Then we
have the identity

= 19p* +4p <d2 — Zp) (d4 — 4pd* + pz) ,

%i(p “’Zi(ﬁmg ab)) 3

i=0 \a=1 b=1
Corollary 1.2. Let p be a prime, y be any non-principal character modulo p. Then we have the

estimate

p-1 p-1 4

ZZ){ a+b+mab)

a=1 b=1

<27-p*-(p-1D.

pz
m=1

Some notes: Let p be an odd prime, 2 > 1 is an integer with (A + 1) | (p — 1). If y is not a (h + 1)-th
character modulo p, then it is easy to prove that

p—1 p-1 p—1
ZZ ZX(a1+a2+ “t+a,+ma;---ap)| =0
a1=1 ar=

Let p be an odd prime, k > 1 be an integer with (k + 1,p — 1) = 1. Then for any integer m with
(m, p) = 1 and any non-principal character y mod p, we have

p-1 p-1 -1

S

x(a +ay+---+ar+may-a)| =

Il
—_

ar=1 ap=1 ay

So in these cases, our conclusions are trivial.
2. Some lemmas

In some places of this paper, we need to use the definition and properties of the classical Gauss sums
7(y) and character sums, these contents can be found in some analytic number theory books, such as
[13], here we will not repeat the related contents. First we have the following:

Lemma 2.1. Let p be an odd prime, £ > 1 is an integer with (k + 1) | (p — 1), x is any non-principal
character mod p, and m is an integer with (m, p) = 1. If y is not a (k + 1)-th character mod p, then we

have the identity
p—1 p—1 p—1
xa +ay+---+a,+ma;-a)=0

ar=1 ar=1 ar=1
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If y is a (k + 1)-th character modulo p, then we have the identity

p-1 p-1 p-1

ZZ"'Z}((“I +ay+---+a,+may---ay)

ar=1ax=1 ar=1
@) - e g
= Xl(m)[ ) +/l(m) ) ---+/l(H1)T—()?) ,

where A denotes any (k + 1)-order character modulo p, and y = )("“.
Proof. 1f (k+ 1) | (p — 1), and y is not a (k + 1)-th character mod p, then there exists an integer
1 < r < p— 1 such that #*' = #*' = 1 mod p and y(r) # 1. So from the properties of the reduced

residue system modulo p we have

p-1 p-1 p-l1

> ---Z/\/(a1+a2+ -+ @+ mar o ay)

p=l p-1 p-l
= ---Z)((ml+ra2+---+mk+m7km)

ar1=1 ap=1 ag=1
p—1 p-1 p—1
= x(r) ZZ HZ)( a +ar+ -+ a+mra ak)
a1=1ay=1 =1
p-l p-1
= X(r)-ZZ-'-Z/\/(aI+a2+~-+ak+mm). 2.1)
ar=1 ay=1 ar=1

Since y(r) # 1, so from (2.1) we have the identity

ZZ ZX(al+az+ -+ g+ may - ag) =0, (2.2)

ar=1 ay=

If (k+1) | (p—1), and y is a (k+ 1)-th character mod p, let y = x**!, and A is a k+ 1-order character
modulo p. Then for any integer m with (m, p) = 1, note that the identity

k+1, if(b,p)=1andb ="' mod p;

From the properties of the classical Gauss sums we have

p-1 p-1 p-l
Y x (@t ay e+ ag o ma )
a=1 ay=1 ap=1
p—1 p-1 p—-1 p-1 -
1 _ b(ay +a; + -+ + ar + maia; - - ay)
- & Z Y(b)e
ar=1ax=1 ar=1 b=1 p
p—1 p-1 p—1 p—1 ] ———————
1 a+a+---+a _ mb*aja; - ay
= I N ZX(b)e
a=1 ay=1 ap=1 p b=1 p
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-1 p-1 -1
(X a=1a=1 p

ar=1
p-1
X Z (1+b) + 2(b) + -+ + () ¥, (b)e
b=1

Tk+1()?1) Tk+1()?1/1) —k Tk+1()?1/lk):|

(mbalaz---ak)

0 +/l(m)—7(,\7) +-.--+ A (m) )

Now Lemma 2.1 follows from formulae (2.2) and (2.3).
Lemma 2.2. Let p be an odd prime, k > 1 is an integer with (k + 1,p — 1) = 1. Then for any
non-principal character y mod p and integer m with (m, p) = 1, we have the identity

ZZ Z)((a1+a2+ “+ap+may - ag)| =

Proof. Note that (k + 1,p — 1) = 1, so if a passes through a reduced residue system modulo p, then
a**! also pass through a reduced residue system modulo p. Let h(k+1) = 1 mod (p — 1), then from the
method of proving (2.3) we have

Xl(m)[ (2.3)

N\?v-

p-1 p-1 p-1

DY xlar+ay e+ g+ maa)

ar=1 ap=1 ap=1
1 p=l p-l p-1 + 4+ e+ p-1 bk*'lf
_ _—Z "‘Ze ap +a, ay )?(b)e(m aa, ak)
T(X) aj=1 ax=1 ar=1 p b=1 p
1 88 9 (agratra)\S_ e (MBS VaTa
= —. Y e YMe
T(X) a1=1ay=1 ap=1 p b=1
R A kg a+a+---+a = 2 b) (mbalaz ak)
= — e e
T(X) ar=1 ap=1 ap=1 p b=1
h —h -1 k k+1 (—h
- )L_T() . pz:)?h(a)e 4 = y"(m) - T—EX) (2.4)
0 L. P 0

Note that |t (X/h) | =1t ()| = +/p, from (2.4) we can deduce Lemma 2.2.

Lemma 2.3. Let p be an odd prime with p = 1 mod 3. Then for any 3-th character y = X? modulo p,
we have the identity

4

p-1|p-1 p-1
)( a+b+ m%)
m=1 |a=1 b=1
DR
= 15pH(p = 1)+ XD (200 + i) + 0 7)
— DBV _
L2 1);%))( 3) (P + P + Pad),
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where A denotes any cubic-order character modulo p.

Proof. If (3, p — 1) = 3, then for any non-principal character y mod p with y = )(?, taking k = 2 in

Lemma 2.1 we have

-1 p-1

1)((a+b+m%) Xrl(()()

S
S

(P00 + AmT 00D + AmT (D).

l
—_
S
Il

a

Note that the identity

p-1 p-1
D amy = Am) =0,
m=1 m=1
from (2.5) we have
p—1|p-1 p-1 4
X (a +b+ mab)
1 b=1

-1

= 2 |T3(/?1) + Am)T () + /l(m)‘r3(,?171)|4

'13

pine

p m=1
-1 =3 =3 30—
00 T - T
= 33+ Am) S 4 Ay S 4 A =
s [ (1) 2an P
3w ) A ’
A S0+ SR e ) + 3%1)?%@)
T ()(1) 3
- o) (1 5, LTI | ?ﬁwmr%ﬂ) 4270 )
T (/\,/1) Pt (X1 7°(x))
=B D5 76 3 >
+2T (X31/1)73' EXM) +2 (/21/1)73' (X1/1) +2 (X;/lz E/\/Vl)).
p’ -7 (x)) 7 (x1) P’ T (xy)

From the triplication formula for Gauss sums (see [14]) we have
1 —
00 =7(x]) = > X370 T (1),

Note that 7(y) - T(x) = p, combining (2.6) and (2.7) we have the identity
p-1|p-1 p-1 . 4

X (a +b+ mab)
m=1 |a=1 b=1

= 15p'(p-1+

2(p - DX’ 3)
+ P2

-1 3 —
2p 1);2()()X ©) (79(/\/1) + (1) + Tg(/\(l/l))

(P00 +T ) + T ().

This proves Lemma 2.3.

(2.5)

(2.6)

2.7)
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Lemma 2.4. Let p be a prime with p = 1 mod 6, y be any sixth-order character mod p. Then about
the classical Gauss sums 7(y), the following holds.

p* (& -2p) if p=12h+1,

3 + 3= —
T+ {—i-p%(dz—zp) if p=12h+1,

where i? = —1, d is uniquely determined by 4p = d*> + 27¢? and d = 1 mod 3.
Proof. This result is Lemma 2.3 in S. Chowla, J. Cowles and M. Cowles [15], so the proof details are
omitted.

3. Proof of the theorems

Now we use the several basic lemmas of the previous section to complete the proofs of our theorems.
First we prove Theorem 1.1. Let y = x3. Then from Lemma 2.3 we have

4

p-1|p-1 p-1
Z ZZX(a+b+m%) =15p(p - 1)
m=1 |a=1 b=1
2p - P0G 20p - DX B) =
L2 );zw»c( ) B+ 2P );zw»«( ) Eop). (3.1)

where E,(y) denotes the complex conjugate - of E,(x).
Let r; = 7(x1), r» = T(x14) and r3 = T(y14). It is clear that

p-1 3
Ei(0) = 100) + 100D + 70 ) = Y (@ (“;) . (3.2)
a=1
From (2.7) we have
rirars = T(x1) - Txid) - (i) = p - T() - X3). (3.3)

Note thatr; -7, = p,i =1, 2, 3. So we have

E>(y) = r12 + r% + r% =(r+nrn+ 1”3)2 —2r1ry — 2rir3 — 2rr3

= B -0 G v = B - 200083) - B (). (3.4)

For any integer n > 0, it is easy to get the identity

En+3(X)
= (n+nrn+n) Eol) —nrn+rnr+nms) - Eg()+rnnr - E(y)

= Ei(0) - Exa(0) = 700) - X3) - Ev(Y) - Enii () + p - T(0) - X(3) - En(x)

Now note that Ey(y) = 3, combining (3.2) and (3.4) and the above identity we may immediately
deduce Theorem 1.1.
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Now we prove Theorem 1.2. Taking y = y, = (g) as the Legendre symbol modulo p in (3.1). It is
clear that y = )(? = x». We discuss in two different conditions p = 12k+ 1 and p = 12k +7 respectively.

If p =12k + 1, then x»(3) = 1, 7(x2) = +/p (see [13], chapter 9.10), from (3.1) we have
p—1

4
Ly 1(a+b+mab]

a=1 b=1

m=1

A(p —
_ 15ptp- 1)+ 2P

D[P0 + P + 2| (3.5)
Note that y»A is a sixth-order character modulo p and 7(y»1) - T(x24) = p, from Lemma 2.4 we have
() + () = (T () + (1)) - ((73()(21) +206D) -3 p3)
= (@ =2p) ~3pt (& - 2). (3.6)

Combining (3.5) and (3.6) we have the identity

= 19p* +4p(d® - 2p)- (d* - 4pd® + p?). (3.7)

If p =12k +7, then x»(3) = =1, 7(x2) = i - +/p and 7(y»4) T(Xzz) = —p, from Lemma 2.4 and the
method of proving (3.6) we have

P06 + P06 = i-ph- (@ =2p) =3-i-pt-(d*-2p). (3.8)

Combining (3.1) and (3.8) we also have the identity

= 19p* + é_lp (d* = 2p) - (d* - 4pd® + p?). (3.9)

It is clear that Theorem 1.2 follows from (3.7) and (3.9).
Now we prove Corollary 1.1. From (2.5) and the method of proving (2.6) we have

= p*- ) 3=3p*(p-1). (3.10)
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Let g be any primitive root modulo p, note that for any integer r,

& ”_l(a+b+g3"m-%) _ p_lpzi(ga+g’b+g m- ab]
a=1 b=1 P a=1 b=1 P

_ (g_’).p_lpz_i(a+b+m%):p_lp_l(a+b+m%)' 3.11)
p a=1 b=1 p a=1 b=1 p

So from (3.10) and (3.11) and the properties of primitive roots and the reduced residue system modulo

p we have
p-1|p-1 p-1
a+ b+ mab
-1 = )] Z( )
m=1 |a=1 b=1 p
2l S R 2
B 23 pzlpl(a+b+g3k+’ ab)
i=0 k=0 |a=1 b=1 p
[ )
_ Zzl N plpl(a+b+g’-ab)
i=0 k=0 |a=1 b=1 p

Il
‘“@
W |
—
VMN

which implies the identity

This proves Corollary 1.1.
It is easy to deduce Corollary 1.2 from our theorems. In fact, if (3, p — 1) = 1, then from Lemma

2.1 and Lemma 2.2 we have the estimate
4

<p'p-D. (3.12)

p-1 p-1

ZZ)((a+b+m%)

a=1 b=1
If 3| (p— 1) and y is not a 3-th character modulo p, then from Lemma 2.1 we have

p-1

2,

m=1

p—-1 p-1

ZZ)((a+b+m%)4

a=1 b=1
If 3] (p—1)and y is a 3-th character modulo p, then note that the estimate

IEs(y)l <3 - p?, and [t(y)l = Vp,

p-1

2,

m=1

S

=0. (3.13)

from (3.1) we have the estimate

p-1p 4

ZZ)( a+b+mab)

a=1 b=1

p-1

2,

m=1
Combining (3.12)—(3.14) we may immediately deduce Corollary 1.2.
This completes the proofs of our all results.

<15p*(p - 1)+ 12p*(p = 1) = 27p*(p - 1). (3.14)
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4. Conclusions

The main result of this paper is using the elementary and analytic methods to give an exact
calculating formula for the fourth power mean of the character sums analogous to 2-dimensional
Kloosterman sums. The result is a new contribution to the relevant fields.
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