AIMS Mathematics, 6(9): 10343-10354.
ATIMS Mathematics DOI:10.3934/math. 2021599
%5 Received: 20 May 2021

o Accepted: 06 July 2021
http://www.aimspress.com/journal/Math Published: 16 July 2021

Research article

On meromorphic solutions of certain differential-difference equations

Yong Liu*, Chaofeng Gao and Shuai Jiang

Department of Mathematics, Shaoxing College of Arts and Sciences, Shaoxing, Zhejiang 312000,
China

* Correspondence: Email: liuyongsdul982@163.com; Tel: +18258518421.

Abstract: In this article, we mainly use Nevanlinna theory to investigate some differential-difference
equations. Our results about the existence and the forms of solutions for these differential-difference
equations extend the previous theorems given by Wang, Xu and Tu [19].

Keywords: entire functions; differential-difference equations; value distribution; finite-order
Mathematics Subject Classification: 30D35, 39A10

1. Introduction and main results

We assume that the reader is familiar with the basic notions of Nevanlinna theory (see [4, 6, 22]).
Recently, a number of papers (including [1-3, 5, 7-21, 23]) have focused on solvability and existence
of meromorphic solutions of difference equations or differential-difference equations in complex plane.
In 2009, Liu [10] obtianed the Fermat type equation I(z)* + [I(z+c) —(z)]* = 1 has a nonconstant entire
solution of finite order. In 2012, Liu et al. [11] proved that I(z)*>+I(z+c)? = 1 has a transcendental entire
solution of finite order. In 2018, Zhang [23] obtained the difference equations /(z)* + [l(z + ¢) — I(2)]* =
R(z) has no finite order transcendental meromorphic solutions with finitely many poles. In 2020, Wang
et al. [18] further discussed the existence and the forms of the solutions for some differential-difference
equations, they obtained
Theorem A. Let ¢ be a nonzero constant, R(z) be a nonzero rational function, and a, € C satisfy
a? — 32 # 1. Then the following difference equation of Fermat-type

12)* + [al(z + ¢) = Bl = R(z),

has no finite order transcendental meromorphic solutions with finitely many poles.

Theorem B. Let c(# 0), a(# 0), 8 € C, and P(z), Q(z) be nonzero polynomials satisfying one of two
following cases:

(i) deg:P(z) 2 1, deg.Q(z) > 1;
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(i) P(z), O(z) are two constants and P*(a* — %) # 1. Then the following Fermat-type difference
equation

I(2)* + PX()lal(z + ©) = Bl = O(2),

has no transcendental entire solutions with finite order.

For further study, we continue to discuss the existence and the forms of solutions for certain
differential-difference equations with more general forms than the previous forms by Liu et al. [10,
11, 18, 23] and obtain the following results.

Theorem 1.1. Let c;(j = 1,2,---,m) be distinct constants, a € C\{0}, 0, € C (i = 1,2,--- ,m), R(z)

be a nonzero rational function, and }; p;,(exp®i + exp~®“)# 0. Then the following difference equation
i=1

12 + [01l(z + 1) + @l(z + 2) + - + 0ul(z + c)]* = R(2) (1.1)

has no finite order transcendental meromorphic solutions with finitely many poles.

Theorem 1.2. Let c;(j = 1,2,---,m) be distinct constants, a € C\{0}, 0, € C (i = 1,2,--- ,m), and
P(z), O(z) be nonzero polynomials satisfying one of two following cases:

(i) deg.P(z) > 1;

(ii) P is a constant and P?[ Y] o;exp®i 2, oiexp™®] # 1. Then the following difference equation

i=1 i=1
12" + P(2)’[01l(z + €1) + 02lz + €2) + -+ + ul(z + )’ = O(2) (1.2)

has no transcendental entire solutions with finite order.
Theorem 1.3. Let c¢;(j = 1,2,---,m) be distinct constants, a € C\{0}, o; € C (i = 1,2,--- ,m). Let
[(z) be a transcendental finite order meromorphic solution of difference-differential equation

(2 + [0l + ¢1) + @al(z + ¢2) + -+ + 0ul(z + c)]* = R(2), (1.3)

where R(z) is a nonzero rational function. If l(z) has finitely many poles, and
Y cjojexp™ Y, cjfojexp™i # 0, then R(z) is a nonconstant polynomial with deg.R(z) < 2, and
=1 =1
2. cjojexp®i ) cjojexp = 1. Furthermore,
=1 =1
(i) If R(z) 1s a nonconstant polynomial with deg,R(z) < 2, and ), o; # 0, then we have

i=1

51(2)exp™t + s,(z)exp= @

2 2

I(z) =

where R(z) = (m;+as(z))(my—as(z)),a # 0,b € Cand a, b, ¢j, o; satisty i(0exp®* +- - - +0,,exp®") =
aand i(oiexp™' + -+ + popexp™®m) = a, where 5(z) = mjz +n;,mj,n; € C(j = 1,2).

(ii) If R(z) is a nonzero constant, and ), o; # 0, then

i=1

n1exp®“t + nyexp=@th)

I(z) = > ,
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where R(z) = —a*niny,a # 0,b € C.
Theorem 1.4. Letc;(j = 1,2,---,m) be distinct constants, a € C\{0}, 0; € C (i = 1,2,--- ,m). Let
l(z) be a transcendental meromorphic solution of the following difference-differential equation

I"(2)* + [o1l(z + ¢1) + 02l(z + €2) + + -+ + Oul(z + c)]* = R(2), (1.4)

where R(z) s a nonzero rational function.

@) If Z oiexp“i + Z oiexp~“i # 0, then (1.4) has no finite order transcendental meromorphic solution
i=1 i=1
with finitely many poles.

@) If ) icjojexp® # 2a, ). icjojexp ™ # 2a, and (1.4) has a finite order transcendental
j=1 j=1

meromorphic solution /(z) with finitely many poles, then R(z) is a constant. Furthermore if > 0; # 0,
i=1
then we have

texp® + texp™@h)

I(z) = 5 ,

where a, b, 11,15, 0;, ¢ satisfy », 0,exp® + } ojexp™ =0, R(z) = a*tit,, b € C.
i=1 i=1
2. Preliminary lemmas

The following two lemmas play an important role in the proof of our results.
Lemma 2.1. ([22]) Suppose that fi, f>,--- , f(n = 2) are meromorphic functions and g, g>, -+ , g, are
entire functions satisfying the following conditions:

(D) '21 fiexps =0

(ii)Jgj — gi are not constants for 1 < j <k < n;

@i) For1 < j<n 1 <h<k<n T(r,f)=olT(r,exp® #)}(r — oo,r ¢ E), where E is a set of
r € (0, c0) with finite linear measure.

Then f;=0(j=1,2,--- ,m).

Lemma 2.2. ([22]) Let [(z) be a meromorphic function of finite order p(l). Write

(2) = ' + g ?™ + -+ (e £ 0),
near z = 0 and let {ay,a,, - -} and {by, by, - - - } be the zeros and poles of | in C \ {0}, respectively. Then

Q(Z)PI_(Z)

Py(2)’
where Pi(z) and P,(z) are the canonical products of | formed with the non-null zeros and poles of |,
respectively, and Q(z) is a polynomial of degree < p(l).

l(z) = zkexp

3. Proof of Theorem 1.1

Suppose that (1.1) has a finite order transcendental meromorphic solution /(z) with finitely many
poles. Rewriting (1.1) as follows

() + i(o1l(z + c1) + 02lz + €2) + -+ + Oml(z + ) (U(2)—

i(011(z + 1) + 0ol + €2) + -+ + 0ul(z + c))) = R(2). G.1)
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Since [(z) has finitely many poles, R(z) is a nonzero rational function, then /(z) +i(01/(z+c1) +02/(z+
)+ +0oul(z+cp)) and I(z) — i(01l(z + ¢1) + 02l(z + ¢2) + - - - + 0,(z + ¢;,)) both have finitely many
poles and zeros. Together Lemma 2.2 with (3.1), we obtain that

I(2) + i(@ilz + 1) + @2lz + ¢2) + -+ + 0ul(z + €)) = Ri(2)exp™, (3.2)

and
I(z) — i(01l(z + 1) + 02l(z + 2) + - + Eul(z + 1)) = Ra(R)exp @, (3.3)

where R;(z), R,(z) are two nonzero rational functions such that R(z)R»(z) = R(z), and p(z) is a
nonconstant polynomial. (3.2) and (3.3) imply that

R (2)expP® + Ry(z)expP@

I(z) = , 3.4
(2) > (3.4)
and (2) (2)
R (D)exp’® — Ry(2)exp™ ¢
QU+ )+ @allz + e2) + -+ gulle + ) = TDAL Z W T (3.5)
Substituting (3.4) into (3.5), we have
expP(io R (z + ¢))expP VPR 4 jo R (z + ca)explEred)=r@ 4 ...
e-xp_p(Z)(iQIRZ(Z + Cl)expp(z)_p(z"'(«l) + iQ2R2(Z + cz)expp(z)_p(Z+C2) + ... .
HiguRa( + C)expP M) 4 Ry(2)) = 0.
By Lemma 2.1 and (3.6), we have
i01R1(z + €1)expP© VP 1 o, R) (z + ¢p)expr ) e (3.7)
o (ORI (Z + Cp)expPE PO — Ry(2) = 0, '
and
igle(z + cl)expp(z)—p(z+c1) + inRz(Z + 62)expp(z)—p(z+c2) (3 8)

+ o+ i0R (2 + Cp)expPO7PEm) + Ry(z7) = 0.

Since R(z), R>(z) are two nonzero rational functions and that /(z) is of finite order, we obtain that p(z)
is a polynomial of degree one. If deg,p(z) > 2, then we obtain that deg [p(z + ¢;) — p(z + ¢;)] > 1.
Hence, we have T(r,io;R;(z + ¢;)) = S (r, exp?@)=P&+<i)) T emma 2.1 and (3.7) imply that R(z) = 0.
This is impossible. By the similar method as above, we also have R,(z) = 0, a contradiction. So we
have deg.p(z) = 1. Set p(z) = az+ b,a # 0,b € C. By (3.7) and (3.8), we have

|1|1m i(Ql%z—;)‘l)expp(Z‘FCl)_p(z) + .+ QmWexpp(Z*’Cm)_p(Z))
Z| 00 *: 4
= i(o1exp®™ + .-+ + opexp®r) =1,
and Raeren fe
1 ; axy — - Z+Cm —p(z4Cm
lim Z(leRz—(Z)lgxpl)(Z) p(z+cr) + .o 4 szRzTexpp(Z) p(z+c, ))

[z]—00

= i(01exp™ + -+ + opexp™m) = —1.

Thus, it yields that } 0;(exp®i+exp™)= 0, this is a contradiction with the assumption of Theorem 1.1.

i=1
Hence, Theorem 1.1 holds.
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4. Proof of Theorem 1.2

If I(z) is a transcendental entire solution with finite order of (1.2), then by the similar method as the
proof of Theorem 1.1, we have

01(@)exp”@ + Qs (z)exp P

l(z) = > ,

4.1

and

p(2) _ -p(2)
olliz+c)+0lz+ )+ +0ullz+cp) = ey 2iP(§)2(Z)exp ’ *2)

where p(z) is a nonconstant polynomial and Q,(2)0»(z) = Q(z), Q1(z), Q»(z) are nonzero polynomials.
Together (4.1) with (4.2), we have

exp(i01PR)Q1(z + c)exp" ™7 + iy P(2) Q4 (2 + ex)exp!CHe)
+oo 4 i0u PRI + €)exph e O — 0,(@))+

exp PO (io) P(2)Q2(z + ¢1)expP@~PEre) + jo, P(2)0s(z + ¢)expP@plete) “3)
+ 0+ 10, P(2)Qa(z + cp)exp? TP 1+ 0y (2)) = 0.
By Lemma 2.1 and p(z) is a nonconstant polynomial, we have
i01P(2)Q1(z + ¢1)expP@ V@ + 0, P(2) 01 (z + ¢3)expP@r )P (4.4)
+ 0+ 10, PR)Q1(Z + cp)exp? TP — Qy(2) = 0, ‘
and
i01P(2)0a(z + c)exp?@PED 10, P(2) 0a(z + cp)exp?@ Pt 4.5)

o 10, P20z + Cr)expPOTER 1 0y(2) = 0,

If deg.p(z) > 2, then we have that deg[p(z+c;)—p(z+c;)] > 1. Hence, we have T (r, io;P(z)Qi(z+cj)) =
S (r, expPEre)=rEte)) T emma 2.1 and (4.4) imply that Q;(z) = 0. A contradiction. By the similar
method as above, we also obtain that Q,(z) = 0, this is also impossible. Hence, deg,p(z) = 1. Let
p(z) =az+b,a+0,beC. (4.4)and (4.5) imply that

i01P(2)Q1(z + c)exp?® V™D + o, P(2) 01z + ¢p)expP ) =r@
+ o+ 00, P(2)Q1(z + cp)expPErem=r@ = 0 (z),

and
i01P(2) Q2 (z + ¢1)expP@~PE) o, P(2) Qs (z + ¢3)expl@ Pt

+ o+ i0nP(2) Qa(z + cp)exp? PP = —0y(2).

By this, we have

P(2)*[01* 0@z + ¢1) + 020z + ¢1) + -+ + 0w Q2 + )+

010201(z + ¢1)02(z + c2)exp™ ™ + -+ +

010mQ1(z + 1) Q2(z + Cp)exp™ ™M + 0201 01(z + €2) Q2(z + ¢ )exp™>™! (4.6)
+o+ 000 Q12 + €2)Qa(Z + cpp)expteriom

+ o+ OmOm-191(Z + 1) Q2(2 + cp)exp® 1] = O(2).

Setdeg.P(z) = p and deg,Q(z) = g, then p > 0,g > 0 and p, g € N,. Next we divided the following
proof into four cases:
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Case 1. p > 1 and ), g;exp® ) o;exp™i = 0. If g > 1, by comparing the order both sides of (4.6),
i=1 i=1

1
we have 2p + g — 1 < ¢, that is, 2 this is impossible. If g = 0, that is, Q(z) is a constant. Hence,
by (4.6), we have Q(z) =0, a contradlctlon.
Case 2. p > 1 and } gexp®i ), ojexp™@ # 0. If g > 1, by comparing the order both sides of (4.6),
i=1 i=1

we have 2p + g = ¢, thatis, p = 0, a contradiction. If ¢ = 0, that is, Q(z) is a constant. Hence, by (4.6),
we have P(z) is a constant this is impossible

Case 3. p = 0 and Z oiexp™ Z oiexp i =0. That is, P(z) = K(# 0). If g > 1, we have g — 1 = g,
this is impossible. If q 0, we have 0(2) = 0. A contradiction.
Cased. p = 0 and Z 0;exp“ci Z oiexp™i #0.1f g > 1, set P(z) = K(# 0), O(z) = b,z? + by,1z277' +
=1 i=1

“++bo,by #0,b, 1, - , by are constants. By comparing the coefficients of z7 both sides of (4.6), we
have o, .
KLY oexp™ ) exp ] = 1. (4.7)
i=1 i=1

This is a contradiction with the condition of Theorem 1.2. If ¢ = 0, then K*[ . o;exp®i 3 oiexp™®i] =
i=1 i=1

1, this is impossible.
Hecne, Theorem 1.2 holds.

5. Proof of Theorem 1.3

Suppose that (1.3) has a finite order transcendental meromorphic solution /(z) with finitely many
poles. Rewriting (1.3) as follows

(I'@) + i1 l(z + ¢1) + 0l(z + c2) + -+ - + 0pl(z + ) (2)—

i(011(z + ¢1) + 0l(z + €2) + - - + 0ul(z + ) = R(Z). SRy

Since /(z) has finitely many poles, and R(z) is a nonzero rational function, then I'(z) + i(o1l(z + ¢1) +
0d(z+ )+ +oulz+cyp) and I'(2) —i(01l(z + ¢1) + 02l(z + ¢2) + - - - + 0,,1(z + ¢,,)) both have finitely
many poles and zeros. Hence, by Lemma 2.2, (5.1) can be written as

I'(2) +i(01l(z + ¢1) + 02l(z + ¢2) + + -+ + 0pl(z + ) = Ri(2)exp??, (5.2)

and
I'(z) —i(oil(z + ¢1) + 02l(z + ¢2) + -+ - + Oul(z + €1)) = Ra(2)exp™, (5.3)

where R|(z), R,(z) are two nonzero rational functions such that R (z)R,(z) = R(z), and p(z) is a
nonconstant polynomial. (5.2) and (5.3) imply that

R (2)expP@ + Ry(z)expP@
2 b

I'(z) = (5.4)

and
Ri(2)exp”? = Ry(z)exp "

olllz+c)+0l(z+ )+ +0ul(z+cp) = % . (5.5)
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(5.5) implies that

A1(QexpP® — Bi(z)exp™P®@
2i ’

where A;(z) = R} + R, (2)p’ and B;(z) = R, — Ry(z)p’. Substituting (5.4) into (5.6), we have

ollz+ec)+ol'z+c)+ - +oul'(z+cn) = (5.6)

exp?@(io1 R, (z + ¢))exp?™ V7D + iy Ry (z + ca)expPr P
+ o+ i0,R (2 + Cp)expPErem =P — A (2))+

exp PO (io Ry (z + ¢1)expP@PE+D 4 jo, Ry (7 + ¢p)expl@PEte)
+ o+ i0uR (2 + ¢p)expPD7PEF) + B (7)) = 0

(5.7)

Together Lemma 2.1 with (5.7), we have

inRl(Z + cl)expP(Z+Cl)—P(Z) + iQQRl(Z + Cz)expp(z+cz)—p(z)

+ o+ iQle(Z + Cm)expp(z+cm)—p(z) _ A](Z) =0 (58)

and
i01R>(z + €1)expP@7PEHe) 4 jo, Ry(z + ¢;)expPD—pre)

+ -+ i0uRy(z + cm)expp(z)‘p(“cm) +Bi(2) =0 (5.9)

Since R;(z), R>(z) are two nonzero rational functions and [(z) is of finite order, by the similar method
as the proof of Theorem 1.1, we have deg.p(z) = 1. Let p(z) = az + b,a # 0,b € C. Substituting p(z),
A1(2), Bi(z) into (5.8) and (5.9), as z — oo, we have

|1|1m i(o; Rllgz:c)l)expp(zﬂl)—[?(z) +eee 4 Qm%gm)expp(ﬁc’")_p@)
Z|—
= i(01exp™! + -+ + 0,exp*r) = RI‘((ZZ)) +a = a,

and

llm Z(Q R2(2+Cl ) expp(Z)_p(Z+Cl) 4o+ Qm RZIgzzzgm) expp(Z)_p(Z+Cm))

lzl— R2(2)
= l(QlexP it + opexp i) = 1;22((;)) +a = a.

That is
i(o1exp™ + -+ + oexp®m) = a,
i(01exp™@ + -+ + o exp™m) = a.

According to (5.8), (5.9) and (5.10), we have

(5.10)

i01exp™ (Ri(z + ¢1) — R1(2)) + ig2exp®*(R1(z + ¢2) — R1(2))

e iguexp™ (R + ) = Ri2) = R/ (@), 10

and
i01exp™ " (Ry(z + ¢1) — R2(2)) + i02exp™*(Ra(z + ¢2) — Ra(2))
+ o+ i0pexp " (Ry(z + ) — R2(2)) = =Ry (2).
If Ri(2), R,(7) are two nonzero constants, then (5.11) and (5.12) hold and R;(z)Rx(z) = R(z) is a
constant.

We next consider the case that R,(z), R,(z) are two nonzero rational functions. If R,(z) has a pole of
multiplicity v at zy, by (5.11), we know that there exists at least on index /; € {1,2,---,m} such that

(5.12)
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20 + ¢;, 1s a pole of R;(z) of multiplicity v + 1, following the above step, we know R, (z) has a sequence
of poles

{th=z20+c, +---+¢c, :n=12,---}.

Hence, we have /l(ﬁ) > 1, this is impossible. So R((z) is a polynomial. Using the same method as
above, we know that R,(z) is also a polynomial. If R;(z) is a nonconstant polynomial with deg,R;(z) > 2.
Let Ri(z) = a,2" + a,.127" + -+ + ap, then

Ri(z) = na,2"' + (n = Da,.1 2" + -+, (5.13)

Ri(z+c¢,) —Ri(z) = nancmz”_1 + (anCﬁci +(n-— l)an_lcm)z"_2 +oee, (5.14)

where i = 1,2. Substituting (5.13) and (5.14) into (5.11) and (5.12), comparing the coefficients of

n-1 _n-2 . acj — 2 acj — : —acj _— 2 —-ac; —
, we have _Zl icjojexp® =1, '21 cj-0jexp®’ = 0 and _Zl icjojexp i = —1, _Zl cj-ojexp i =
= = = =

Z X1

0, a contradiction with Y, c;%0;exp™i ¥, c;70jexp i # 0. Hence, deg,Ri(z) < 1. So deg,R(z)
J=1 J=1

dengl(Z)Rz(Z) <2.
(i) If R(z) is a nonconstant polynomial with deg.R(z) < 2, then by (5.4), we have
$1(2)exp™? + s,(2)exp=@+h)

I(z) = >

+ 1, (5.15)

where s;j(z) =m;z+nj,mj,n; € C,(j=1,2)and ¥ € C;
Case 1. If deg.R(z) = 2, thenm; # 0, j = 1,2. If f o; # 0, substituting (5.15) into (5.5), we have
i=1
P =0, R(z) = (m; + as1(z))(my — as»(z)). Hence, we have
51(2)exp™? + sy()exp™ P

I(z) = 5 ,

R(z) = (my + as1(2))(my — as>(z)),a # 0,b e C.

Case 2. If deg R(z) = 1, then one of m,, m, is zero, we can assume that m; = 0. Substituting (5.15)
into (5.5), we have R;(z) is a constant and R,(z) is a polynomial of degree one. Using the same method
as case 1, we have ¥ = 0. Hence, we obtain that

51(2)exp™t + s,(z)exp= @
2 b

I(z) =

R(2) = (my + as\(z))(my — as»>(z)),a #0,b € C.
(ii) If R(z) is a nonzero constant, by (5.4), we have

n expaz+b + nzexp—(az+b)

2

I(z) = +d, (5.16)

where ny,n, € C and d € C. Substituting (5.16) into (5.5), we have d = 0, R(z) = —a*nn,. Hence,
Theorem 1.3 holds.
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6. Proof of Theorem 1.4

Suppose that (1.4) has a finite order transcendental meromorphic solution /(z) with finitely many
poles. Rewriting (1.4) as follows

(I"(2) + o1z + 1) + 02l(z + c2) + -+ + Ol(z + )" (2)-

i(011(z + 1) + 0oz + €2) + - + 0ul(z + €))) = R(2). 6.1)

Since I(z) has finitely many poles, R(z) is a nonzero rational function, then [”(z) + i(01l(z + ¢1) +
ol(z+ o)+ +oul(z+cy)) and I"(2) —i(01l(z + ¢1) + 02l(z + ¢3) + - - - + 0, l(z + ¢;,)) Oth have finitely
many poles and zeros. Hence, we can rewrite (6.1) as follows

I'(2) +i(0ilz + 1) + @alz + ¢2) + -+ + 0ul(z + €)) = Ri(D)exp™, (6.2)

and
I'(z) —i(01l(z + 1) + 02l(z + €2) + - + Oul(z + C1)) = Ra(2)exp™?, (6.3)

where R,(z), R>(z) are two nonzero rational functions such that Ri(z)R,(z) = R(z), and p(z) is a
nonconstant polynomial. By (6.2) and (6.3), we obtain

Ri(2)exp”® + Ry(2)exp ™™

I'(z) = 5 , (6.4)
and
R (2)exp”® — Ry(z)exp™P
QU+ ¢1) + 0al(z 4 €2) -+ 0ul(a + ) = DT AP 6.5)
(6.5) implies that
7’ 7’ 44 A Z e'x p(Z) - B Z e'x _p(Z)
oll"@z+c)+ol"(z+ )+ +oul"(2+cp) = 2(2)exp 2i S ’ 66)
where A>(z) = A} + A1 (2)p’ and B,(z) = B} — B(2)p’. Together (6.4) with (6.6), we obtain that
ot ORI (2 + C)exp? PO — Ay(2)+ 67
exp_p(Z)(igle(z + cl)expp(z)—p(zm) +i0oRy (7 + cz)expp(Z)_”(““Z) :
+ oo+ 00uR (2 + cp)expPO7PErn) 1+ By (2)) = 0.
Lemma 2.1 and (6.7) imply that
i01R1(z + €1)expPE VP 1 o, R) (z + ¢p)expr©+e) e (6.8)
b i0uRI (2 + C)expPT O — Ay(2) = 0, '
and
i01Rx(z + ¢1)exp? PPV + o) Ry (z + p)expP @) 6.9)

+ -+ 00, Ry (7 + Cp)expP@PEFem) 4 By(7) = 0.
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Since R;(z), R,(z) are two nonzero rational functions and /(z) is of finite order, using the similar method
as the proof of Theorem 1.1, we know that p(z) is a polynomial of degree one. Let p(z) = az + b,a #
0, b € C. Substituting p(z), A2(z), B>(z) into (6.8) and (6.9), and as z — oo, we have

llllm i(o1 Rllgzz-c)l)expp(zw])—p(z) 4o+ Qlel(gZJ(rZC)’n)expp(ﬁcm)_p(z))
7| > 00
= i(01exp™ + -+ + g expim) = %‘18 +a® = a?,
and . .
|zh£30 (o1 zlgzg”expp(z)—p@nl) +et o % expP@-pGren)
—acyy — _BI'® 2 _ _ 2
= i(01exp™1 + -+ + gexp™n) =~ — g = a2,
that is X
i(lorexp®™ + -+ + oexpr) = a*,
(Ql 4 Ome€xXp ) ) (610)

i(o1exp™@" + -+ + o ,exp™r) = —a

So, we have Z 0;expi + Z oiexp™i = 0.

m

@) If Z oiexpi + Z oiexp™ i # 0, this is a contradiction with Z oiexpi + Z oiexp~®i = 0. Hence,
i=1
Theorem 1.4 (1) holds

(i) If Zl icjojexp™i # 2a and _Zl icjojexp i # 2a. By (6.8)—(6.10), we have
Jj= =

i01exp* (R(z + ¢1) — R((2)) + i02exp™>(R(z + ¢2) — R1(2))

) . , 6.11
ot iomexp™(Ry(z + cn) — R1(2)) = R\ (2) + 2R, (2), .11

and
i01exp 1 (Ry(z + ¢1) — Ra(2)) + igrexp™*(Ry(z + ¢2) — Ry(2))
+ o+ 10mexp i (Ra(z + ¢n) — Ra(2)) = =Ry (2) + 2aR, (2).

If R (z), R»(z) are two nonzero rational functions, using the similar method as the proof of Theorem 1.3,
we know that R;(7) is a polynomial. If deg_ R;(z) > 2. Let R;(z) = a,z" + a1 + -+ + ay, then

(6.12)

R(2) =na,2" '+ (n—Da,_1272+ -,

R”i(Z) = l’l(l’l - 1)(1”2"_2 + (I’l - 1)(n — Z)an_lzn_3 +e
Ri(z+ cw) = Ri(2) = nancmz”‘1 + (a,C2c2, + (n - l)an_lcm)z”‘2+
(anCSC3 +a,- 1Cn emt 2 4 (n-2)a,_ 2¢,)7" 3 4.

(6.13)

where i = 1,2. Substituting (6 13) into (6.11) and (6. 12) comparing the coefﬁ01ents of 771, 7~
e have 2 fesosexp™ = 2 Z ¢jejexp" = 2 and Z icjojexp™ = 2a, 2 cifojexp ™™ = =2, a
contradlctlon Hence, deg_R; (z]):1< 1. =1 Jj=1

If deg. Ri(z) = 1, then (6.11) and (6.12) imply that Z ic;0,exp® = 2a and Z ici0;exp~1 = 2a,

contradiction. Hence, R (z), R»(z) are two nonzero constants R(z) = Rl(z)Rz(Z) is a constant. By (6.5),

we have
texp™ + tyexp=(@th)

I(z) = >

+ P(2),
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where a # 0, b € C, 11, 1, € C\ {0} and P(z) is a polynomial of degree one. Since ), o; # 0, then
i=1
by (6.5), we have P(z) = 0. So, we have

f expaz+b + tzexp—(az+b)

I(z) = > ,

(6.14)
where Y g;exp® + 3 0,exp™i =0, b € C, R(z) = a*t,t,. Hence, Theorem 1.4 holds.
i=1 i=1
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