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1. Introduction

In 1925, Hardy [1] gave a generalization of the Hilbert’s inequality by introducing one pair of

; ; : i 1 1 _ .
conjugated exponents (p,q) which satisfies + + 5 = 1 and p>1,as follows:

If a,>0,b,>0,0<>" aP<o and 0< " bf <oo, then

N mbn S / - /
ZZ iwn < sin(Z'/p) (Z anﬁ )l P (Z b;? )l a ) (1)
m=1 n=1 m=1 n=1

where the constant factor g5y is the best possible. The inequality (1) is called the Hardy-Hilbert

inequality. In particular, when p=q=2, the Hardy-Hilbert inequality reduces to the Hilbert’s
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inequality (see [2]). As is known to us, the Hardy-Hilbert inequality plays an important role in
analysis number theory, real analysis and divergent series theory (see [3]).

For the continuous case, the integral version of Hardy-Hilbert inequality can be stated as
follows (see [3], Theorem 316):

If f(x)zo,g(y)zo,0<j:fp(x)dx<oo and 0<L°°g‘*(y)dy<oo,then

[, [, “esxdy < i () P09 P (] g% ()dy)™, @)

where the constant factor is the best possible.

7T
sin(z/ p)

The Hardy-Hilbert inequalities (1) and (2) has been studied extensively, numerous variants,
generalizations, and extensions can be found in the literatures (see [4-8]).
Motivated by the Hardy-Hilbert inequality, in 1929, Mulholland [9] proposed a similar version

of inequality (1), which contains the same best possible constant factor asin (1), i.e.,

T
sin(z/ p)

D> it < s (ka0 @
n=2

m=2

Obviously, the Mulholland’s inequality (3) can be rewritten in an equivalent form as:

[Ms

Z Inmn sm(;z-rl p) (z miP P)l/P (Z llq br? 1/C| (4)

2n=2

3
Il

In recent years, the Mulholland inequality has been generalized by various methods of
constructing parameters, see [10-15] and the references cited therein.

Let us recall some results which are connected with the current investigation. Hong and Wen [16]
and Hong [17] studied the Hilbert type series inequalities and the Hilbert type integral inequalities
with homogeneous kernel, respectively. They established the necessary and sufficient condition for
which the inequalities hold under the best constant factor. Subsequently, by using the
quasi-homogeneous kernels instead of the homogeneous kernel in the Hilbert type integral
inequalities, Hong, He and Yang [18] established the necessary and sufficient condition for which the
inequalities hold under the best constant factor. Recently, with the help of the Euler-Maclaurin
summation formula, Yang, Wu and Liao [19] and gave the extension of Hardy-Hilbert’s inequality
and its equivalent forms. In [20], Yang, Wu and Chen investigated the generalization of
Hardy-L.ittlewood-Polya’s inequality and its equivalent forms.

In this paper, following the ideas of [16-20], we will study the Mulholland-type inequalities.
The present research objects are structurally different from Hilbert type inequalities, and this will
involve new techniques in dealing with the inequalities. Specifically, we will establish a reverse
Mulholland-type inequality with multi-parameters. And then, we discuss the equivalent statements of
the best possible constant factor associated with several parameters. Finally, we illustrate that some
new inequalities of Mulholland-type can be derived from the equivalent expressions of the reverse
Mulholland-type inequality.
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2. Preliminaries

In this section, we present some preliminary results which are essential for establishing our
main results in subsequent sections. We begin with introducing the notations k{”(x,y) and k,,(»)
with their associated formulas.

(1) In view of the following expression (see [21])

cotx=1+>" (Zr++%) (xe(0,7)),

=
for b e (0,1), we have
A= du= Ilﬁdu+]‘w“i—4du
j gy — j dv = j

i DXCRRETLTES WIS

(ﬁ - ké—b) :77[% + Z (nb}nk + nbi;rk )]
k=1

=nxcotzb eR:=(—o0,+0).

[l
[Ms

=
Il
o

Moreover, it is easy to observe that A >0 for be(0,1); A <O for be($,1); A =0

for b=3
(if) For A,77 >0, we set the homogeneous function of order — 4 as follows:

k(ﬂ) (X y) l+l] :]-H] (X’ y > 0) 1

which satisfies k{” (ux,uy) =u~k{”(x,y) (u,x,y>0),and k{”(v,v):=

(v>0).

(A+ )v

It follows that k{”(x,y) is a positive and continuous function with respect to x,y>0. For
X#Y, We obtain

% ki}]) (X, y) — _X7]71(X/1+7] _ yi+n)72 ¢(X1 y)’

A+n

—(A+n)y"™x  +my*7 (x,y>0).
We find that for O<x<y,

where (X, y) = AX

So(%y) = A(A+n)x" (X" ~y") <0;
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for x>y, Z2¢(x,y)>0. It follows that ¢(X,y) is strictly decreasing (resp. increasing) with respect
to x<y(resp.x>y). Since o(y, y)=mi0n(p(x, y)=0 (y>0), then o(x,y)>0 (x=y), namely,
2k{P(x,y)<0 (x=Y). Note that k{”(x,y) is continuousat x =y, we conform that k{”(x,y) is
strictly decreasing with respect to x>0. In the same way, we can show that k{”(x,y) is also

strictly decreasing with respectto y > 0.

(iii) For y€(0,4), since k{”(x,y)>0,by (i), we obtain (see [22])

k/m (r)= j: kﬁ”)(u,l)u7*1du = J. iy

}.w] 1

v=utt 4 sz
_ 1 ot 1]
= U. 0o v av - J j
Ty z(y+n)
i+7] [COt( l+7]) COt( A+n ):|

= [ cot(7Z) + cot(*¢2) | eR, = (0,0).

In what follows, we suppose that
p<0 (0<g<l,++:=1a,Bn>00<A, L, <A A4 <%, A, <+,

K (In* m,In” n) = _n“m-in”n__ (m ne N\{1}:={2,3,-});

O PO
for y=4,4-4 (€(0,4)),
K., (1) = 75| cot(%) + cot(*£2) |. (5)
Also, we assume a_,b, >0 (m,ne N\{1}) such that

AR A A
pll-a(=—45+ -1 q[t ﬂ(*)rf)]
0< > W nar oo and 0< 3 T g o,

m=2 n=2

Definition 1. We define the following weight functions:

@, , (A, M) =In““72m> kP (In“ m, In” n) 2= (me N\{1}), (6)
n=2
@, ,(A,n) =" > KD (In* m, In” n) 2om - (ne N\{1}). (7)
m=2
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Lemma 1. For g4, <1, we have
@,,(hm) <5k, ,(A-4)eR, (meN\{1}); (®)
For a4, <1, we have

0<2k;,(AW)A=0,,(4n) <@, ,(4,n) <7k, ,(4) (neN\{1}), ©)

where 6, (4,n) (>0) isindicated as

Wk (U 1)U U = O(—2—) (10)

I
o In"4n

0, (A N) =

Proof. For fixed meN\{1}, 84, —1<0, k”(In“ m,In” t) "™t s a strictly decreasing function

with respect to t >1. By the decreasing property of series, setting u =" we find that

Int ?

,,(Z,,m) < In“¢~%) mf K (In® m, In” t) 022 it
=4 [P u N du =1k, (2-4,).
Hence, we get the inequality (8).
For a4, —1<0, it is evident that k{”(In*t,In” n)"“t s a strictly decreasing function with

respect to t>1. By the decreasing property of series, setting u =1t we find that

In’n’

@, (4,n) </ nf K (In“ t,In” n) "2t it
=1 j: K (u)udu =Lk, (4).
By the decreasing property of series and (10), we obtain
@, (4,n) >4 n j: K (In“t,In” n) "t it

=L [ kP uhuttdu=2k,  (4)A-6,,(4,m) >0,

infn

In%* 2
1 Al — 1 In“2\A4
0< 0/1,17 (21' n) < Ky, (A4) J'Ol u du= Ak, (A1) (Inﬁn) ’

Hence, we deduce the inequality (9). The Lemma 1 is proved.
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Lemma 2. We have the following inequality:

=3 3K (In” m, In” n)a, b,

n=2 m=2
1 pl-a (2
> ekl (2], ) gy
(MLZ)“
><{Z(l 0,,(4,1n)) T ey,

Proof. By the reverse Holder inequality [23], we obtain

I _sz(n)(m m, In? n)[lnw’f“l))pn '”(Mj,);qma ]

n=2 m=2

In(@AaD/d g 1n0 mz)/pn
[ b,

>{Z[|naﬂ1 mz k(ﬂ)(m m, In” n) In2 1n] |n“(1 ‘“1)1m ap}p

X{Z[mﬁﬂq nz k(n)(m m, In? n) In“’“m] Inc'(1 ﬁ‘Z)ln bq}q

pli-a (P2 Ay a2

—{Zwm(lz,m)wap} {Zwm(ﬂl n)'“—“bq}“

By (8) and (9), we get the inequality (11). This completes the proof of Lemma 2.
Remark 1. By (11), for 4, + A4, =4, we find

0< '”p(lm“ma < 0, O<Z:4b”wf_;2)1 9 < oo,

m=2

and obtain the following inequality:

i i k™ (In“ m,In” n)a, b,

n=2 m=2

1
q

e (ﬂl)[ e mal ] [Z (16, (A, n) "==obi]".
In particular, for o= =1, we have

9;_,7(,11 n) = J""”k(”)(u Du*du = O(-L

0< '"p(““lma < oo, 0<Z'”“(“2“”bq<oo
m=2

),

In*tn

and the following inequality:

AIMS Mathematics Volume 6, Issue 9, 9939

(11)

(12)

9954,



9945

o0 o0
§ § _In”m-In"n
I m_In*n an, n

n=2 m=2

1
q

>kz,7(41)[2'”p(““1map] [Z(1 0,., (A, n) M 0

Hence, inequality (12) is an extension of inequality (13).
Lemma 3. Forany & >0, we have

L::Z;O(W) =0().

Proof. There exist constants m>0, M >0 such that

0<mz Inﬂ(ﬁl et —L<M[ ﬁ(ﬁ DI +Z ﬂul DEN ]

n=3 "

By the decreasing property of series, it follows that

0< LMo + [ wbesdy]
_ |\/|[ |n—ﬂ(ﬂi+8) 2]
<M(—L—

2In ﬁ(71 )12 ﬂ(ﬁlh‘.)

iz
o ”’1*12 m In™ 2) < 00,

Hence, inequality (14) follows. The proof of Lemma 3 is complete.
Lemma4. For 6,=1 mln{ ,A—A}, 0<e<qd,, we have

kﬂ.,q (2‘1 + %) - kl,q (ﬂ‘l) (8 - 0+)
Proof. By Levi Theorem (see [24]), it follows that

[k @nu™ du - [k Dt du (e —0°).
For 0<e&<qo,, wehave 0<&<gy,andthen 4+ <A, A-4+8, <4,

o< "k uu  du < [ Tk (DU du <k, (4, +8,) < oo
By using Lebesgue control convergence theorem [24], we have

) "k uu™ du — ) "k (uuttdu (e —0%).

(13)

(14)

(15)
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Then we find

Koy (B +8) = [ K2 DU du+ [k uDu™ du

N j; K (u,)u™ tdu + jl Tk uuttdu=k,, (4) (e —>0%).

The Lemma 4 is proved.

Lemmas. If 4, +4, =2, then the constant factor k,,(4,) in (12) is the best possible.

Proof. For 0<e&<qd,, we set

B Blag-E)1

a, =1 mp =021 (mneN\{1}).

If there exists a constant M > ﬂlTlal,qu (4,) such that the inequalities (12) is valid when replacing

ka (4) by M, then, in particular, we have

| = Zw: i K (In“ m,In” n)a_b,

n=2 m=2

>M[ &”’] [Z(1 0, (M) nh o

m=2

In view of (14), we obtain

p (1~ aﬂa) -1 pak-as—p
| > M[ In m In m]
m=2

x[Z (16, (A ) e o )
=M (In"’“Z +Z In" "“m) (Z In"#tn ZO(InMn) In_% 1n)

> M (B2 4 [ ) ([ 252y —Zo(n.nmw)ﬁ

_M (gln %12 +1 L |n~-%¢ 2) ( In~" 2 - 50(1))%

1
q

By (8), for 4, =4, —£(c(0,3)) (4, =4 +%<1), we find
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z a(ﬂﬁ )mzk(n)(m m, In” n) i’ %

n=2

q n]lnael

> A ) A as lae
:za)ﬂu,q(ﬂ“Z’m)me <%kﬁ’77(/11)(ln 2 2+Zln m m)
m=2 =

<k, ()72 j )
= Ko, () (52 + 0 2).

Then we have

2K (A + )2 4 I 2)

> >M (5721 1In™ 2)° (L In"* 2 - 0(D))".
For £ —0", by (15), we get

Lk, (AW)=M@) (@),

namely,

l,p —w K, () =M . Hence, M = 1,p — Ky, (4) s the best possible constant factor of (12).
The proof of Lemma 5 is completed

Remark 2. Setting 4, =72+ % = 4, + 2% 7, =21 % e find

Jot Iy =75

|&>

A4
R

o

UI#J

+4 =4,

ol

For |[A—-A4 -4, |< p|&,, it means that —o, <

A=l
p

<8, 0<A<A0<l,=A-A <A, and then
K., (21) €R, . We reduce (11) as follows:

> ekl G Ak () 2 2l

<[> (A0, (A,m) L inpa]e
n=2

(16)
Lemma6. If |1-4 -4, |< p|&, and the constant factor — 1

ikl (A= A)k! (4) in (11) is the
best possible, thenwe have A =4, + A4
Proof. If the constant factor kjn ()b—ﬂ,z)kj,7 (4) in (11) (or (16)) is the best possible, then by (12)
AIMS Mathematics
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(for A =4 (i=12)), we have
e KL, (A= )K], (A) 2 bk, (1) (€R,),

namely, k,, (%) <k?, (A-2)K!, (4).

By the reverse Holder inequality, we find

km (/-{1) = k;w7 (i—pﬂz " %)

> [k (U 1du) ¥ [k (u D)’ du)

—kP, (A= A)K:, (A)- (17)

It follows that (17) keeps the form of equality.
We observe that (17) keeps the form of equality if and only if there exist constants A and B
such that they are not both zero and

Au** =Bu”™" ae. in R, =(0,).

Assuming that A =0, it follows that u* ™ =4 ae. in R ,andthen 1—A4,—A4 =0.

Namely, A =4, +4,. This completes the proof of Lemma 6.

3. Main results

Theorem 1. Inequality (11) is equivalent to the following inequalities:

A-h X
P

J —[Z(H G (Zk(’”(ln m,In” n)a_)*]*

A=A /»1

i 5
>ka,q(ﬂ—%)k (%){Zm—map}p (18)

A= 42+}1)

m(Zk"”(ln m,In” n)b )]

qa( 1
q

J, _[ZIn

,772
P

> s kb, (= )k, (I @0, () e Y. (19)

Proof. Suppose that (18) is valid. By the reverse Holder inequality, we have

AIMS Mathematics Volume 6, Issue 9, 9939-9954.
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00 A-A A s}
?)
n

ﬂi
_ | 7 () B
I _Z (1n0v P Zkf (In"m,In” n)a,_ ]
~

(=~

x[(L-6, , (4, m)" 1 b1

A A=A /Lz)

2 3030, (M) by (20)

Then by (18), we obtain (11). On the other hand, assuming that (11) is valid, we set

po(A )1

.—In_ 9 P n (n) B p-1
b, = s (Zk”(ln m,In” n)a,_)"*,neN\{1}.

It follows that

a-p (A2

3P =30, (n) (21)

If J=o0, then (18) is naturally valid; if J =0, then it is impossible that makes (18) valid, namely,
J >0. Suppose that 0<J <oo. By (11), we find

> (-0, () e = 3 |
n=2

>k (A= A)k! (zl){z w e W,

Lo (2441

qu p}Jpl

1-{3 -0, (g )

Lo }2+ﬂ] "

>k}, (A i)kl,,(/%){Z'” ot mgpy,

thus, (18) follows, which is equivalent to (11).
Suppose that (19) is valid. By the reverse Holder inequality, we have

0 1,2 7.A B ) 41

= D g e e S KO (10 m, In” )b ]

m=2 n=2

I

> (U ngry g, 22)

Then by (19), we obtain (11). On the other hand, assuming that (11) is valid, we set

a ::M(ZK(”)(M m,In” )b, )*, me N\{1}.

It follows that

AIMS Mathematics Volume 6, Issue 9, 9939-9954.
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plL a(; 2

qu = ZImT)]lmarg = I . (23)
If J, =0, then (19) is naturally valid; if J, =0, then it is impossible that makes (19) valid, namely,
J,>0. Suppose that 0< J; <. By (11), we have

X plra(tH2 ’1)11

Z ay=J7=1

m=
a-p (2

>k, (z—ﬂbz)kz,,,umf1{2(1—@,,, () Ly,

» p[la(l 2.8y

Jl :{Z In m p}q
1, ﬂ+ﬁ -1

> ki’,,,(a—zz)ké,nui){i(l—@mn»'”qnl#bﬁ}‘*’

thereby, (19) follows, which is equivalent to (11). Hence, inequalities (11), (18) and (19) are

equivalent.
This completes the proof of Theorem 1.

Theorem 2. Suppose that |-, —A, | p|d,. The following statements (i), (ii), (iii), (iv) and (v)

are equivalent:
(i) Both kjn(l—ﬂg)k (4) and k,, (=2+%2) areindependentof p,q;

(i) ki, (A=K}, (&) =k, , (5= +2);
(il)) A=A +4,;
(iv) ﬂlTlam kf U(ﬂ—/lz)kj,] (4,) is the best possible constant factor of (11);

(V) 1,p S K (ﬂ /12)k ,(A4) s the best possible constant factor of (18) (resp. (19)).
Moreover, if the statement (iii) follows, namely, A=4, +4,, then we have (12) and the following

equivalent inequalities with the best possible constant factor W K,,(4):

[Z e (ka(m m,In” n)a, )?]’

(-6, (44.n)
1/pa1/q ki /i (j’l)[z Inp(l Mi) 1m D]F (24)
I3 B (3K (ine m, In” n)b,)°]°
m=2 n=2

> ko, (I -0, G m) =00 (25)
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Proof. (i)= (ii). By (i), we have
Ky (A= 20K, (%) = lim limk;, (2= )k, () =k , (%)
Then by (i), (15) and the above result, we find

k(5 +5) = lim K, (4 +557) =k, (4) = SHCEVRISHENE

(i)= (iii). by (i), (17) keeps the form of equality. In view of the proof of Lemma 6, it follows
thatA=4 +4,.

(iiiy= (i). By (iii), for A=A +4,, both kjn(z—zﬂ)k (4) and k,, (5=+%2) are equal to

k,.,(4) , which are independent of p,q. Hence, we have (i) < (ii) < (iii).

(i) < (iv). By Lemma 5 and Lemma 6, we have the conclusions.

(iv) & (v). If the constant factor in (11) is the best possible, then so is the constant factor in (18)
(resp. (19)). Otherwise, by (20) (resp. (22)), we would reach a contradiction that the constant factor
in (11) is not the best possible. On the other hand, if the constant factor in (18) (resp. (19)) is the best
possible, then so is the constant factor in (11). Otherwise, by (21) (resp. (23)), we would reach a
contradiction that the constant factor in (18) (resp. (19)) is not the best possible.

Hence, the statements (i), (i), (iii), (iv) and (v) are equivalent. The proof of Theorem 2 is
complete.

4. An application

In this section, we illustrate that some novel inequalities of Mulholland type can be derived
from our main results as special cases.

Remark 3. Taking a=/£=1 in (24) and (25) respectively, we have the following inequalities
which is equivalent to (13) with the best possible constant factor k,, (4,):

1

nP21p In" In”
[Z(la ,(Ag,n)P2n (anzm |:“n'n m ]p

ks, (Dl 29)
> (3 e )
>k (D[ -8, () 7)1 @)

In particular, putting A=14 =4, =3in (13), (26) and (27) respectively, we have the following

equivalent reverse inequalities with the best possible constant factor 2% cot4Z:

AIMS Mathematics Volume 6, Issue 9, 9939-9954.
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o0
§ § _In"m-In"n
In 1+r7m |n1+77n m n

n=2 m=2

> 25 Cot 5 (Z g pys [2(1 %,n))Mb‘*]% (28)

°° 2y 1
[Z _In? n (Z In”m=In"n ]i
4 -6, , ()P *n In* m=In*"n m
n=

> 2= cot 3 (Z i map) (29)

1

In2 m( In” m-In"n b E
Inl”m In*n n

LX) 1
> 22 Cotys [§ 1-o %,n))—b'“niq“ ]t (30)
~ 1 :nz
. + nn
where 6,,(3,n) =3 tan ) ‘L, L “du = O( Sh

Choosing 7 =1in (28), (29) and (30) respectively, we have the reverse of inequality (3) and the

equivalent forms with the best possible constant factor 7 :

>3 wwadb, b, > 7(3 2 mal) 1> -G (n) aoh? (31)
n=2 m=2 m=2 n=2
[Z - Ie'n(zn))r'l1 (Z i)l > 7 (Z i I ah)?, (32)

1
q

(33)

[> 00 (3 b )] s 2 [ (1-6/(n)) Bothy]
m=2 n=2 n=2

In2

where 6(n):=6,,(5,n)=1 o U du=0(-4-) € (01).

u+l

5. Conclusions

In this paper, by the use of the weight coefficients and the idea of introducing parameters, a new
reverse Mulholland-type inequality with multi-parameters and the equivalent forms were given in
Lemma 2 and Theorem 1. The equivalent statements of the best possible constant factor related to
several parameters were obtained in Theorem 2. Some other inequalities associated with reverse
Mulholland-type inequality were established in Remarks 1 and 3. The lemmas and theorems
presented in this paper provided an extensive account of this type of inequalities.
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