AIMS Mathematics, 6(9): 9919-9938.
AIMS Mathematics DOI: 10.3934/math.2021577
% , Received: 25 February 2021
o Accepted: 18 June 2021
http://www.aimspress.com/journal/Math Published: 05 July 2021

Research article

Complete solutions of the simultaneous Pell equations
@+ 1)y?—x*=y>-b? =1

Changsheng Luo and Jiagui Luo*
School of Mathematics and Information, China West Normal University, Nanchong 637009, China
* Correspondence: Email: luojg62 @aliyun.com.

Abstract: In this paper, we consider the simultaneous Pell equations (a* + 1)y> — x> = y* = bz> = 1
where a > 0 is an integer and b > 1 is squarefree and has at most three prime divisors. We obtained
the necessary and sufficient conditions that the above simultaneous Pell equations have positive integer
solutions by using only the elementary methods of factorization, congruence, the quadratic residue and
fundamental properties of Lucas sequence and the associated Lucas sequence. Moreover, we prove
that these simultaneous Pell equations have at most one solution. When a solution exists, assuming the
positive solutions of the Pell equation x*(a®> + 1) — y*> = —1 are x = x,, and y = y,, with m > 1 odd, then
the only solution of the system is givenbym =3 orm =50orm =7 orm = 9.
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1. Introduction

There have been several papers written that deal with the simultaneous Pell equations
¥ -ay =y -b =1 (1.1)

where a and b are distinct positive integers. In [3], Bennett gave a result that says (1.1) possess at most
three positive integer solutions (x, y, z). In [25], Yuan conjectured that for any positive integers a and b,
the system of Pell equations (1.1) has at most one solution in positive integers. Yuan’s conjecture has
been confirmed for several classes of coefficients. For instance, by using a result of Ljunggren [17],
results of Charmichael [6] and Voutier [23], and certain results on primitive prime factors of Lucas
sequences of the first kind and properties of Lucas sequences, Yuan [25] showed that (1.1) possess at
most one solution (x, y, z) in positive integers for a = 4m(m +1). Yuan gave the proof by an elementary
argument. In a similar manner, Cipu [7] confirmed Yuan’s conjecture for a = 4m? — 1. Hence, it was
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shown by Yuan and Cipu that the system of Pell equations
P —@ -1y =y -bP =1 (1.2)

(independently of the parity of a > 1) has at most one solution in positive integers. Then, a substantial
improvement was provided by Cipu and Mignotte. The authors [8] demonstrated that the system (1.1)
has at most two positive integer solutions (x,y,z). Recently, in [2], the authors considered the
system (1.2) in the case more specifically. They solved the system (1.2) in the case of @ = 5 and
b prime and showed that (x,y,z,b) = (49,10,3,11) and (x,y,z,b) = (485,99,70,2) are the only
solutions. Right after, [rmak [14] considered (1.2), where a > 2 is an integer and b is prime. Assuming
the positive solutions of the Pell equation x> — (a*> — 1)y* = 1 are x = x,, and y = y,, (m > 1), he proved
that if m > 3 is an odd integer, then there is no positive integer solutions of (1.2). Moreover, he claims
to give the complete list of solutions for 5 < a < 14 in the cases of m = 1 and m > 2 even integer.
But, when we look at the paper of Irmak, we see that the first part of the proof of Theorem 1 is not full,
in particular, the case gcd(xy, yi+1) = a is missing. In [15], the solution (x,y, z, b) = (485,99,70,2) is
found in the case of m = 3. Also, there is a missing solution (x,y,z,b) = (287,24,5,23) for a = 12.
In [15], the authors considered the simultaneous Pell equations

¥ -(@-1)y =y -p=1 (1.3)

where p is prime and a@ > 1. Assuming the positive solutions of the Pell equation x> — (a*> — 1)y* = 1
are x = x,, and y = y,, with m > 1, they proved that system (1.3) has solutions only when m = 2 or
m = 3. In the case of m = 3, they showed that p = 2 and gave the solutions of (1.3) in terms of Pell
and Pell-Lucas sequences. When m = 2 and p = 3 (mod 4), the values of a, x,y, and z have been
determined. They also showed that (1.3) has no solutions when p = 1 (mod 4). The case a = 5 of the
system (1.3) has been considered by the authors [2]. In [9], the author obtained all the positive integer
solutions of the system (1.2) when b is a product of two distinct primes or three distinct primes and
additional conditions are fulfilled. In [13], the author obtained all the positive integer solutions of the
system (1.2) when b is a product of 2 and three distinct odd primes.
In this paper, we consider the simultaneous Pell equations

@+ 1)y —x*=y"-b? =1 (1.4)

where a > 0 is an integer and b > 1 is squarefree and has at most three prime divisors. Assuming the
positive integer solutions of the Pell equation x> — (a®> + 1)y> = —1 are x = x,, and y = y,, with m > 1
an odd integer, we prove that system (1.4) has solutions only whenm =3 orm =5orm =7orm = 9.
We prove the following

Theorem 1.1. Let p be a prime and let a be a positive integer. Then the simultaneous Pell equations
@+ 1)y —x*=y"—p =1 (1.5)

have positive integer solutions if and only if p = 2 and 2a* + 1 is a square. When a solution exists there
is exactly one solution. The only one solution is given by

2

2

(x,v,2) = [X3,y3, ) = (4a3 +3a,4a’ + 1,2a V2a? + 1).
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Theorem 1.2. Let p and q be two distinct primes and let a be a positive integer. Then the simultaneous
Pell equations

@+1)y - =y —pg =1 (1.6)

have positive integer solutions if and only if p = 2 and 2a* + 1 is a product of q and a square integer
When a solution exists there is exactly one solution. The only one solution is given by

2

3
2q

2a% + 1
]:[4a3+3a,4a2+1,2a a )
q

(x,y,2) = [x3,y3,

We shall denote by O an unspecified perfect square.

Theorem 1.3. Let p,q and r be prime and let a be a positive integer. Then the simultaneous Pell
equations

@+ 1)y —x* =y —pgr# =1 (1.7)

have at most one positive integer solution. Moreover, the solution exists if and only if one of the
conditions holds:

@) p=2 and 24*+1=gqro;

B p=2 and 2a*+1=0,4a*+1=q0,4a* +3 = r;

y) 2a*>+1=0,8a"+8a>+1=p0,4a> + 1 = g0,4a*> + 3 = r0;

8) 2a*+1=0,8a"+8a*>+ 1 = po, 16a* + 12a*> + 1 = g0, 16a* + 20a* + 5 = r0.

When it exists, the solution is given by formula

;-1

2qr

2a% + 1
qr

(x,y,2) = [x3,y3, ] = [4a3 +3a,4a* +1,2a ] in case ),

2 2 2
(x,y,2) = [x5,y5, 2a \/(2(1 * 1)(4aq:— Dia” + 3)J in case p),

(x,,2) = | x7,y7,4a (2a% + 1)(8a* + 8a? + 1)(4a? + 1)(4a® + 3)
s ) T VTs pqr

] in case ),

(2a% + 1)(8a* + 8a? + 1)(16a* + 12a% + 1)(16a* + 20a? + 5)
(x,y,Z) = X9,y9,4a

in case 0).
par

We organize this paper as follows. In Section 2, we present some basic definitions and some lemmas
which are needed in the proofs of our main results. Consequently, in Sections 3 to 5, we give the proofs
of Theorem 1.1 to 1.3, respectively.

AIMS Mathematics Volume 6, Issue 9, 9919-9938.



9922

2. Some tools and basic definitions and some Lemmas

In the proof of our main result, generalized Lucas sequences and associated Lucas sequences play
an essential role. So, we need to recall them. Let P, Q be nonzero coprime integers, let D = P> —4Q be
called discriminant, and assume that D > 0. Consider the polynomial x> — Px+ Q, called characteristic
polynomial, which has the roots

P+ VD P-\D
= 5 and = >

@

For each n > 0, define the Lucas sequence U, = U,(P, Q) and the associated Lucas sequence V, =
V,.(P, Q) as follows:

UO = Oa Ul = 17 Un+1 = PUn - QUn—l (for nz l)a

Vo=2,Vi=P,V,(y =PV, -QV,.; (for n>1).

It is easy to see

Un = l _ﬁn’
a-p
and
V,=a"+p".

For (P, Q) = (1,-1),(U,) and (V,) are the sequences of Fibonacci and Lucas numbers, respectively.
When P =2and Q = 1,(U,) = (P,) and (V,) = (Q,) are the familiar sequences of Pell and Pell-Lucas
numbers. When Q = —1, we represent (U,) and (V,) by (U,(P,—1)) and (V,(P,—1)). Consider the
Pell equation

¥ —Dy*=1. (2.1)

If x; +y VD is the fundamental solution of the Eq (2.1), then all positive integer solutions of this
equation are given by

Xy +ya VD = (x1 +y; VD)"
with n > 1. If x; + y; VD is the fundamental solution of the equation
x> —Dy* = -1, (2.2)
then all positive integer solutions of this equation are given by
Xn +)’n‘/52 (x1 + 1 VDy'

with 7 an odd integer.

Lemma 2.1. ([19]) Let x, +y, VD be the fundamental solution of the Eq (2.1). Then all positive integer
solutions of the Eq (2.1) are given by

_ Vu@x, 1)

Xn 2 and Yn :len(le’l)
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with n > 1. If x; + y; Vd is the fundamental solution of the Eq (2.2), then all positive integer solutions

of (2.2) are given by
V,2x,—1
-xn:% and Yn:)’1Un(2X1,—1)
with n an odd integer. If x; \Ja+y, Vb is the minimal positive integer solution of the equation ax*—by* =
1, where a > 1,ab is not a square, then all positive integer solutions of ax* — by* = 1 are given by

X, = x U, 2y1 Vb, 1) and y, = y;U,(2x, Va, 1)

with n an odd integer.

The following identities are fairly well known and valid for the numbers U, = U,(P,—1) and V,, =
V.(P,—1):
If d=gcd(im,n), then gcd(U,,U,) = U, (2.3)

U,, = U,V,. 2.4)
Letm = 2%,n = 2L,k and [ odd, a,b > 0, and d = gcd(m, n).

Vi, if a>b,

1 or 2, if a<b (2:5)

ged(Up, Vi) = {
If P is even, then V, is always even and U, is even iff m is even. When P is even and a < b, we get
gcd(U,,, V,) = 2 if mis even and ged(U,,, V) = 1 if m is odd. Moreover, we have

U,% -1=U,.1Ups (26)

and
Vo = V242 (2.7)

for all n > 1. We omit the proofs of the following lemmas, as they are based on straightforward

induction. The details can be also seen in the references [12,16,18,20,24].
Lemma 2.2. Ifk is even, then P\Uy(P,—1) and if k is odd, then P|V,(P,—1).

Lemma 2.3. If P = 0 (mod 2), then

0, if n=1 (mod2),

va(Un(P,=1)) = { v(P)+vm)—1, if n=0 (mod?2)

and
v(P), if n=1 (mod?2),

Vz(Vn(P, _1)) = { 1, if n=0 (mod 2)

Lemma 2.4. ([17]) Let the minimal positive integer solution of the equation Ax* — By> = 1 be & =
xo VA + yo VB, where A > 1 and B are coprime positive integers with d = AB not a square. Then the
only possible solution of the equation Ax* — By* = 1 is given by x VA + y* VB = &' where y, = Lf? for
some odd squarefree integer L.
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Lemma 2.5. ([4]) Let b, d be positive integers with b > 1, then the Diophantine equation b*>X*-dY* = 1
has at most one solution in positive integers X, Y, which can be given by X*b+Y Vd = ab+h\d, where
ab + hVd is the minimal positive integer solution of the equation b*T?* — dU* = 1.

Lemma 2.6. ([1,5]) The Diophantine equation
AX*-BY* =1 (2.8)

has at most two positive integer solutions. Moreover, (2.8) is solvable if and only if x, is a square, where
xo VA +yo VB = € is the minimal positive integer solution of AU*—BV? = 1. And if * VA+y VB = &,
thenk =1ork=p=3 (mod 4) is a prime.

Lemma 2.7. ([11]) Let the fundamental solution of the equation v* —du® = —1 be € = xo+yo Vd. Then
the only possible solution of the equation X* — dY? = —1 is given by X* + y Vd = & where xy = If? for
some odd squarefree integer l.

Lemma 2.8. ([10,21]) Let the fundamental solution of the equation v’ — du®> = 1 be a + b \d. Then
the only possible solutions of the equation X* — dY? = 1 are given by X* = a and X* = 2a* — 1, both
solutions occur in the following cases: d = 1785, 7140, 28560.

Lemma 2.9. ([22]) Let D > 0 be a nonsquare integer. Define
T, + U, VD = (T| + U, VDY,
where Ty + U, VD is the fundamental solution of the Pell equation
X*-DY*=1. (2.9)
There are at most two positive integer solutions (X, Y) to the equation
X*-DY*=1. (2.10)

1. If two solutions Y, < Y, exist, then le = U, and Y22 = U,, except only if D = 1785 or
D =16 -1785, in which case le =U; and Y22 =U,.

2. If only one positive integer solution (X,Y) to Eq (2.10) exists, then Y*> = U; where U, = V? for
some squarefree integer I, and either l = 1, [ =2 or | = p for some prime p = 3 (mod 4).

Lemma 2.10. The Diophantine equation
¥ -4’ + 1)y =1 (2.11)
has a unique positive integer solution (x,y) = (2a* + 1, 1).

Proof. tis easy to see that (x,y) = (2a*>+1, 1) is the fundamental solution of (2.9) with D = 4a?(a*+1)
as well as a positive solution of (2.11). The result immediately follows by Lemma 2.9 since 4a*(2a* +
1) # 1785, 7140, 28560. O

Lemma 2.11. The Diophantine equation
8x* +8x7 +1 =y (2.12)

has no positive integer solutions.
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Proof. Assume that (a, b) is a positive integer solution of (2.12). Then we have that

Q2a®+ DV2+b=(V2+1), (2.13)
for some odd n. Write n = m + 1 with m even, we have
QA+ DV2+b=(V2+1)"(V2+ 1) = (Gt + Ym) V2 + (X + 2ym),

where x,, + y,, V2 = (V2 + 1) is a positive integer solution of X* — 2Y? = 1.
This implies that either

X + 1 =207, %, — 1 =V, y,, = uv, ged(u,v) = 1,2y (2.14)

or

X+ 1 =12, %, — 1 =27, y,, = uv, ged(u, v) = 1,2Ju (2.15)
for some positive integers u and v. From (2.14) we get that v(v + u) = 2a>. And so
Xp =V +1=Qa) + 1,u* - 24} =1,
which is impossible by Lemma 2.9. Similarly, from (2.15) we get that
v(2v + u) = 24°.

And so
X =207+ 1 =2a] + 1,a] — 2(u/2)* = -1.

This implies that a; = 1,u = 2 by Lemma 2.7. Hence
Xn =3, ym =2,2a> + 1 = X, + Y = 5,

which is impossible. This completes the proof of Lemma 2.11.

The first equation of (1.5)
X — (@ + 1)y’ =-1 (2.16)

has the fundamental solution @ = a + Va? + 1. Then all positive integer solutions of the Eq (2.16) are
given by
‘= Vome1(2a, —1)

> ¥y = Usps1(2a,—1)(m > 0)

by Lemma 2.1. In the sequel, we write V,, and U,, instead of V,,(2a,—1) and U,,(2a, —1), respectively.
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3. Proof of Theorem 1.1

Assume that (x, y, z) is a positive integer solution of (1.5). By Lemma 2.1 we know that

Vo
x= 22” .Y = Ui (3.1)

for some positive integer m. We shall discuss separately two cases.

The case m is even, say m = 2k for some positive integer k. Since Ufk . — 1 = pz, it follows
from (2.6) that Uy Ui = p2°. Using the fact that gcd(4k, 4k +2) = 2, we get gcd(Uy, Uggsn) = Uy =
2a by (2.3). Then either

Uy = 2ab*, Ussr = 2apc? (3.2)

or
Uy = 2apb®, Ugyn = 2ac? (3.3)

for some integers b and c.

If (3.2) holds, then (%,b) is a solution of (2.11). Thus we get by Lemma 2.10 that b = 1, so
Uy = 2a = U,, which leads to a contradiction.

If (3.3) holds, then (%, c) is a solution of (2.11). We get by Lemma 2.10 that ¢ = 1, which leads
to a contradiction again. Hence, both of these are impossible.

The case m is odd, say m = 2k + 1 for some nonnegative integer k. Since U}, , — 1 = pz?,
it follows from (2.6) that Usy,4Ussr = pz®. Using the fact that ged(4k + 4,4k + 2) = 2, we get
ng(U4k+4, U4k+2) = U2 =2a by (23) Then either

Usira = 2ab*, Uggsa = 2apc? (3.4

or
Usisa = Zapbz, Usisr = 2ac? (3.5)

for some integers b and c.

If (3.4) holds, then (%, b) is a solution of (2.11). Thus we get by Lemma 2.10 that b = 1, so
Usr+a = 2a = U,, which leads to a contradiction.

If (3.5) holds, then (422, ¢) is a solution of (2.11). We get by Lemma 2.10 that ¢ = 1, which leads
to Ugiso = 2a = U,. Hence m = 1 and 4a(2a*> + 1) = U,V, = U, = 2apb?, which implies that p = 2
and 2a®> + 1 = b%. Conversely, if p = 2 and 2a* + 1 = b?, then by calculation one can easily find that

2

(x,y,2) = [X3,y3, % ] = (4a® + 3a,4d® + 1,2ab)

2

is a solution of (1.5).
This completes the proof of Theorem 1.1.
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4. Proof of Theorem 1.2

Assume that (x, y, 7) is a positive integer solution of (1.6). By Lemma 2.1 we know that

V2m+ 1
2

X = ¥ = U 4.1)
for some positive integer m. We shall discuss separately two cases.

The case m is even, say m = 2k for some positive integer k. Since U}, — 1 = pqz?, it follows
from (2.6) that Uy Usir = pqz®. Using the fact that ged(4k, 4k + 2) = 2, we get gcd(Us, Usirn) =
U, = 2a by (2.3). Then

Uy = 2ab*, Ugrr = 2apqc2 4.2)

or
Uy = 2apgb?*, Ussr = 2ac? (4.3)

or
UnVar = Usk = 2apb®, Use1 Va1 = Usgsz = 2aqc? (4.4)

for some integers b and c.

If (4.2) holds, then (%,b) is a solution of (2.11). Thus we get by Lemma 2.10 that b = 1, so
Uy = 2a = U,, which leads to a contradiction.

If (4.3) holds, then (%, c) is a solution of (2.11). We get by Lemma 2.10 that ¢ = 1, so Ugyr =
2a = U,, which leads to a contradiction again. Hence, both of (4.2) and (4.3) are impossible.

If (4.4) holds, then we get from the former equation that either
Uy = apbi, Vay, = 2b3 (4.5)

or
Uy = aby, V. = 2pb; (4.6)

for some integers b; and b, since gcd(%, %) =1 from Eq (2.5) and Lemma 2.3.

If (4.5) holds, then we know from the latter equation that (b,, Usy) is a solution of equation X* —
(@* + 1)Y? = 1. Since (2a® + 1,2a) is the fundamental solution of the equation X> — (a*> + 1)Y? = 1,
by Lemma 2.8 we get that either 2a> + 1 = b or 2(2a* + 1)* — 1 = b3. The latter equation leads
to 8a* + 8a*> + 1 = b3, which is impossible by Lemma 2.11. We get from the former equation that
V2/2 = 2a*> + 1 = b = Vy/2. Hence k = 1. Substituting the value into the latter equation of (4.4)
gives U3 V3 = 2agc?. It follows that either 4a*> + 1 = Us = O or 4a®> + 3 = 32 = O since ged(Us, 22) = 1
from Eq (2.5) and Lemma 2.3. However, the former equation is obviously not true. By taking the latter
equation modulo 4, we see that it is impossible.

If (4.6) holds, then we know from the former equation that (V,;/2, b;) is a solution of equation
X?—a*(a*+1)Y* = 1. Since (2a*+1,2) is the fundamental solution of the equation X*>—a*(a*+1)Y? = 1,
by Lemma 2.9 we get that Uy, = ab? = 4a(2a® + 1) = U,V,. Hence k = 2. Substituting the value into
the latter equation of (4.4) gives Us2* = gc?. It follows that either 16a* + 204> +5 = 22 = Oor Us = O
and V5/2 = aqO since ged(Us, %) = 1 from Eq (2.5) and Lemma 2.3. By taking the former equation

2
modulo 8, we get that 4a> + 5 = 1 (mod 8). Hence a is odd. But from equation 2a> + 1 = (%) ,

we have that 3 = 24> +1 = 1 (mod 4), which leads to a contradiction. We get from the latter two

AIMS Mathematics Volume 6, Issue 9, 9919-9938.
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equations that (VUs, %) is a solution of equation (a® + 1)X* — Y? = 1. Since (U, = 1, a) is the minimal
positive integer solution of the equation (a* + 1)X? — Y? = 1, by Lemma 2.6 we get that Us = Up, and
so 5 = P =3 (mod 4), which leads to a contradiction.

The case m is odd, say m = 2k + 1 for some nonnegative integer k. Since Uj_ , — 1 = pgz’,
it follows from (2.6) that U,4Ussr = pqz?. Using the fact that ged(4k + 4,4k + 2) = 2, we get
ng(U4k+4, U4k+2) = U2 =2a by (23) Then

Usira = 2ab*, Ugisa = 2apqc? 4.7)

or
Usksa = 2apgb®, Uspya = 2ac’ (4.8)

or
Usis2Varsa = Usgra = 2apb*, Usgs1 Varsr = Uggsa = 2aqc? 4.9)

for some integers b and c.

If (4.7) holds, then (%, b) is a solution of (2.11). Thus we get by Lemma 2.10 that b = 1, so
Uuira = 2a = U,, which leads to a contradiction.

If (4.8) holds, then (%,c) is a solution of (2.11). We get by Lemma 2.10 that ¢ = 1, which
leads to Uy.o = 2a = U,. Hence k = 0. Substituting the value into the former Eq (4.8) gives
4a(2a® + 1) = 2apgb?. Tt follows that p = 2 and 2a* + 1 = gb*. Clearly, when p = 2 and 24> + 1 = gb?,

2_
then (x,y,z) = (x3,y3, \/y;—ql) is a solution of (1.6).
If (4.9) holds, then we get from the former equation that either
Unisa = apby, Vagan = 2b3 (4.10)

or
Usisz = ab%, Vakir = 2Pb§ (4.11)

for some integers b; and b, since gcd(Uyiz/a, Varsa/2) = 1 from Eq (2.5) and Lemma 2.3.

If (4.10) holds, then we know from the latter equation that (b,, pb%) is a solution of equation X* —
a*(a* + 1)Y? = 1. Since (2a* + 1, 2) is the fundamental solution of the equation X — a?(a® + 1)Y? = 1,
by Lemma 2.8 we get that either 2a> + 1 = b or 2(2a* + 1)* — 1 = b3. The latter equation leads
to 8a* + 8a4® + 1 = b3, which is impossible by Lemma 2.11. We get from the former equation that
Vo/2 =2d%+1 = b% = Vys2/2. Hence k = 0. Substituting the value into the former Eq (4.9) gives
2a = U, = 2aqc?, which is a contradiction.

If (4.11) holds, then we know from the former equation that (V542/2, by) is a solution of equation
X?—a*(a®>+1)Y* = 1. Since (2a*+1, 2) is the fundamental solution of the equation X*>—a*(a*+1)Y? = 1,
by Lemma 2.9 we get that Uy, = 4a(2a®> + 1) = U,V,. Hence k = 1. Substituting the value into the
latter equation of (4.4) gives 2a(4a* + 3)(4a* + 1) = V3Us = 2aqc?®. 1t follows that either 4a* + 3 = ¢?
or4a* + 1 = ¢3 since ged(4a® + 3,4a* + 1) = 1. By taking the former equation modulo 4, we get that it
is impossible. The latter equation is obviously not true. Thus we proved that if and only if p = 2 and
2a* + 1 = gb?, the Eq (1.6) has a unique solution

-1

2q

(x,y,2) = [x3,y3, ] = (4a® + 3a.4a” + 1,2ab).
This completes the proof of Theorem 1.2.
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5. Proof of Theorem 1.3

Assume that (x,y, z) is a positive integer solution of (1.7). By Lemma 2.1 we know that

‘o Vom+
2

Y = Ut (5.1)

for some positive integer m. We shall discuss separately two cases.

The case m is even, say m = 2k for some positive integer k. Since U}, — 1 = pgrz?, it follows
from (2.6) that Uy Ussr = pqrz>. Using the fact that gcd(4k, 4k + 2) = 2, we get gcd(Uyy, Ugis2) =
U, = 2a by (2.3). Then

Uy = 2ab*, Uy = Zapqr62 (5.2)

or
Uy = 2apqrb*, Ussn = 2ac? (5.3)

or
UnVar = Uy, = 2apgb®, Uz Vagsr = Ugpsa = 2arc? (5.4)

or
UnVo = Uy = Zapbza Unet1Vaks1 = Uspyr = 261qu2 (5.5)

for some integers b and c.

If (5.2) holds, then (%, b) is a solution of (2.11). Thus we get by Lemma 2.10 that b = 1, which
leads to Uy, = 2a = U,, a contradiction.

If (5.3) holds, then (V4§+2 , c) is a solution of (2.11). We get by Lemma 2.10 that ¢ = 1, which leads
to Uy = 2a = U, a contradiction again. Hence, both of (5.2) and (5.3) are impossible.

If (5.4) holds, we distinguish two subcases.

Subcase 1: k is even. Then we get from Lemmas 2.2, 2.3 and (2.5) that gcd(Uy/a, Vo /2) = 1.

Hence we get from the former equation of (5.4) that

Uka = U2k = (lqu%, V2k = Zb% (56)
or

UrVi = Uy = aby, Vo = 2pgb; (5.7)
or

Uka = U2k = apb%, VZk = qu% (58)

for some integers b, and b,.

If (5.6) holds, then we know from the latter equation that (b,, qu%) is a solution of equation X* —
a*(a®> + 1)Y? = 1. Since (2a® + 1, 2) is the fundamental solution of the equation X> — a*(a® + 1)Y? = 1,
by Lemma 2.8 we get that either 2a> + 1 = b or 2(2a* + 1)* — 1 = b3. The latter equation leads
to 8a* + 8a® + 1 = b3, which is impossible by Lemma 2.11. We get from the former equation that
V2/2 = 2a* + 1 = b5 = V/2, which contradicts the condition that k is even.

If (5.7) holds, then we know from the former equation that (V,;/2, b;) is a solution of equation
X?—a*(a*+1)Y* = 1. Since (2a>+1,2) is the fundamental solution of the equation X*>—a*(a*+1)Y? = 1,
by Lemma 2.9 we get that Uy, = 4a(2a®> + 1) = U,V,. Hence k = 2. Substituting the value into the
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latter equation of (5.4) gives UsVs = 2arc?. Since ged(Us, Vs) = 1 by (2.5) and Lemma 2.3, and 24|V
by Lemma 2.2, then either

2a(16a* +20a* + 5) = Vs = 2ac?, Us = rc; (5.9)

or
2a(16a* +20a* + 5) = Vs = 2arcl, Us = c3 (5.10)

for some integers c; and c;.

If (5.9) holds, then we get that 16a* + 204 + 5 = ¢2. By taking modulo 8, we get that 4a* + 5 =
¢; = 1 (mod 8). Hence a is odd. But from Eq (5.7), we have that 4a(2a* + 1) = Uy = abj. So
3=24>+1=(b/2)* =1 (mod 4), which leads to a contradiction.

If (5.10) holds, then (c2, rc?) is a solution of equation (a* + 1)X* —a*Y? = 1. Since Va? + 1 +a s the
fundamental solution of the equation (a® + 1)X? — a*Y? = 1, by Lemma 2.6 we get that Us Va2 + 1 +
a‘z/—z = (Va? + 1 +a)® with P =3 (mod 4) a prime. Hence

(P-1)/2 .
4 2 _ _ 2 Pl or
l6a+12a+1—U5—;0(2r)(a+1) a.

It is easy to see that the above equation is impossible. Hence (5.7) is impossible.
If (5.8) holds, then we get from Lemmas 2.2, 2.3 and (2.5) that gcd(Uy/2a, Vi/2) = 1. Then from
the former equation we know that either

Ui = 2au®, Vy, = 2pv? (5.11)

or
Ui = 2apu®, Vi, = 20° (5.12)

for some integers u and v.

If (5.11) holds, then we know from the former equation that (V;/2, u) is a solution of Eq (2.11).
Thus we get by Lemma 2.10 that # = 1. Hence k = 2. Substituting the value into the latter equation
of (5.4) gives UsVs = 2arc?. We already proved that this equation is impossible in our discussion
of (5.7).

If (5.12) holds, then we know from the latter equation that (v, U;) is a solution of equation X* — (a* +
1)Y? = 1. Thus we get by Lemma 2.8 that either V; = 2v* = 2(2a*> + 1) = V, orv? = 2(2a®> + 1)*> — 1.
The former equation leads to k = 2, which is impossible by the above result that has been proved. The
latter equation will lead to 8a* + 8a* + 1 = v?, which is also impossible by Lemma 2.11.

Subcase 2: k is odd. Then we get from Lemmas 2.2, 2.3 and (2.5) that gcd(Uai/a, Vo /2) = 1.
Hence we get from the former equation of (5.4) that

UiVi = Uy = apgby, Vo = 2b3 (5.13)
or

UVi = Uy = aby, Vo = 2pgb (5.14)
or

UV = Uy = aphi, Vo = 2gb; (5.15)
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for some integers b; and b,.

If (5.13) holds, then we know from the latter equation that (b,, pgb?) is a solution of equation
X*—a?(a®>+1)Y? = 1. Since (24 + 1, 2) is the fundamental solution of the equation X> —(a®>+1)Y? = 1,
by Lemma 2.8 we get that either 2a* + 1 = b3 or 2(2a® + 1)* — 1 = b3. The latter equation leads to
8a* + 8a® + 1 = b, which is impossible by Lemma 2.11. We get from the former equation that
V2/2 = 2a* + 1 = b; = Vy/2, which leads to k = 1. Substituting the value into the former equation
of (5.13) gives 2a = U, = apgh?, which is a contradiction.

If (5.14) holds, then we know from the former equation that (V,/2, by) is a solution of equation
X? —a*(a* + 1)Y* = 1. Thus we get by Lemma 2.9 that Uy = U,V, = 4a(2a® + 1) = ab?® = Uy, which
is impossible since k is odd.

If (5.15) holds, then either

U = pu?, Vi = 2av* (5.16)

or
U = u?, Vi = 2apv* (5.17)

for some integers u and v since gcd(Uy, Vi) = 1 by Lemma 2.3 and 24|V, by Lemma 2.2.

If (5.16) holds, then we know from the latter equation that (U, v) is a solution of equation (a* +
X% -a?Y* = 1. Since (1, 1) is the minimal positive integer solution of the equation (a*>+1)X*>—a*Y? =
1, by Lemma 2.4 we get that U, = 1 = U;. Hence k = 1. Substituting the value into the former equation
of (5.16) gives 1 = U; = pu?, which is a contradiction.

If (5.17) holds, then we know from the former equation that (u, V;/2) is a solution of equation
(a*+1)X*—Y? = 1. Thus we get by Lemmas 2.1 and 2.6 that either k = 1, which is impossible because
the latter equation of (5.17) becomes V| = 2a = 2apv?, or k = 3 (mod 4) is a prime. Substituting the
value into the latter equation of (5.4) gives Uais1 Vors1 = Uipsn = 2arc®. It follows that either Uay,; is
a square or Vy,1/2 is a product of a and a square. If Uy, is a square, then ( VUsii1, Vare1/2) is also a
solution of equation (a*> + 1)X* — Y2 = 1, which is impossible by Lemma 2.6. If V., /2 is a product of
a and a square, then (Uy.1, VVaii1/2a) is a solution of equation (a*> + 1)X? — a®?Y* = 1. Then we get
by Lemma 2.4 that Uy, = 1 = Uy, which is impossible since k is a prime. Hence (5.4) is impossible.

If (5.5) holds, then we get from the former equation of (5.5) that

Uy = apb?, Vy, = 2b3 (5.18)

or
Uy = aby, Vo = 2pb; (5.19)

for some integers b; and b, since gcd(Uy/a, Vo /2) = 1 from (2.5) and Lemma 2.3.

If (5.18) holds, then we know from the latter equation that (b,, Uy;) is a solution of equation X* —
(a*+1)Y? = 1. Thus we get by Lemma 2.8 that either Va;/2 = b3 = 2a*+1 = V,/2 or b} = 2(2a*+1)*-1.
The latter equation is impossible by Lemma 2.11. The former equation leads to k = 1. Substituting the
value into the former equation of (5.18) gives 2a = U, = apbj. So p = 2 and b; = 1. Substituting the
value k = 1 into the latter equation of (5.5) gives (4a” +3)(4a” + 1) = grc*. It follows that 4a* +3 = gc?
and 44’ + 1 = rcj. Thus in this case, we prove that

2
y:—1
(x,y,z)=[Xs,y5, > ]

2qr
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is a solution of (1.7) with

p=22a+1=0b34a>+3=qc* and 4d*+1=rc.

If (5.19) holds, then we know from the former equation that (V5;/2, by) is a solution of equation
X? — a*(a* + 1)Y* = 1. Since (2a*> + 1,2) is the fundamental solution of X> — a*(a®> + 1)Y? = 1, by
Lemma 2.9 we get that

Vo /2 + by AJa2(@@ + 1) = Qd® + 1 + 2+/a2(@@ + 1))? = V)2 + 4Qd> + 1) \Ja2(a® + 1).

Hence k = 2. Substituting the value into the latter equation of (5.5) gives UsVs = 2agrc®. We
have already proved that Us is not a square and that V5/2 is not a product of a and a square, so
16a* + 12a* + 1 = Us = gc} and 16a* + 20a* + 5 = Vs/2a = rc3. Thus in this case, we proved that

2
ve—1
(x’y’Z) = [x9’)’9, 2 ]

pqr
is a solution of (1.7) with
2a* +1 = (b1/2)*,16a" + 12a* + 1 = gc; and 16a* +20a*> + 5 = rcs.

The case m is odd, say m = 2k + 1 for some nonnegative integer k. Since Uik a1 = pqrz?,
it follows from (2.6) that Uy 4Usir = pgrz®. Using the fact that gcd(4k + 4,4k + 2) = 2, we get
2cd(Usis4, Uspy2) = Uz = 2a by (2.3). Then

U4k+4 = 261b2, U4k+2 = 2apqrcz (520)

or
Usisa = 2apgrb?, Ugsa = 2ac® (5.21)

or
Unis2Varsa = Uspra = 2apgh®, Usiy Vst = Usgsn = 2arc? (5.22)

or
Unis2Vors2 = Usjsa = 261Pb2, Usis1 Vore1 = Uspsr = Zaqrcz (5.23)

for some integers b and c.

If (5.20) holds, then (%, b) is a solution of (2.11). Thus we get by Lemma 2.10 that b = 1, which
leads to Uy.a = 2a = U,, a contradiction.

If (5.21) holds, then (V“;*Z,c) is a solution of (2.11). We get by Lemma 2.10 that ¢ = 1, which
leads to Ugyr, = 2a = U,. Hence k = 0. Substituting the value into the former Eq (5.21) gives

4a(2a*> + 1) = 2apqrb?. It follows that p = 2 and 2a*> + 1 = grb?. Thus in this case we proved that

2
yi—1
(-xay’z) = [X3a)’3, 3 ]

2q

is a solution of (1.7) with
p=2 and 24°+1 = qrb*.
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If (5.22) holds, we distinguish two subcases.
Subcase 1: k is even. Then we get from Lemma 2.2, 2.3 and (2.5) that gcd(Uasa/a, Var2/2) = 1.
Hence we get from the former equation of (5.22) that

Uis1 Vi1 = Usisa = apgby, Vapsn = 2b3 (5.24)
or

U1 Vier = Ugsr = Clb%, Voksr = 2qu§ (5.25)
or

U1 Vier = Usisa = apbi, Varsy = 2qb3 (5.26)

for some integers b; and b,.

If (5.24) holds, then we know from the latter equation that (s, pgh?) is a solution of equation
X*—a*(a®>+1)Y? = 1. Since (2a*+1, 2) is the fundamental solution of the equation X*>—a*(a*+1)Y? = 1,
by Lemma 2.8 we get that either 2a* + 1 = b3 or 2(2a® + 1)* = 1 = b3. The latter equation leads to
8a* + 8a® + 1 = b, which is impossible by Lemma 2.11. We get from the former equation that
V2/2 =2a* + 1 = b3 = Vy42/2. Hence k = 0 and so 2a = U, = apgb?, which is a contradiction.

If (5.25) holds, then we know from the former equation that (V542/2, by) is a solution of equation
X*—a*(a*+1)Y* = 1. Since (2a>+1,2) is the fundamental solution of the equation X*>—a*(a*+1)Y? = 1,
by Lemma 2.9 we get that Vy,»/2 = 2(2a®> + 1)*> — 1 = V,;/2, which contradicts the condition that k is
even.

If (5.26) holds, then we get from Lemma 2.2, 2.3 and (2.5) that gcd(Uy, 1, Vi41/a) = 1. Then from
the former equation, either

Uis1 = u?, Viyy = apy? (5.27)

or
U1 = puz, Vier = av? (5.28)

for some integers u and v.

If (5.27) holds, then we know from the former equation that (i, V,/2) is a solution of equation
(@*+1)X*-Y? = 1. Thus we get by Lemma 2.6 thatu = 1 ork+1 = P =3 (mod 4) a prime. u = 1 will
lead to k = 0. Substituting the value into the latter equation of (5.22) gives 2a = U, = 2arc?, which is
impossible. Substituting the value k+1 = P into the latter equation of (5.22) gives Usp_1 Vop_1 = 2arc.
We already proved that such an equation is impossible (see discussion of (5.17)).

If (5.28) holds, by taking equation (72)2 — (@ +1)(pu?)* = =1 modulo 4 we get thata = 0 (mod 2).
Thus Lemma 2.3 gives v»(Vi1) = v2(2a) = 1 + va(a) # vo(av?), which leads to a contradiction.
We know from the latter equation that (U, V) is a solution of equation (a*> + 1)X? — (a/2)*Y* = 1,
which is impossible by Lemma 2.4 since (1, 2) is the minimal positive integer solution of equation
(@ + DX? - (a/2)*Y? = 1.

Subcase 2: £k is odd. Then we get from Lemma 2.2, Lemma 2.3 and (2.5) that
gcd(Upisa/a, Varsn/2) = 1. Hence we get from the former equation of (5.22) that

U1 Vie1 = Ugsr = Clqu%, Voksa = 21?% (5.29)

or
U1 Vier = Unisa = aby, Vasa = 2pgb; (5.30)
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or
Uis1 Vi1 = Usisa = apby, Vagsa = 2qb3 (5.31)

for some integers b; and b,.

If (5.29) holds, then we know from the latter equation that (b,, qu%) is a solution of equation
X*—a*(a*+1)Y? = 1. Since (2a*+1,2) is the fundamental solution of the equation X>—(a*>+1)Y? = 1,
by Lemma 2.8 we get that either 2a* + 1 = b3 or 2(2a* + 1)* — 1 = b3. The latter equation leads to
8a* + 8a® + 1 = b, which is impossible by Lemma 2.11. We get from the former equation that
Va/2 = 2a* + 1 = b} = Vy,2/2, which leads to k = 0. Substituting the value into the latter equation
of (5.22) gives 2a = UV, = 2arc?, which is impossible.

If (5.30) holds, then we know from the former equation that (V542/2, b;) is a solution of equation
X?—a*(@*+1)Y* = 1. Thus we get by Lemma 2.9 that V,;/2 = 2(2a* + 1)> =1 = Va,,/2. Hence k = 1,
which is impossible by what has been proved in our discussion of (4.5).

If (5.31) holds, then either

Ups1 = 2apu®, Vi) = 21 (5.32)

or
Ups1 = 2au’, Vi = 2pv? (5.33)

for some integers u and v since gcd(Uy,1/2a, Viy1/2) = 1 by (2.5) and Lemma 2.3.

If (5.32) holds, then we know from the latter equation that (v, Uy,) is a solution of equation X*—(a’+
1)Y? = 1. Thus we get by Lemma 2.8 that either v> = 2a® + 1 or v* = 8a* + 84 + 1. The latter equation
is impossible by Lemma 2.11. We get from the former equation that Vj,;/2 = v* = 2a> + 1 = V,/2.
Hence k = 1. Substituting the value into the former equation of (5.32) gives 2a = U, = 2apu?, which
is impossible.

If (5.33) holds, then we know from the former equation that (V;,,/2, u) is a solution of Eq (2.11).
Thus we get by Lemma 2.10 that u = 1. So Uy, = 2au* = 2a = U,. It follows k = 1. Substituting
the value into the latter equation of (5.22) gives that 2a(4a® + 3)(4a* + 1) = U3V;3 = 2arc?, which is
impossible by what has been proved in our discussion of (4.5). Hence (5.22) is impossible.

If (5.23) holds, then we get from the former equation of (5.23) that

Usisr = apb%, Voksa = 2[9% (5.34)

or
Unisa = aby, Varsa = 2pb; (5.35)

for some integers b; and b, since gcd(Uzisz/a, Vora/2) = 1 from (2.5).

If (5.34) holds, then we know from the latter equation that (b,, U4o) 1S a solution of equation
X* = (a*> + )Y? = 1. Thus we get by Lemma 2.8 that either V,2/2 = b3 = 2a> + 1 = V,/2 or
b; = 2(2a* + 1)*> — 1. The latter equation is impossible by Lemma 2.11. The former equation leads
to k = 0. Substituting the value into the latter equation of (5.23) gives 2a = U, = 2agqrc?, which is a
contradiction.

If (5.35) holds, then we know from the former equation that (V542/2, by) is a solution of equation
X% — a*(@* + 1)Y* = 1. Since (2a® + 1,2) is the fundamental solution of X> — a*(a®> + 1)Y? = 1, by
Lemma 2.9 we get that

2
Viren/2 + by \a2(@ + 1) = (2a2 +1+2a(a + 1)) = V,/2 + 4Q2d% + 1) Va2(a® + 1).
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Hence k = 1. Substituting the value k = 1 into the latter equation of (5.23) gives 2a(4a> +3)(4a*+1) =
UsVs = 2aqrc®. Tt follows that 4a* + 1 = Uz = gci and 4a” + 3 = V3/2a = rc3. Thus in this case, we
proved that

y;—1
(x,y,2) = x7,¥7,
pqr

is a solution of (1.7) with
2a* +1 = (b1/2)*,8a* +8a* + 1 =V,/2 = pb3,4a* + 1 = Uy = qc* and 4a* +3 = V3/2a = rc.
This completes the proof of Theorem 1.3.

6. Applications

In this section, we give some examples of applications of the results.

1. Letd:anzw

is the fundamental solution of the Diophantine equation X> — 2Y? = 1. Thus

for some positive integer n. Then 2a* + 1 is a square, since 3 + 2 V2

(x,y,2) = (4a3 +3a,4a® + 1,2aV2a? + 1)
is the only solution of the simultaneous Pell equations (1.5) (see the following Table 1).

Table 1. Some examples of applications of the Theorem 1.1.

a=a, 2a*+1 x=4a*+3a y=4da*+1 z=2aV2a®+1

n
2 12 172 6948 577 408

3 70 992 1372210 19601 13860

4 408 5772 271670472 665857 470832
5 2378  3363% 53789263742 22619537 15994428

2. Let p = 2 and let ¢ be an odd prime such that the Diophantine equation gX> — 2Y? = 1 has
positive integer solutions. Assume that xo /g + yo V2 is the minimal positive integer solution of
gX*-2Y* = 1. Leta = a, = V0 ﬁf?ﬁ“’ V0 VD" for some odd integer n. Then 2a*> + 1 is a
product of g and a square. Thus

2a% + 1
(x,y,2) = [4613 +3a,4a*> + 1,2a a ]
q

is the only solution of the simultaneous Pell equations (1.6) (see the following Table 2).
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Table 2. Some examples of applications of the Theorem 1.2.

n a=a, 2a% + 1 x=4a’+3a y=4a>+1 z:2a\/2"12—9+1
1 3 19 x 12 117 37 6

3 225 19 x 732 45563175 202501 32850

5 16647 19 x 54012 18453040338033 1108490437 179820894
7 1231653 19 x 3996012 7473518232827223407 6067876449637 984339540906

3. Let p = 2 and let ¢ and r be two distinct odd primes such that the Diophantine equation grX* —
2Y? = 1 has positive integer solutions. Assume that xo /g7 + Yo V2 is the minimal positive integer

_ (o var+yo V2)"—(x0 Va0

V2)y! .
o for some odd integer n. Then

solution of grX> —2Y?> = 1. Leta = a,
2a* + 1 is a product of gr and a square. Thus

2a% + 1
(x,y,2) = [403 +3a,4a’> + 1,2a a4 ]
qr

is the only solution of the simultaneous Pell equations (1.7) satisfying the condition @) of
Theorem 1.3 (see the following Table 3).

Table 3. Some examples of applications of the Theorem 1.3 (satisfying the condition «).

n  a=a, 2a* + 1 x=4a> +3a y=4a*+1 z:2a\/23“jl+l1

1 4 3x11x1? 268 65 8

3 524 3x11x129? 575512868 1098305 135192

5 68116 3x 11 x 167692 1264175594543932 18559157825 2284474408

7 8854556 3 x 11x2179841%2 2776900752506148093952 313612647828545 38603048411192

4. Letp=2andleta =2. Then2a® + 1 =32 44> + 1 = 17 and 4a® + 3 = 19. Thus
(a,p,q,1,x,v,2) =(2,2,17,19,682, 305, 12)

is the only solution of the simultaneous Pell equations (1.7) satisfying the condition S) of

Theorem 1.3.
Fora = a, = W, by calculation, one can find that when 1 < n < 30, there is only one

a = ajg = 124145519261542 such that 8a* + 8a* + 1 is a product of a prime

g = 38780919705251594795650690075845230810352482561374918769
and a square 49. But both 4a® + 1 and 16a* + 124> + 1 are not a product of a prime and a square.
Moreover, az, > 3 - 10?2, hence we guess that the simultaneous Pell equations (1.7) have no positive

integer solution satisfying the condition y) or §) of Theorem 1.3.
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