AIMS Mathematics, 6(9): 9731-9756.
AIMS Mathematics DOI:10.3934/math.2021566
% / Received: 27 March 2021
o Accepted: 21 June 2021
http://www.aimspress.com/journal/Math Published: 28 June 2021

Research article

Nonlocal coupled system for /-Hilfer fractional order Langevin equations

Weerawat Sudsutad', Sotiris K. Ntouyas®® and Chatthai Thaiprayoon**

! Department of Applied Statistics, Faculty of Applied Science, King Mongkut’s University of

Technology North Bangkok, Bangkok 10800, Thailand
Department of Mathematics, University of loannina, 451 10 Ioannina, Greece
Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of

Mathematics, Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi
Arabia

Department of Mathematics, Faculty of Science, Burapha University, Chonburi 20131, Thailand

* Correspondence: Email: chatthai @buu.ac.th.

Abstract: In the present work a coupled system consisting by -Hilfer fractional order Langevin
equations supplemented with nonlocal integral boundary conditions is studied. Existence and
uniqueness results are obtained by using standard fixed point theorems. The obtained results are well
illustrated by numerical examples.

Keywords: boundary value problems; Langevin equations; y-Hilfer fractional derivative; existence;
fixed point
Mathematics Subject Classification: 26A33, 34A08, 34B10

1. Introduction

Fractional calculus deals with the study of fractional order integral and derivative operators over
real or complex domains. The subject of fractional differential equations has become a hot topic for
the researchers due to its intensive development and applications in the field of physics, mechanics,
chemistry, engineering, etc. For a reader interested in the systematic development of the topic, we
refer the books [1-8].

Since the beginning of the fractional calculus there are numerous definitions of integrals and
fractional derivatives, and over time, new derivatives and fractional integrals arise. Hilfer in [9]
generalized both Riemann-Liouville and Caputo fractional derivatives to Hilfer fractional derivative
of order a € (0, 1) and a type B € [0, 1] which can be reduced to the Riemann-Liouville and Caputo


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2021566

9732

fractional derivatives when 8 = 0 and 8 = 1, respectively. For more details see [10, 11] and references
cited therein.

In [2], a fractional derivative of a function with respect to another function were introduced, by using
the fractional derivative in the Riemann-Liouville sense. Almeida [12] using the idea of the fractional
derivative in the Caputo sense, proposes a new fractional derivative, called y-Caputo derivative with
respect to another function ¢, which generalizes a class of fractional derivatives. In [13], the authors,
by using the Hilfer fractional derivative idea, proposed a fractional differential operator of a function
with respect to another y-function, the so-called y-Hilfer fractional derivative. The y-Hilfer fractional
derivative has as advantage the freedom of choice of the classical differential operator, see, for example,
[14,15].

Initial value problems involving Hilfer fractional derivatives were studied by several authors, see for
example [16-18] and references therein. In [19], the authors initiated the study of nonlocal boundary
value problems for Hilfer fractional derivative. Recently, in [20], the results in [19] was extended to
Y-Hilfer nonlocal implicit fractional boundary value problems. In [21], the existence and uniqueness
of solutions were studied, for a new class of boundary value problems of sequential y-Hilfer-type
fractional differential equations with multi-point boundary conditions.

The Langevin equation (first formulated by Langevin in 1908 to give an elaborate description of
Brownian motion) is found to be an effective tool to describe the evolution of physical phenomena in
fluctuating environments [22]. For some new developments on the fractional Langevin equation, see,
for example, [23], [24], [25].

In [26], the authors considered a boundary value problem of Langevin fractional differential
equations with y-Hilfer fractional derivative and nonlocal integral boundary conditions, given by

PPy (szaﬂz;l// + k) x(t) = f(t,x(t), teJ:=]a,b],

n 1.1
Ma)=0,  x(b)= ) Alx(z), b

where D¥Fi¥ | j = 1,2 is the y-Hilfer fractional derivative of order x;, 0 < y; < 1 and type S;,
0<B:<Li=1,21<y;+x2<2,keR,a>0, f:JxR — Ris a continuous function, I’ is
Y-Riemann-Liouville fractional integral of order 6; > 0, 4; e R,i=1,2,...,mand0 <a <71, <1, <
. < T,, < b. Existence and uniqueness results are established by using Krasnosel’skii’s fixed point
theorem, Leray-Schauder nonlinear alternative and Banach contraction mapping principle.
In the present work, we study a coupled system consisting by -Hilfer fractional order Langevin
equations supplemented with nonlocal integral boundary conditions of the form

PR (TN 4 A1) x(0) = f(1,x(D,3@), 1€ J = [a,bl,

Hen@2 B2y (HasP2.a23¥ = =
DAY (DR 4+ 1) y(1) = gt x(0), (1), 1€ = [a,b], (1.2)

Ma) =0, x(b)= ) nIiy0), ya)=0, yb)= Zul T x(E)),
i=1

where 7 DZ;W is y-Hilfer fractional derivatives of order u € {ay,a,, pi1,p>} with 0 < u < 1 and

v E BB g1, gl WithO<v < 1,7 Zj‘” is y-Riemann-Liouville fractional integral of order w = {6;, «;},
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w > 0, the points 6, &; € [a,b],i=1,2,...,m, j=1,2,...,n, 41, 1, €R, f, g € C([a, b] x R, R) and
b>a>0.

The rest of the paper is organized as follows. In Section 2 we outline the basic concepts from
fractional calculus and prove an auxiliary lemma for the linear variant of the problem (1.2). Then, by
applying Banach’s fixed point theorem, we derive the existence and uniqueness result for the problem
(1.2), while the existence result is established via Leray-Schauder alternative. Example illustrating the
main results are also presented.

2. Background material and auxiliary results

This section, is assigned to recall some notation in relation to fractional calculus.

Let S = C([a,b],R) be the space equipped with the norm defined by ||x|| = sup{|x(?)| : t € J}.
Obviously (S, || - ||) is a Banach space and, consequently, the product space (S X S, || - ||) is a Banach
space with the norm [|(x,y)|| = ||x|| + |||l for (x,y) € S X S and the n-times absolutely continuous
functions given by

AC"([a,bl,R) = {f : J = R; f"V € AC([a, b],R)}.

Definition 2.1. [2] Let (a,b), (—oo < a < b < 00), be a finite or infinite interval of the half-axis R* and
a € R*. Also let Yy(x) be an increasing and positive monotone function on (a, b], having a continuous
derivative Y/'(x) on (a, b). The y-Riemann-Liouville fractional integral of a function f with respect to
another function ¥ on [a, b] is defined by

I3l f@) = o )fws)(w(r) W) f(s)ds,  1>a>0, (2.1)

where I'(:) is represent the Gamma function.

Definition 2.2. [2] Let ¥/'(t) # 0 and a > 0, n € N. The Riemann—Liouville derivatives of a function
f with respect to another function W of order a correspondent to the Riemann—Liouville, is defined by

1
I'(n-a) (l//’(t) dl)

where n = [a] + 1, [@] is represent the integer part of the real number a.

o210 = (i ) T 0=

n—a—1
v ) di f YW@ — ()" fls)ds, (2.2)

Definition 2.3. [I3] Letn—1 < a < nwithn € N, [a, b] is the interval such that —co < a < b <
and f, ¥ € C"([a, b],R) two functions such that  is increasing and ¥'(t) # 0O, for all t € [a,b]. The
W-Hilfer fractional derivative of a function f of order a and type O < p < 1, is defined by

,p; n—-«a 1 d " - n—a), -, 5
"R () = T0 W( w'mE) TP f() = T DL (), (23)

where n = [a] + 1, [@] represents the integer part of the real number a withy = a + p(n — @).

Lemma 2.4. [2] Let a,8 > 0. Then we have the following semigroup property given by,
I e = 10 fn), 1> a (2.4)
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Next, we present the y/-fractional integral and derivatives of a power function.

Proposition 2.5. [2,13] Leta > 0, v > 0 and t > a. Then, Y-fractional integral and derivative of a
power function are given by

I'(v)

Hw F())
(ii) 1L (W(s) - (@)™ (1) = S
Lemma 2.6. [27]Letm—-1<a<mn—-1<B<nnmeN,n<m0<p<landa>pB+pn-p).
If f € C"(J,R), then

(i) T3 (W(s) = y(@)"™" (1) = ———= W) - p(@)"*"".

———— W) - Y@)" ™", n-l<a<n v>n

I f() = TP £ (o), (2.5)
Lemma 2.7. [I3]IffeC'(J,R,n—-1<a<n0<p<landy=a+p(n—a)then

QWHDap ‘”f(t) — f(l) Z (W(l) i(i)i) fll[,n k].[(l —p)(n—a); wf(a), (26)

forall t € J, where £ £(t) := (7 dt) .

The following lemma deals with a linear variant of the system (1.2).

Lemma 2.8. Let 0 < ay, a2, p1,p2 < 1,0 <B1,B2,91,2 < 1, y1 = a1 +B1(1 —ay), y2 = p1+q1(1 — py),
1 =ar+ Bo(l — @), ¢ = pa+ qa(1 — pa), hy, hy € S and Q # 0. Then the solution for the linear
system of Y-Hilfer fractional Langevin differential equations of the form:

MR A (Ml 4 ) x(t) = (), t €,

Hpu o (Ml 4 1) y() = ha(h), 1€,

(2.7)
©a@)=0, x(b)= Y nI%y6). ya)=0, yb)= Z,u, Y x(E)).
i=1
is equivalent to the integral equations
x() = T hy(6) = 4 I0Y x(1)
(lﬁ(t) - ‘/’(a))%wl_l [ ( +p1 +p2+0;
+ @) Ia/ll’lhb_l_ Z(YZPzrl/’hH
oo+ o | (b) Zn ()
+ LI x(b) - 1y Z Iy, )) * Qz( Zul T )
T2 hy(b) — /hz I (fj)+/121'f1’3;"’y(b))], (2.8)

and

YO = I () — RI0 v
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(lﬁ(t) — w(a))<ﬁ1+l72—1 n a1 +p1+KGY O
" QF(gol + p2) [Ql( ;luj'[(ﬁ hy (é:]) — _Z'a+ hz(b)

-4 ZﬂjfZiHj;wx(fj) + /lszf;wJ’(b)) + 93( - IZler];wh] (D)
j=1

+ i 2P 0 + LI x(b) - A i n,-ISEJ"S"‘/’y(G,-))], (2.9)
where : :
o - o
o S
NN
%::;Mwﬁifﬁhp o)
o - s
Q = QQ -0 (2.14)

Proof. Let x € S be a solution of the problem (2.7). Taking the operator 7 Zi;w on both sides of (2.7)
and using Lemma 2.7, we have

W () =y
Ly

where ¢; € R. Applying the operator 77 ' on both sides of (2.15) and using Lemma 2.7 again, we get

HRPL sy () + A x(t) = T9 by (1) + ci, (2.15)

(D) = (@) ! L o= (@)=

x() = TP 1y (1) — L, T x(1) + c
“ : 1Za I'ty1 + p1) : I'(y2)

2, (2.16)
where ¢y, ¢, are arbitrary constants.
In the same process, let y € S be a solution of the problem (2.7). Applying the operators 7 ;

I’ ¥ respectively, on both sides of the second equation in (2.7) and using Lemma 2.7, we obtain

) W) — @) @) - ya)?!
y(t) = TP ha(t) = LIy (t) + o+ o) dy + Ton

where d;, d, are arbitrary constants. Using the boundary conditions x(a) = 0 and y(a) = 0, respectively
in (2.16) and (2.17), we find that ¢, = 0 and d, = 0. Hence we have

W@ — gy

®2¥ and

dy, (2.17)

1) = TP - 477 x(0) + : 2.18

w0 = T - AT + SO 2.18)
_ p1+p2—1

WO = TP - 1y + SO (2.19)
[(e1 + p2)
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Using (2.18) and (2.19) in the conditions x(b) = >, ;.1 (0) and y(b) = > =1 wil I ‘//x(f i), we
obtain a system of equations in the unknown constants c; and d, given by

Qlcl - QZdl Al, (220)
—Q3C1 +Qud; = A, (221)

where Q;, Q,, Qs, Q4 are given by (2.10), (2.11), (2.12), (2.13), respectively, and

A,

TPy (b) + Z BP0 + A, I7 x(b) — A Z L y(6),

n

A, = Z IO (&) = TP iy (b) - A, Zu,zp‘”f X(€)) + LI y(b).

=1 j=1
Solving the system (2.20)-(2.21) for ¢, and d,, it follows that

QA + DA, QiA; + Q34
cg=—— and d = ————.
Q,Q, - Q0,04 0,0, - 0,0,

Inserting values ¢; and d; in (2.18) and (2.19) respectively together with notations Q;, ), Q3, Qg4, A4,
and A, lead to solutions (2.8) and (2.9).

Conversely, it is easily to shown, by a direct computation, that the solution x(¢) and y(¢) are given by
(2.8) and (2.9) satisfies the problem (2.7) under the nonlocal integral boundary conditions. The proof
of Lemma 2.8 is completed. O

Fixed point theorems play a major role in establishing the existence theory for the system (1.2). We
collect here the well-known fixed point theorems used in this paper.

Lemma 2.9. (Banach fixed point theorem) [28] Let X be a Banach space, D C X closed and F : D —
D a strict contraction, i.e. |Fx—Fy| < k|x—y| for some k € (0,1) and all x,y € D. Then F has a unique
fixed point in D.

Lemma 2.10. (Leray-Schauder alternative [29]). Let K : D — D be a complete continuous operator
(i.e., a map that restricted to any bounded set in D is compact). Let

M(K) ={xe D :x=0K(x)forsome(O < o < 1}.

Then either the set M(K) is unbounded, or K has at least one fixed point.
3. Existence and uniqueness results

In this section, we discuss existence and uniqueness results to the purposed system (1.2).
Throughout this paper, the expression 77 f(s, x(s), y(s))(c) means that

I (s, x(5), y(s))(c) = O f W (9)(e) = ()"~ (s, x(5), Y(9)ds,

where u € {pi, pr, a1 + p1,ay + pr, pr + 0i, @2 + pr + 0, p1 + Kj, a1 + pr + Kk} and ¢ € {t,a,b,0,, &},
i=1,2,....m j=1,2,...,n
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In view of Lemma 2.8, we define an operator Q : S X S — S X S by

Q(x, Y)() = (Qi(x, Y)(1), Qa(x, y)(1)), 3.1)
where
QiY@ = T0 f(s,x(5), y()(0) = 4 I7Y x(1)
() = yl@)y ! i
+ TG + o) [94( S (s, x(5), y($))(D)
+ Z T g (s, x(5), YD) + W I x(b) = 4 )| nJﬁi”"””y(@))
%(Zu, WP f (s, x(5), Y(DE) = T2 7 (s, x(5), Y(9))(B)
— D T x(E) + /lzIZi“”y(b))], (3.2)
j=1
and
Qe y)(0) = T g(s, x(), y())(®) — LI y(1)
(1) - W(a))sﬂﬁpz—] C @1 +p1+KY
LT P~ [Ql(ZujIm P fs, x(),())E)

T g(s,x(5), y())B) = A Zu,f”]”’ X&)+ LTy (b))
+93( T f(s, x(9), y(s)(b) + Zn, L0 g (s, x(5), y(9))(6)

FTYx(b) - A, Z mfzi”f”’ywi))]. (3.3)

i=1

It should be noticed that the system (1.2) has solutions if and only if Q has fixed points.
For the sake of convenience, we use the following notations:

W (B) — ¥(a)"

Y.(B,u) = W, (3.4)

AU = Wi, U>+Tl(b’71|g|pl_1)(|Q4|\P1<b,u>+|92|§n1]|u,,-|‘111<§,-,U +f<<,~>), (3.5)
Z

Ay = b ’”lglp - 1)(|Qz|‘1’1(b, U)+|Q4|§:|ni|‘P1(9i,U+5i)), (3.6)

As(U) = ‘Pl("’%'g'pr1)(|93|%(b,0)+|Ql|i|u,~|%<f,~,lf +KJ->), @3)

J=1
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Vb, o1 +pr—1)

Ay(U) = Yi(b,U) + )

(ml W15, U) + Q5] ) mi¥1(6;, U + 5»). (3.8)
i=1

3.1. Uniqueness result via Banach’s fixed point theorem

In the first result, we establish the existence and uniqueness of solutions for system (1.2), by
applying Banach’s fixed point theorem.

Theorem 3.1. Let Q # 0, f, g : [a, b] x R? — R be continuous functions. In addition, we assume that:

(Hy) There exist constants Ly, L, > 0 such that, ¥t € |a, b] and x,, x5, y1 y» € R,

A

If(t, x1,01) = f(t, x0, )] < Li(Ix1 =yl + [x2 = ya2l),
lg(t, x1,y1) — g(t, x2, )| < Lao(lxy — yil + |2 — yal).

Then system (1.2) has a unique solution on [a, b], provided that ®, < 1, where

O, = [A(ar + p1) + As(a; + p)lLy + [As(as + p2) + As(as + po)ll,
+[A1(p1) + As(pOlll + [Aa(p2) + As(p)]lA2]. (3.9)

Proof. Firstly, we transform the system (1.2) into a fixed point problem, (x, y)(#) = Q(x,y)(t), where
the operator Q is defined as in (3.1). Applying the Banach contraction mapping principle, we shall
show that the operator Q has a unique fixed point, which is the unique solution of system (1.2).

Let sup,p, 1f(2,0,0)] := M; < oo and sup,, ,; 18(7,0,0) := N; < oco. Next, we set B, := {(x,y) €
SxS:|l(x, )l < ri} with

s [Ai(a; + p1) + As(ay + p)IM, + [Aox(as + pa) + Ag(ar + pr)IN;
1 = .
1 -,

(3.10)

Observe that B,, is a bounded, closed, and convex subset of S. The proof is divided into two steps:
Step I. We show that QB,, C B,,.
For any (x,y) € B,,, t € [a, b], using the condition (H;), we have

lf(t, x, I < 1f @, x,y) = f2,0,0)] + |f(2,0,0)] < Ly ([|xl] + [Iyll) + My < Lyry + M,

and
|g(ta x’y)l < |g(t’ xay) - g(t’ Oa 0)| + |g(t’ Oa 0)| < LZ(”x” + ||)7||) + Nl < L2rl + Nl'

Then, we get

IQi(x, »Il < sup {Ijl“’“wlf(s,X(S),y(S))I(t)+I/hlff;l;wIX(S)l(t)

tela,b]

_ y1+p1—1
+(w(|ts)z|r<wy(lai)pl> Lml(z‘ji“’“ﬂf(s,x<s>,y<s>)|(b)

) IT T g, x(5), (DI + LT ()l (D)
i=1
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+ol Y |n,-|fgz+‘5f”|y(s>|(9,->) + |Qz|( DAL s, x(5), YIE
i=1 j=1

TP (s, x(5), YIB) + 1] D T 1x(s)I(€)) + |/12|f53;w|)’(s)|(b))]}
j=1
Wb) —w(@)"™"  b) - y(a)” ! (|Q4| W) - (@)™
@i +pi+ 1) QTG+ p1) @i +pi+ 1)

) Z": |-Q2||,Uj| (lﬁ(fj) _ lp(a))awpﬁk_/ )]Llrl . [(lﬁ(b) _ l//(a))71+171—1
[(ar + pr+k;+ 1) QT (yy + p1)

X(|Qz| (W(b) = @)™ | i [l (W6 = @)™ )] L
I(aa+p2+ 1) — Ilaa+py+06;+1)

+[|/l |((w(b) — Y(a)” . W (b) — yY(a))" +p1-1 (|Q4| W(b) — Y(a))P
1 T+ 1) 1QCCy1 + p1) I(py+1)

n 10 . D) — Prek _ 1+p1—1 _ 2
5 ol (wE) - (@) ))+| B =@y (|Qz|<w<b) @)’

IA

J=1

F(pl +Kj+ 1)

j=1 1QIC(y1 + p1) T(p,+ 1)
3 1l W6) — @) )] g [(W’) — U@ Wb - pap”
pary L(py+06;i+ 1) C(a) + pr + 1) IQIC(y; + p1)

(120 W0) —p@y - 1l (p€) - v@)”
( L@ +pi+1) +; L +pr+x+1) :

+[(l//(b) — y(a)r ! (|Qz| (W (b) — ()™
QT (y1 + p1) [+ p2+ 1)

N |Qql77:] (W (6;) — ¢(a))02+p2+61
' 121: [(ay + pa+ 6 + 1) )]Nl

Vb, y: + p; — 1
Wb, a1 + pr) + -1 L )(|sz4|%(b,a1+p1>

Y, y1+pi—1)

Liry + ) (IQzI‘Pl(b, @z + p2)

+€,| Z ;Wi (Ejan + pr + Kj))

=

in"l +

HQI D ¥ 0y 2 + pa + 6»)

i=1

WY, (b -1
|/11|(‘P1(b,171)+ 1( ,Yllg‘;‘lpl )

n i, yi+pi—1)
x(|sz4|%<b,p1>+|QZ|ZIuJI‘P1(€j’P1+Kj>))+|12' T

J=1

><(|Qz|‘f'1(b, DP2) + Q4] Z [7:/'F1(6;, p2 + 5i)) ry +
P

Y (b,a; + p1)
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Wb,y + p1 — 1)(
1

J=1

[‘Pl(b,% +pr—1
1

= [Ai(@1 + poLi + As(ar + pa)La + LUIAI(p) + Ll As(pa) |y
+A(a) + pOM; + Ax(az + pa)N;.

Similarly, we find that

IQ(x, Yl < [A3(C¥1 + p)Ly + As(azy + po)Ly + [A1|As(pr) + |/12|A4(P2)]”1
+As(a; + p1)M; + As(ay + p2)N;.

Consequently, we have

IQx, Il < [(Al(a’l +p1) + As(ay + pr)Ly + (Ax(az + p2) + Ag(az + pr))Ls
+(A1(p1) + As(p))l] + (Aa(pr) + A4(P2))|/12|]71
+[Ai(ar + p1) + As(a; + p)IM; + [Ax(aaz + po) + As(az + pr)IN,

< r,

which implies that QB,, C B,,.
Step I1. We show that Q : S — S is a contraction.
Using condition (H), for any (xy, y1), (x2,¥2) € S X S and for each 7 € [a, b], we have

Q1 (x1,y1) — Q1 (x2, )l

< S[UIZ]{ TP £, x1(8), y1(8)) = (5, X2(8), ya(DID + 142 |x1(5) = x2()I(D)
W@ - w(a))wﬂn—l m+P1 W
TG + 1) ['Q ( £ (s, x1(5), y1(8) = [ (5, X2(5), y2(5))|(D)

+ Z 157 1g s, (5, 31 (8)) = 8(s, x2(8), y2()I(6)
HUIT 11 () = xa()I(B) + Aol D Ind T2y (5) = )’2(S)|(9i))

+|Qzl( Z AT | f (s, 31 (), 31 (8)) = s, xa(8), yaDIE))
+I“2+”2 *”|g<s x1(5),y1(5)) = g(5, X2(5), y2()I(D)
+,] Z AT 11 (5) = Xa(9IED + AT Iy (s) - yz(S)I(b))}}

b,y +p1—1
1

)
< (k= xll + Iy —y2||)[‘{’1(b,6¥1 +p1) + (|Q4|‘P1(b, )+ p1)

Q¥ (b, a1 + p1) + |92|Z ¥ (&j, ar + pi +Kj)) M,

)(mzwl(b, @+ pa)+ ) Il 16, 02+ pa + 6,-)) N
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9741

Ly + (llx; = x2ll + llyr = y2I)

+|Qy| Z Wi (G + pr + Kj))

J=1

[‘Pl(b, Yi+pi—1

o )(|Qz|‘1’1(b, @ + p2) + 14| Z W16, @z + P + 5,.>) L

Wb,y + p1 — 1)(

o QU1 (B, p1) + 1] D 11 (&5, 1 + K.,-)))

J=1

[QalW1 (b, p2) + 1Qul D I1i¥1(6;, pa + &-))

i=1

+ |/11|(‘P1(b, p1) +

||¥1 (D, Y1 + p1 - 1)(
1€

X([lx1 = x2ll + [lyr = y2ll)

{[Al(al + p1) + As(ay + p)ILy + [As(az + p2) + As(ar + po)ll,
+[A1(p1) + As(p)ll] + [Aa(p2) + A4(1?2)]|/12|}(||X1 = x|l + lyr = y2ID.
Similarly, we get that

IQx(x1,y1) = @ (2, o)l

IA

< sup {05, 093169) = 65 5560 3OO + AT (5) - 3250
— p1+pa—1 n
Q| 1|(Z|u,|f‘“*’"*“' 75 1) 715D = (5, 120, 1DIE

+I07 YIg(s, x1(5), y1(8)) — g5, %2(5), y2()I() + |4, Z#JIPHK} [x1(s) = x2(9I(E)

j=1

HAA TP Iy (s) = yz(S)I(b)) + Q%( TP f (s, 21(8), 31(9)) = f (5, 22(8), ya())I(D)

+ Z T e 0 g(s, x1(5), 1(8)) = 88, %2(8), y2(NIB) + LT [x1(5) = x2(9)I(D)

+,] Z 2527 [y () - yz(S)I(Hi))]}

< [A3(a’l + p)Ly + Ag(az + p2) Lo + [4|As(py) + |/12|A4(P2)](||X1 = x|l + [ly1 = yalD-
Consequently, we get
IQ(x1, y1) — Q(x2, y2)II £ ©(|lx1 = X2l + [ly1 = y2lD.

which, by condition (3.9), implies that the operator Q is a contraction. Therefore, by the conclusion of
Banach contraction mapping principle (Lemma 2.9), the operator Q has a unique fixed point. Hence,
system (1.2) has a unique solution on [a.b]. The proof is completed. m|

3.2. Existence result via Leray-Schauder alternative

In the second result, we apply the Leray-Schauder alternative to investigate the existence of
solutions for the system (1.2).
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For convenience, we set:

E(U)
E>(U)

A(U) + A3(0), (3.11)
A (U) + Ay(U), (3.12)

where A;(-), Ax(+), As(-) and A4(+) are given by (3.5), (3.6), (3.7) and (3.8) respectively.

Theorem 3.2. Let f, g : [a,b] X R?> — R be continuous functions such that the following condition
holds:

(H,) There exist real constants K;, K; > Ofori=1,2,3, such that, for x, y € R,
I, x,9)| < Ky + Kolx| + Kslyl, and |g(t, x,y)| < K| + Ka|x| + K3yl.
Then, the system (1.2) has at least one solution on [a, b] provided that

O, = Ei(a1+p)Ks+ Ex(ar + p2)Ka + Ey(p)ldg] < 1, (3.13)
D, Ei(a; + p)Ks + Ex(ay + p2)K3 + Ex(po)lda] < 1, (3.14)

where E\(-) and E,(-) are given by (3.11) and (3.12) respectively.

Proof. The process of the proof is divided into several steps:

Firstly, we show that the operator Q : S X § — 8§ X § is completely continuous. Note that the
operator Q, defined by (3.1), is continuous in view of the continuity of f and g.

Let B,, ¢ S xS be a bounded set, where B,, = {(x,y) € SX S : ||(x,y)|| < r,}. Then, for any (x,y) €
B,,, there exist positive real numbers ? and g such that |f (¢, x(1), y(¢))| < f and |g(z, x(¢), y()| < g.

Thus, for each (x,y) € B,, we have

A

IQi(x, Il < SUP{ TP s, (), yNI@) + LT 1x(s)I(2)

t€la,b]
+(%0(l‘) — ()"
QT (y1 + p1)

[m |( TP £ (s, x(5), ()|(D)

- Z AT g5, x(5), Y + 4T 1x(s)]()
+ly| Z T ()16, )) + |Qzl( Z T ER O RO ()

+ T g5, x(s), Y(sDI(B) + || Zﬂjf 2 OIE) + 1Al 53“”Iy<8>l<b>)]}
j=1
\Pl(b’ Y1+ p1—
o]

IA

Yi(b,a; + py) +

1
)(|Q4|‘If1(b, a1+ p1)

HQ| Y i€y ar + o+ Kj)) f

J=1
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[‘Pl(ba Yi+pi—1
1

)(|Qz|‘1’1(b, @z + p2) + 4] Z [7:[¥1(6;, a2 + pa2 + 5i)) g

Yi(b,y1 + p1 - 1)(

o (QuMi(b, p1) + 190l Y i€ pr + Kﬂ))

=1

+ |/11|(\P1(b, p1) +

YD, y1+p1— 1) -
+|/12|( ST (|Qz|‘1’1(b,]?2)+|Q4|Z|77i|‘1'1(9i,192+5i)))]”2
i=1

= Ai(@r + p))f + Az + p2)g + [ lUlAi(p1) + ol As(pa) |
In similar process, we have that
IQ(x, Il < As(er + p1)f + Aa(ez + p2)g + [|UAs(p1) + 12l Aa(p2) |2
Therefore, it follows that
IQUx, Il < Ei(ay + p1)f + Ex(ay + p2)g + [El(P1)|/11| + Ez(P2)|/12|]7’2,

which implies that the operator Q is uniformly bounded.
In the next step, we show that the operator Q is equicontinuous. Let 71, 7, € [a,b] with 7| < T,.
Then, we can compute that

|a1<x M(T2) = Q1 (x,y)(T)

NP £ (s, x(5), y($))(T2) — TP f(s, x(5), ()T

|<w<rz> — (@) = () = @) |
QT (y1 + p1)

[m |(I‘“*”‘ Y1 (s, x(s), Y(DI(B) + Z 252 g (s, x(s), y(5))N(6)

IA

+|A

PV x(1p) — IV x(1y)| +

HATLE Ie()I(B) + 1| Z b ‘”|y<s>|<el~))

+|Qz|( Z AT £ (s, x(5), YONE) + 2272 |g(s, x(s), Y(5)I(b)

j=1

D AT IXIE) + 1Al T T ‘”|y<s)|(b))]
=1

- r(al+pl+1> 2 @) = @)™ + @) - @)™ = @) - @) |
(u |i21) [2W(r2) = w@)Y" + (W) — Y(@)" = (1) — (@)™

@) —w@) ! - @) - @y
1QITC(y1 + p1)

H| Y (1€ ar + o+ K,~>)? + (|sz4| >0 2 + py + 6)

j=1 i=1

[(|Q4|‘{’1(b, ai + pr)
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+< ¥ (b, ap + Pz))§ + (|Q4||/11|‘I’1(b, 1) + Q|44 Z |1 (&), p1 + k)
=

+< || [F1 (D, p2) + 1Q4]|25] Z 71 (6;, p2 + 51'))”2]-

i=1

In the same process, we deduce that

(%, y)(12) — Qa(x, y)(T1)|

< m |2 W(r2) = p(a)) ™7 + |W(r2) = (@) = W(ry) — Y(a) ™|
A|r
(' Z'jU |2 W(r2) = g + () = Y(@)” - W(r1) = w(@))”|]
[W(r2) = w(@)? 7" = (1)) — w(@)? 77|
+ RCETS [(|Q3|‘P1(b, a; + py)
+|Qy] Z lu;W1(&j, a1 + p1 + Kj))? + (|Q3| Z il ¥1(6;, a2 + pa + 6)
j=1 i=1
+Q ¥ (b, ay + Pz))§ + (|Qs||/11|‘1’1(b, 1) + Q|4 Z i1 p1 + k)

J=1

+[€[[ 2|1 (b, p2) + 1] 42| Z [nil¥'1(6;, p2 + 5i))"2]-
i=1

Consequently, the operator Q(x,y) is equicontinuous. By Arzeld-Ascoli theorem, the operator
Q(x,y) is completely continuous.

At last process, we show that the set U = {(x,y) € SXS|(x,y) = 0Q(x,y), 0 < o < 1} is a bounded.
Let (x,y) € U, with (x,y) = 0Q(x,y). For any t € [a, b], we obtain

x(t) = oQ(x,y)(1), and  y(1) = oQ(x, y)(1).

By using condition (H3), we can calculate that

Ol = |0Qi(x,y)(?)|
(K1 + Kallxll + KsllyDZ 2P (0)(b) + LIl T2 (1)(b) +

W (b) — y(a)) !
QT (yy + p1)

|Q4|((K1 + Kollxl| + KslyDZ5 " (1)(b) + [l 2 (1)(b)

IA

+(K 1 + Ksllxll + Ksllyl) Z I 2T () + 1A Z I 2727 ‘”(1)(9,-))

i=1

+|Qz|((K1 + Kollxll + Ksllyl) Z T AED + NI (1D(b)

j=1

+(Ky + Kolldl + KllyIDZ52 ™ (1)(b) + |yl Zﬂjfplﬂ’ (D(fj))]

j=1
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IA

Ai(a; + p)(Ky + Kallxll + K3yl + Ax(aa + po)(K1 + Kollxl| + K|yl

+H A A (pOIIXI + (21 A2(p2)lIy I,

and

(@) lo@a(x, y)()|

(b)) = Y(a)* P!

(K1 + Kollxll + KslyIDZ 52 ™ (1)(b) + Il T2 (1)(b) +

a+

IA

QT (1 + p2)

|QI|((K1 + Kol + K|yl Z AT A)ED + 1alITEEY (1)(b)

=1

X

+(&, + Kallxll + KalplD 2 (1)) + |l Y. |u,-|fg’i*“-"‘”<1>(§,->)
j=1

+|93|(<K + Kalladl + Kl D 25 7= (1) + Ll 725 (1)(b)

at
i=1

+(Ky + Kalldl + K3llyID I 7™ (1)) + 1ol | |m|ffi*5“‘”(1)<ei>)]
i=1

As(ar + p)(K1 + Kallxll + Kaliyl) + Aa(az + p2)(K + Kallxl| + K lyll)

IA

HA Az (polIxl + [l As(p)lIyII-

Hence, we have

Il < [Aier + pOKy + Aa(as + p)K |
A1 + pKs + Az + p2)Ka + LA (py) I
+{Ar(@r + p)Ks + Aslaz + p2)Ks + [l Aa(po) I,
and
DI < [Aser + pOKi + Aaaz + p)K) |

+{As(er + p)Ka + Aalz + p)Ks + [0 |As(py) I
+|As(@r + p)Ks + Az + p2)Ks + 1l Aa(p) |-
From the above inequalities, we get

Il + Iyl < Ever + pKy + Ea(as + p)K)
+(Ei(1 + pOKa + Ex(@z + p2)Ka + Er(py)lul x|

+(Ei(1 + p)Ks + Ex(z + p2)Ks + Ex(p2)lal Iy,

which implies that

Ei(a) + p)K| + Ex(a + p)K,

<
eI < E,
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where £y = min{l — ®,, 1 — ®3}. Hence the set U is bounded. Thus, by Lemma 2.10, the operator
Q has at least one fixed point, which implies that system (1.2) has at least one solution on [a, b]. This
completes the proof. O

4. Examples
This section is devoted to the illustration of the results derived in previous sections.

Example 4.1. Consider the following nonlocal boundary problem of the form:

055 (H@Og’ 45 4 )x(t) [, x(®), y(), t€[0,1.2],

Hbf’o'&% (Hb(ff e Z—)y(t)—g(t x(0), y(®), t€[0,1.2],
5 (N2 n(esiyd (2i-1 (4.1)
x0)=0,  x(1.2)= ( )L : ’6y( )
; it1)°° 10
InGj+ 1)\ n(2)e (2 +3
3(0) y(1.2) (M)Iof )"x(%).
N

Here ay = Ve/(k+ 1), B = (k+4)/10, pr = ve/(k+ 1), qx = Bk + 1)/10, 4, = (15 = 5k)/100,
k=12 y@) =¢€/6,n=In2/(i+1), 6 =In((6-1i)/2), 6; = 2i —1)/10,i=1,2,3, u; = In(j + 1)/,

=In((j+3)/3), &, =2j+3)/10, j = 1,2, a = 0and b = 1.2. From (2.14) with the given data, we
can compute that of

| 12 1 0.61
0 _ wo-p@yrt (T3
1

C(y1 + p1) T oTQa.6l)
(62101 1)0.285+1n(62i)
& (W) — @)t (mz) 5 "6
Q - )
’ 2 I'(¢1 + pr +6)) Z 1 285 + ln(%‘i))
e s 0.61+In( )
0. - #j(lﬁ@j)—lﬁ(a))y1 pe! ~ (ln(j+ 1)) (T - %)
T = LC(y1 + p1 + k) - = J r(1.61 +1n(%)) ’
o L WO sy (o)
4 L(¢1 + pa) T I(1.285)

Then, Q; ~ 0.6261, Q, ~ 0.0580, Q3 =~ 0.1687, Q4 ~ 0.8476, and Q = Q;Q4 — Q,Q3 = 0.5209 # 0. In
addition, Table 1 shows the numerical results of Q; for i = 1,2, 3,4, and Q for a variety of t € (0, 1.2).
These results are shown in Figure 1.
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Table 1. Numerical results of Q; fori =1,2,3,4 and Q in Ex 4.1.

t

Q

Q)

Q3

Q

Q

=Nl I IE= LY OV R SR

[\ T\ T S T NS T N I N0 R e e e T )
N WD = OO0 IO U B~ W

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.05
1.10
1.15
1.20

0.0000
0.0612
0.0949
0.1234
0.1494
0.1739
0.1974
0.2204
0.2430
0.2654
0.2878
0.3101
0.3325
0.3551
0.3778
0.4009
0.4242
0.4479
0.4719
0.4964
0.5213
0.5467
0.5726
0.5990
0.6261

0.0000
0.0104
0.0186
0.0267
0.0348
0.0431
0.0517
0.0605
0.0697
0.0793
0.0893
0.0997
0.1107
0.1221
0.1341
0.1466
0.1597
0.1735
0.1880
0.2032
0.2192
0.2360
0.2536
0.2721
0.2916

0.0000
0.0125
0.0247
0.0372
0.0502
0.0637
0.0777
0.0925
0.1079
0.1240
0.1409
0.1586
0.1771
0.1966
0.2170
0.2384
0.2609
0.2845
0.3093
0.3354
0.3627
0.3914
0.4216
0.4532
0.4865

0.0000
0.2860
0.3509
0.3968
0.4339
0.4658
0.4943
0.5204
0.5447
0.5676
0.5895
0.6104
0.6306
0.6503
0.6694
0.6882
0.7066
0.7248
0.7427
0.7605
0.7781
0.7956
0.8130
0.8303
0.8476

0.0000
0.0174
0.0328
0.0480
0.0631
0.0782
0.0936
0.1091
0.1249
0.1408
0.1570
0.1735
0.1901
0.2069
0.2238
0.2409
0.2581
0.2752
0.2923
0.3093
0.3261
0.3426
0.3586
0.3741
0.3888
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Figure 1. Graphical representation of Q; fori = 1,2, 3,4, and Q in Example 4.1.

(i) To demonstrate the application of Theorem 3.1, let us take

1 6e! 3¢t
Foy) = Ly e - I« L3 vl ,
2 (V5+2sin’an2 10+ 5 5+
25t—4
Lxy) = 1+ . 42
8(t,x%.y) (10 + 8) (1 + ¢ + ) (4.2)

Forx, yie R, i=1,2andt € [0, 1.2], we get the inequalities

3

— (Ix1 = x| +ly1 =20,

|f(t,xl,)’1)_f(f’x2,)’2)| 25

IA

IA

1
lg(#, x1,y1) — g(t, X2, y2)I 3 (Ix1 = x2 + ly1 = y2I D) -

The assumption (H,) is fulfilled with A (a; + p1) = 0.3530, Ay(a; + p2) = 0.0336, As(a; + p1) =
0.0626, Ay(az + p2) = 0.7669, A1(p1) =~ 1.1549, Ay(p2) = 0.0866, Asz(p1) = 1.2941, Ay(p,) =~ 1.4749,
Ly =3/25and L, = 1/5. Also ®; =~ 0.4329 < 1, and thus by Theorem 3.1, the system (4.1), with f
and g given by (4.2), has a unique solution on [0, 1.2]. In addition, Tables 2 and 3 show the numerical
results of Nj(U) fori =1,2,3,4, where U = {a; + p, @z + p2, p1, p2} and ©, for a variety of t € (0, 1.2).
These results are shown in Figures 2-4.
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Table 2. Numerical results of A;(U) fori = 1,2,3,4and U = {a; + pi,a; + po} in Ex. 4.1

().

AIMS Mathematics

n| t | Afar+pr) | Maaz+ pr) | As(ay + pr) | Aalaz + p2)
1 ] 0.00 0.0000 0.0000 0.0000 0.0000
2 1 0.05 0.0008 0.0002 0.0000 0.0092
3 10.10 0.0025 0.0009 0.0002 0.0206
4 |0.15 0.0050 0.0020 0.0006 0.0339
5 10.20 0.0085 0.0035 0.0012 0.0491
6 | 025 0.0128 0.0056 0.0022 0.0664
7 10.30 0.0181 0.0083 0.0777 0.0857
8 10.35 0.0244 0.0117 0.0037 0.1074
9 1040 0.0320 0.0158 0.0058 0.1316
10 | 0.45 0.0408 0.0208 0.0087 0.1584
11 | 0.50 0.0510 0.0267 0.0124 0.1882
12 | 0.55 0.0628 0.0338 0.0173 0.2211
13 | 0.60 0.0763 0.0421 0.0234 0.2576
14 | 0.65 0.0918 0.0517 0.0311 0.2979
151 0.70 0.1094 0.0629 0.0407 0.3423
16 | 0.75 0.1294 0.0759 0.0524 0.3914
17 | 0.80 0.1520 0.0908 0.0667 0.4455
18 | 0.85 0.1776 0.1079 0.0841 0.5052
19 | 0.90 0.2064 0.1274 0.1049 0.5709
20 | 0.95 0.2389 0.1497 0.1300 0.6434
21| 1.00 0.2755 0.1751 0.1953 0.7234
22 1 1.05 0.3166 0.2039 0.2373 0.8115
23| 1.10 0.3628 0.2365 0.2868 0.9087
24 | 1.15 0.4146 0.2734 0.3451 1.0160
25| 1.20 0.4728 0.3152 0.4134 1.1344
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Table 3. Numerical results of A;(U) fori =1,2,3,4, U = {py, p»} and @, in Ex. 4.1 (i).

AIMS Mathematics

t

Ai(p1)

Aa(p2)

As(py)

A4(p2)

,

=Nl I IE= LY OV R SR

[\ T\ T S T NS T N I N0 R e e e T )
N WD = OO0 IO U B~ W

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.05
1.10
1.15
1.20

0.0000
0.0586
0.1040
0.1477
0.1912
0.2353
0.2804
0.3269
0.3750
0.4249
0.4769
0.5313
0.5882
0.6478
0.7105
0.7764
0.8459
0.9192
0.9967
1.0787
1.1656
1.2577
1.3555
1.4596
1.5704

0.0000
0.0041
0.0102
0.0178
0.0269
0.0374
0.0493
0.0628
0.0779
0.0948
0.1135
0.1341
0.1569
0.1819
0.2094
0.2395
0.2724
0.3084
0.3476
0.3904
0.4370
0.4877
0.5429
0.6029
0.6680

0.0000
0.0026
0.0085
0.0174
0.0292
0.0440
0.0622
0.0839
0.1094
0.1391
0.1733
0.2125
0.2570
0.3075
0.3645
0.4285
0.5003
0.5805
0.6700
0.7696
0.8803
1.0030
1.1391
1.2896
1.4559

0.0000
0.1434
0.2162
0.2808
0.3426
0.4038
0.4655
0.5285
0.5933
0.6603
0.7300
0.8029
0.8791
0.9593
1.0437
1.1328
1.2270
1.3269
1.4328
1.5455
1.6654
1.7934
1.9300
2.0760
2.2325

0.0000
0.0155
0.0272
0.0393
0.0522
0.0662
0.0814
0.0981
0.1163
0.1364
0.1584
0.1826
0.2091
0.2384
0.2706
0.3061
0.3452
0.3882
0.4357
0.4881
0.5459
0.6097
0.6801
0.7579
0.8439
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Figure 2. Graphical representation of A;(U) fori =1,2,3,4,and U = {a; + p1,a; + p>} in
Ex. 4.1 (i).
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Figure 3. Graphical representation of A;(U) fori = 1,2,3,4, and U = {py, p,} in Ex. 4.1 (i).
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Figure 4. Graphical representation of @, in Ex. 4.1 (i).

(ii) To illustrate Theorem 3.2 let

1 S 6 sin | x| 3cos(mt) |yl
Lx,y) = —+/3+ 1) + + . ,
ftx,y) 10 sin” () 22+t(5 + t2) 1+ |yl
(g o Lr2e0SGT) 4 V8+e” x| 5t-2  sinlyl
s Xy = ° . N .
gAY (t+2)7 +2 (t+52 2+ 5  S5+sinpl

For x,y e Randt € [0, 1.2], we have

1 3 3 3 6 4
t < — —_ — d t < — :
1t x,y)| < : 4 0 x| + > vl and |g(t,x,y)| < T + 7 x| + 5% Iyl

4.3)

From (3.11)-(3.12) with the given datas, we have E(a; + p1) = 0.4156, E(a; + p;) =~ 0.8005,
E\(p1) = 1.4489, and E,(p,) ~ 1.5614. The assumption (H,) is satisfied with K, = 1/5, K, = 3/10,
Ky = 3/25, K, = 3/10, K, = 6/25 and K5 = 4/25. Hence, we get ®, ~ 0.4617 < 1 and @5 ~
0.2560 < 1. Since, all the assumptions of Theorem 3.2 are fulfilled, the system (4.1), with f and g
given by (4.3), has at least one solution on [0, 1.2]. In addition, Table 4 show the numerical results of
E;(U) fori = 1,2, where U = {ay + p1,as + p2, p1, p2} and ©; for i = 2,3 for a variety of t € (0, 1.2).

These results are shown in Figures 5-6.
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Table 4. Numerical results of E;(U) fori = 1,2, U = {a; + py, a2 + p2, p1, p2}, P2, and @5 in

Ex. 4.1 (ii).
n| t | Efa+p)| Exay+p2) | Ei(pr) | Ex(p2) ) 0%
1 | 0.00 0.0000 0.0000 0.0000 | 0.0000 | 0.0000 | 0.000
2 1 0.05 0.0008 0.0095 0.0612 | 0.1475 | 0.0086 | 0.0090
3 10.10 0.0027 0.0215 0.1126 | 0.2264 | 0.0172 | 0.0151
4 |0.15 0.0056 0.0359 0.1651 | 0.2986 | 0.0268 | 0.0213
5 1 0.20 0.0097 0.0526 0.2204 | 0.3695 | 0.0376 | 0.0281
6 | 0.25 0.0150 0.0720 0.2793 | 0.4412 | 0.0497 | 0.0354
7 10.30 0.0218 0.0940 0.3426 | 0.5149 | 0.0634 | 0.0434
8 10.35 0.0303 0.1191 0.4107 | 0.5913 | 0.0787 | 0.0522
9 | 040 0.0406 0.1473 0.4843 | 0.6712 | 0.0960 | 0.0620
10 | 0.45 0.0532 0.1792 0.5640 | 0.7551 | 0.1154 | 0.0728
11 | 0.50 0.0683 0.2149 0.6502 | 0.8435 | 0.1371 | 0.0848
12 | 0.55 0.0862 0.2549 0.7438 | 0.9370 | 0.1614 | 0.0980
13 | 0.60 0.1074 0.2997 0.8452 | 1.0360 | 0.1887 | 0.1126
14 | 0.65 0.1325 0.3496 0.9554 | 1.1412 | 0.2192 | 0.1289
15| 0.70 0.1618 0.4053 1.0750 | 1.2531 | 0.2533 | 0.1469
16 | 0.75 0.1961 0.4673 1.2050 | 1.3723 | 0.2915 | 0.1669
17 | 0.80 0.2361 0.5363 1.3462 | 1.4994 | 0.3342 | 0.1891
18 | 0.85 0.2825 0.6130 1.4997 | 1.6352 | 0.3819 | 0.2138
19 | 0.90 0.3364 0.6984 1.6667 | 1.7804 | 0.4352 | 0.2411
20 | 0.95 0.3987 0.7932 1.8483 | 1.9359 | 0.4948 | 0.2715
21| 1.00 0.4708 0.8985 2.0458 | 2.1024 | 0.5614 | 0.3054
221 1.05 0.5539 1.0154 2.2607 | 2.2811 | 0.6359 | 0.3430
23| 1.10 0.6496 1.1453 2.4946 | 2.4729 | 0.7192 | 0.3848
24 | 1.15 0.7597 1.2894 2.7492 | 2.6789 | 0.8123 | 0.4314
25| 1.20 0.8862 1.4495 3.0263 | 2.9005 | 0.9164 | 0.4833
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Figure 5. Graphical representation of E;(U) fori = 1,2, U = {a; + p1, @2 + p2, p1, p2} in Ex.

4.1 (i1).
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Figure 6. Graphical representation of @, and @5 in Ex. 4.1 (ii).

5. Conclusions

We have discussed the existence and uniqueness of solutions for a coupled system consisting by -
Hilfer fractional order Langevin equations supplemented with nonlocal integral boundary conditions.
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We proved the uniqueness of the solutions in the first case using the Banach contraction mapping
principle, and we established the existence of the findings in the second case using the Leray-Schauder
alternative. The results of the present paper are new and significantly contribute to the existing literature
on the topic. Moreover, several new results follow as special cases of the present one.
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