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Abstract: Let [a] denote the integer part of the real number a, N be a sufficiently large integer and

(, A) be the exponent pair. In this paper, we prove that for 1 < ¢ < 224 the Diophantine equation

342
[p1+[pS]+[p5] = N is solvable in prime variables py, p, ps. If we take (k, 1) = (%, %), we can get

the range 1 < ¢ < % which improves the previous result of Cai.

Keywords: Diophantine equation; prime; exponential sum
Mathematics Subject Classification: 11J25, 11L03, 11P32

1. Introduction

Diophantine equation is a classical problem in number theory. Let [a] denote the integer part of
the real number @ and N be a sufficiently large integer. In 1933, Segal [27,28] firstly studied additive
problems with non-integer degrees, and proved that there exists a ko(c) > 0 such that the Diophantine
equation

[x{ ]+ 5]+ +[x]=N (1.1)

is solvable for k > ko(c), where ¢ > 1 is not an integer. Later, Deshouillers [5] improved Segal’s
bound of ky(c) to 6¢*(log ¢ + 14) with ¢ > 12. Further Arkhilov and Zhitkov [1] refined Deshouillers’s
result to 22c¢%(log ¢ + 4) with ¢ > 12. Afterwards, many results of various Diophantine equations were
established (e.g., see [7, 10, 14,16-19,21,25,41,42]). In particular, Laporta [17] in 1999 showed that
the equation

[pi]+[p3] =N (1.2)

is solvable in primes p;, p, provided that 1 < ¢ < }—Z and N is sufficiently large. Recently, the range of
cin (1.2) was enlargedto 1 < ¢ < % by Zhu [40]. Kumchev [15] showed that the equation

[mT+[p]1=N (1.3)
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is solved for almost all N provided that 1 < ¢ < i—g, where m is an integer and p is a prime. Afterwards,

the range of ¢ in (1.3) was enlargedto 1 < ¢ < % by Balanzario, Garaev and Zuazua [3].
In 1995, Laporta and Tolev [18] considered the equation

[pi1+[p3l+ P51 =N (1.4)
with prime variables pi, p», p3. Denote the weighted number of solutions of Eq (1.4) by
RN)= >, (logpi)log p>)(log ps). (1.5)
[P 1+ ST+ 1=N
They established the following asymptotic formula

3 (1+1)

re)
forany 0 < 9 < % and 1 <c < %. Afterwards, the range of ¢ was enlarged to 1 < ¢ < i—% by Kumchev
and Nedeva [16],to | < ¢ < 28 by Zhai and Cao [39],and to 1 < ¢ < 137 by Cai [4].

235 119
In this paper, we first show a more general result related to (1.5) by proving the following theorem.

R(N) = N+ O(N: " exp( - log" ™ N))

. . 3+3k=A
Theorem 1.1. Let N be a sufficiently large integer. Then for 1 < ¢ < =225%, we have
1+
R(N) = ( ‘)N%—1 +O0(N""exp(~log" N)) (1.6)

re)
forany (0 <6 < % where (k, A) is an exponent pair, and the implied constant in the O—symbol depends
only on c.

Choosing (k, 1) = BA’BABABABAB(0, 1) = (£, 132 in Theorem 1.1, we can immediately get the

following corollary, which further improves the result of Cai [4].

Corollary 1.2. Under the notations of Theorem 1.1, for 1 < ¢ < I the asymptotic formula (1.6)

727
follows.

It is easy to verify that the range of ¢ in Corollary 1.2 is larger than one of Cai’s result. Our
improvement mainly derives from more accurate estimates of exponential sums by combining Van der
Corput’s method, exponent pairs and some elementary methods. Also the estimates of exponential
sums has lots of applications in problems including automorphic forms (e.g., see [8, 11, 12,20,22,24,
29-38]).

Notation. Throughout the paper, N always denotes a sufficiently large integer. The letter p, with or

without subscripts, is always reserved for primes. Let € € (0, 10‘10(3;2—1? - c)). We denote by {x} and
||x|| the fraction part of x and the distance from x to the nearest integer, respectively. Let 1 < ¢ < %

and

P= N%, =P e(x) =¥, S(a) = Z(log pe(alp)).

p<P
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2. Auxiliary lemmas

To prove Theorem 1.1, we need the following lemmas.

Lemma 2.1 ( [9, Lemma 5]). Suppose that z,, is a sequence of complex numbers, then we have

SRR R !

N<n<2N q=0 N<n<2N-q

where Re(t) and t denote the real part and the conjugate of the complex number t, respectively.

Lemma 2.2. Suppose that |x| > 0 and ¢ > 1. Then for any exponent pair (k, 1) and M < a < b < 2M,

we have
‘ 4 Ml—c
D elm?) < (WM M + .
as<n<b |x|
Proof. We can get this lemma from [6, (3.3.4)]. O
Lemma 2.3 ( [2, Lemma 12]). Suppose that t is not an integer and H > 3. Then for any a € (0, 1), we
have
1
e(—aft}) = cp(a)e(ht) + O (min (1, —)) ,
% H|l|
where
@ 1 —e(—a)
cpl@) = ———.
" 2mi(h + @)

Lemma 2.4 ( [9, Lemma 3]). Suppose that3 < U <V < Z < X, and {Z} = %, X > 647°U, Z >
4U?, V3 > 32X. Further suppose that F(n) is a complex valued function such that |F(n)| < 1. Then
the sum

Z A)F(n)

X<n<2X

can be decomposed into O(1og'’ X) sums, each of which either of type I:

a(m) Z F(mn)

M<m<2M N<n<2N

with N > Z, where aim) < m® and X < MN < X, or of type II:

Z a(m) Z b(n)F (mn)

M<m<2M N<n<2N

with U < M <V, where aim) < m®,b(n) < n® and X < MN < X.
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Lemma 2.5. Let f(t) be a real value function and continuous differentiable at least three times on
la,b] (1 <a<b<2a),|f"(x)|~A>0, then we have

D e(f(m) < aA® + A7,

a<n<b

Moreover, if 0 < ¢ Ad; < a4y, |f”(x)| ~ L1a”!, then we have

() < atdi + 47

a<n<b

if cod; < % then we have

D elfm) < 7'

a<n<b

Proof. The first result was proved by Sargos [26]. And the remaining two results were due to Jia
[13]. ]

Lemma 2.6 ( [23, Lemma 2]). Let M >0, N >0, u,, >0, v,>0,A4,>0,B,>0(1 <m<M1<
n < N). Let also Q, and Q, be given non-negative numbers, Q1 < Q,. Then there is one q such that
01<q<Qyand

ZAmqum + Z Bnq Un Z Z (AUnBMn um+vn + ZA Qum + Z B Q—yn.

m=1 m=1 n=1 m=1

Lemma 2.7 ([36, Lemma 5]). Let f(x), g(x) be algebraic functions in [a, b], |f"'(x)| ~ f”’(x) < RU,
U>1,|gx)| <G, g x)| < GU™. [a,B] is the image of [a, b] under the mapping y = f’(x). n, is the

solution of f'(n) = u.
b = 1, a<u<p,
v %, u=a€Noru=8€eN.

Then we have

8(m) ( 1)
gme(f(m) = )  by———=e|fln)—un, + 3
a;h a/;ﬁ V f”(nu 8

+0(GlogB—a+2)+G(b-a+Ru™")
+ O(Gmin(\/l_e ! )+Gmm(\/§, L))
llall Bl

Lemma 2.8 ( [13, Lemma 3]). Suppose that x ~ N, f(x) < P, and f'(x) > A. Then we have

Z min (D, ”f(l—n)”) <@+ 1)(D+A")log(2+A™).

n~N

Lemma 2.9. For 0 < a < 1 and any exponent pair (k, 1), we have

KC+. X
T(a, X) = Z e(an‘]) < XT% log X + ——.
X<n<2X CUX
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—Kkc+1-A+k

Proof. Throughout the proof of this lemma, we write H = X~ t  for convenience. Using Lemma
2.3 we can get

T(a,X)= Z cp(@) Z e((h+ an‘) + 0((10gX) Z min(l, m))

|hl<H X<n<2X X<n<2X

Then by the expansion

(o)

. 1
mln(l, m) = Z ane(ho),

h=—o0
where
. (log2H 1 H
lax| = mln(T, m, E)’

we have

Z min(l,%) < i |ap| Z e(hn°)

X<n<2X h=—c0 X<n<2X
Xlog2H 1 X
Z(hxe KX/l—K _)
o 2 (( VX e
1<h<H
H C\K yA—K X
+ Z = ((hx XA 4 h7)
h>H

< XT log X,

where we estimated the sum over n by Lemma 2.2 .
In a similar way, we have

Dlaa) Y elh+amd)

lhl<H X<n<2X
= af@ ) elan)+ > al@) > el(h+ane)
X<n<2X 1<h<H X<n<2X

KC+. X
< X7 logX + —.
aXc¢

Then this lemma follows. O

Lemma 2.10 ( [42, Lemma 2.1]). Suppose that f(n) is a real-valued function in the interval [N, N;],
where 2 < N < Ny <2N. If 0 < ciA; < |f'(n)] € c2d; < %, then we have

Z e(f(n) < A7

N<n<N,

IfIf9m)| ~ 41N~ (j = 1,2), then we have

S e < &+ N

N<n<N;

AIMS Mathematics Volume 6, Issue 9, 9602-9618.



9607

IfFIfYm)| ~ AN (j=1,2,3,4,5,6), then we have

D e(fm) < A7t + N
N<n<N;

where (k, 1) is any exponent pair.

Lemma 2.11 ( [9, Lemma 6]). Suppose that 0 < a < b < 2a and R is an open convex set in C
containing the real segment [a,b]. Suppose further that f(z) is analytic on R. f(x) is real for real
x €R. f"(z) £ M for z € R. There is a constant k > 0 such that f"'(x) < —kM for all real x € R. Let
f'(b) = aand f’(a) = B, and define x, for each integer v in the range a < v < B by f'(x,) = v. Then
we have

1 1 1
3 etfm) = (—g) D U el(fx) = vw) + O M + Tog (2 + M(b - )
a<n<b a<v<sf

3. The estimate of S (@)

5 (1+2K)c+A
Lemma 3.1. Let P§ < X < P, H = X'~ 22< and c;(a) denote complex numbers such that c,(a) <

(1 + |h))~". Then uniformly for a € (1,1 — 1), we have

Si= Yy e@ Y am Y eth+a)mm) < x T G

|hl~H M<m<2M N<n<2N

for any a(m) < m?®, where (k,A) is any exponent pair, X < MN <« Xand M < Y with Y =
min {XI’XZ,X3’X4’X5’X6aX7aX8}’

15 (I+2K)c+d ¢ 11 52 (I+2k)c+d _4c 8

X, =X? % 277 X, = XU a0 no
31 (I4+26)c+d _ ¢ _ 23 2(1+2k)c+22 -3

Xzg=X3"2x "83% X, =X Tw ,
4(142c)c+41 46 16 (1+2k)c+1 25

XS = XT_7, X6 = X7T_7’

@(I+2K)c+d_3 z(]+2x)c+,l_u
X7 =X73 T 3, Xg=X3 T 3,

Proof. 1t is easy to deduce that

S, < M¢ Z K,
h~H

where K, = 3, |Zn~ v e ((a + h)(mn)°)|. According to Holder’s inequality, we have

K} < M’ Z
m~M

4

Z e ((a + h)(mn)°)

n~N

. (3.2)

Let z, = z,(m,a) = (@ + h)(mn)°. Suppose that Q, J are two positive integers such that 1 < Q <
Nlog™' X, 1< J < Nlog™' X. For the inner sum in (3.2), applying Lemma 2.1 twice, we can get

X
Ki< o+ =+ 53 3 B, (3.3)
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where

E‘I’J' = Z Z e(Zn - Zn+q + Zn+q+j - Zn+j)- (34)

m~M N<n<2N—-q—j

LetA(n“;q, ) = (n+q+ j) —(n+q) — @+ ) +n°, Gm,n) = (@ + H)m°An*; g, j). Then z, — 2,44 —
Zn+j + Znigrj = G(m, n). Thus we have

Eq;= ), > eGm,n). (3.5)
For any 7 # 1,0, we have
A(n's g, j) = 1t = g jn' + ON'qj(q + ))), (3.6)
then
Z—f = ¢(c = D)(c = 2)(a + h)g jmn® (1 ; 0(%]'))
and
;(j = ¢(c = D)(c = 2)(c = 3)(a + hygjm‘n™ (1 10 (q;’)) 3.7)

If c(c — 1)(c - 2)(a + h)gjMCN<3 < L.

< 100, by Lemma 2.5 we have

D> e(Glm,n) < MN*((a + h)gjMN) ™.

From now we always suppose that c(c — 1)(c — 2)(a + h)gjMN3 > By Lemma 2.7 we have

100

1

0*G 2
> eGmmy=e|o| > |Tamn)|  eGom,n,) - vn,) + Rim,q, j),
. 8 on?
N<n<2N-j—q a<v<f
where

oG oG oG

_(m nv) U,ﬂ: —(m,N),a: _(m,ZN—C]_j),

on on on

R=N*[(h+a)qjX] " v~ (h+a)gjM N3, (3.8)

R(m,q, j) = (logX +RN' + mln(\/_ max (ﬁ IL‘%H)))

By Lemma 2.8, the contribution of R(m, g, j) to E(q, j) is
1 1
< MlogX + MRN™' + min(\/l_?, —)+ min(\/ﬁ, —)
s n;:g el ,;4 Bl
< MlogX + X [(h + @)qjM ™" + [(h + )qj1* MX* ' log X. (3.9)

AIMS Mathematics Volume 6, Issue 9, 9602-9618.



9609

Then we only need to deal with the following exponential sum

1

Z Z azf(m’ ) h e(G(m,n,) —vn,)
m~M a<v<f
h Z Z (m I’lv) €(G(m, ny,) — Uny),
v mel,

where I, is a subinterval of [M, 2M]. For a fixed v, we define Ay = A ( 03qs ] ) where A’ is an arbitrary
real number. We take the derivative of m in (3.8) and get

CAC—l
P 1
"= e Db, (3.10)

It follows from (3.7) that

d (GZG )) _cA(h+aym*!

2
am\ g ") =, (€ DAL == DAciA).

Recalling (3.6), we can get

d (8°G
- (ﬁ(m nv)) —2(c - 1)(c = 2)(c = 3)(h + a)gjm " nt (1 ; o(qNJ))

_1
* is monotonic. Let g(m) = G(m, n,(m)) — vn,(m). Then we have

G
) m(m, n,)

g (m) =c(a + hym'A,,
cla+h)(c= 1PAA =N}, cla+h) gi(m) — gx(m)

g"(m) =

c—1 mEcA, o T (e=1)  gom)
" C(a+h) (g’l _gé)go _gz)(gl _g2)
g (m) = > ,
(c=1) I

where

g =((c = DAt Ay + (¢ = 1)X(c = 2)AcA.3) ) (m),
g =2c*(c — DA Ao, (m),
2 - c)ym'=
(c = DA

’

gh = ((c= DAL, + cAciAcs).

From the above formulas we can obtain
g (m) ~ (h+a)qjM ' X2,

Using Lemma 2.5 and partial summation we can get

>3

m~M v

—(m ny) - e(G(m,n,) — vn,)

AIMS Mathematics Volume 6, Issue 9, 9602-9618.
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1 _1
< (M ((h+ @)qjM™'X2)" + ((h+ a)gjM ' X7?) 3)

_1

X (h+ a)qjM°N ((h + a)gjM°N*) *
<((h+a)qj)IM5s X373 + ((h+ a)qj)s M3 X573, (3.11)

By (3.5), (3.9) and (3.11), we have
E,jlog™ X <M +((h+ ))qjM?) " X* + (h+ a)gj)t MX5™!

+((h+a)gj)i Ms X375 + ((h+ a)gj)s M3X55, (3.12)

Inserting (3.12) into (3.3), we obtain

X+ x¢ -1 ! .
K'log™' X <G+t MX® + ((h+ @)QIM?) " X*° + ((h + @)QJ)* MX?+?

+((h+@)0J) M5 X33 + ((h+ a)QJ)s M3X6*5,

Then choosing optimal J € [0, N log_1 X]and Q € [O,N log_1 X] and using Lemma 2.6 twice we can
get

K,log™ X < B(h),

where

c l

B(h) =X¢ + (@ + ) MIXT + (@ + h)EMBX 55 4+ (o + hy s MBXH*

w\

FXIME 4 (@+h)EXTE A XEMS + XP M + X0 M + X%M%
Recalling the definitions of H and Y, we have
S;log X <« MPHB(H) < X 5542,
and Lemma 3.1 is proved. O
Lemma 3.2. Let P3 < X < P, H=X'" “+22+22M, = (h+ a)Xand c,(a) denote complex numbers such
that c;(a) < (1 + |h|)~'. Then uniformly for a € (1,1 — 1), we have
Su= Y @ Y atm) Y. bwe((h+a)mn)) < XH 2, (3.13)

lhl~H M<m<2M N<n<2N

for any a(m) < m®, b(n) < n®, where (k, A) is any exponent pair, X < MN < X and

(1+26)c+A _ _ 2(1+26)c+24 53 (1+26)c+d 53 (1+26)c+4
max{X>~ = FLX* T X® 3 o Pyl <M< X L

Proof. Taking Q = [Xz‘% log™! X1, then we have Q = o(N). By Cauchy’s inequality and Lemma
2.1, we have

2

SulP < ) latm)? >’

m~M m~M

> b(wye(f(mn))

n~N

AIMS Mathematics Volume 6, Issue 9, 9602-9618.
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MZNZI 2A+2B X MNI 2A X Y
og 4 og Z E

3.14
0 0 (3.14)

q=1

where E, = 3, y|b(n + @)b(n)||X,,-yy (G(mn))| and G(m,n) = G(m,n,q) = (h + @)m°A(n, g; ¢),
A(n,q;c) = (n+q)° —n".
If |9¢| < 10°Mg ™2, by Lemma 2.10 we have

E, < Zlb(n+q)b(n)|[—N+(Fq) Mz)

~ MN
M
< D b+ )P +b() )( ;)
n~N
< %vlog X (3.15)

noting that M > X.
Now we suppose [0G/0m| > 10°Mg~2. By Lemma 2.11 we get

1/2

1/2 -1/2
Fo)2 +logX + MN '~(Fq) ",

Z e (Gm,n)) < ————

m~M

DT e Mes(rm)

r1(n)<r<ra(n)

1 -1
(Fg)? 2
1

MN?2

8*G(m(r,n),n)

om? and

where s(r,n) = G(M(r,n),n) — rm(r,n), ¢(r,n) =

oG oG
ri(n) = a—m(M, n), r(n)= a—m(2M, n).

Thus we have

MN'"
D Ibn + @)b()

E, <« ——— @(n, r)e(s(r,n))
q (Fq)l/Z ~ Z

r1(n)<r<ry(n)

+N1og®®*"' X + MN*?(Fg)™'*log*? X. (3.16)

So it suffices to bound the sum

S = ) b + g)b(n)

n~N

D e elsrm)|.

ri(n)<r<ra(n)

Let T = [Fg’/M*N] and R = Fq/MN. By Cauchy’s inequality and Lemma 2.1 again we get

%2 < b+ b Y

n~N n~N

2

DT e re(s(rn)

ri(n)<r<ra(n)
N’R*1og*® X . NRlog*® X
T T

X, (3.17)

AIMS Mathematics Volume 6, Issue 9, 9602-9618.
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where
T

=) 1> DL e+ Den, e(s(r+ 1) = s(r,n))

t=1 |n~N ri(n)<r<ry(n)—t
and where we used the estimate

D Ibn + @b < > (Ib(n + @I + b)) < Nlog™ X.

n~N n~N

It is easy to check that 10 < T = o(R).
Recall that s(r, n) = G(m(r, n), n) — rm(r, n), where m(r, n) denotes the solution of

%(m, n)=r.
It is easy to deduce that
0 0G0
a—:(r, n) = (9_m6_’:”1 —m(r,n) — ra—’f = —m(r, n).

So we can obtain

H(n):=H,,,(n) = s(r +t,n) — s(r,n)

r+t a r+t
= f —s(u, n)du = —f m(u, n)du,
r au r

which implies that [HY| ~ tMN~/, (j = 0,1,2,3,4,5,6). Denote by I(r,t) the interval N < n < 2N,
ri(n) < n < ry(n) — t. Then we have

2 <<ZT:Z

t=1 r~R

Z en,r+ tHpn,re(s(r +t,n) — s(r,n))

nel(r,t)

Thus using partial summation, we get

T K
Y, < ;;(%) N*

< RM*NY*T'*¢
< NR (3.18)

53 (1+2k)c+A

with the exponent pair («, 1), if we note that M > X*=3 ~t~ F¥ . From (3.15)—(3.18) we get that for
any 1 <¢ <0,

MN] 2B+1 X
E, < —25 % Nlog?®' X + MN3(Fg) * log?® X. (3.19)
q
Now this lemma follows from inserting (3.19) into (3.14). |

AIMS Mathematics Volume 6, Issue 9, 9602-9618.
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Lemma 3.3. Fort < a <1 -1, we have

(14+2k)c+A
S(@) < P 22 4

where (k, A) is any exponent pair.

. . (14+2k)c+ . . .
Proof. Throughout the proof of this lemma, we write H = X'~ 5 for convenience. By a dissection

argument we only need to prove that

(1+2K)c+A

Z Ae(a[n’]) < Xz +3 (3.20)

X<n<2X

holds for Ps < X < Pandt<a<1-1. According to Lemma 2.3, we have

>0 Ametalnh = Y @) Y. Ame((h+an) + 0[(10gX) > rnin(l, m)) (3.21)

X<n<2X lh<H X<n<2X X<n<2X

By the expansion

[0e]

1
i 1’—H = E hn),
mm( ||nC||) wahe( n°)

h=—

where

. (log2H 1 H
lay| < min ,

H W W

we get

Z min(l,ﬁ) < iah Z e(hn)

X<n<2X h=—0c0 X<n<2X
Xlog2H 1 I X
- e Z((hX)2
< gt h((h )2+hXC)
1<h<H
X
+ hXO)? + —
2 2 (( e )
h>H
< X5 logX, (3.22)

where we estimated the sum over n by Lemma 2.2 with the exponent pair (% %)
Let R = max {X FI x4+ xe F% } Recall the definition of ¥ in Lemma 3.1.

LetU =R,V = x ,Z=[XY '+ 5. By Lemma 2.4 with F(n) = e((h + @)n®), then we reduce
the estimate of

3— (1+2)<)¢+A 6— 53 (l+2»<)¢+ﬂ

Dol D Ame((h+ )

lh<H X<n<2X

to the estimates of sums of type /

Si= > al@ >, am) Y e(h+a)(mn)), N>Z
|\h|<H M<m<2M N<n<2N

AIMS Mathematics Volume 6, Issue 9, 9602-9618.
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and sums of type 11

Sy= D al@) Y. alm) Y bme(th+a)mn)), U<M<V,

|h|<H M<m<2M N<n<2N

where a(m) < m®, b(n) < n®, X < MN <« X. By Lemma 3.1, we get

(1+2k)c+A

Sh < X o v (3.23)
By Lemma 3.2, we get
S < X e, (3.24)
From (3.23) and (3.24) we can obtain
Dla@) Y Ame(th+ ) < X3, (3.25)
Ihi<H X<n<2X

Now (3.20) follows from (3.21), (3.22) and (3.25). Thus we complete the proof of this Lemma. O
4. Proof of the theorem

It is easy to see that

1-1
f S3(a)e(—aN)da

T

T 1-7
f S3(@)e(—aN)da + f S3(a)e(—aN)da

T

R{(N) + Ry(N). 4.1)

R(N)

4.1. Evaluation of R{(N)
Following the argument of Laporta and Tolev [18, pages 928-929], we can get that

F3(1+%)

r@)

forl <c< % and any 0 < ¢ < %, where the implied constant in the O—symbol depends only on c.

Ri(N) = N+ O(N* exp(~logi ™ N)) (4.2)

4.2. Evaluation of Ry(N)
Let

S@X)= ), elelpDlogp, T(@,X)= ) elelnD).

X<p<2X X<n<2X

We can get
1-7
Ry(N) = f S3(@)e(—aN)da

AIMS Mathematics Volume 6, Issue 9, 9602-9618.
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where we used

1-1
< (logX) max f S2(@)S (@, X)e(—aN)da| + P log® P, (4.3)
P%SXSQ5P T
1-1 1
f 1S%(@)lde < f 1S?(a)lda < Plog® P. (4.4)
T 0

Now, we start to estimate the absolute value on the right hand in (4.3). By Cauchy’s inequality we have

Then we have

IA

<

<

<

1-1
f S2(@)S (@, X)e(—aN)da

1-7
>, (ogp) f S*(@e(alp‘] - aN)da

X<p<2X
I-7
>, (logp) f S*(@e(alp’] - aN)da
X<p<2X T
1-7
(logX) > f S2(@)e(a[n‘] — aN)da
X<n<2x V7T
1-t 2 %
X (log X) Z f S2(a)e(a[n’] — aN)da )
X<n<2X V7T

1
2

1-1 1-7
X2 (log X) f S2(B)e(-BN)dp f S%(a)T(a - ﬁ,X)e(—aN)da)

-7 1-7 %
X} (log X) f S (B)PdB f IS(a)IZIT(a—ﬁ,X)Ida). 4.5)

I-7
f IS (@FIT (e - B, X)lda <<f IS(@PIT (@ - B, X)lda

T<a<l-t
le—Bl<X—¢

+ f 1S (@)|T(a - B, X)lde. (4.6)

T<a<l-t
la—BI>X—¢

By Lemma 3.3, we have

IS(@)PIT(a - B, X)lde < X max [S(a)f f lda
e ae(r,1-1) la—Bl<X—<

(1+2K)c+A

< X'ep et 4.7

where we used the trivial bound 7' (a, X) < X. By Lemma 2.9, Lemma 3.3 and (4.4), we get

AIMS Mathematics
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KC+. X
< f IS(@)P | X' log X + ——— | da
T<a<l-t |a’ —BlX‘

la—BI>X—¢
1-7
Kc+A X
< X' (log X) f IS (@)*da + max |S ()] —da
s T @€&(r,1-7) |a—p|>X—¢ |Q - BlXc
< XTEPlogd P+ X'\ ep T (4.8)
Thus, combining (4.6)—(4.8) we obtain
o 2 Ketd 3 1—c pUH20etd g
IS @) |IT(ax =B, X)lda < X Plog” P+ X ~“P T . 4.9)
By (4.3), (4.5) and (4.9), we can obtain
Ry(N) < P¥<°*, (4.10)

Now putting (4.1), (4.2) and (4.10) into together, we have

c

R(N) = ——=N« + O(N%’1 exp (— log%_aN))

r)

follows for any 0 < 6 < % where the implied constant in the O—symbol depends only on ¢. Thus we
complete the proof of Theorem 1.1.

& (1 + l) -
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