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Abstract: In this paper, we mainly investigate long-time behavior for viscoelastic equation with fading
memory

Uy — Auy — vAu + f+°° k' ($)Au(t — s)ds + f(u) = g(x).
0

The main feature of the above equation is that the equation doesn’t contain —Au,, which contributes to
a strong damping. The existence of global attractors is obtained by proving asymptotic compactness
of the semigroup generated by the solutions for the viscoelastic equation. In addition, the upper
semicontinuity of global attractors also is obtained.
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1. Introduction

In this paper, we mainly study the following initial-boundary value problem for viscoelastic
equation with hereditary memory:
+00
Uy — Aty — vAU — f K'()Au(t — s)ds + f(u) = g(x), (x,1) € QxR",
0
u(x, Dlsa = 0. VieR, (b
u(x,0) = uo(x),  u(x,0) = uy(x) x €Q,

where Q c R? is a bounded smooth domain, v > 0, and the forcing term g = g(x) € L*(Q) is given.
Next, we establish the following hypotheses for the kernel function k()
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(H,) Let u(s) = —k’(s), and assume
ue C'RHYNL'RY), u(s) > 0,1/(s) <0,Vs € R, (1.2)

and there exists 6 > 0, such that
w(s)+6u(s) <0,¥s € R, (1.3)

my = f‘” u(s)ds.
0

(H) The nonlinearity f € C! satisfies f(0) = 0 and also fulfills the following conditions

and let

LF/() < c(1+]sl*), Vs eR (1.4)
and
|1|im inf@ > —1,. (1.5)

where ¢, A, are positive constants and 4, is the first eigenvalue of —A in H}(Q) with Dirichlet boundary
condition. From (1.5), it’s easy to get that there exist A(0 < A < 4;) and ¢, > 0; such that

f(s)s > —as* - C. (1.6)

Let F(s) = [ f(c)dor, then

1 1
F(u) > —E/llul2 —cy and f(uwu> F(u)— E/llul2 - cy. (L.7)
The equation associated with Eq (1.1) is as follows
Uy — Uy — Uy = 0,

which mainly describes a pure dispersion wave process, such as the motion equation of strain-arc
wave of linear elastic rod considering transverse inertia and ion-acoustic wave propagation equation in
space transformation with weak nonlinear effects (see e.g., [1-4]).

In recent years, the following types of equations have been studied by many scholars (see e.g.,
[5-18] and the references therein)

!
lulPuy — Auy — yAu, — aAu + f g(u —tAu(s)ds + vf(u,) + ug(u) = 0.
0

Many researchers considered different kinds of cases, respectively, when the parameters p, y, @, v,u = 0
or p,v,a,v,u # 0 under different situations. However, they only obtained global existence of solutions
and the energy decay results [6-8, 15, 16]. In particular, in [10, 11, 17], the scholars only proved blow-
up result, decay result and global existence result of solutions under various kinds of conditions and
when the dispersion term and dissipative term don’t be contained. Next, we analyze several key results
in detail. Aragjo et al. [18] established well-posedness result when y > 0,v,u = 0 and proved the
existence of global attractor when v, u = 0 and —Au, was included.
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Qin et al. [19] proved the existence of uniform attractors in non-autonomous case by improving the
result of [18] when —Au, was still included. Recently, Conti et al. [20] obtained the existence of global
attractors and optimal regularity of global attractors for the following equation when the nonlinearity
f meets critical growth

—+00
|ty — Auyy — Au + f u(S)Au(t — s)ds + f(u) = h.
0

with p € [0,4] and p < 4, respectively. Therefore, based on the above existing research, we devote
to obtain the existence of global attractors in higher regular space for the problem (1.1) which doesn’t
contain the strong damping —Au;, in this paper.

Firstly, because the Eq (1.1) doesn’t contain strong dissipative term —Au,, which makes that the
Eq (1.1) is different from usual viscoelastic equations. Next, for the Eq (1.1), its dissipation is only
generated by memory term with weaker dissipation rather than the strong dissipative term —Au,, which
leads to the need of higher regularity to ensure compactness, so the multiplier A“u, will be used to obtain
our result. We use new analytical techniques to obtain the upper semicontinuity of global attractors.
Thus, our results complement the existing conclusions because we only use the memory dissipation to
prove the existence and the semicontinuity of global attractors.

In addition, to the best of our knowledge, the key point for proving the existence of global attractors
is to verify the existence of bounded absorbing set and the compactness of the semigroup in some
sense. However, the absence of term —Au, causes that energy dissipation of Eq (1.1) is lower than
usual viscoelastic equation, and its dissipation only is presented by the memory term. Hence, this
will lead to two main difficulties. On the one hand, the absence of term —Au, makes the equation
lacks strong structural damping. On the other hand, to ensure strong convergence of the solution in
L*(0, T; Hy(©)), how to obtain higher regularity of solutions. Thereby, for obtaining dissipative and
compactness of semigroup, we will use analysis techniques and the ideas in [21,22] to overcome these
difficulties.

The plan of this paper is as follows. In Section 2, we recall some basic concepts and useful results
that will be used later. In Section 3, firstly, the bounded absorbing set is obtained. Secondly, we verify
asymptotic compact of semigroup by contractive function method [23, 24]. Finally, the existence of
global attractors A is proved in Hy(Q) x Hy(Q) x L;(R*; Hj(Q)). In section 4, we obtain the upper
semicontinuity of global attractors.

2. Preliminaries

Following the Dafermos’ idea of introducing an additional variable 7', the past history of u,
whose evolution is ruled by a first-order hyperbolic equation (see e.g., [25] and references therein).
Thus the original problem (1.1) can be translated into a dynamical system on a phase space with two
components (see [26]). In particular, in the following, we introduce the past history of u in the, i.e.

7' =n'(x,s) = u(x,t) —u(x,t —s5),s € R*, (2.1)
Provided that let ) = 21/, 1, = £7', then we have

m=-n,+u  Y(xs)€QXR,1>0. (22)
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Historical variable u(:, —s) of u satisfies the following condition

f e lug(—9)llads < R.
0

where R > 0 and o < 6 (¢ is from (1.3)).
By (Hy) and (2.1), (2.2), we get

- f‘” k' (s)Au(t — s)ds = f‘x’ u(s)Auds — f‘” w(s)An'(s)ds
0 0 0

= moAu — foo w()AR' (s)ds.
0

Thus, if we assume v — m = 1, then the system (1.1) can be rewrite as

Uy — Aty — Au — f (A (s)ds + f(u) = g(x),
0

= =10+ Uy,

with initial-boundary condition

u(x, Hlaa = 0,7'(x, Hlagse+ =0, >0,

u(x,0) = ug(x), u,(x,0) = u1(x), no(x, s) = fs uo(x,—r)dr, (x,s) € QxR".
0

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

In the whole paper, unless otherwise stated, z(f) = (u(z), u,(t),n’) is the solution of systems (2.6), (2.7)

with initial value zo = (ug, u;, 7°).

For conveniences, hereafter let | - |, be the norm of LP(Q)(p > 1). Let (-, -) be the inner product of
L*(Q), || - |I3 be the equivalent norm H}(Q). Denote A = —A with domain D(A) = H*(Q) N H ().
Denoting the weight space V; = Lﬁ(R*; Hy(Q)), V> = Lﬁ(R*; D(A)) and its inner product and norm are

WMo = fo w )V, Vipds: |[i|[}, = fo () [ods.
Then phase spaces of the Eq (2.6) are
M, = Hy x Hy XV,
and their corresponding norms are

2 2 2 2
-l = 111G + 11l + 1My,

Kk+1

In addition, denote V, = D(A™2 )(x € (0, %)) and let || - ||, be the norm of V,
define phase space of the Eq (1.1) is

MK =V XV, X LZ(R+, (VK)

and the corresponding norm is |3, = [l + M1 + M2, -
And there exists the following compact embedding

D(A?) < D(A?), Vs>r.

. Then we can also

(2.8)
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Definition 2.1. Let X be a Banach spaces and X be a family of operators defined on it. We say that
{S (D)}i>0 is a continuous semigroup on X if {S (¢)}»0 fulfills

S : X—= X, Vi>0.

and satisfies
(i)S (0) = Id(Identity operator);
(ii)S(t + ) = S()S(s),Vt, s = 0.

The main results of this paper (the existence of global attractors) can be obtained by the following
definitions and theorem. Next, let’s talk about it (it’s similar to [14,23,26]).

Definition 2.2. Let X,Y be two Banach spaces and B be a bounded subset of X X Y. We call a
function ¢(-,-;-,-), defined on (X X X) X (Y X Y), to be a contractive function if for any sequence
{(Xns Yoy C B, there is a subsequence {(Xy,, Yu )1y C (X, Y}, satisfies

lim 1im (X, , X5 Y Yn,) = 0. (2.9)

k—o0 [>00

We denote the set of all contractive functions on B X B by €(B).

Lemma 2.3. Let X,Y be two Banach spaces and B be a bounded subset of X X Y, {S(#)};s0 is
semigroup with a bounded absorbing set By on X X Y. Moreover, assume that for any & > O there exist
T =T(B;¢) and ¢7(-,-;-,-) € €B) such that

IS (T)z1 = S(Tzallx < € + dr(x1, X23¥1, y2), V(xi,yi) € B(i = 1,2).

where ¢ depends on T. Then the semigroup {S (t)}:>o is asymptotically compact in X X Y.

In the following theorem, we give a method to verify the asymptotically compactness of a semigroup
generated by the Eq (1.1), which will be used in our later discussion.

Theorem 2.4. Let X, Y be two Banach spaces and {S (t)};»o0 be a continuous semigroup on X X Y.
Then {S (1)}1s0 has a global attractor in X X Y. Provided that the following conditions hold:
(i) {S (t)}1=0 has a bounded absorbing set By on X X Y;
(ii) {S (t)}1>0 is a contractive semigroup on X X Y.

Lemma 2.5. Let X cC H C Y be Banach spaces, with X reflexive. Suppose that u, is a sequence
that is uniformly bounded in L*(0,T;X) and du,/dt is uniformly bounded in L"(0,T;Y), for some
p > 1. Then there is a subsequence of u, that converges strongly in L*(0, T; H).

3. Global attractors in M;

Throughout the paper, we assume that Q c R"(n = 3) be bounded smooth domain, the kernel
function u and the nonlinearity satisfy (H;) and (H,) respectively, and g € L*(Q).

Firstly, the well-posedness result for the Eq (1.1) can be obtained by the Faedo-Galerkin method

(see e.g., [18]). Thereout, we only give the final result.
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Lemma 3.1. Forany T > 0 and zy = (up, u1,n°) € M,, the problem (1.1) has unique weak solution

7z = (u(x, 1), u,(x,t),n") satisfying
Z e C([O’ T], Ml)a .

and
ue L¥([0,T1; Ho(),  ur € L™((0, T1; Hy(Q),
uy € L*([0, T1; Hy()), ' € L™([0, T, Ly(R™; Hy()).
By Lemma 3.1, the semigroup {S (¢)},»0 in M; will be defined as the following:
S : My = M,
zo = 2(1) = S(H)zo,
and it is a strongly continuous semigroup on M;.

Lemma 3.2. For some R > 0 and
lzollp, <R,

then there exists a constant Ry = R,(R), such that for any t > 0, the following estimate holds:
(O + N OIIG + NG + 711 < Ry
Proof. Multiplying the first equation of (2.6) by u,, and integrating over €, we obtain that
%%nut@ + llaaglIg + lee§ + N7l 0 — 2CF (w), 1y = 2(g, )] + 6lIn1I5 5 = O. 3.1)
Next, let E(t) = |ul5 + llul + [lull} + IIn’IIi’O — 2(F(u), 1) — 2(g, uy, then by (H,), Holder inequality
and Young inequality, we can get that

A
- 2
E@®) > w5 + llull} + > a2 + "1l — ﬁlglﬁ — 2¢41Q)| (3.2)
-
A
-7 2 PRI 02 | ca 2
25 |t + lluellg + 2||M||o + 7'l (1 +1gl),

and

A 2
E(0) < el + NoaglI§ + Nallg + 11112 o + Ellulﬁ + /l—lgli + C(1 + ulg)
1

3 ) (3.3)
< gl + llulig + Ellullé + 171120 + A—Iglﬁ + C(1 + [lull})
1
hold for any ¢ > 0.
In addition, it’s easy to obtain that
d
EE(t) +oln'll% o < 0. (3.4)
Integrating (3.4) about ¢ from O to ¢, and combining with (3.2), (3.3), we have
t
(DI + N (DI + NuIG + 17115 o + f I II% gdt < Ry. (3.5)
0

where R; = R;(/[z(0)]|p,) depends on ||z(0)]| a4, -
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Lemma 3.3. Forany T > 0, zo € M, and ||2ollpm, < R, then there exists a constant K; = K1 (R, T),
it follows that

f
|utt|% + ”utt(t)”% + f ||utt(s)||(2)ds < K. (3.6)
0

holds for any t € [0, T1].
Proof. Multiplying the first equation of (2.6) by u,, and integrating over €2, we obtain that

|utt|§ + “utt(t)”é <- fVuVu,, - ff(u)uzz + fgutt
Q Q Q

00 3.7
- f u(s) f V' (s)Vuyds.
0 Q
Using Lemma3.2, Holder inequality and Young inequality, then
1
| - fVuVundXI < 2Jully + gllunllg-
Q
2 1
Ifgundxl < /l—lglg + g”un”(z)
. : | (3.8)
| — f u(s) f V' (s)Vuydxds| < 2mollﬂ’llf,,o + gllunH%.
0 Q
5 6 1o 1 2
| — fuydx| <c | (1 +|uP)uzdx < C(1 + R]) + _lutt|2 + _”utt”()
Q Q 2 8
By Lemma 3.2, we have
uals + llua(D)llg < C[1+ RS +gl5]. (3.9)
Combining with (3.8) and ¢ € [0, T], we get
!
f luy($)I3ds < C[1 + RS + |g3]T. (3.10)
0

Justlet K = C[1 + R + |g3](1 + T), then (3.6) holds.

Lemma 3.4. Provided that (u(t), u,(t),n') is a sufficiently regular solution of (2.6), (2.7). Then, for
the functional

Ao(®) = = udpm, — j; H(s)T', ur)ds,

it satisfies the following estimate

d m m
EAOO) + 70[|ut(t)|§ +luIg] < ( + Olludllg + (70 + mO)Ilﬂtllﬁ,o (3.11)
u(0) 1 foo , 12 I 5
+—(1+ = - ds + —|gl5.
2mo( 2, W ()l (llgds 20 lgl5
And we can also obtain
[Ao(t)| < koH(1). (3.12)
where H(t) = %|u,|§ + %Ilullé + %Ilutllg + %llﬂtlli’o, and ko = ko(mo) is a positive constant.
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Proof. First of all, by Holder inequality and Young inequality, it’s easy to get that
[Ao()] < lluello f Hlin' ()llods + lu2 f H(s)ln'lodss
0 0

VMg
< Vmollullolly' ()10 + /1—|ut|2||77t(5)||;1,0
1

< koH(1).

Next, taking the derivative about ¢ for Ay(f), we have

d 00 (o]
EAO(I) = f ,U(S)<77t, Auy — uy)ds + f ,u(s)<77§, Au, — u)ds
0 0

= fo u(s)(n', —Au - fo (AR (s)ds + f(u) — g)ds + fo u(S), Auy — uyyds.

Now, we sequentially deal with the two terms on the right of (3.13).
The estimate for the first term is as follows

© m
|f u(s)n', —Auyds| < lull§ + 4—?||77t||,21,0
0

| f u(s)ar', - f u(s)An'dsyds| < molln'I,
0 0

[

28

00 1 m
If p()', fa)yds| < mg|f@lslin'llo < Cllully + 4—?||77’||,2,,0.
0

| fo () g)ds| <

2 .
gl + 57 117ll,03

The estimate for the second term, by concerning the second equation of (2.6), we obtain

f u()mh, Augyds = =l ush m,
0
= (7" u)p, — mollulff
< VM(O)Iluzllo(f — () ($II5ds)* — molluadllg
0
My u@©) M~
< _7”1/‘1,‘”(2) + z—moj(; — (8|l (s)ll3ds.

and

Vr(0)

If H(s)m;, —upds| < |”’|2(f —' ()l (5)Il5ds)* = moludl3
0 0

A1

my,  ,  u0) < N
< —— + - ds.
<3 |us5 2mo Jy 1 (N ()llod s

Thus, combining with (3.13)—(3.16), then (3.11) holds.

(3.13)

(3.14)

(3.15)

(3.16)
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Lemma 3.5. Assuming that (u(t), u,(t),n') is a sufficiently regular solution of (2.6), (2.7). Then the
functional

N(@) = f (u, = Auy) u,
Q
Sfulfills the following control

IN(@)| < kH(1). (3.17)
And we can obtain differential inequality
, e—1 e—1 my &€—1
N'(@) < 5 lullg + (& = DH(@) + (ky — T)llutllé + (E - T)Iln’llﬁ,o (3.18)
1-¢
+ ——lul3 + Iglaluly.

2

where k is a positive constant and € € (0, 1).

Proof. Using Holder inequality, Young inequality and Poincaré inequality, it’s easy to get
1 1
IN()] < E(qulg + lul3) + E(Iluzllﬁ + ull3) (3.19)
< k(llull§ + llul5) < kH().

Furthermore, taking the time-derivative for NV (¢) and combining with the first equation (2.6), it follows
that

N'(t) + ff(u)udx < —f ()X, V' Yds + (g, uy — Ilullg + K llud|I5, (3.20)
Q 0

where k; > il + 1. Next, we dispose each term on the right side of (3.20), it follows that

I—fo u(s){Vu, Vip')dss| < \/ﬂTollullof0 H(lr' ()ligds (3.21)

2, Mo 2
< &llully + 4—8||77I(S)||,1,0,

and by (1.6)

| f gudx| < |gllula, (3.22)

Q

By (3.20)—(3.22) and the definition of H(¢), it yields

N'(t) + ff(u)udx
Q
e-1 e-1 m
< Sl + == [2H(0) =l = Wl = 1] + 2071 + lglobl + kel
1-¢ e—-1 e—1 mgy e-—1
< Tluflﬁ + TIIMIIS +(e— DH(®) + (ki — T)Ilutllg + (E - T)Ilntllﬁ,o + [glalul>.
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Theorem 3.6. There exists a constant Ry, such that, for any Ty = To(||zollp,) > 0, whenever
20 € My,
then for all t > T\, we have
IS (Dzollam, < Ro-

Proof. According to the definition of H(¢), we can obtain
H'(t) + —<F(u) 1)+ —||77 llpo < ifowﬂ'(S)lln’(S)lléds + (8, ur). (3.23)
In addition, the following functional can be defined
L(t) = CH(t) + eN(t) + €(F(u), 1) + Ao(2).
By Lemma 3.4 and Lemma 3.5, we get
(C—€k—ko)H(t) < L(t) — (F(u), 1) < (C + €k + ko)H(?). (3.24)

Let its perturbation € be small enough and C be sufficiently large, and combining with (H;), then it
yields

%H(t) +e(F(u),1) < L(1) < %H(I) + €(F(u), 1). (3.25)

However, combining with (H), (3.11), (3.18) and (3.23), we have

L(0) + e(f(u), uy + Cg”ﬂt”ﬁ,o + @[quli + ] (3.26)
< (? e OB (o e 1= Pl (1~ o
+ elhy - >||u,||0 (- Ly % + mo)l'IPg
+ [% - ‘2% 1+ ﬁ—% ] fo s $)IRds.
i.e.
L)+ eF(u), 1)+ e(l1 —e)H(t)
(-2 g (s 1;2“» Bl < = S g
etk = S50 = g o o2 - 3y Oy,
¥ [% - ‘%) 1+ ﬂi% ] fo TSI IRds + ec il
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Thus, when ¢ is fixed, then we can choose appropriate /, €, C, such that

ed 6(3—48) e—-1 my my 1-¢
l —— 0, k - s - O’
+ — py g < e(ky 3 > < 1 +€ 3 <
and 1.6 C  uo)
€ - MU
- 0, ——-——7=-(01+
2 70 773,07
Furthermore, let y = e(1 — &), yy = max{ri—2 2 42 , €cs|Q]}, then by (3. 27) we obtain
L'(t) < —y(H@) + (F(w), 1)) + yo(lgh5 + 1. (3.28)
Using (3.25), we have
’ 2)’ 2
L) < —fll(t) +yo(lgly + . (3.29)
From Gronwall Lemma, it’s easy to obtain
v, 3vC
L0 < LOe ¥+ (g + 1), (3.30)
Using (3.25) again, we have
2.5( ) _;/ 3 2ec
H() < =2 4 7°<| B+ D+ ==L (3.31)
Hence, forany t > Ty = 3¢ 1n L@ , We obtain

2ec
2 gl Ly

IS ()zollm, < Ro.

where Ry = Z2(gf2 + 1) + “=£|Q)].
Therefore, we can know that the set

Bo = {(u, u, ') € My = lz®)llp, < Ro}

is a bounded absorbing set for semigroup {S (¢)};50 on M;.

Corollary 3.7. There exists a constant Cg,, such that, for all t > T, we have

t+1
f ()5 + NuIG + e ()IHds < C,. (3.32)

Proof. Integrating (3.29) about ¢ from ¢ to ¢ + 1, and combining with (3.25) and Lemma 3.7, the
above estimate is easily obtained.

Lemma 3.8. For any T > 0, there exists a constant R3 > 0, such that, whenever
I2O0)lIp, < Ry,
it follows that

AZu ()3 + eI + @I + 17117, < Rs - Vi€ [0,T].

AIMS Mathematics Volume 6, Issue 9, 9491-9509.
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Proof. Multiplying the first equation of (2.6) by A“u,, and integrating over €2, we obtain that

d 0
d—tEl(t) +(f(w), Au;) + EIIU’IIZ,K < (g Au). (3.33)
where E\ (1) = 3[|A2u,[3 + llufl 2 + llull? + 117112, ].
Due to
1 1+k 1+x
(8, Ausy < hAT2ghlA™ u,ly < higls + hA™ u,f3, (3.34)
and by (H,) and Lemma 3.2, we obtain
(f(w), Auy < C(L + |ludll?), (3.35)
Then by (3.33)—(3.35), we have
d 2
EEl(t) <hE, + hlgl5. (3.36)
where h, h; are positive constant.
Hence, using Gronwall lemma, we can obtain that
E () < Ra(R)(1 + [glD)e". (3.37)

holds for any ¢ € [0, T']. This proof is finished.

Lemma 3.9. For any t € [0, T, there exists a constant Rs > 0, such that, whenever
llzollp, < R,

it follows that

r+1
ft llu(s)llzds < Rs.
Proof. Firstly, the first equation of the system (2.6), it can be rewritten
Uy + (1 = 6)DAV + Av, + (1 = §; + 6 Au — Au, + \fo‘m,u(s)An’(s)ds + f(u) =g. (3.38)
Next, let v = u; + d;u, and multiplying (3.38) by A“v, and integrating over €2, we obtain that

d 5
Ed—t[IIV(t)IIf + (1 =261 + DI} + I7'115,] + (A = DIV} + §||77t||,21,,<
+61(1 = 61 + DI} + (f (), Av) (3.39)

< |l > + (g, AV — {uyy, Au,y — 8, f u(s){An', Auyds.
0

In addition, we deal with each term on the right of (3.39), it yields by using Minkowski inequality
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0 0
g, AV < holgl3 + 31||ut||£ + Zlnunz (3.40)
o) 262 + (51
< hylg2 + E‘ani =l

and
-5, f (YA, Auds| < 61 Nmollull( f wu(s)lnlEds)’ (3.41)
0
moo
3‘||u|| T ‘||n||,m
= Gty A} < B2 + ), (3.42)

next, we deal with the nonlinear term by using Holder inequality and Sobolev embedding theorem, it
yields

[Kf(w),AV)| < ¢ f (1 + [ul)|A*v|dx
Q
<c f |A*V|dx + ¢ f lul’|A“v|dx (3.43)
Q Q

o
<C+ gl(nutnz + |lul?),

which, together with (3.39)—(3.42), obtains

1d
——[IIV(t)II + (1 =26, + oD@ + r'll7, ] + (1 = —)II iy

2dt
3 0 — myd
+61(% = 261 + N + — 1, (3:44)
8 2 2
0
<+ gl)lluzllf + halgl3 + ho(lugllg + lleed|I3)-
Where hy, h, are positive constant.
Let 6, be small enough, such that
0 1 3 0 — myo
Br=min{l,1-26,+6% >0 and Po=min{l — 2,8 (= — 26, +6%), — Ly 5 0.

3778 2 )
Then combining Lemma 3.1, Lemma 3.2, Lemma 3.8 and Gronwall lemma, we get
_ Qkoll) o,
Bi ﬁoﬁ 1

Moreover, integrating (3.41) about t from t to t+1, then we have

V@I + @I + 1117 < —[(1+ l)% + ho(Ry + Ky) + halgl3 .

141
f IVOIIE + (I + N17°lI5 ds < Rs.
t

where Rs = Rs(Q(lIzoll«), Bo, B1, 61, Ri, Rs, K1, 18]2).

In order to prove the existence of global attractor for {S(¢)};>o on M,;, we have to verify some
compactness for the semigroup {S(¢)},»9. For further purpose, we will give asymptotically compact
theorem of the semigroup on M.
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Theorem 3.10. The semigroup {S (t)};s0 associated with problem (2.6), (2.7) is asymptotically
compact on M.

Proof. Firstly, Let 2'(r) = u'(t),u} (1), 7)), 22(1) = W*(1),u}(0), 772) are two solutions of (2.6)
corresponding with the initial data zj = (uo,ul, )zo = (uiuln ) respectively.  Setting
2(1) = (w(1), w(1), 8) = (W' (1) — u? (1), u} (1) — u?(t), 7, — 175), then z(2) satlsﬁes the following equation

- Awy, — Aw — f ) U(HAG ()ds + fu') — fFu?) =0
0

(3.45)
0 +6 =w,.
with initial-boundary conditions
w(x, Dlaa = 0, & (x, $)lsoxe+ = 0,
(x, Dlag 1 5 Nacxr > o (3.46)
w(x,0) = uy — uy, w(x,0) = uy —uy, 0°(x,8) =n, —n,.

Similar to the definition of H(7), we let H,,(1) = 3lw, (0 + 3llw(®)II§ + 3llw (D)5 + 5116"II% . then according
to Lemma 3.4 and Lemma 3.5, we obtain
(i) Let Ay(t) = —(0", wdm, — [ u(s)E', w;)ds, we have

At) + 2 [th(t)lz + w51 < Cllw@Ilg + 2mollEII% o (3.47)

0
#5004 fo 1 (S)IE(s)Ids.
]

2my

and
IAL(D] < koH (). (3.43)

(if) Assuming that N, (1) = j;: w;wdx + fg Vw,;Vwdx, we can also obtain that

-1 1-¢
N, (1) STIIwII(Z) + letl + (e — H, (1) + > |U)z|2 (3.49)
e—1 m -
+ (ky — T)”wtné + (E - T)IIQ’IIﬁ,o-
and
INL(| < kH,(2). (3.50)

(iii) Obviously, we can get it easily
HL0) + ) )0 + S0 <5 fo TN IRds. (3.51)

By (H,), it’s easy to obtain
Kfh) = f?), w)l < Cfg(l + "+l wlleorldx

1 | (3.52)
< EQ(;)”(U:HS + Q(i)llwllﬁ,
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where Q(-) denotes monotonically increasing function.
Combining with (3.51) and (3.52), we have

H, (0 + —IIHI(S)IIHO _i fw,u (NG (llods + EQ( )Ilwzllo + O )Ilwllo
Secondly, we can define the following functional
L,(0) = CYH, (1) + N, (1) + Ay (D).
By (3.48) and (3.50), we get
(Cy — €k — ko)H,,(t) < L,(t) < (Cy + €k + ko)H,,(2).
Next, let its perturbation € be small enough and C, be sufficiently large, then yields
%ﬂw(z) <L, < %Hw(t).

Therefore, we can also deduce easily that

oC 5 1
L,(1) < e(e = DYH,(0) - | 41—%%’" ]||ef(s>||,%0
+ Dl + 0l + [e(kl—— 0~ el
_#(O)

R L 21+ 5)] fo LN (s,

In the same way, let € > 0 be small enough and C; is sufficiently large, such that

1 1 my C1 /.1(0)
ky — ) b
e(k PO =S <0, =5 (s
and oCy 5 1 1
1 my my my — &
T G520 P e >0

and let oy = €(1 — &), then (3.56) becomes

L,(1) £ —aoH, (1) + Q( )Ilelo

2B
< _f-ﬁw(t) + Q(a)llwllo-

Using Gronwall lemma, we can deduce that

L£,1) < L T+ DL f lo(s)Ids,

holds for any T > 5= In =52=

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)
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Combining with (3.55) and (3.58), then we have

Ho(T) <&+ ¢'(2',2). (3.59)
where .
4Ba 1
¢T(ZI’Z2) = 3C21 Q(a) . ||a)(s)||gds

Next, forall T > T, > 0, we prove ¢ (z!, 2?) € E(B).

Indeed, let z,(f) = (u, (1), un(2),1}) € By be the solution with initial value z,(0) = z5 = (i, u], ng) €
Bj. According to Corollary 3.11 and Lemma 3.8, we know that the sequence {(u,(?), u,(t),7,)} is
uniformly bounded in M. That is

1+

uy, is uniformly bounded in L*(0,T; D(A ™)),
U, is uniformly bounded in L2(0, T; L*(Q))).

Because we know that the embedding D(A%) — D(A%) is compact by (2.8) and D(A%) — [X(Q)is
continuous, then combining with Lemma 2.5, it’s easy to get that there exists subsequence (still note
{(un(0), (), 7,,)}) OF {(u4 (1), i), 7;,)} such that

T
lim lim | |[u,(s) = un(s)li3ds = 0.

n—00 m—0oo
T

Thanks to Theorem 3.7 and Theorem 3.10, we can deduce the main result of this paper as the
following theorem:

Theorem 3.11. The semigroup {S (t)},s0 for the problem (2.6), (2.7) possesses a global attractor ‘A
in My; and A is non-empty, compact, invariant in M, and attracts any bounded set of M, with respect
to M;-norm.

4. Upper semicontinuity of attractors in M,

Let’s consider the following equations

Ve — Avy — Av + wv, — f U(HAE (s)ds + f(v) = g(x),
0 4.1)
with initial-boundary condition
V(-x, t)l(?Q = O, ft(x’ S)l@QXRJr = O’ 1= O’

. . 4.2)
V(-x’ 0) = VO()C), V[(.x, O) = V](.X'), f (x’ S) = f VO(xa _r)dr’ (-x’ S) € Q X R+’
0

where w € [0, 1] is a disturbance parameter.
Let w = 0, then the above equation is transformed into Eq (2.6) with (2.7). Using the proof method
of above section word by word, we have the following lemma:
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Lemma 4.1. The semigroup {S ,(t)}>0 associated with Eq (4.1) with (4.2) possesses a compact
global attractor A, for any w > 0.

Then Ay = A(A from Theorem 3.11).
Lemma 4.2. Forany T > 0 and zy € A, then we have
IS w(Dzo = So()z0llm, < Cw,
for 0 <t < T holds, where C is independently of w.

Proof. Let z = (u,u,,n") and z¥ = (v, v;, &) are unique solutions of Eqs (2.6) and (4.1) with initial
value zg € A, respectively. Settingw = u —v," = n' — &, then (w, w,, ") is a unique solution of the
following equations

Wy — Awy, — Aw — f‘x’ WAL ($)ds + f(u) — fF(v) = wv,,
0

(4.3)
& =—4+we.
with initial-boundary condition
w(x, Hlaa = 0,2'(x, $laaxe+ =0, 120, 44)
w(x,0) =0, wi(x,0) =0, {O(x, $)=0, (x,5)€QxR". ’
Multiplying the first equation of (4.3) by w, in L?*(Q), we obtain
1d
5 25 (el + hwilig + 112715 0) + B1I'1 5 < f @) = FWlwi] + w f il
Q Q
According to Holder inequality, z* € A, and Lemma 3.2, there exist a constant @ > 0 such that
d
— (i wells + 12°150) = e (Iwely + il + 1) < Oy 0. (4.5)
where Og, = Og,(Ro) is independently w.
Let C = % and applying Gronwall Lemma, we have
wid + wllg + 1117 < Co. (4.6)

Theorem 4.3. Let Q C R® be a bounded domain with smooth boundary, and we assume that f
satisfies (1.4)—(1.7) and (1.2), (1.3) holds, given g € L*(Q), then

lim dist (Ao, A) = 0.

Proof. For any & > 0, since A, is an universal bounded subset of M, for any w € [0, 1], and A is a
compact attracting set for {S(#)},»0 on M. So there exists 7 > 0 such that S (#)(T)A, C N(A, £). On
the other hand, associating with the invariance of A, and Lemma (4.2), for any t > T, we have

Ay = S oA € NSO 3),
as w small enough. Setting € = ¢, so we have

A, c N(A, %’)

here v > C is a constant, which completes the proof of the desired results.
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