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1. Introduction

Imai and Iséki introduced two classes of abstract algebras: BCK-algebras and BCI-algebras [5, 6].
Neggers and Kim introduced the notion of d-algebras which is another useful generalization of BCK-
algebras, and they investigated several relations between d-algebras and BCK-algebras [10]. Allen et
al. [1] developed a theory of companion d-algebras in sufficient detail to demonstrate considerable
parallelism with the theory of BCK-algebras as well as obtaining a collection of results of a novel type.
Allen et al. [2] introduced the notion of deformation in d/BCK-algebras. Using such deformations they
constructed d-algebras from BCK-algebras in such a manner as to maintain control over properties of
the deformed BCK-algebras via the nature of the deformation employed, and observed that certain
BCK-algebras cannot be deformed at all, leading to the notion of a rigid d-algebra, and consequently
of arigid BCK-algebra as well. Kim et al. [7] explored properties of the set of d-units of a d-algebra.
Moreover, they discussed the notions of a d-integral domain and a left-injectivity.

Since the notion of a d-algebra was defined simply by deleting two complicated axioms from a
BCK-algebra, d-algebras became a wider class than the class of BCK-algebras. The following question
arises: Can a d-algebra X which is not a BCK-algebra be a union of its subsets U, which satisfy the
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two complicated BCK-axioms, i.e., (U, U {0}, %, 0) forms a BCK-algebra? In the sense of this concept,
we introduce the notion of a BCK-neighborhood system of a d-algebra. In this paper, we introduce 3
different cases of the BC K-neighborhood system in different d-algebras.

In this paper, we introduce BCK-neighborhood systems in d-algebras as measures of distance of
these algebras from BCK-algebras. We find examples of various cases and situations related to the
general theory, as well as a complicated analytical example of one of particular interest in the theory
of pseudo-BCK-algebras. It appears also that a digraph theory may play a constructive role in this case
as it dose in the theory of BCK-algebras.

There are many algebraic structures which are generalizations of BCK-algebras in the literature,
e.g., BCH-algebras, BCI-algebras, BE-algebras, BF-algebras, etc.. If we use the notion of the BCK-
neighborhood system to such algebras, then we can develop the theory of BCK-algebras and general
algebraic structures also. There will be some interesting results.

2. Preliminaries

A d-algebra [9, 10] is a non-empty set X with a constant 0 and a binary operation “ * ” satisfying

the axioms:

(D1) x*x =0,

(D2) 0xx =0,

(D3) x*y=0andy*x =0 imply x =y, for all x,y € X.
A d-algebra X is said to be edge if x * 0 = x for all x € X.

For brevity, we also call X a d-algebra. In X we can define a binary relation “ < ” by x < y if and
only if x * y = 0. A non-empty subset / of a d-algebra X is a d-subalgebra of X if x,y € I implies
xxyel

A BCK-algebra [3, 4, 8] is a d-algebra (X, *, 0) satisfying the following additional axioms:

(D4) ((xxy) = (x*z)*(zxy) =0,
(D5) (x*(x*y)) =y =0, forall x,y,z € X.

3. BCK-neighborhood systems

There are many d-algebras which are not BCK-algebras. Among them, we can find some d-algebras
which can be divided into its subsets satisfying all BCK-axioms. We formulate this concept as below:

Definition 3.1. Let (X, %,0) be a d-algebra. A family {U,},cs of subsets of X is said to be a BCK-
neighborhood system of X if

(NI YU, =X,
(N2) Va € I, Vx,y € Uy, (x* (x*y)) xy = 0,
(N3) Va € X, Vx,y,2 € Uy, (x % y) # (x % 2)) % (2 y) = 0.

Such examples of BCK-neighborhood systems can be found in Examples 5.4 and 6.4 below.

Proposition 3.2. Let (X, *,0) be an edge d-algebra. If ¥ := X and U, := {x}, Vx € X, then
Ny :={U,|x € X} is a BCK-neighborhood system of X.
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Proof. Straightforward. O
By Proposition 3.2, we have the following corollary.
Corollary 3.3. Every edge d-algebra X permits a BCK-neighborhood system.

Example 3.4. Let {U,},cx be a BCK-neighborhood system of X where X := {0} and U, := X. Then
X is a BCK-algebra.

Let X be a non-empty set and “<” be a binary relation on X. A system (X, <) is said to be a quasi
ordered set if < is reflexive and transitive.

Proposition 3.5. Let N := {U,},es be a BCK-neighborhood system of X and let M := {Vg}ser be a
system of subsets of X such that
(1) ﬁgTVﬁ =X,
(i1) Y Vg e M, AU, € N such that Vg C U,.
Then M is also a BCK -neighborhood system of X.
Proof. (N1) By (i), we have [;Urvﬁ = X.
€

(N2) If x,y € Vg (B € T), then there exists U, € N such that V3 C U,. Hence x,y € U,. Since {U,}oes
is a BCK-neighborhood system of X, we have (x = (x * y)) * y = 0.

(N3) If x,y,z € Vg (B € T), then there exists U, € N such that Vs C U,. Hence x,y,z € U,. Since
{Uay}ees 1s @ BCK-neighborhood system of X, we have ((x * y) % (x * 2)) * (z*y) = 0. Hence M is a
BCK-neighborhood system of X. O

In Proposition 3.5, we denote it by M < N. We call M a sub-BCK-neighborhood system of N. We
denote the set of all BCK-neighborhood systems of X by BCK(X).

Proposition 3.6. (BCK(X),<) is a quasi ordered set. The BCK-neighborhood system N, in
Proposition 3.2 is the unique minimal BCK -neighborhood system of BCK(X).

Proof. Clearly, (BCK(X), <) is a quasi ordered set. Let N be any BCK-neighborhood system of
BCK(X). We show that Ny < N. The first two conditions hold trivially. Since Ny = {{x}|x € X}, we
have V; = {}, for any Vs € Ny. Since N is a BCK-neighborhood system of X, there exists U, in N
such that 8 € U,. Hence Vz C U,,. Therefore Ny < N. It completes the proof.

4. Constructions of BCK-neighborhood systems
In this section, we construct the BCK-neighborhood systems using analytic methods. We give a

main assumption that X := [0, c0) is a set of all positive real numbers, and “+” is a binary operation
defined on X as follows: For any x,y € X,

[0 if x <y,
YT Zanind) ify <x.

Proposition 4.1. (X, *,0) is an edge d-algebra.
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Proof. Clearly, we have x*x = 0 = O*x for any x € X. We claim that if x+*y = 0, then x < y. In fact,
if we assume that x*y = 0 and x > y for some x,y € X. Then % tan~!(In f) = xxy = 0. It follows that
either x = 0 ortan~'(In %) =0, i.e., In f = (. Therefore either x = 0 or y = x, which is a contradiction
toy < x. Assume that x * y = 0 = y = x for any x,y € X. Then, by claim, we obtain x < yand y < x.
Therefore x = y. Thus (X, *,0) is a d-algebra. For any x € X, we have x+0 = 2 tan"'(In ) = 22 = x.

T2
Hence (X, *, 0) is an edge d-algebra.

We want to find a BC K-neighborhood system {U,, },cs based on Proposition 4.1. By analytic method,
we search to find such an U,,.

Proposition 4.2. Let x € X withx >0 andy = 1x (1> 1). Thenx *y < x.

Proof. For such x and y in X, we have

2
X®y= ?x tan"!(In g)

2
== tan"!(In li)
T ix
2
- tan~!(In 1)
m
2
== tan~' (1) [A=¢",7>0]
Vs
2xm
oy
T2
Since x * y < x, we obtain
2x X
x*(xxy) = — tan (In—). “4.1)
T X%y

Lemma 4.3. Let x € X withx > 0 andy = 1x (1> 1). Then

xx(x*xy)>0. 4.2)

Proof. If x*y = 0, then x*(xxy) = xx0 =x > 0. If xxy # 0, thenxi*y > 1, since

xxy < x. It follows that In(5) > Inl = 0, and hence tan~'(In =) > tan"' 0 = 0. This shows
that x * (x * y) = Z tan"'(In =)= Ztan™' 0 = 0. o

Theorem 4.4. Let x € X withx > 0 and lety = %x (4 > 1). Then the condition x * (x *y) < y is
equivalent to the following inequality.

1

Inz—1In2—In(tan"' 7) < tan(%). (4.3)
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Proof. Since y = 1x, by (1), we have

xx(xxy)<y &
&

=4

We compute In == as follows:
Xy

X*y

X

X*y

tan"!(In L) < i
xxy T 2x

2
= tan"!(In )<Yy
Vs

In X < tan(ﬂ)
2x

Xxy
X m

In — < tan(=—

nx*y an(2/1)

In x — In(x = y)

2
= Inx—In(ZX tan~'(2)
T

2
= Inx—1In= —1Inx - In(tan™' (7))
T

= Inmt—1In2- ln('[all_1 (1)

where 4 = e7,7 > 0 as in Proposition 4.2. Hence the condition x * (x * y) < y is equivalent to the

inequality (3).

Remark. Consider (3). If we let A := 1 in (3), then tan(5;) = tan 7 = oo. Hence the inequality (3)
holds. If we let 7 — oo, since 4 = ¢ and 7 > 0, we have 4 — co and so tan(3) = 0. On the while,

Int—In2—In(tan"'7) = Inwr—In2 — In(%) = 0. Therefore the inequality (3) holds.

Theorem 4.5. Let x € X withx > 0 and lety = %x (A > 1). Then there exists Ao such that if 1 < Ay,

then(x*(x*y))*y:(x*(x*%x))*%xzo.

Proof. If we let @ := Inm —In2 — In(tan™! 7) and B := tan(35), then, by using L’Hopital’s rule, we

obtain

AIMS Mathematics
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In7—In 2—1In (tan"'7)

A—00 ﬁ A—00 tan(%)
i In Z —1In (tan"'(In (2))
s tan(35)

—1 1 1
tan-!(In 1) 1+(0n )2 A

o se(£)(-E- 5

~tim 222

Hootan '(n D[1 + (In 2)?] -sec® () - A -7
2 A

_Al—wo(n tan~!(In A) secz(m)) ' (1 + (In /1)2)

= lim( 2 — )-(lim#)

oo tan~!(In A)sec(35)" -1+ (In 2)?

lim
-2 ase 14 (In )2
4 1

It follows that there exists Ay € X such that if 1 > Ay, then @ > S, i.e., 44y such that 1 > A, implies
x * (x % y) > y. This shows that 1 < A implies x = (x = y) < y. Therefore there exists 1, € X such that

1 1
A < Agimplies (x s (x*y))*y = (x = (x * Zx)) * Zx =0. “4.4)

Remark. It is a problem to determine A, exactly. A partial answer is that if we take 7 := 0.824, then
A= e =% =22796. Let Ay := 2.2796.
We construct a BCK-neighborhood system &/ = {U,|x € X}, where U, :

= [ VAox]. Here we
use the real number Ay which is obtained from Theorem 4.5.

Lemma 4.6. Ifa,b € U, = /=, VAox], then (a * (a* b)) b = 0.
Proof. If a < b, then (a x(axb))xb=(ax0)xb=ax b 0 by Proposition 4.1. If a > b, then there

exists A > 1 such that b = ¢. Since a,b € U,, we have < b <a< vAyxand so
1
b Vet _ 1
a Nlx Ao

ie,9=b2 ioa. Hence A < Ay. By applying Theorem 4.5, we prove that (a * (a * b)) * b = 0. m|
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Given x,y,z € X with y < x < zin X, we have the following:

2 2
X®y= = tan"!(In f) and zxy = et tan"!(In E).
n y T y

Lemmad4.7. Ify < x <z thenx*xy <z=*y.

Proof: If y < x < z, then In(5) < In(%), and hence tan~'(In )< tan~'(In 2). Since x < z, we obtain
x#y=2 tan”!(In ) < Z tan~'(In £) = z*y. It completes the proof. o

Lemmad4.8. Ifz<y<x, thenx*y < x*z.

Proof. The proof is similar to Lemma 4.7, and we omit it. O

Lety <z < xin X. By Lemma 4.8, we obtain x * z < x = y. It follows that

2(x * y)
n

tan”'(In m) 4.5)
X*Z

(xxy)*(x*xz)=
and )
z#y == tan"'(In ). (4.6)
T y
In order to satisfy the condition (N3), we need to show that (5) < (6), i.e.,

2(x *y) X%y

tan"!(In

2
—) < i tan~'(In E)
X*Z n y
— 4
X*Z S
tan~!(In f) X%y

(x*y) tan~!(In =2)
<

tan~!(In

X*Z

z tan~!(In f)

Ify=zorx=ziny < z < x, then the condition ((x * y) * (x * 2)) * (z * y) = 0 holds trivially. We
may assume y < z < x. Lety := ax, z:=fBx,wherea <5, f=Ada < 1. Thenl <A< é Therefore,
we have

E:ﬁ—xzéz/l—a’:/l (47)
y ax a «a ’ ’
and hence
Xy Z tan~!(In )
x%7 27)‘ tan~!(In 2)
tan”'(In ) 4.8)
~ tan~!(In =)
_ tan"'(In @)
~tan~'(In A@)
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and
X%y 27r_x tan~'(In =)
z Aax
2 tan"'(=In @) 4.9)
- A
_ -2 tan"'(In )
B Ao )
2 : - b
Note that m 2 since tan”'(In A) < Z. If we let
(x *y) tan"!(In );Z )
z tan”!(In 9 ’
then
—2tan”'(In ) tan™'[In -2 l(ﬂln ;2)]
A = (4.10)
rAatan~!(In A)
2 tan~'(1
> —Z—Ztan'(Ine)tan"'[In _tan (n @)
rlan tan~!(In Aa)
1 4 1 tan~'(1
= N e ) g A 0 @) @.11)
A na a tan!(In Aa)

By formula (10), we see that A is a function of 4 and so we replace A by A(A).
Note that if A(1) = 0, then

tan~!(1
tan"!'(In @) tan‘l[lnM =
tan~!(In Aa)

-1
It follows that either tan~!(In @) = 0 or tan™'[In %] = 0, and hence either « = 1 or 4 = 1. Since

Aa < 1, we conclude A = 1 is an approximate solution of A(1) = 0. We denote such a solution by A;.

Pick @ near zero and f = Aa near 1. Then we simplify the bracket expression of (11) to the
following:

tan"!(In @)

tan'(In /la/))

4 1
—— tan”'(In =) tan”'(In
o @

= 2 o 1

4 i 1 >
= —Zian'tn (2pn=—=-2=-.
ma?2 an (n(O)) T 2«

Hence A(1) > 1 1 = 113 > 1. Take/lsothatc—ll > A, say Ada := 1 — € for some € > 0. Then A = %E <
Hence A(1) > 1 1s possible for some A.

R I=
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Let A := e in A(1). Then we get

~2 tan"'(In @) - tan~!(In (200 o)y

tan~!(In «e)

A(e)

nae - tan~!(In e)

—2 tan”'(In @) - tan~!(In (-0 o) y) (4.12)

tan-L(In a+1)

nae - tan~!(1)

-8 tan~'(In @)

= -tan”'(l -tan” (1
Pae 0 (In @) - tan (n(tan‘l(ln a+1)

)

Sinced=eand 1 < A< i,wehaveO<a/< % = % <l andsoIn a < 0. Hence we get
tan"'(In @) < 0. (4.13)

Since y = tan™! x is a monotone increasing function, we obtain tan~!(In ) < tan~!(In @+ 1) and hence

< 1. If we take a logarithm, then In ( tan”(In_) ) < 0. Therefore we get

tan~!(In @)
tan~!(In a+1)

tan~!(In a+1)

tan~'(In @)

4.14
tan~!(In o + 1) “14)

tan~' (In

By (12)—(14), we obtain

Ale) == nlae tan"!(In @) tan”'(In talzei?;llrihzy fYi-)l)
> - - tan(ln o) tan”(In %
- - i )
_ %(g)z _ _2ie

From the observation, we see that A(A1) is a continuous function and A(1) > 1 is possible for
some A. Moreover, we showed that A(e) > —<. Hence there exists A, such that A(1,) = 1. Let

2e

A3 € Xsuchthat 1, < A3 < A; and let U, := [\/iﬂ,a\//l_g] where a € X. The largest spread is
y=5i=a V(1 =€), x = a VA5 for some € > 0. This shows that U, satisfies the conditions (N2)
and (N3). Therefore we have the following theorem.

Theorem 4.9. Let A; be a solution of A(1) = Q\as in (10) and let A, be a solution of A(1) = 1. Given
A3 € X such that 1, < A3 < A;, define a set U, := [ﬁ,a\//l_ﬂ where a € X. Then the conditions
(N2), (N3) hold on U,

Now, we show that .o/ = {f]\a|a € X} forms a BCK-neighborhood system on (X, ).

Given x,y,z € X, wehave6cases: (1)) x <y <z, (i) x<z<y () y<x <z, 1@v)z2<x <y, (v)
z<y<x,(vijy<z<x Ifxxy=0,i.e., cases (i), (ii), (iv), then the condition (N3) holds, since (X, )
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is an edge d-algebra. For the case (iii), we have x*z = 0, and hence (xxy)*(x*z) = (x%y)*0 = xxy < zxy
by Lemma 4.7. Hence we obtain ((x = y) = (x % z)) * (z = y) = 0. We consider (v) z < y < x. Since
z+y =0, by Lemma 4.8, we obtain ((x = y) = (x*2)) % (z*y) = (x*y)* (x*2)) %0 = (x*y)* (x*z) = 0.
Finally, we consider the case (vi) y < z < x. It was already proved by Theorem 4.9. We summarize:

Theorem 4.10. Let A; be a solution of A(1) = 0 as in (10) and let A, be a solution of A(1) = 1. Given

A3 € X such that 1, < A3 < A,, define a set U, := [ﬁ,a\/ﬂ_g] where a € X. Then o = {U,a € X}
forms a BCK-neighborhood system on (X, *).

5. Another construction

Theorem 5.1. X := [0, c0) be a set. Define a binary operation ““ *” on X by

(1) xxx=0=0=x,
(1) if x # 0,x # y, we define x * y := ¢(x,y) and ¢(x,y) > x +y, where ¢ : X X X — X is a map,
(i) x*«0=x

forall x,y € X. Then (X, ,0) is an edge d-algebra.

Proof. 1t is enough to show the anti-symmetry law holds. Assume that there exist a, b € X such that
axb=0=bxa,a+b.Ifa+#0,then0=ax*b=¢(a,b)>a+b>a>0,acontradiction. If b # 0,
then 0 = bxa = ¢(b,a) > b+a > b > 0, a contradiction. If a = 0,then0 =bxa=bx0=0b, a
contradiction. Similarly, if » = 0, then 0 = a * b = a * 0 = a, a contradiction. O

We construct a BC K-neighborhood system on the d-algebra (X, *) as in Theorem 5.1.
Theorem 5.2. Let (X, *,0) be an edge d-algebra as in Theorem 5.1. Define a set U, by

U = {x,0} ifx+#0,
S (1)) ifx=0

for any x € X. Then <« := {U,|x € X} is a BCK-neighborhood system of X.
Proof. (N1) U = XLGJXUX = XLGJX{x,O} = ng{x} =X.

(N2) For any x,y € U, with @ # 0, we have 3 cases: (i) x=y=a; (1) x =a,y =0; (iii)) x =0,y = a.
Ifx=y=a,then(xx(xx*xy)*xy=(rx(@*xa)*a=(*0)*xa =ax*xa =0, since (X, %,0) is an
edge d-algebra. If x = @,y =0, then (x* (x*xy))*y = (@ *(@*0)*0=a*(@x0) =a*xa =0. If
x=0,y=a,then (x*(x*y)*xy=0*xO0*xa))*xa=0.

(N3) Given x,y,z € U, = {0, a} with a # 0, we have 8 cases. We consider one case, and the other cases
are similar, and so we omitit. If x = @,y = z = 0, then ((x*y)*(x%2))*(z*y) = ((@*0)((@*0))*(0*0) =
((@*0)*(@=*0))*(0=0)=(x*a)*0=0. Hence o7 := {U,|x € X} is a BCK-neighborhood system
of X. O

Proposition 5.3. Let (X, %,0) be an edge d-algebra as in Theorem 5.1. Let o/ := {U,|x € X}, where

U. = {x,0} ifx+0
o) if x=0.

Then <7 := {U,|x € X} is a unique maximal BCK -neighborhood system of X, i.e., if & is a BCK-
neighborhood system of X such that o/ C A, then &/ = A.
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Proof. Assume that there exists a BCK-neighborhood system % of X such that o/ C . Then
2 contains a neighborhood U such that |U| > 3. Let x,y,0 € U such that x # y,x # 0 # y. Then
x*(x*y)=x*¢@(x,y). Since ¢(x,y) > x +y > x, we have x # ¢(x,y). Hence we obtain

xx(xxy) =xx@(x,y) = @(x,0(x,y) = x+¢@(x,y)
>X+x+y=2x+y.

Since x # y, we get x = (x * y) # y. Hence we obtain

(xx(xxy)*xy =@p(x*x(x*y),y) 2 x*(xxy)+y
>2x+y+y =2(x+y)>0.

This shows that (x = (x *y)) * y = 0 does not hold for x # y in U. Hence Z is not a BC K-neighborhood

system of X, a contradiction. Therefore .27 is a unique maximal BC K-neighborhood system of (X, x, 0).

O

Example 5.4. Let X := [0, co) be a set. Define a binary operation on Xbyxxx=0xx=0,

x*0=x,and x*y := x+yif x # yand x # O for all x,y € X, where + is the usual addition of real

numbers. Then it is easy to see that (X, *, 0) is an edge d-algebra. Given x € X, if we define U, := {x, 0}
and o7 := {U,| x € X}, then 7 is a BCK-neighborhood system of (X, *, 0).

‘6 2

Theorem 5.5. Let (X, *,0) be a d-algebra. Let of := {U,|a € A} be a BCK-neighborhood system
of X. If we define a class of sets

o = {@IH Ug,»- - ,Uane,;zfsuchthat@: Uy, N---NU,, # 0},

then < is a BCK -neighborhood system of X.

Proof. (Nl) Given x € X, since .«7 is a BCK nelghborhood of X, there exists U € % such that
xe U, LetU, := U,NU,. Then U, # 0 and U, € o/ . Hence x € U U, C u{U,|U, e;zf} Therefore

X= u@@ € o).

(N2) and (N3). Given 5; € 427, there exist Uy, -, Uy, € o7 such that U\a = Uy NUy,N---U,, # 0.
If x,y,z € Z]:, then x,y,z € U,, foralli = 1,--- ,m. Since &/ is a BCK-neighborhood system of X, we
get (x* (x*y))*y :Qand (x*xy)*x(x*xz))*(z*y)=0foralli=1,---,m, and hence the equations
hold for U,. Hence < is a BCK -neighborhood system.

6. Prism d-algebras
Proposition 6.1. Let (X', —) be a digraph and let 0 ¢ X'. Let 0 — x for any x € X', and let
X := X" U{0}. Define a binary operation *“ *” on X by

(1) x*x=0=0=*ux,

(i) xx0 = x,

(i) xxy=0,yxx=yifx >y,

(iv) x*y = x,y = x =y if there is no arrow between x and y
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for any x,y € X Then (X, %,0) is an edge d-algebra.

Proof. 1t is enough to show that “ < ” is anti-symmetry. Assume that there exist x, y € X such that
xxy=0=yx*x,x#y. Ifoneof x,yis zero,say x =0,y # 0, then 0 = y * x = y* 0 = y by (i1), which
is a contradiction. Assume x # 0 # y. If x — y, then we have x*y = 0,y * x = y by using (iii). It leads
to 0 = y * x = y, a contradiction. Similarly, if y — x, then it leads to x = 0, a contradiction. If there is
no arrow between x and y, then we have x * y = x,y * x = y by (iv). Since x * y = 0 = y * x, we obtain
x = 0 =y, which is a contradiction. Hence (X, %, 0) is an edge d-algebra. O

Example 6.2. Consider a digraph (X’ := {a, b, ¢, d}, —) with the following digraph:
be —— e

I !

ae «—— eod.

Adjoin 0 to X’ so that 0 — « for all @ € X’. Let X := X’ U {0}. By Proposition 6.1, we obtain an edge
d-algebra (X, %, 0) as follows:

*|0 a b ¢ d
0{0 0 00O
ala 0 0 a a
b|b b 0 0 b
clc ¢c c 00
dld 0 dd 0

In Example 6.2, we call such an algebra (X, %, 0) a prism d-algebra of order 4.
Theorem 6.3. Every prism d-algebra (X, *,0) has a BCK -neighborhood system.

Proof. We consider two cases: (i) X is a finite set; (ii) X is an infinite set. Case (i): |X| < oo.

We consider two cases. Subcase (1)-1: [X| = 2n (n € N). Let X := {x1,x2, -+, X2,—1, X2,,} such that
X| > Xp > X3 > Xop] = Xop 2 xpand 0 — x; foralli=1,---,2n. Let Ny := {0, x1, x5}, N3 :=
{0, X3, X4}, cee ,N2nfl = {O, Xgn,l,XQn}. Then X = Nl U---u Ngn,l. Since 0 — X2iy1 — X2i4+2, WE have
« | 0w X
0 0 0 0
X2i+1 | X2i+1 0 0

X2i+2 | X2i+2  X2i42 0

Then it is easy to see that (N1, *,0) is a BCK-algebra, and so the conditions (N2) and (N3) of
Definition 3.1 hold for N,;;1. Then {Ny,--- ,Ny,—1} 1s a BCK-neighborhood system. Subcase (i)-2:
IX|=2n+1(meN). Let X := {x1, X2, , X0, Xonr1} SUch that x; > x, = x3 = -+ = X9, = Xpp4 —
X1 and 0 —» X; foralli = 1, ce ,21’[ + 1. Let N2 = {0, Xl,Xz},N4 = {O, X3,X4}, ce ,Nzn = {0, in_l,XQn}
and Ny,y1 := {0, x2,41}. Then X = N, U - - - U N, U Ny,,yq. It is already shown that Ny; is a BCK-algebra.
Since 0 — x5,+1, we have

* ‘ 0 x4
0 0 0
Xois1 | X2ie1 O
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Then (Ny,41, *,0) i1s a BCK-algebra. Hence {N,, Ny, - -+, Na,, Napi1} 1s @ BCK-neighborhood system
of X.

Case (i1): |X| = oo. Assume X = {x,|n € N} suchthat x; - x, » -+ > x, > x,4,1 — --- and 0 - x;
for all i € N. Let Ny;_y := {0, xp;_1, x2;} i = 1,2,---). Then X = UN,;_; and N,;_; is a BCK-algebra.
Therefore X has a BCK-neighborhood system. O

Example 6.4. In Example 6.2, we take N, := {0,a, b}, N, := {0,c,d}. Then (N;,*,0) is a BCK-
algebra (i = 1,2) and X = N; U N,. Then {N;, N,} is a BCK-neighborhood system of X. Also (X, *,0)
in Example 6.2 is not a BCK-algebra, since (b« d) * (b*c))*(cxd)=(bx0)*0=>b # 0.

Remark 6.5. There exists a BCK-neighborhood system .7 := {N,li € A} such that there exist
Ni, N, € o such that [Ny N N,| > 2.

Example 6.6. Let X := {0, a, b, c,d, e} be a set satisfying the conditions: a > b > c —>d - e > a
and 0 — x for all x € X. Then we obtain the following table:

*|0 a b ¢ d e
0/0 OO O OO0
ala 0 0 a a a
b|b b 00 b b
clc ¢c ¢c 00 ¢
dld d d d 00
ele 0 e e ¢ O

by applying Proposition 6.1, and we get (X, *,0) is an edge d-algebra. If we take N; :={0,a, b}, N, :=
{0, c,d}, and N; :={0,d, e}, then X = N; U N, U N3. We see that N; (i = 1,2, 3) are BCK-algebras and
|N2 N N3| =2.

7. Conclusions and future works

As part of the development of a general theory of groupoids (binary systems) a fundamental problem
would be to try to determine how much a certain groupoid approximates a certain known type of
interest, e.g., a group, a commutative group, a semigroup, etc.. Among these types a very significant
type is that of BCK-algebra which may be very closely related to Boolean algebras, partially ordered
sets with minimal element 0, and other subclasses. One way of dealing with providing an answer is
to consider using the block product (X, 0) = (X, *)O(X, e) of groupoids. It was shown that the block
product of strong d-algebras is a strong d-algebra. It is also true that the block product of groups is not a
group, but a groupoid which has properties in common with groups and are objects worth investigating
in this way. BCK-algebras can be studied using the same tool. Another approach to deal with this
question which is also promising is the following stated for example for groups (not yet done): Given
a groupoid (X, %), a group neighborhood system {(X,, *q, €a)}ecp has the property that Uy,ep X, = X
and if x,y,z € X,,(x *y) *z = x*(y * 2), and x € X, implies that there is an element x;l € X,
such that x *, x;! U'x, x = e,. Obviously, if there is a group neighborhood system containing
only one element then the groupoid (X, *) is a group. There will be a detailed investigation of group
neighborhood systems.

= X
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In the development of a theory of this nature for a class of groupoids, our first choice has been
the class of BCK-algebras. In order to obtain a “strickter” system with a better chance of obtaining
sufficiently interesting results, we took the groupoid (X, ) to be a d-algebra (i.e., already somewhat
close to a BCK-algebra) and we let 0, = Og = O for all o, € A, for a “better fit” of the BCK-
algebras X, in the BCK-neighborhood system, where it is obvious that if the system is a sigleton
{(X, *1,00)} p=(1)» then (X, %) = (X, *,0;) = (X, *,0) is a BCK-algebra. As far as applications of these
results, it is known that BCK-algebras as algebras of logic [4] already play a role in the design of both
hardware networks and software algorithms. It is necessary to allow a more flexible approach to deal
with groupoids (e.g., d-algebras) which have BCK-neighborhood systems of low cardinality.

From a purely theoretical viewpoint, it is clear that these “neighborhood systems” approaches are
of interest on their own as well as resulting in more general information becoming available for deeper
understanding of the structure principles governing the class/variety of groupoids (X, *) for arbitrary
sets X and arbitrary products x * y on these sets.
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