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Abstract: The purpose of this paper is to investigate the existence of weak solutions for a Kirchhoft-
type problem driven by a non-local integro-differential operator as follows:

Ju(x) — u(y)|P SN -
M(fRzN p(x, y)lx — y|NV+spley) dxdy | (=Ap) u(x) = f(x,u) in &,

u=0 in RM\Q,

where Q is a smooth bounded open set in RY, s € (0, 1) and p is a positive continuous function with
sp(x,y) < N, M and f are two continuous functions, (—A,))* is the fractional p(x)-Laplacian operator.
Using variational methods combined with the theory of the generalized Lebesgue Sobolev space, we
prove the existence of nontrivial solution for the problem in an appropriate space of functions.
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1. Introduction

In this paper we deal with the existence solution to the following Kirchhoff-type problem involving
the fractional p(x)-Laplace operator:

_ (x.y)
([ sy - ut) = S in
R

v (X, y)lx — y|Vrorte
u=0 in RM\Q,

(1.1)

where Q ¢ RY is a smooth bounded domain, s € (0,1) and p : Q x Q — (1, +c0) is a continuous
function with s p(x,y) < N for any (x,y) € Q x Q, the continuous functions f : Q x R — R and
M : R* — R* satisfy the following conditions:
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(My) There exists a constant a € [0, 1) such that
(1 -a)"™™" < M@) < (1 + a)"™!

for all t € R*, where a(x) > 1 for all x € Q.
(f1) f: QxR — Risa Caratheodory function and satisfies:

f Dl < el + 1), V(xeQxR,
where B € C(Q) such that 1 < B(x) < p*(x) for all x € Q, and

Np(x, x)

P = N — sp(x, x)

is the critical Sobolev exponent.
(f2) f(x,0) = o(t|P+~") as t — 0 uniformly for x € Q.

(f3) There exist T > 0 and 6 > i%g‘(’;g';_)(_y; such that

0<O0F(x,t) < f(x,nt, Y|t| > T, a.e. x € Q,

where @, = sup a(x), @_ = inf @(x) and a is a constant given in (M).
o) Q

The nonlocal operator (—A,(y))°® is defined as

eI (p(x) — ¢(y))

|X _ y|N+sp(x,y)

Byt =RV, [ dy, g CoEY,
for all x € RY, where P.V. stands for Cauchy principle value and for brevity, p denotes the extensions
of the aforementioned continuous function p, in the whole RY x R¥.

Note that the operator (—A))° is the fractional version of the well known p(x)-Laplacian operator
Apou = div(|VulP™~2yu), which was first introduced by Kaufmann, Rossi and Vidal in [19]. Some
results involving fractional p(x)-Laplace operator and associated fractional Sobolev spaces with
variable exponents are studied in [3,4,18,22,28]. One typical feature of problem (1.1) is the nonlocality,
in the sense that the value of (=A,))*u(x) at any point x € Q depends not only on the value of u on Q,
but actually on the entire space R". Therefore, the Dirichlet datum is given in RM\Q, which is different
from the classical case of the p(x)-Laplacian, and not simply on 0.

When M = 1, the (1.1) becomes the fractional p(x)-Laplacian equation

(=Ap)’u(x) = f(x,u)  in Q,

o (12)

u=>0 in R™\Q,

which can be seen as the fractional form of the following classical stationary elliptic equation
— Apu(x) = f(x,u) in Q, u=0 on 0Q, (1.3)
In recent years, a great interest has been devoted to Kirchhoff type equation
- (a + bf IVulzdx)Au = f(x,u) in Q, (1.4)
Q
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where Q < RY is a smooth domain, @ > 0, b > 0, M is a continuous function and u satisfies
some boundary conditions. The analogous and classical counterpart of problem (1.4) models several
interesting phenomena studied in mathematical physics, even in the one-dimensional case. Detail,
Kirchhoft established a model given by the equation

Pu (py E f L
Po5 |7 57
or? h 2L J,
where p, po, h, E and L are constants, which extends the classical D’ Alambert wave equation by
considering the effects of the changes in the length of the strings during the vibrations. In particular,

2 0u
dx) pr = g(x,u), (1.5)

(9_u
ox

L 2 .
g—” dx, which depends on the average
X

the equation (1.5) contains a nonlocal coefficient % + £

2L Jo
LfL ou
2L Jo

? dx of the kinetic energy |5 > on [0, L] and therefore the equation is no longer pointwise
identity. It is worth pointing out that equation (1.5) received much attention only after Lions [21]
proposed an abstract framework to the problem. For example, the Kirchhoff type equations has already
been extended to the case involving the p-Laplacian (see [6, 7]), p(x)-Laplacian (see [8—12]) and
fractional Laplacian (see [14,20,25-27]).

Recently, attention has been paid to the study of Kirchhoff-type equation involving the p(x)-
Laplacian operator, fox example [8—12]. In [10], using variational methods, the authors have
investigated nonlocal p(x)-Laplacian Dirichlet problem

du
dx

- M(f leuV’(")dX) div(IVul*Vu) = f(x,u) in Q, (1.6)
o P(x)

and have showed the existence of a sequence of positive, homoclinic weak solutions of (1.6) under
some suitable conditions on f. Dai and Wei [12] studied the problem (1.6) by applying a general
variational principle due to Ricceri [23], and prove the existence of infinitely many non-negative
solutions of this problem. In [9], by a direct variational approach, the authors establish conditions
ensuring the existence and multiplicity of solutions for the p(x)-Kirchhoff problem. So the natural
question that arises is to see which result we will obtain, if we replace the p(x)-Laplacian operator by
its fractional version.

Motivated by the papers mentioned above on p(x)-Kirchhoff problem and recent results on
fractional Sobolev space with variable exponents in [1,4, 19], we study the existence of weak solutions
for problem (1.1) via variational methods. To the best of the authors’ knowledge, the present paper
seems to be the first to study the existence of weak solutions to the Kirchhoff-type problem with
fractional p(x)-Laplacian operator. In order to state the main results, we introduce some basic
definitions of fractional Sobolev space with variable exponents.

For a smooth bounded domain Q c R, we consider the continuous function p : Q x Q — (1, +0)
satisfies the following conditions:

(P1) 1 < p_<px,y) < py < +oo, where

p-:= min p(x,y) and p, := max _p(x,y);
(x,y)eQxQ (x,y)eQxQ

(P,) pis symmetric, i.e., p(x,y) = p(y, x) for all (x,y) € Q x Q.
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Let us introduce our result. We denote by X, := {u € X : u(x) = 0 a.e. in R¥\Q} the Sobolev space
defined as the completion of C7(€2) respect to the norm

_ p(x,y)
lully, = inf {/1 >0 f 0 = uOW"™"_ )y < 1}.
R

o APE) | x — y|N+sp(ey)

For more details on the definitions and properties of spaces X, and X, see Section 2.
We are interested in weak solutions of problem (1.1), i.e. u € X, such that

— (x,y)-2 _ _
M (as,p(x,y)(u)) f lu(x) — u(y)|P*?2(u(x) — u(y))(@(x) — @(y))

|X _ y|N+sp(x,y)

dxdy = ff(x, wpdx, Yo € X
Q

R2N

where

|u(x) — u()P
O s piey)(U) = f ~ 5 dxdy.
v P(X, y) Jx — y[Vropey

In order to formulate the variational approach of problem (1.1), we introduce the functional ® : Xy, — R

defined b
y Ou) =M f ju(x) = uGIP dxdy| - f F(x,u)dx
- con P, )l — yVrreen )T TS

=M (O'S’p(x’y)(u)) - L F(x,u)dx,

where M (1 = fot M(t)dt and F(x,u) = fot f(x,7)dt. It is not difficult to prove that the functional @ is
well-defined and ® € C'(X,, R). Moreover, for all u, v € X, its Fréchet derivative is given by

— px.y)=2 — -
(@), v) = M (0 iy (0)) f ) — uQ) : _(L;(lﬁsp(fy()y))(v(x) YOy - fg FOx v,

R2N

Thus, the weak solutions of (1.1) coincide with the critical points of ®.
The main result of this paper is as follows.

Theorem 1.1. Assume that (M), (P1)-(P,) and (f1)-(f3) hold. Then the problem (1.1) has at least one
nontrivial solution.

Remark 1.2. To our best knowledge, Theorem 1.1 is new for the Kirchhoff type problem involving
fractional p(x)-Laplacian operator. We may using the mountain pass theorem to prove our main result.

This paper is organized as follows. In Section 2, we given some definitions and fundamental
properties to the Lebesgue spaces with variable exponents and fractional Sobolev space with variable
exponents. Finally, Section 3 deal with the proof of Theorem 1.1.

2. Fractional Sobolev spaces with variable exponent

In this section, we introduce fractional Sobolev spaces with variable exponents and establish the
preliminary lemmas and embeddings associated with these spaces. Recalling the definition of the
Lebesgue space with variable exponents in [5, 13,15-17,22,24,28] as follows.

Set

C.(Q)={geCQ):qx)>1, VxeQl.
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Forallg e C, (5), let

g+ :=supq(x) and g :=infg(x)
x€Q xeQ)

such that
I <g-<q(x) < gy < +o0. 2.1)

For any ¢ € C,(Q), we define the variable exponent Lebesgue space as
LI9Q) = {u : u is measurable real-valued function, f lu(x)|7Pdx < +oo}.
Q

The Luxemburg norm on this space is given by the formula

q(x)
||M||Lq(x)(g) = inf {/1 >0: f dx < 1} .
Q

It is well know that (LY¥Y(Q), || - ||,«w) is a separable, uniformly convex Banach space. Let §(x) be the
conjugate exponent of g(x), that is, ﬁ + ﬁ = 1. Then, we have the following Holder-type inequality.

Lemma 2.1. Ifu € LYY(Q) and v € LIY(Q), we have

fuvdx
Q

A very important role in manipulating the generalized Lebesgue spaces with variable exponent is
played by the modular of the LY (Q) space, which is the mapping py) : L9”(Q) — R defined by

u(x)

1 1
4Z+5ﬁmw@wmm¢mwwwwmmy (22)

mmmszmMm.
Q

From [16], the following relations hold true.
Lemma 2.2. ( [16, Theorem 1.3]) Let u € L1V (Q), then we have

(1) lullpawq > 1 (= 1;< 1) ifand only if p,o (1) > 1 (= 1; < 1, respectively);
() Y Y Pqx) )4 y

(2) if lllsoey > 1, then [l ) < Pac() < Nl

(3) if iy < 1, then [l 0 < Paco() < llfy g

Lemma 2.3. ([16, Theorem 1.4]) If u, u,, € LY9(Q), then the following statements are equivalent each
other:

(1) 31_)11.}0 llet, — ullpaw @) = 0;
(2) r}i_)n;lopq(x)(un —u) = 0;

(3) u, converges to u in L in measure and r}l_)tglo Pato(Un) = Pgin (1)

We set
p(x) = p(x,x), VxeQ.
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The fractional variable exponent Sobolev space WP (Q) is defined by

AP | x — y|N+spixy)

_ - p(x.y)
W = WSPOD(Q) = {u e L’™Q) : f f (x) = uly)l dxdy < +oo, for somed > 0}
aJa

with the norm
lleellw = [eelw + llullzro)s

. . lu(x) — u(y)|P™
[ulw = inf {/l >0: fgfg e y N dxdy < 1

be the corresponding variable exponent Gagliardo seminorm.
From [29] we have the following embedding theorem.

where

Theorem 2.4. Let Q be a smooth bounded domain in R and s € (0, 1)._Ass_ume p: OxQ - (1, 4+00)
be a continuous variable exponent with N > sp(x,y) for all (x,y) € Q X Q and (Py)-(P;) hold. Let
r:Q — (1,+00) be a continuous variable exponent such that

Np(x)

T — Vx € 5
N — sp(x)

1 <r.<r(x) <pi(x):=

Then there exists a constant C = C(N, s, p,r) > 0 such that
lllzroy < Cllullw,  Yu € W.

Thus, the space W is continuously embedded in L"™(Q) with 1 < r(x) < pi(x) for all x € Q. Moreover,
this embedding is compact.

For studying nonlocal elliptic problems involving the fractional operator (—A))* with Dirichlet
boundary data u = 0 in RV\Q via variational methods, we need to work in a suitable Sobolev space
with variable exponents. Set Q = RN x R¥\(Q¢ x Q°) and define

u:RY SR, ulg e LPYQ),
X 1= XSPO)(Q) = f () — u(y)]Po
Q

< 400 .
A = y Ve dxdy < +oo,for somed > 0

The space X is endowed with the following norm

lleellx = [ulx + lleell oo ()

_ (x,y)
[u]x = inf {/1 >0: f () — uI™™ dxdy < 1}
Q

APEY)| x — y|N+sp(x.y)

where

is the Gagliardo seminorm with variable exponent. Similar to the space (W, ||-|lw), we have that (X, ||-||x)
is a separable reflexive Banach space.

Remark 2.5. We notice that the norms || - ||w and || - ||x are not the same, because € x Q is strictly
contained in Q, this make the fractional variable Sobolev space W not sufficient for studying the
problem (1.1).
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Since p is continuous on QxQ, and p, r are continuous on Q, by using Tietze extension theorem,
we can extend p to RY x RY and p, r to RY continuously as above such that sp(x,y) < N for all
(x,y) € RY x RN and p(x) = p(x, x), r(x) < pi(x) for all x € R,

Now, we define the following linear subspace of X as

Xo := X;"(Q) = {u € X : u(x) = 0 ae. in RM\Q)

- p(x.y)
|lullx, = inf {/1 >0: f u(x) = u)l dxdy < 1}
Q

APV x — y|N+splxy)

- p(x.y)
= inf {/1 >0: f lu(x) = u)l dxdy < 1}.
R

o AP | x — y|N+sp(xy)

with the norm

For any u € X,, we define the following modular function py, : Xy — R:

— (x.y)
Pxo(u):f () = uQ)l” ydxdy.
R2N

|X _ y|N+sp(x,y)

Similarly to the discussion of space W in [29], we could get the following results.

Lemma 2.6. Let p : AxQ > (1, +00) be a continuous variable exponent and s € (0,1). For all
u € Xo, we have the following results:

(i) If llullx, > 1, then |lully, < px,(u) < |lully’;
(ii) If llullx, < 1, then |lull < px,(u) < llullg .
Proof. We first prove the pair of inequalities. Indeed, it is easy to see that, for all 4 € (0, 1), we get
- p(x.y) A - p(x.y)
- f |u(x) — uy)l dxdy < f |A(u(x) — u(y))| dxdy
R2N R2N

|x _ y|N+sp(x,y) |)C — y|N+SP(x,)’)

— P(x.y)
< f |u(x) = u(y)| dxdy,
RZN

|)C _ y|N+sp(x,y)

that is,
A7 py, () < pxy (Au) < A7 p (w). (2.3)
Now, if ||ullx, > 1, we have 0 < W < 1and PXO(WM) = 1. Then, taking A = m in (2.3), we get
Pl ol
el lully,
This completes the proof of Lemma 2.6 (i). The proof of the second is essentially the same O

Lemma 2.7. Let u, u, € X,. Then the following statements are equivalent:
(1) Tim [l = ully, = 0;
(2) Tim px, (1, — ) = 0.
Proof. Similarly to the discussion of the norm in variable exponent space, we could get the above

results. Here we omit the proof of Lemma 2.7. O
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Theorem 2.8. Let Q be a smooth bounded domain in RN and s € (0, 1). Assume p : QxQ - (1,+00)
be a continuous variable exponent with N > sp(x,y) for all (x,y) € QxQand (P1)-(Py) hold. Then,
for any continuous variable exponent r : Q- (1, 400) such that 1 < r_ < r(x) < pi(x) for all x € Q,
there exists a constant C = C(N, s, p,r) > 0 such that

lullro) < Cllullx,,  Yu € Xo. 2.4)

Moreover; this embedding is compact.

Proof. First, we claim that there exists a constant Cy > 0 such that
Collul| Loy < llullx,,  Yu € Xo, (2.5)

where g € C,.(Q) satisfies p(x) < g(x) < pi(x) forall x € Q.

Let A = {u € Xy : ||ullaw(yy = 1}. Taking a sequence {u,},ery C A such that 31_)1‘1010 llzenllx, = ;gjf{ |2t x, -
So, {u,}nen is bounded in L1™(Q) and X,. Hence, {1, },cv is bounded in W. Up to a subsequence, there
exist a subsequence of {u,},qy, still denote by {u,},cn, and uy € W such that u,, — uy weakly in W. By
Theorem 2.4, we get that u, — ug strongly in L (Q) and |ug|| sy = 1.

Now, we extend u, to RY be setting 1y = 0 in RV\Q. This implies u,(x) — ug a.e. in RN as n — oo.
Hence, by Fatou’s Lemma, we have

_ p(xy)
f [o(x) = oY) dxdy < liminf dxdy,
RZN

|X _ y|N+sp(x,y) N—s 00

f |un (x) — Uy (y)|p(x,y)
R2N

|X _ y|N+sp(x,y)

which implies that [|ug||lx, < liminf ||u,||x, and uy € Xo. This and |[uoll sy = 1 given that uy € A.
n—oo

Therefore, we obtain |Ju||x, = inyf[ l|lullx, := Co and this proves our claim.
ue

From (2.5), it follows that

1
leelw < Nltllzsco@y + [udw < Nlullzany + llullyy < (14 Z)llullx, (2.6)
0

which implies that X, is continuously embedded in W. From Theorem 2.4, there exists a constant
C =C(N,s, p,r) > 0 such that

lull oy < Cllullx,, Yu € Xo.

To prove the embedding given in (2.4) is compact, let {u,},«v be a bounded sequence in X;. So,
(2.6) implies that {u,},ciy be a bounded sequence in W, and from Theorem 2.4 we infer that there exists
u € L'9(Q) such that u,, — u strongly in L'™(Q). This completes the proof of Theorem 2.8. o

Remark 2.9. (i) (Xo, |- llx,) is a separable, reflexive and uniformly convex Banach space.
(ii) Theorem 2.4 remains true if we replace W by X,.
(iii) Since 1 < p_ < p(x) < pi(x) forall x € Q, Theorem 2.4 implies that the norm || - llx, and || - ||x are
equivalent on Xj.
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3. Proof of the main result

In this section, we give the proof of Theorem 1.1 by applying mountain pass theorem.
Theorem 3.1 (Mountain Pass Theorem [2]). Let E be a Banach space and I € C'(E). Assume that

(i) 1(0) = 0;
(ii) There exist r, p > 0 such that I(u) > r for all u € E with ||ul|lg = p;
(iii) There exists uy € E such that lim I(tuy) < 0.
—00

Take ty > 0 such that ||touo||lg > p and I(touy) < 0. Set

c :=inf sup I(y(1)),
¥el 4e0,1]

where I' = {y € C([0,1], E) : y(0) = 0 and y(1) = tyuy}. Then there exists a Palais-Smale sequence at
level c € R for I, that is, there exists a sequence {u,},en C E such that

lim I(u,) =c, lim I'(u,) =0 strongly in E*.

n—oo

Let the functional L : X, — X be defined by

(L(w).v) = f Ju(x) — u@IP2w(x) — u@)EE) - v()) dxdy.
R2N

|)C _ y|N+sp(x,y)

where X is the dual space of X,. Then,
(@ oy W5V = (L), V) = (Ap)’w, v, Yu,v € X,

For operator L, from Lemma 4.2 of [4] we have

Lemma _3».2._ Assume that hypothesis (Py) and (P,) are satisfied, s € (0,1) and N > s p(x,y) for all
(x,y) € Q x Q. Then, the the following assertions hold:

(1) L is a bounded and strictly monotone operator;
(2) L is a homeomorphism;
(3) Lis a mapping of type (S ;), namely, if u, — u weakly in Xy and lim sup{L(u,) — L(u), u, —u) <0,

n—0oo0

then u,, — u strongly in Xy.

The following result shows that the functional @ satisfies the geometrical condition of the mountain
pass theorem.

Lemma 3.3. Assume that (M), (Py)-(P,) and (f1)-(f3) hold. Then, the following statements hold:

(i) There exist numbers p > 0 and r > 0 such that ®(u) > r for all u € Xy with ||ullx, = p;
(ii) There exists uy € C;(€2) with |lugllx, > p such that ®(ug) < 0.

Proof. (i) By the assumptions (f1) and (f>), we have

F(x,1) < lt]P* + cJtf?, VY (x, 1) e QxR. (3.1)

AIMS Mathematics Volume 6, Issue 8, 8390-8403.
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Since the embeddings X, — [#¥(Q) and X, — L+(Q) are continuous, there exist some positive
constants c;, ¢, such that

lulliso) < cillully, and  [lullr@) < c2llullx, (3.2)

for all u € X,. In view of (M), (3.1) and (3.2), for all ||ullx, < 1, we have

Dd(u) > - ———|lu ||‘”p*—fF(x, u)dx
+( )+ Q

1—-a
> L - e f P dx - c, f PO dx
., (P+) Q Q

1-
— 7l ™

a, (p +)“+

(3.3)

— sci|lullf; = cooallulfy,

(@+-1) -
g™ = &c1 — collully, f’*)nm;g

( 1-

> a
+(p +) *
Define the function g : [0, o) — R by

1- . _
g( ) — ( )a/+ l(‘ +—Dps _ Cgtﬁ— P+
a,\p+

1 -
_ (—“Q oere cstﬁ-) -
a, (p)™

Since - > p.ay, it is clear that there exists a #, > 0 small enough such that max,. g(¢) = g(#y) > O.
Hence, for a fixed € € (0, %0)) small enough, there exist number p(= fy) € (0, 1) and » > 0 such that
®(u) > r > 0 for all u € X, with ||ullx, = p

(i1) From ( f3), it follows that

Fx,)>Cltl’, xeQ, |f|>T. (3.4)
For w € Xy\{0} and # > 1, we have
D(tw) = M (0, iy (tW)) — f F(x, tw)dx

1+a

1P |wlly: = Ce f Iwl’dx
a_(p)™

— —00, as t — oo,

(3.5)

due to 6 > @, p,. Then, for r > 1 large enough, we can take uy = tw with ||uo||x, > p and ®(uy) < 0.
This completes the proof of (i1). m|

Define
= inf sup O(y(1)),

Yl 1e[0,1]
where I' = {y € C([0, 1], Xy) : ¥(0) = 0 and y(1) = up}. Then, combining Lemma 3.3 and the mountain
pass theorem (see Theorem 3.1), we deduce that there exists a Palais-Smale sequence {u,},eny C Xp such
that
d(u,) »>c, D(u,) >0 as n — oo.
Next, we need to prove that @ satisfies the (PS). condition in Xj. This plays a key role in obtain the
existence of nontrivial weak solution for the given problem.
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Lemma 3.4. Under the same assumptions of Theorem 1.1, the functional ® satisfies the (PS),

condition for all ¢ € R.

Proof. Let {u,},en be a (PS).-sequence for @ in X, that is,
d(u,) »>c, D'(u,) >0 as n— oo.

We first show that the sequence {u,},cv is bounded in X,. Indeed, from (M,), we get

!
—~ 1 -
M(f) = f M(dy > —= 1@ VxeQ,
0 a(x)
and from ( f3) there exists Cy > 0 such that

f ‘ FOx, )ity — OF (x, uy)|dx < Co.
QNf{Jun|<T}
Then, from (3.6), (3.7), (3.8) and Lemma 2.6 (i), we have

1
¢ + o,(Dluyllx, = ®u,) - 5<<D’(un), Up)

|Mn(-x) - Mn()’)|p(x’y)
|x — le"'SP(x»y)

— 1
M(O-s,p(x,y)(un)) - EM(O-s,p(x,y)(un)) LZN dxdy

+ é fg (f(x, u)u, — 0F (x, u,,))dx

l-—a
—(O-s,p(x,y)(un)

a(x)

1+a B |u,(x) — un(y)|p(x,y) 1
__*a a1 1
9 (O-S,P(x,y)(un)) LZN I.X — y|N+Sp(x,y) dXdy HCO

1 — () — 1, ()| (x)
5 a f 14 (6) = U I dy
@ (p)* \Jgav  |x = y[VHsrten)

1+ (%) — 1, (y) [P @@
__lra ( (R dy) 1
Gy \Juaw  r— g z

I - 1 n —u, p(x,y) a(x) 1
:( @ +a1)(f 40) ~ () dxdy) e
a, (p)™ 6 (p)*~ rav |x — y|NHsp(ny) 0

l1-a 1+a @ 1
> ( - _l)nunnX;”- - -G,
. (py) 0(p-)" 0

Y

)a(x)

(3.6)

(3.7)

(3.8)

Hence, from (f;) and 1 < a_p_, it is easy to check that the (PS). sequence {u,},cy is bounded in X.
Next, we prove that {u,},cn contains a subsequence converging strongly in X,. Since {u,},en 1S
bounded in X, and X is reflexive, up to a to a subsequence, there exist a subsequence, still denote by
{tn}nen, and uy € X such that u, — uy weakly in X;. Since B(x) < pi(x) for all x € Q, by Theorem
2.4 and Remark 2.9, it follows that {u,},c converge strongly to ug in LF®(Q). Using Holder inequality
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and embedding theorem, we have

ff(x» un)(un - l/t())dx
Q

1 3.9
<c f 1ty — ttoldx + cllty — tiol oy lltn PO o (3-9)
Q

— 0 as n — oo,
where ,@(x) is the conjugate exponent of 5(x). Hence, (®'(u,), u, — u) = 0,(1) and (3.9) imply that
lim M (0 sy 10)) (LCutn), 1 — ) = 0. (3.10)
Since {u,},en 1s bounded in X, passing to subsequence, if necessary, we may assume that
s poey)(Un) = 19 >0 as n — oo.

If ty = 0, then {u,},cn converge strongly to uy = 0 in X and the proof is finished.
If t; > O, since the function M is continuous, we have

M (05 piay(a)) = M(to) 2 0 as n — oo, (3.11)
Hence, by (M)), for n large enough, there exist c;, ¢, > 0 such that
0<c < M(O'S,p(x,y)(un)) < ¢y
Combining (3.10) with (3.11), we deduce
}i_)r{)lo(L(u,,), u, —uy =0. (3.12)

Thus, Lemma 3.2 (3) and (3.12) imply that u, — u strongly in X, and O satisfies the (PS). condition
for all ¢ € R. This completes the proof. O

Proof of Theorem 1.1 From Lemma 3.3, Lemma 3.4 and the fact that ®(0) = 0, ® satisfies the
Mountain Pass Theorem 3.1. So ® has at least one critical point u#; such that ®(u;) = ¢ > r > 0, i.e.,
problem (1.1) has at least one nontrivial weak solution in Xj.
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