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1. Introduction

In this paper, we study the existence and multiplicity of solutions for the following Schrédinger-
Kirchhoft equation

~(1+b f \VulPdx)Au + V(x)u = f(x,u), in RY, (1.1)
RN

where b > 0 is a parameter. Eq (1.1) arises in an interesting physical context. When V = 0 and RY is
replaced by a bounded domain Q c R¥, Eq (1.1) reduces to the following Dirichlet problem:

-1+ bf IVulPdx)Au = f(x,u), in Q, u=0onQ, (1.2)
RN

which is related to the stationary analogue of the equation
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proposed by Kirchhoff [9] as an extension of classical D’ Alembert’s wave equation for free vibrations
of elastic strings. Kirchhoff’s model takes into account the changes in length of the string produced
by transverse vibrations. There is a large literature on existence and multiplicity results. In 1978,
Lions [13] proposed an abstract framework for the Eq (1.2). Since then, Eq (1.2) have been investigated
by many authors, see for instance [5, 6,10, 17-19,22,26,27] and the reference therein. Recently, a lot
of attentions have been focused on the study of solutions of (1.1) on the whole space R" (see [7,8, 11,
12, 15,25,28] and references therein).

Motivated by [7,8, 11,12, 15,25, 28], we consider the asymptotical linear Kirchhoff type Eq (1.1)
on the whole space R" and assume the potential V satisfies the following condition:

(V) V e LI (R")is real-valued, and V- := min{V,0} € L*(R") + L/(R") for some ¢ € [2,+c0) N

%’, +00).

It is known that the assumption (V;) ensures that the reduced schrodinger operator A = —A +
V is self-adjoint and semi-bounded on L*(R") (see Theorem A.2.7 in Simon [23]). We denote by
0(A) 04(A) and o,(A) the spectrum, the discrete spectrum (eigenvalue with finite multiplicities), the
essential spectrum of A, respectively.

In this paper, we assume the following general spectrum assumption

(Vo) a :=info(A), M := inf 0, (A), —c0o <a < M, M > 0.

Condition (V5) implies that the potential V is not periodic.

Remark 1.1. The following potentials satisfy (V):

Ex 1. V) = Ag(x) + 1, for some g € CRM,R), g > 0, where Q := int(g~'(0)) is not empty and is a
bounded domain (see [2]).

Ex 2. V € C(RY) is bounded from below and there exists M > O such that A = {x € RN|V(x) <
M} has finite Lebesgue measure.

Due to the presence of essential spectrum, the Sobolev embedding H'(RY) < L*(R") is not
compact and the problem becomes more difficult. To overcome the loss of compactness, we need to
control the interplay between the nonlinear term f and the essential spectrum part os,(A). Inspired by
Liu, Su, and Weth [14], we assume

(f1) f € CRN xR, R), @ is bounded on RY x (R \ {0}).

(f2) f* = limsup,,_,, sup,..o @ <M.

Condition (f,) allows that the nonlinearity f locally intersects with the essential spectrum.
Motivated by (f>), we define

T = {B|B is a bounded, continuous real-valued function with lim sup B(x) < M}.
x|—c0

The nonlinear function f is assumed to be asymptotically linear at infinity and at origin in the
following sense: There exist By(x), Bo(x) € Y, such that

(fo) f(x,u) = Bo(x)u + o(|ul) as [u| — 0, uniformly in x € RY,

(foo) f(x,u) = Boo(x)u + o(Jul) as |u| — oo, uniformly in x € RY.

A quantitative way to measure the twisting between (fy) and (f,) is the index theory which were
widely used to investigate the periodic solutions of Hamiltonian systems (see Ekland [4], Long [16] and
the references therein). However, the index theories constructed in [4, 16] depends on the compactness
of Sobolev embedding or equivalently the spectral property 0 (A) = o04(A). Thus, the classical index

AIMS Mathematics Volume 6, Issue 6, 6160-6170.



6162

theories can not work here. We will introduce a classification theory for the reduced linear Schrodinger
equation with (V) (see [21]). More precisely, for B € T we classify the following reduced linear
Schrodinger equation

—Au+ V(x)u — B(x)u = 0.

This classification gives a pair of numbers (i(B), v(B)), where i(B) is the number of the negative
eigenvalues of A — B and v(B) =dim ker(A — B). We will briefly recall the definitions and some useful
properties of the Morse index function in Section 2. Our main result is the following: Assume that

F(x,u) = fou f(x, s)ds.

Theorem 1.1. Let (V,), (V2), (f1) and (f>) be satisfied. Moreover, F(x,u) < 0, (fy) and (fs) hold with
i(By) > i(Bs) + V(Bw). Then (1.1) has at least i(By) — i(Bs) — V(Bw) pairs of solutions provided f(x, u)
is odd in u.

The aim of this paper is to extend the index theory to the study of Schrodinger-Kirchhoff equations.
By using the Morse index of the reduced linear Schrodinger equation, we show how the behavior of
the nonlinearity at the origin and at the infinity affects the number of solutions. In our setting, the main
obstacle is the lack of compactness due to the presence of essential spectrum and the nonlocal part.
Benefitting from some of the techniques used in [12, 14, 15,28], we regain the compactness.

Remark 1.2. (1) Inspired by works of Ding and L. Jeanjean [3], we add the sign condition F < 0 in
order to control the compactness.

(2) Usually, if v(B») = 0, we write f is non-resonance at infinity. When b = 0, non-resonance
condition plays a very important role in the verification of Palais-Smale condition, Fortunately, because
of the nonlocal part of the system (1.1), in this paper, we can consider system (1.1) without the non-
resonance condition.

(3) Let the eigenvalues of A be denoted by 11 < A, < --- < Ay < info,(A), counting their
multiplicities. Assume that all the assumptions of Theorem 1.1 hold. If we assume that

A < Bo(x) < Ags1s A < Boo(%) < Aiyy, Vx €RY,
then we have i(By) = k, i(Bw) = L and (1.1) has at least k — [ pairs of solutions; if we assume
Ak < Bo(x) < As1, Boo(x) < A1, Yx eRY,
then we have i(By) = k, i(B) = 0 and (1.1) has at least k pairs of solutions.

This paper is organized as follows. In Section 2, we first present variational framework to deal with
problem (1.1). We also recall some propositions and lemmas about the classification of the reduced
linear Schrodinger equation which will be used to prove our main results. In Section 3, we give the
proof of the main results.

We use the following notations:

inf denotes the infimum of a set or a function in given domain.
sup denotes the supremum of a set or a function in given domain.
int denotes the interior of a set.

dim denotes the dimension of a subspace.

codim denotes the codimension of a subspace.

2= if N>3and2" =ooforN=1and N = 2.

D (RMN) = {u € L* : Vu € L*(RV)}.
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2. Preliminaries

2.1. Variational settings

In what follows by ||, we denote the usual LY—norm, and by (-, -), the usual L*-inner product. Define
A = —A+ V. By (V)), A is self-adjoint and semi-bounded on L*(R") with domain D(A) C H*(R").
Note that 0 is at most an eigenvalue of finite multiplicites of A. Without loss of generality, throughout
this paper, we assume 0 ¢ 0(A). Thus, condition (V;) introduces an orthogonal decomposition

=Ll , u=u"+u",

corresponding to the spectrum of A such that A is negative definite on L™ and positive definite on L*.
Denoting the absolute value of A by |A|, let E = D(|A|%) be the Hilbert space with the inner product

(u,v) = (APu, JAIPv),,
and norm ||u|| = (u, u)%. We have a decomposition
E=E"®E", where E*x = ENL",

which are orthogonal to each other with respect to the inner product (-, -) and (-, -)5.

Lemma 2.1. The space E embeds continuously into H'(RY), and hence, E embeds continuously into
LP(RN) for p € [2,2*] and compactly into L‘Z)C(RN) for p € [2,27).

Let us define the functional 7,(u#) : E — R by
b
L(u) = lu* | = |l + Z(f |Vuldx)? —f F(x,u)dx. (2.1)
RN RN

Our hypotheses on f imply that I,(z) € C'(E,R) and the critical points of I, are the weak solutions for
problem (1.1).

2.2. Classification for reduced linear Schrodinger equation

Recall that we define

T = {B|B is a bounded, continuous real-valued function with lim sup B(x) < b}.

|x| >0

For any B(x) € T, we also denote B as the operator multiplication by B(x) in L*(R") without causing
any confusing. By Lemma 2.1 of [21],

Lemma 2.2. For any B € Y, the essential spectrum o ,3,(A — B) of A — B is contained in (0, +00).

Let us recall the standard definitions and results on Rayleigh-Ritz quotients (see e.g. [20] ). Let
T be a self-adjoint operator in a Hilbert space X, with domain D(T") and form-domain F(T). If T is
bounded from below, we may define a sequence of min-max levels

T
A(T) = inf (x zx).
v subspace of r(r), dimy=x xervigy I1xllg
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To each k we also associate the (possible infinite) multiplicity number
m(T) = card{k’ > 1, A4 (T) = A4(T)} > 1.

Then 4(T) < inf o,.(T). In the case 4(T) < inf o,.(T), A is an eigenvalue of 7" with multiplicity

Definition 2.1. For any B € Y, we define i(B) = #{i|1;,(A — B) < 0}, v(B) = #{i|4;(A — B) = 0}.
We define the following quadratic form:
1 + L+ | 1
qB(u9 V) = E(u ,V ) - E(u sV ) - E(Bu, V)2, Vl/l, veE. (22)
The following proposition lists some properties concerning the index function (i(B),v(B)) and the

bilinear form gp. For the details of the proofs, we refer to [21].

Proposition 2.1. (i) The E can be divided into three subspaces
E=E"(B)® E°(B)® E"(B),

such that qg is positive definite, zero and negative definite on E*(B), E°(B) and E~(B), respectively.
Furthermore, E°(B) and E~(B) are finite dimensional subspaces. Moreover, i(B) =dim E~(B),
v(B) =dim E°(B).

(ii) i(B) = Z,.ov(B + A) and i(B) is the Morse index of qg on E; v(B) =dim ker(A — B).

(iii) For any By, B, € T with B, < B;, we have

i(B2) —i(B1) = ) v(Bi +A(By - B)).
A€[0,1)

(iv) There exists €y > 0 such that for any € € (0, €], we have
viB+€)=0=v(B-e¢),

i(B-¢€)=1iB),
i(B+¢€) =1i(B)+ v(B).

(v) (—gp(u, u))% is an equivalent norm on E~(B) and there exists ¢ > 0 such that (qp(u, u))% > cllull?,
Yu € E*(B).

3. Proof of main result

In order to prove Theorem 1.1, we use the symmetric Mountain-Pass Theorem (see [1,24]). Recall
that (u,) € E is a Palais-Smale ((PS) for short) sequence of @ if ®(u,) is bounded and ®'(u,) — 0. ®
is said to satisfy the (PS)-condition if any such sequence contains a convergent subsequence.

Theorem 3.1. Let ® € C'(E,R) be an even functional on a Banach space E. Assume ®(0) = 0 and ®
satisfies the (PS)-condition. Suppose that
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(®,) there exists E; C X, dimE, = ky and p > 0 such that

sup D(u) < 0;

MEE]ﬁSp
(D, ) there exists E, C X, codimE, =k, < k| such that

inf ®(u) > —co.
uck,

Then ® has at least k| — k, pairs of critical points with negative critical values.
Lemma 3.1. Any (PS)-sequence of the functional I, defined as in (2.1) is bounded.

Proof. Let (u,) € E be such that I;(u,) — ¢ and I;(u,) — 0. To prove {u,} is bounded, we develop a
contradiction argument. We assume that, up to a subsequence, ||u,|| — oo, and set w,, = ﬁ Assume
that

W, = w, in E, wy(x) = w(x) a.e. in RY
wh—=w" inE*, w, > w,inE".
We first claim that w # 0. Assume on the contrary that w = 0. It follows that

oty o st )

[l
b( |, |Vu,|*dx)?
= ;1P = Iw; I - f fG) 2 P 7
RN u, ||Lln||
> o(1) + Wi - fN f(’;’ Un) 2 3.1)
R n

Here we use the fact that ( fRN [Vul’dx)* > 0. Let {F,} denote the spectral family of A. We define the

following projections:
+00 M—e€
Pl:f dF,{, Pzzf dF,l (32)
M-e€ —00

with € < M — f*, where f™ is defined as in (f5) and M is defined as in (V,). We have Pyw’ = Pyw, and

n

PE* = OM_E dF,E. In particular, P,E and P,E™" are finite dimensional subspaces, and

Wi ll = 1Pywall + o(1), [IPywall; < 1Pl (3.3)

— €

Thus, by (3.1) and (3.3),

o(1) 20(1)+||P1w,,||2—f*f widx
RN

K

> o(1) + (1 — MNP iw, I

M—€
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The above inequality implies that ||Pyw,|]| — 0 in E. Hence 1 = |[w,|* = [|Piw,|* + [[Pow,]*> — O,
which is a contradiction.
On the other hand, if w # 0,
ECACHRZY)
o
P -l e T wadx b(f IV Pdx)?

llotall* llall? lluall?

o(1)

Recall that @ 18 bounded for all x and z, one has

\ﬁl‘%N f(xaun)w}%dx

Un

S
Thus,
o(1) = b( f [Vw,[*dx)>.
RN
Set g(z) = fRN [Vzl2dx. 1t is easy to see that g(z) is lower semi-continuous. Consequently,

liminf,_,e fR,\,(IanFdx)2 > (fRN [Vw[?dx)?, and o(1) > (fRN |Vw|>dx)?. Thus,

f IVw|>dx = 0.
RN

Since E embeds continuously into D'*(RY), we have w € D"*(R") and w = 0. This is a contradiction.
Hence, {u,} is bounded. |

Lemma 3.2. Any (PS)-sequence has a convergent subsequence.

Proof. Assume that u, — u in E and let v, = u, — u. Then, up to a subsequence, v, — 0 in E. Then
v —0,v; = 0in E and

o(l) = (un),va)
=, v~ (u,,v,)— f fOx, u,)v,dx + b f |V, |*dx f Vu,Vv,dx
RN RN RN

> o(1) + VHP* - £ f vidx + b f |Vu,|*dx f VuVv,dx.
RV RV RN

Since E embeds continuously into D*(RY), we have h,(v) = fRN VuVvdx is continuous on v € E.
Moreover, since v, — 0, we have h,(v,) — 0. Thus,

0(1)z||v;||2—f*f vidx.
RN

Then the lemma follows from the procedure as in Lemma 3.1. More precisely, using the definitions
and properties of Py, P, as in (3.2), we deduce that

%

o(1) > o(1) + (1 - Mf— p

NP, (3.4)

which implies Pyv, — 0 in E and v, = Pyv, + P,v, — 0 in E. This completes the proof. O
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Set f(x,u) = Bo(x)u+ fi(x,u). By condition (fy), we have fi(x,u) = o(u) as [u| — 0 uniformly in x.
Set Fi(x,u) = fol fi(x, 0u)dOu. Fix any 2 < p < 2*. For any € > 0, there is a C, > 0 such that

-1
|fi(x, )| < €lul + Celul”™,

which implies that

€ C.
|F1(x, u)| < Elul2 + —ul?,
p

and therefore c
€ 2 €
IfRN Fi(x, u)dx| < Ellullz + ?Ilulli.

By the continuity of the embedding E < LP(R"), there exists a positive constant C: which depends
on N and p, such that

6 *
If Fy(x,u)dx| < Ellulli + Colull”.
RN
Lemma 3.3. For any b > 0, there exists a p > 0 and E, with dimE; = i(By) such that

sup I(u) <O0.

u€EiNS,

Proof. Since E embeds into D'*(R") continuously, there exists C; > 0 such that ||[Vu|? < C,|ju||* and

1 B 1 € X
Iw) < E(Illfll2 — |l |?) - 5 (Bo(x)u, u)> + Ellullg + C¥lul|?
b
+—( | |Vuldx)?
4" Jgn

1 _ 1 . b
< i(llbﬁll2 — I - 5((Bo —eu,u)p2 + Chllull” + ZC]zIIuII“

. b
= gpyre(u, u) + Cllull” + ZCfIIMII“- (3.5

Pick E| = E~(By — €). For any u € E|, \/—qp,-(u, u) is an equivalence norm on E,, and thus there
exists a constant ¢, such that

qpo—cu, u) < —collull®, Yu € Ej. (3.6)
Hence, we have
2 * p b 2 4
L(w) < —collull” + Ccllull” + chllull

en p b
= (=cy + Clllull”™ + ZCfllullz)llullz-

Moreover, for € small enough, we have dimE, = i(By — €) = i(By). Thus, this lemma follows by
o L
p < (Cz+2gcf)max(1772,2) . ]
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Lemma 3.4. Assume E; = E*(B). There exists a R > 0, such that for any b > 0,

inf  I(u) > 0.

ueky, |[ull=R

Proof. 1t is sufficient to show that for any b, I,(u) — oo as ||u|| — co. Arguing indirecting, we assume
that for some sequence (x,) € E,, with ||x,|| — oo, there is v > 0 such that [,(x,) < y for all b > 0.

Setting y, = Hi_ll we have |ly,ll=1,y, = yin E;,y; — y"in E,, y, — ¥y~ in E,, and
Y D(x) - F(x, x4)
_ > :|wmﬁ—4b¢n2—\f' " dx
llxall> — {loxall wv
b( [y IVx,[dx)?
[l 12
— F(x’ xn)
o o e e (3.7)
w1l

Here we use the fact that ( fRN [Vx,|*dx)? > 0.

We claim that y~ # 0. In fact, if not we assume y~ = (. Since E~ is a finite dimensional subspace, we
obtain ||y,;||2 = o(1). Since F <0, from (3.7), we deduce thaty; — 0,and 1 = [yall> = ||yf;||2+||y;l||2 -0
in E. This is a contradiction and implies that y~ # 0. Moreover, y # 0 and

qz.(v,y) > 0.
There exists r > 0 such that

2 = 1P - f Bu(x)ydx > 0, (3.8)
B,.(0)

where B,(0) = {x € R" : |x| < r}. Assume that f>(x,u) = f(x,u) — Bo(x)u. Then fo(x,u) = o(ju|) as
|u| = oo uniformly in x. Set F(x,u) = fol f>(x, Bu)udé. Note that y, — y in L>(B,(0)). It follows that

F>(x, x, F>(x, x,
| 2( )dxl Sf |2 ( )lyﬁdx
B, (0)

B(0) [, |2 X%
Fy(x, x, Fr(x, x,
Sf | Z(XZX)llyn—yldef | z(x2x)|y2dx
B(0) Xn B.(0) X
=o(1). (3.9)

Thus, from (3.7)—(3.9),

. - F(x, x,)
o) = hm(lly,fllz—lly,,llz—f 5—dx)
n—eo B,(0) (|,

> Iy 1P = 1P f Bu(0pdx > 0.
B,(0)

This is a contradiction. We complete the proof. O

Proof of Theorem 1.1. ], is even provided f(x,u) is odd in u. With E; = E~(By — €) and E, =
E*(B.) the condition (@) of Theorem 3.1 holds by Lemma 3.3 and (®,) of Theorem 3.1 holds by
Lemma 3.4. Moreover, dimE; = i(By) and codimE, = i(B,) + v(B.). Lemma 3.1 and Lemma 3.2
imply I, satisfies the (PS)-condition. Therefore, I, has at least i(By) — i(Bw) — V(Bs) pairs of nontrivial
critical points by Theorem 3.1.
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4. Conclusions

This manuscript has employed the minimax method to study the existence and multiplicity of
solutions of Schrodinger-Kirchhoff equations with asymptotically linear nonlinearities. By using the
Morse index of the reduced linear Schrodinger equation, we show how the behavior of the
nonlinearity at origin and at infinity affects the number of solutions.
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