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1. Introduction

The aim of this paper is to establish the existence of pullback random attractors of the following
stochastic non-autonomous strongly damped wave equation with variable delays and with additive
noise in R%:

-z dw;
Uy — alAu, — Au+ u, + Au = f(x,u(t — p(1))) + g(t, x) + E hj(x)?’ (1.1)
=1

with initial conditions
M(S + T, X) = ¢(S9 X), ut(s + T, x) = l//(S, X), NS [_h9 O] (12)

where x € R%, t > 7,7 € R; @ > 0 is the strong damping coefficient, A is a positive constant; g €
L} (R,L*(R%)and h; € H*(RY); f is a nonlinear function satisfying some conditions, p is a given delay
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function; {W;}’,, are independent real-valued two-sided Wiener process on a complete probability
space (Q, .%, P), which will be specified later.

As we know, the concept of random attractor, as an extension of the global attractor for the
deterministic systems, was first introduced in [8], which has been studied in many papers, see
[2,3,9-12,20,21,23,28,30,31,39] and references therein.

Time delay differential equations arise from some evolution phenomena in physics, biology and
life science, which depend not only on the current states but also on their past history. There have
been many works on the asymptotic behavior of delay differential equations, see [6, 13, 19] in the
deterministic case and [4,7,16,17,29,35,36] in the stochastic case and references therein.

The asymptotic behavior of solutions of stochastic wave equation have been studied extensively
in [15,22,25,37] in the autonomous case. For the non-autonomous stochastic wave equation, the
existence of random attractors was obtained in [33] on bounded domains and in [5, 18,27,32,34] on
unbounded domains. Wave equations with delays are widely used in biology, physics, engineering
and chemistry. Therefore, it is important for us to study the asymptotic behavior of stochastic delay
wave equation. In [14,38], stochastic wave equations with delays on bounded domains are considered.
However, the results for the stochastic delay wave equation on unbounded domains are very few.

In this work, we study the pullback random attractors of stochastic non-autonomous strongly
damped wave equations with variable delays on unbounded domains. To prove the existence of
pullback random attractors, we need to derive some kind compactness. The main difficulty in this
paper is to establish the asymptotic compactness since the Sobolev embedding is no longer compact
on unbounded domains. We here overcome the difficulty by showing that the uniform tail-estimates of
solutions are sufficiently small (see Lemma 2.3). On bounded domains, we decompose the solutions
into a sum of two parts. One part decays exponentially and the other part has higher regularity. For
the higher regularity part, we first give some uniform estimates (see Lemma 2.4) and obtain the Holder
continuity of solutions in time (see Lemma 2.5). Then we apply Arzela-Ascoli theorem to prove the
precompactness (see Lemma 3.2) and hence establish our main result (see Theorem 3.3). In addition,
the strongly damped term aAu, and the delay term f(x, u(t — p(#))) introduce an additional difficulty in
deriving the uniform estimates, which needs some nontrivial arguments.

The paper is organized as follows. In the next section, we establish a continuous cocycle for problem
(1.1) and (1.2) and some uniform estimates of solutions are derived. Then we prove the existence and
uniqueness of the tempered pullback attractors for (1.1) and (1.2) in Section 3. In Section 4, we make
conclusion as well as some comments on our results.

Notations: Let (Q,.%,P) be the standard probability space with Q = {w = (w1, Wz, ,Wy) €
C(R,R™) : w(0) = 0}, .Z is the Bore o—algebra generated by the compact open topology of Q2 and P is
the Wiener measure on (Q, .%). Define the shift operator {6,},cr by 6,w(-) = w(-+1)—w(t),t € R, w € Q.
Then (Q, .7, P, {6,},cr) is a metric dynamical system.

Throughout this paper, we use (-) and || - || to denote the inner product and norm of L?(RY),
respectively, and use || - ||y to denote the norm of a general Banach space X. For 4 > 0, let C;, be the

Banach space C([—h, 0]; L*(R?)) endowed with the norm llellc, = sup lle(s)|l and u' be the function
se[—h,0]

defined by u' = u(t + s5), s € [—h,0]. Let C be a positive constant whose value may be different from
line to line or even in the same line.
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Let E = H'(RY) x L*(RY), endowed with the following norm
1w, VI = (@ + A= Olull* + (1 — a)|[Vul® + VI, (u,v) € E (1.3)
where o > 0 is a fixed constant such that
1-0>0,

1-ao0 >0,
o>+ A1-—0>0.

Let & = {(u,v) : u € Cy,||Vu|| € Cy,v € Cp,}, with the norm

I, VI = (0 + A= )llullg, + (1 — ad)|[Vullg, + IVIIE, - (1.4)
2. Materials and methods

2.1. Preliminaries and cocycles

In this subsection, we first show that the system (1.1) and (1.2) generates a continuous cocycle.
Then, we recall some results for the existence of pullback random attractors for non-autonomous
random dynamical systems.

For our purpose, we transform the system (1.1) and (1.2) into a deterministic system with random
parameters but without white noise, and then show that it generates a continuous cocycle on & over R
and (Q, 7, P, {0,}cr)-

For j =1,2,---,m, consider the one-dimensional Ornstein-Uhlenbeck equation:

de + Zjdl = de, (21)

whose solution is given by

0

Zi(t) = zj(6w)) = —f e'(Bw;)(s)ds, teR. 2.2)
It is known that the random variable |z;(w;)| is tempered and there exists a f,—invariant subset QcQof
full measure such that z;(6,w;) is continuous in ¢ for each w € Q. From now on, we will not distinguish
Q and Q, and write the space Q as Q.

Set
26w) = ) hi(0)z,Ow)),
j=1
then from (2.1) we have that
dz+zdt =) hdW,. (2.3)

J=1
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It follows from [1, Proposition 4.3.3] that, there exists a tempered function r(w) > 0 such that
D (@)l < r(w), (2.4)
=1

where r(w) > 0 satisfies for each w € Q,
rOw) < e P r(w), teR, (2.5)

here o’ is a positive constant which will be fixed later. Then by (2.4) and (2.5), we obtain, for each
w € Q,

D k0w < ¢ rw), teR. (2.6)
=1

In the rest of this subsection, we show that there is a continuous cocycle generated by the system
(1.1) and (1.2). Firstly we give the following assumptions on f and g:

(A1) There exist a function k;(x) € L*>(R%) and a positive constant k, such that the functions f €
CR?xR,R),p € C(R, [0, h]) satisfy

lfew)P < k() + Klul’, Yx e R ueR;
and
'Ol <p" <1, VteR;

(A2) There exists a constant L > 0, such that
|f(xu) — fe, W] < Liu—v|, Yx€R%u,v,€R;

(A3) The deterministic forcing g(z, x) € L? (R, L*>(R%)), and

loc

f eV|lg(r, HIIPdr < o0, VT €R,

o0

which implies

lim f f eV|g(r, )dxdr =0, VYt eR.
70 J—0o Jx|zk

Let v = u, + ou — z(6,w), where o is given in (1.3), then (1.1) and (1.2) can be rewritten as the
following equivalent form:

d

d—b; =v—ou+ z(6,w),

dv )
E:aAv—(l—O')v+(l—a'0')Au—(0' +A-—0)u

2.7
+ f(x,u(t — p(1))) + g(t, x) + 0z(6,w) + aAz(6,w),
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with the initial conditions
u(t+ 5,%) = u'(x) = ¢(s, X), (T + 5,x) =V (x), s€[-h,0],xeR (2.8)

where v(x) = ¢(s, x) + ¢ (s, x) — 2(0,w). Put o(t + 1,7, 0., 07) = (Tt + 1, 7,0, u"), (T + £, 7,0, V")) T,
where ¢ = (u”,v")". By the classical theory in [24], we may show the following existence results of
solutions of (2.7) and (2.8).

Assume that g € L7 (R, L*(R?)) and the assumption (A1) holds. Then for each w € Q,7 € R, ¢" €
&, there exists a solution ¢(-, T, w, ¢7) to the problem (2.7) and (2.8), which satisfies ¢(-, T, w, ¢") €
C([tr—h,T);E), forany T > 7, and forany r € [1,T], ¢'(, T, w, ¢") € C([-h, T]; &).

Assume moreover (A2) holds. Then the solutions to the problem (2.7) and (2.8) are unique, and the
solutions depend continuously on the initial data ¢™ € &, for any w € Q, ¢t > 7.

Now, we define a mapping: ® : R* xR x Q x & — & by

+7

O, T, w,¢") =" (-, T,0_;w, @),

where ¢"*7(s,7,0_w, ¢") = p(t + T+ 5,7,0_,w, ¢") for s € [—h,0]. Then @ is a continuous cocycle on
& over R and (Q, %, P, {0,}er).

In the following, let D(X) be the collection of all tempered families of nonempty bounded subsets
of X. Recall that D = {D(1,w) : T € R, w € Q} € D(X) is said to be tempered in X if for each y > 0,

lim ¢”||D(t + t,,w)||x = 0, (2.9)
—>—00

where ||D||x = sup||x||x. The cocycle @ is said to be D(X)-pullback asymptotically compact in X if for
xeD
all T € R, w € Q, the sequence

{D(t,, T — 1,,0_,w, X)), has a convergent subsequence in X, (2.10)

whenever t, — oo, and x,, € D(t — ,,0_, w) with D = {D(1,w) : T € R, w € Q} € D(X).

Next, we provide the following result for non-autonomous random dynamical systems from [26].

Proposition 2.1. Let ® be a continuous cocycle on X over R and (Q, %, P, {0,}cr). Suppose @ is D(X)-
pullback asymptotically compact in X and has a closed measurable D(X)-pullback absorbing set K in
D(X). Then ® has an unique D(X) pullback attractor A in D(X). For each v € R and w € Q, A is
given by,

AT, w) = ﬂ U O, 7 —t,0_,0, K(T — 1, 0,w)).

=0 27

In the rest of this paper, we will use Proposition 2.1 to prove the existence and uniqueness of a
pullback random attractor for the continuous cocycle @ in &.
2.2. Uniform tail-estimates

In this subsection, we derive some uniform tail-estimates of solutions of problem (2.7) and (2.8).
Hereafter we suppose that D is the collection of all tempered families of nonempty bounded subsets of
X.
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Lemma 2.2. In addition to the assumptions (Al)—(A3), suppose that there exists o’ > 0 such that

1-0>0,

o >0,

and
3k§ el

0
d-o)d-p)

Qo - Yot +1-0) -

(2.11)

(2.12)

(2.13)

Then for eacht € R,w € Q, and D = {D(t,w) : T € R,w € Q} € D, there exists T = T(1,w, D) > 0,

such that for allt > T, —h < s < 0, the solution ¢ of (2.7) and (2.8) satisfies
(5,7 = 1,0_cw, @ I + Cf "¢ (5,7 = 1,0, 0" ) Zdr
—t
+ 2af 7 TTINVu(r, T — 1, 0w, v )|Pdr < 1i(T, w),
T—t

where

T

ri(r,w) = C + Cr(w) + Ce_(’,Tf e("’IIg(r, x)llzdr,

—00

(2.14)

(2.15)

e = WVt e D(t — t,0_,w), r(w) is the tempered function satisfying (2.4), C is a constant

independent of T, w and D.

Proof. Taking the inner product of the second equation of (2.7) by v in L>(R%), we have

%nvn2 = 2a||VV|* = 2(1 = O)VI* + 2(1 — ao)(Au,v) — 2(0* + A — o)(u, v)
+ 2(f(x, u(t — p(1))), v) + 2(g(t, x), v) + 20(z(6,w), v) + 2a(Az(6,w), v).
Note that
i—b; =v-—ou+ z(6,w).

Then by (2.17), we derive that
3 du _1d 5 »
(Au,v) = (Au, ot z2(Ow)) = 27 tIIVMII a|lVull” + (Az(6,w), u)
and
_du _ld, 5 5
(u,v) = (u, o o z2(Ow)) = 2dtllull + ollull” = z(6w), ).
It follows from (2.16)—(2.19) that

d
E(IIVII2 +(1 = ao)||Vull* + (0% + A = o)|[ull) + 2a||VV|I*

(2.16)

2.17)

(2.18)

(2.19)
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=21 - VI - 20(1 — @o)||Vull* = 207(c* + A — o)||ul?
+ [2(0‘2 + A —0)(z(6,w),u) + 2(1 — ao)(Az(6,w), u)]

+ [20(z(6,w), v) + 2a(Az(0,w), v)]

+ 2(f (x, u(t — p(1)), v) + 2(g(t, x), v)

4
= =2(1 = O)PI? = 201 = ao)||Vull* = 20(c? + 2 — o)|Jull* + Z .. (2.20)
i=1

Now we estimate the terms on the right-hand of (2.20). By Young’s inequality, Cauchy-Schwarz
inequality and (A1), we have

2 A— 2 1= 2
unz(@wﬂﬁ + ﬂ
&1 €1

S < IAZ(BW)IIP + 281 lull?,

0'2 a’2
Iy < =GO + —lIAzGw)I* + 28|V,
& &

1 1 k2
I3 < —|If (x, u(t — pO)IP + 2&3|WIP < =—Ilki[I* + ==Ilu(t — p())II* + 2&3]v]]*

and

1
Fy <28 0PIV < Te. lg(t, DII> + &4V,
4

where €1, &5, €3, &4 are fixed positive constants which will be chosen later. Combining these estimates
with (2.20), we have

d
d—t(IIVII2 + (1 — ao)||Vull* + (0 + A = o)|[ull*) + 2a||VV|I*

< =2((1 =) — & — &3 — &) P> = 20(1 — @o)||Vull* = 2(c(0? + A = o) — &))||ul®
2

1 k 1
+ ki ll” + = lu(t — p)I + e llg(r, 0IIP
&4

283 283
2L 1— o) 2 1— 2
u g )llZ(sz)llz + (ﬂ + @
&1 &

2

+ —_—
€1 &

) IAz(Gw)IP. (2.21)

Recalling the definition of norm || - ||g, from (2.21), we get

d 7 /
il N, VIl + 207V

<=1 —0) — & — &3 — &4) — )|V|[e”"
— 20 = o)1 — ao)||VullPe”

— (2o =)o+ A=) = 2&)|ulPe”!
1 2 o't k% 2 o't 1 2 o't
+ —llkill7e”" + ==llu(t — p®))lI"e” " + =—IlIg(t, 0)l|"e
283 283 284

AIMS Mathematics Volume 6, Issue 12, 13634—-13664.



13641

(c?+A1-0) o? (1-ao0)? o

+— )||Az(9,w)||2e””. (2.22)
&1 &

) lz@w)lPe”" + (

+_
&

Integrating (2.22) from 7 — ¢ to 7 + s, where s € [—h, 0], we obtain

T+
"INt + 5,7 1,0, 0" % + 20 f e |IVv(r, T~ £, w, v Pdr
Tt

<e” et —t,1—t,w, 0%

T+S
—2(-0)-—er—&3—&4) - G')f e”"Iv(r, T — t, w, v Pdr
T+S , i
- 2o -1 - ao) f e IVu(r, T — t, w, u" "||*dr
i TS
—(Qo - ) o*+A1-0)—2¢) f e u(r, T — t,w,u”|*dr
Tt

[ [P T "
+ Ee + Tor e’ u(r —p(r), t —t,w,u”")|["dr
3 3 Jr-t
T+S

+— e”"lg(r, )Ildr
2'334 Tt
24 1-0)? 2 SRR
+ (u + 0-_)f eU’ r”Z(@ra))szr
€] & Tt
1= 2 2 T+S ,
+ (ﬂ + “—) f " || Az(6,w)|dr (2.23)
€1 & T—t
Set v’ = r — p(r). Combining p(r) € [0, 4] and the fact l—;:’(r) < 1_]p* for all r € R, we infer that
k% T+S , -
- e’ lu(r — p(r), = t,w,u”")|[°dr
283 Tt
k%eo”h T+sS

< —— e u(r, T — 1, w, u”"|*dr
2e3(1 = p*) Jeevn

k2eo"h T—t , T+S ,
2 (f e Nu(r, T —t, 0, u™ P dr + f " lu(r,t - t, w, uT_’IIZdr)
.

- 2&5(1 = p*) —t—h -t

< k%hea-,hea-,(‘r_t) ” T—t”Z kgea/h fﬂ-s o—’r” ( ¢ T—t”Zd (2 24)

K ———Iu + — e ulr,t—1r,w,u r. .
2e3(1 - p*) @ 2831 - p) ooy

It follows from (2.23) and (2.24) that

T+S

e” ™INlo(r + 5,7 — t,w, " % + Zaf "IV, T = t,w, v Pdr

Tt

<Nt —t,7—t,w, 0" |2

T+S
Q21 -0)-&-&—-&)—0) f " Iv(r, T = t, 0, v )| Pdr
Tt

T+s
- Q2o -0 - ao) f ¢ IVu(r, T — t, w, u™")|*dr
Tt
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2 ,0'h T+S
(2o -0 )P +A=-0) - ——— —2g)) ¢ u(r,t —t, w,u™"|Pdr
283(1 _p*) T—t
Il |1 ets) k2he” he =0 s 1 f’“ , )
+ o' (T+s T +— o'r : d
2830"6 2e3(1 - p*) el 284 Joy ¢ llg(r, Olldr
2 + 11— 2 2 T+S ,
+(u + ‘T—) f ¢ |2(6,w)|2dr
€1 & Tt
1 — 2 2 T+S ,
+(ﬂ + “—) f | Az(6,w)|2dr.
€1 &2 Tt
Lete, =5 =g4 = %T. By (2.11)—(2.13), we can choose &; small enough such that

l—-0c-0">0,

20-0" >0
and
3kZe "
(1 -0o)(1-p)
Replacing w with 6_,w and by (2.25)—(2.28), we get

Qo - )No?+A-0) - -2 >0

T+S

lo(t + 5,7 — 1,0_rw, " |5 + Ce™ T+ f e lp(r, T = t,6_w, " zdr

Tt

T+S
e f NIV, T = 1, 00, v Pdr
Tt

T+S

<"l + ClluT I, + C + Ce™ f ¢ "lig(r, ©)lPdr

Tt
T+S

T+S
+Ce" f e lle(0—rw)|*dr + Ce™” " f ¢ A6, w)IPdr

t Tt
T

< Ce g + C + Ce f e "lg(r, )ldr

—00

wCe [ @0+ e [ A0 wPar
T—t ot

Note that z(,w) = Y, hjz(6,w;) and h; € H*(R?), we deduce that for each w € Q,
=

e f e (IO )| + 120, w)|P)dr
Tt

0
=" f " (lz(6,w)IIP + 1A2(6,)I*)dr

t

0 m m
<e’T f e""(z \hjz(6,w))I” + Z |Ah 20, ) )dr

t j=1 j=1

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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0 m
<eT f "3 kGw)Pdr < Cr(w). (2.30)

Since ¢ = (", v"") € D(t — t,0_,w), then

lim sup Ce™"|lo" |1 < limsup Ce™"||D(7 — t,6_,w)|[% = 0. (2.31)

t—00 f—o0

By (2.31), there exists T = T(1, w, D) > 0, such that for all > T,
Celle™II% < 1. (2.32)

Combining (2.32), (2.30) and (2.29), we obtain for all t > T

lo( + 5,7 = 1,60, 0" % + C f e"Nlg" (s, 7 = 1,60, 9" O dr
Tt

i
L2 f TNV T = 1,00, v P
T—1

T

<C+Crw)+Ce ™ f ¢ \g(r, x)|Pdr = ri (1, w). (2.33)

—00

Thus, we complete the proof of Lemma 2.2. m|

Now we establish the following estimates on the exterior of a ball.

Lemma 2.3. Suppose the hypotheses in Lemma 2.2 hold, and let T € R,w € Q and D € D. Then for
each € > 0. there exists T = T(t,w,€,D) > 0, and K = K(t,w, €) > 1, such that forallt > T,k > K
and —h < s <0,

”SOT(S, T— t, Q—I(Ua ‘;DT_I)llia(Rd\Qk) < €,

where Q, = {x e RY : |x| < k}and ¢*" = ™", v"™") € D(t — t,0_,w).

Proof. Choose a smooth function &(-) as follows:

Cfo. o<
£(s) = L s

s<1, (2.34)
2, '
where 0 < &(s) < 1, s € R*, and with the constants u, u» satlsfylng 1€ ($)] < uy, 1€7(s)| < o for s € RY.
Taking the inner product of the second equation of (2.7) with 52(‘ W in L>(R%), we have

f§( IviPdx
x>

2
=-2(1 - )f g(' il |v|2dx+2ozf(Av)§ (—) vdx
2 2
+2(1—a<7)f(Au)§ (| a Wdx —2(0? + A — O')f ué (u)vdx

x|

2
+2f J(x u(r = p(1))é (| il )vdX+2f 8(t, X)f( vdx
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x>

f (02(6,w) + aAz(B,w))E? (—) dx =: =2(1 — )f & ( )|v|2dx+ Z i

(2.35)

Now we estimate each term on the right hand of (2.35). By Young’s inequality, Cauchy-Schwarz

inequality and (A1), we infer that

x> L, P P o
(V e )f(—) vdx — 2a 6( )IVv7dx

8
< M f IVylvidx — 2 f g(  woPdx
k k<|xl< V2k

4
Vi, L9 + 1P 20 f f(—)IVVIza’x-
8(1 2 2 ?
sa= =D [ e Gwds =201 - a0) [ T var
where
2 2 _
_80 - a0) f (Vu )g(lxl )g('xl) v < B2~ a0 f Vullvidx
k2 k kelal< V2K
4V2(1 -
< AV SO + P,
and

-2 a0 [ e L v
— 21 - a0 [ 0 (ﬁ)w—wu—z(@,w»dx
—~(-ang | e Rty - 2001 - a0 [ eds v
~21-a0) [ & 2B e
(-0l ff( Vufdx - 2cr<1—aa>f§<' ) v

1 - 2 2
, Lzeo)r “") f f(l T A w)dx + &, f 5(—)|u|

2
F3=-20c"+1-0) f ué (@(— +ou — 2(Bw))dx

=~ +1-0)— ff( uldx =207 (0 + A - U)ff( ul*dx

(2.36)

(2.37)

(2.38)

(2.39)
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x|

+2(0+A1-0) f & (—)Iullz(@tw)ldx
(A 0) = ff(lxl uldx — 20°(? + A — a)ff( )uldx

2 2
M f f(  e@ePdx + o f f(l T pax, (2.40)

i< f §(| P oPdx + f £ C e - piopax
S0 ! 263 p

+2g; f g( )| Pdx, (2.41)
! o ) i,
s < 26 f( Ng(t, )l dx + 2e4 f( vl~dx, (2.42)

2
He < Z—zfdf (| i z(Grw)Pdx + — f & (u)IAZ(sz)I2dX+282f f( )I Pdx,  (243)

where €1, &;, &3, €4 are positive constants which will be given later. It follows from (2.35)—(2.42) that

ff (lx| YV + (1 = a0)|Vul® + (02 + A = o)lul’)dx

+2a g (' il )VvPPdx

—2((1—0')—82—83—84)f f(u)l Pd
- Qo(e* + - 0) - 2el)f§< luldx
—20(1—cw>f £ (' '2>|v Pdx

4\f afh 4V2(1 - ao),

IV + [IvI%) + r

2
2 f & ( )lkl(x)lzd o f g(' i Mu(t — p(£))|>dx
£E3 £E3

2 _ 2 2
o f f(l ' )lg(t, x)Pdx +(( @) | ) f f(l ) Az @)

+((0' +1- 0')2

IVull® + V)

2
) f & (u)lz(@w)lzdx (2.44)

LetY = > +(1 —cxa)|Vu|2 +(0?+A—0)|ul*>. Multiplying (2.44) by ¢’ and integrating over (7—t, T+ ),
where s € [—h, 0], 0’ is a fixed constant choosen as in Lemma 2.2, we obtain for each w € Q

‘T(T”)ff( W +s,7—t,w, Y dx
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+2a f : f g(ﬁ)wv(ﬂm t,w, vV dxdr

<e” fR & (| |2)Y(T T—tw, Y "dx

—QR1-0)—er—e3—84) =) f , f £ JL lz)lv(rT t, w, v ) Pdxdr
— (2o = o) + A= 0) - 281) f f g(' '2)|u(r7 t, w, u"™")Pdxdr
~ Qo -0o')(1 - ao) f f £ 2 lz)qu(rT t, w, u"™")Pdxdr

T f e (IVulr, T = t, 0, u" DI + v, T = 1, 0, v )|P)dr
T—t

C T+S
+ E e |Vv(r, T — t, w, v |Pdr

283 f t f 20 o ar
"2 283 - f £ |2)lu(r—p(r) T —t,0,u" ") dxdr
"2 f h f & (| |2)|g(r x)*dxdr
+($+ ) f f ¢ (| |2)|Az(9 w)Pdxdr
*((0 Az, ) f f 2o '2)|z<0 w)Pdxdr.

Set ¥’ = r — p(r). By using the similar arguments in (2.24), we obtain

Jxf?

f f & Cllulr = p(r). 7~ 1, w, u" ) dxdr
283 Tt

k2 a’'h | |2 )
S5 ( Wu(r, T — t, w, u™"||*dxdr
2e3(1 = p*) Jrore h f é:
k2 o} | |2 ,
(—lu(r, 7 -1, w, u"'||"dxdr
" 2 ) o€ ff

k2 od} T+S |)C|2
( Mu(r, T — u"|Pdxdr
t el —p )f f &

k%he‘rh o’ (t-1) k2 od} T+s | |2 5
< —=—u |z + ——— & ( Nu(r, T —t, w, u""||*dxdr.
2&5(1 = p*) G 2e5(1 - p*) R

1-
Combining (2.45) and (2.46), we have for e, = g3 = g4 = To-

2
f & (| ! YW(r+s,7—tw, Y dx

(2.45)

(2.46)
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T+S 2
+ 2ae“7'(7“)f f & (u)IVv(T + 5,7 —t,w, V) dxdr

e he™ s Y t,w, Y dx + Sghe™” e ™Iz
< f f( ) (T —-Lw, )dx (1 —O')(l _ *) u Ch
2
-((1-0)- 0',)€_UI(T+S)I f & (| a Wi(r, T —t,w, v ) dxdr
3k2 o’h
— (2o - o?+A-0) - 2 —2¢))
(I =0o)(1-p*)
—0/(T+5) i | |2 T—1\]2
e f ( Nu(r, 7 —t, w,u" ")|*dxdr
T—t
T+S 2
- Qo - o)1 - ac)e ™ f g (| ' WVulr, 7 — t,w, u™")dxdr

C , T+S , -
+ e f " (IVu(r, 7~ 1, w, u"’)ll2 + V(7 = 1,0,V IP)dr
:

k —t
C T+S
+ ;e“r (T”)f e Vv(r, T — t, w, v |Pdr

2
b2 f f £ ko (0
3 o res) T+s | |2 5
T f f (gt dxdr

2 2
+ ((1 _QO-) + ) -0 (T+S)f f é: (l | |AZ(0 (,L))|2dXdr

€1
2 _ 2 )
+((0’ +j. 0') + 30’ ) —J(T+s)f fé:(u)lz(g w)lzdxdr (247)
1

Choosing & sufficiently small, together with (2.26)—(2.28), and replacing w by 6_.w, we have

2
f & (| al YWt +s,7—t10_w, Y dx

2
+ 2&6“7,(T+S)f f & (u)|VV(T + 8,7 —1,0_.0,v ) dxdr

,

2
< Ce_‘”f l | —YT dx + Ce™|| Hll%h
C
+ Ee f TTIVu(r, T = 1, 0w, " )P + |V(r, T = 1, 0_r0, V" )|P)dr
Tt

C o't ’ o"r T—1\[12
+ Ee |Vv(r, T —t,0_r, v )||°dr

+Ce T f f ¢ ('xl Wy () Pdxdr
2
iC f f £ VP ddr
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T 2
+Ce f e’ f g%ﬁ)mz(e, w)[*dxdr
Tt R4
5 lxf

Ce™™ f f & (—)Iz(@r w)[dxdr. (2.48)
Tt R4

We now estimate the terms on the right-hand side of (2.48). Since ¢ = (" ',v"™") € D(t — t,0_,w),
given € > 0, there exists Ty = Ty(1,w, D, €) > 0,K, = Ki(1,w, €) > 1, such that for all t > T,k > K|,

2
e g ( Y ldx + Ceu|2, < Ce™"l¢™|% < Ce. (2.49)

Due to (A3) and k; € L>(R?), there exists K> = K»(T, w, €) > 1, such that for all k > K,

f f & ("“| YWk (x)Pdxdr < Ce™ '™ f ' e’ f lky(x)*dxdr < Ce, (2.50)
T—t [x|=k
Ce " f ' f & (' all Vg (r, x)*dxdr < f f \g(r, X)|*dxdr
Tt [x|=k

<Ce™ T f ¢”"||g(r, x)|Pdxdr < Ce. (2.51)

and

Note that z(f,w) = Z hjz(6,w;) and h; € H*(RY), there exists K3 = K;3(w, €) such that for all k > K;
b

and j=1,2,--- ,m,

(0> + [VRj(0)I* + AR (x))dx < < (2.52)
Ix|>k ‘ r(w)

where r(w) is tempered satisfying (2.4) and (2.5).
By (2.52), we have

. 2
Ce f f & (l (8206, <)F + 1206, ) P)dxdr

<cC f " ”Z (AR Lz (6 + Pl (6, 0 )P xdr

[x|=k

0 m
<C f e””z (AR P12(6,0) + 1Pl (6, ))P)dxdr

00 |x|>k

j=1
€

< — Z 12,(6,0)dr < (2.53)

r(w)

In view of Lemma 2.2, (2.4) and (A3), there exists 75, = T,(1, w, D, €), K4 = K4(¢) > 1 such that

C .. ~
Ze_g Tf e (IVu(r, 7 = 1, 0w, u” |’ + [v(r, T = £,0_0, v )|P)dr
Tt
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C / T J
2 [T = 0wy R
Tt
C _yu (T & C(° ¥ C
< e I gt ol dr+ o I e ; )6 ))dr + — < Ce. (2.54)

Let T = max{T,T,} > 0, K =max{K,, K,, K3, K;} > 1. From (2.48)—(2.54) we have forall t > T,k >
K,

2
f & (u)Y(T.f. s, T—1,60_w, Y dx < Ce,
R4

which implies
”QOT(S, T t7 9_[0), SOT_t)llfga(Rd\Qk) < CE‘
Then the proof of Lemma 2.3 is finished. O

2.3. Estimates on bounded domain

We now decompose the solutions of (2.7) and (2.8) in bounded domains and derive some uniform
estimates.

Let Q, = {x € R? : x| < k}, given k > 1 and set
2
1,70, = (1~ O utt, 7,0,
. |2 (2.55)
bt 7, w,7) = (1 - & ( W, T, w, V),

where ¢ is the cutoff function deﬁned in (2.34).
Multiplying (2.7) by 1 — §2(| ), we have

di x|
- = V—oi+ (1 - & (—))z(Q,a))
dv |x |2 xf?

= aAV + 2a VvV ( )+ avAfz(ﬁ) — (1 -0+ (1 —aoc)Ai
| ? |xf? (2:30)
+2(1 —aa)vuvg( )+ (1 — )Ag( )= (0 + A — o)t

2
+(1-¢ (| l N Cx, u(t = p(0)) + g(, x) + 0z2(w) + aAz(fw)),

dt

with the initial conditions

2
r+s,x)=u(x)=(1-¢ (| al NP(s, x), ¥t + 5,x) =V (x), s€[-h0],x€ RY, (2.57)

where 7(x) = (1-&2(E)y(s, 0 +0(1-E2EE)G(s, )~ (1-E2(E5))2(6,+ ). Now we decompose (2.56)
into two parts. Set it = u; + up, v = v; + v,, we have two new systems:

du2

—. = V2= 0OlUy,

dcf;t (2.58)
d_t2 = aAv, — (1 =)Wy + (1 — ac)Auy — (07 + A — 0)us,
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with the initial conditions
uy(x) = a(r + 5, %), v3(x) = 91+ 5,x), s€[-h,0]xeQy,
and boundary conditions

ur(t,x) = 0,vo(1,x) =0, 1 €[=h,+00),[x| =2k

and )
du
d—; =vi—ou +(1-¢ (u»z(e,w)
dv, |x |2 |x|*
i = aAv; + 2aVvVE? ( avAE? ( )— (1 —0o)vy + (1 — aoc)Au,

2 2
+2(1 — ao)VuVé (| a )+ (1 — ao)uAé (| a Y= (0?2 + -0y

2
+(1-¢ (| l N (x, u(t = p(0)) + g(, X) + 02(6iw) + aAz(6,w)),

with the initial conditions
M‘;(.X) = 09 V‘{(X) = O’ s € [_h’ O],X € QZk’
and boundary conditions

u(t,x) =0,vi(t,x) =0, t€[-h,+00),|x| =2k

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

Using the similar arguments in Lemma 2.2, we derive the following estimate of solutions of (2.56) and

(2.57),
~ ~T—1\ ~ ~T—1 2
@t + 5,7 = 1,60_cw, 0" ), (T + 5,7 = 1,0_:0,V" 7))z q,,

.
+ Cf e N@(r + 5,7 = t,0_w, 0, V(r + 5,7 — 1,0_,w, T Mz, dr
Tt

:
+2a f e” TNV T — 1,0, V| Pdr
Tt

T

< Ce NP Ny + Ce f e”"g(r, O)|Pdr + Cr(w) + C.

—00

It follows from (2.64), we obtain the estimate of (i, v,)

1(ua(T + 5,7 = 1,60, u5 ), vo(T + 8,7 = 1,60_cw, V5 Nz q,)
T

+ Cf e Nua(r + 5,7 = 1,00, u5 "), va(r + 5,7 = 1,00, V5 NI, 47
—t

! T

+2a f e” TNy (r, T — 1, 0w, v Fdr

Tt

-0t —112 -0t Tt
<Ce™” ”90; ”g(QZk) =Ce’ o i ”g(gz,()-

(2.64)

(2.65)
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It follows from (2.64) and (2.65) that

2
||(u1(T + §,T— t$ G—Tw$ 0)’ VI(T + $,T— t7 0_7(1), O)”g(gzk)

.
+ Cf ey (r + 8,7 = 1,0_:w,0), v, (r + 5,7 — 1, 0_rw, 0))|I§a(92k)dr
Tt

:
2 f ¢TIV (s T — 1, 020, 0)|Pdr
T

—t
- N JANT
<2M@(T + 5,7 = 1,00, 8" ), W(T + 5,7 = 1,00, 7 iz,

+ 20T + 5,7 = 1,0_cw, 15 ), Vo (T + 5,7 = 1,00,V DI g,

.
+2C f 7 @(r + 8,7 = 1,0_c, T), 5(r + 5,7 = 1,00, 7 N (o, dr
—1
TT
+ 2Cf e (ua(r + 8,7 = t,0_r0,u5 ), vo(r + 5,7 — t,0_;0, v;t))llé(mk)dr
—t
TT
+4a f e TTINVH(r, T — 1, 0_,0, V)|Pdr
T—1

.
+ 4af e T\ Vva(r, T = 1, 0, v;_’)||2dr
T—t

T

< Ce @ Ny + Ce f e”"lg(r, 0)|Pdr + Cr(w) + C,

—00

Since "' = (", v"") € D(t — t,0_,w) € D(E(Qy)), we have

lim sup Ce_U/tllng_t”czf’(sz) < lim sup Ce_o—/t”D(T -1 g—tw)”é(ﬁzk) =0,

t— o0 1—o00
Therefore, there exists 7 = T(t, w, D) > 0 such that for all ¢t > T,
—o't) T2
Ce 11 gy < 1.
Thus, for all > T, we have

2
||(u1 (T +5,7T—1, 9_7-(,(), 0)7 Vi (T +5,7T—1, 6_7-(1), O)”g’(QZk)

.
+C f ey (r + 5,7 = 1,0_w,0),vi(r + 5,7 — 1, 0_,w, O))llfgo(gwdr
Tt

:
20 f ¢TIV, (1 T — 1,00, 0)|2dr
Tt

T

<C++Cr(w)+Ce™ ™ f ¢ "\g(r, O|*dr < Cri(1, w), (2.66)

—00

where r (7, w) is defined in Lemma 2.2.

Furthermore, we can give the uniform estimates of (Au;, Av;), which imply the higher regularity of
(ur,v1).

Lemma 2.4. Assume the hypotheses in Lemma 2.2 hold, and let T € R,w € Q and D € D(&(Qy)).
Then for given € > 0, there exist random variables r,(t, w), and T = T(t,w, D) > 0, such that for all
t2T,k>1and -h<s<0,

(1 — ao)||Auy (T + 5,7 — 1, 0_,w, 0)|I> + |[Vvi(T + 5,7 — 1, 0_,, 0)|]?
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.
" "f TN A (T — 1,010, 0)2dr < (T, ),
T—t

where r)(1,w) = Cri(t, w), (1, w) is defined as in Lemma 2.2.

Proof. From the first equation in (2.61), we have

2
%Aul =Avi—cAu + (1 -& (| a NAz(6,w). (2.67)

Taking the inner product of the second equation in (2.61) and (2.67) with —Av; and Au, respectively,
we have

d 2

d—tllvlll

= =2alvill* = 2(1 = O)IVill* = 2(1 — ao)(Auy, Avy) + 2(0 + A — o) (uy, Avy)
2 2

—4a(VvVE (u) Avy) = 2a(vA& (u) Avy)

2 2
—4(1 — ao)(VuVé (u) Avy) = 2(1 — ao)(uAé (u) Avy)

2
-2(1-¢ (le N, u(t = p(0)) + 81, x) + 02(6w) + @Az(6,w), Avy), (2.68)

and

d 2
EIIAulII2 = 2(Avy, Auy) = 20| Auy [P + 2(1 = & (| l N(Az(6,w), Auy). (2.69)

Adding up (2.69)x(1 — ao) and (2.68), we obtain

d
5= ad)|Au|* +1[Vvi]1%)

= =20 (1 = ao)l|lAw|* = 2al|Av|* = 2(1 = 0)IVvil> + 207 + A = o) (u, Avy)
x|

-2(1-¢ (DU ult = p(1) + g(t, ), Avy)

2
-2(1-¢ (| l N Z(Bw) + adz(Bw), Avy) +2(1 — ao)(1 - & Gz

2
&l N(Az(6w), Auy)

2 2
~ [4a(VvVE ( ), Avy) + 2a(vAE ( ) Av)]
x| x|

- [4(1 - ao)(Vuve? (—) Av)) +2(1 = ao)(uAE® (—) Av)]

= =20(1 — ao)l|Au|* = 2al|Av > = 2(1 — 0)|[Vwy|* + Z .. (2.70)

i=1
Next, we give the estimates of the terms on the right-hand of (2.70). It follows from Cauchy-Schwarz
inequality and Young’s inequality that
@ 9o? +A1-0)
S §|IAV1||2 + #Ilulllz,
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2a 9k2 2
S —IIAV1II + —||k1|| = IIMIICh —IIg(t,X)II ,

2a 902 9
I < KIIAWII2 + — @)’ + =llAz(Gw)IP,
a a
and
Th < o(1 = an)|Auw|? + o (1 = ao)l|Az(Gw)|.
Using the properties of the cutoff function &, we infer that

x? Il

Ts = 4( Vf( )f( ), Avy)

N S LR X L,

~ 2a(v(3 f( )f( )+ —(5( ) + —f( )f”(—)) Avy),

where
X, |xl? 16a X, Ixl?
—4&(—VV§( &' (—- )AV1)——7f xV f( )é (—)AV1dx
Qo
16 V2
< 16 ¥y, f VYA, |dox
k k<|x< V2k
16 V2
SRR ELT TR TN
k Qo
772 2
a 3
< =||Av | + Vv
9|| Vil B Vv,
and similarly,
x>, x*. 8x%  Ixf ., X, |xl?

~ 2a(v(z3 f( )é“( )+ —(é’( )* + f( )f"(—)) Avy)
2433 la 2833 e 2833
+ +

< —llAv > + 2
9|| vill” +( I I )|| Il
Thus we have
2 2732[1261’ 2433#20 2833[140’ 2833’u
Ts < —|lAv|* + || vyl + 4 . 2512
5< 3 lAv1| 2 VI~ + ( I I v
In the same way we obtain
20’ 2732'[12
Ts < AP + —3 v
2433/1%(1 — o) 2833/1‘;'(1 —ao) 2833;1%(1 — o) 5
+( + + ell”

ko Ko k*a
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Combining these estimates with (2.70), we get

d
- ad)lAu|? +[1Vv]1?) + allAv |

9o +A1-0)

< =0 (1 = ao)|Au|* = 2(1 = )||Vw |I” + ey 1P

+ %(IIVMII2 +[1VVI?) + %(Ilull2 + VI

2

9 9k
+ =[lky|? + +—=2
o

9
2 2
lu'lle, + = llg, )l
a a

2
" %Ilz(é)zw)llz + (01 - ao) + §>||Az<9tw>||2. @.71)

Let o/ > 0 be a constant satisfying (2.11)—(2.13). Multiplying e”" on both sides of (2.71) and
integrating over (7 — t, T + 5), where s € [—h, 0], we obtain

(1 — ao)||Aui (T + 5,7 — 1, w, 0)|> + IVvi (T + 5,7 — £, , 0|

T+S
+aafmﬂf‘ ¢ || Avy(r, T — 1, w, 0)||>dr
Tt
T+S

< (o =0)1 — ac)e ™) f ¢ | Auy (r, T — 1, w, 0)||>dr
—t
T+ST

— Q21 =)= g)e 9 f eIV (r, T — t, w,0)||Pdr

T—t
2 2
N Yo~ +A1—-0) T
«

:
f e""||u1(r, T —t,w,0)|Pdr
Tt
.
+ e f ¢ (IVu(r, T = t, 0, u P + [Vo(r, T — 1,0,V P)dr
Tt

-
+ _e_O—,T f ea’r(Hu(’,’ T-lLw, M‘l—_l‘)”2 + ”V(r, T—-1w, VT_I)”Z)dr
Tt

9k2 T
+C + 2 o't o'ry,,r _ T—1\]12
e e’ "u' (s, 7 —t,w,u")llg, dr
a -t

. 0
w7 [ &gt ofdrs o [ kel @7

Now we replace w by 6_.w and estimate the terms on the right-hand of (2.72).
By Lemma 2.2, there exists Ty = T (7, w, D) > 0, such that for all t > T,

C a T ]
¢’ Tf e (IVu(r, T = t,0_cw, u" I + IVv(r, T = 1,0_rw, v )|*)dr
Tt

C . T , _ _
+ e f e (lur, T = £,0_c, P + [v(r, 7 = 1,600, V)| P)dr
Tt

k*
< Cri(t, w), (2.73)
and
K o (T .
—=e 77 f e” (s, 7 = t,0_w,u" )|, dr < Cri(t, w). (2.74)
a Tt
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From (2.66), there exists 7, = T,(7, w, D) > 0, such that for all r > 7>,

o2 +A-0) .,
— ¢
a

f ¢ |luy(r, T = 1, 0_.w,0)||>dr < Cri(t, w).
T—1

By (2.30), we obtain

Ce™™ f e "lg(r, O|PPdr + Ce™ ™ f " (|Az2(B,—r )| + 128, )P)dr < Cri (1, ).
- Tt

o0

Let T =max{T, T,}. It follows from (2.72)—(2.76) that for all ¢t > T,

(1 — ao)||Auy(t + 5,7 — 1,0_.w, 0> + [|[Vvi(T + 5,7 — 1, 6_.0_,w, 0)||?

,
+a f e TN AV (T = 1, 0_.0, 0)|Pdr < Cri(t, w) = (1, w).
T—t

Thus we complete the proof of Lemma 2.4.

(2.75)

(2.76)

O

Next, we establish the Holder continuity of ¢; in time, which will be useful to show the

equicontinuity of solutions in C([—h, 0], E(£,;)) based on the Arzela-Ascoli theorem.

Lemma 2.5. Assume the hypotheses in Lemma 2.2 hold, and let T € R,w € Q and D € D(&(Qy)).
Then there exist random variables r;(t,w) and T = T(1,w, D) > 0, such that for allt > T,k > 1 and

—h<771<172<0,

72,7 = 1,0, 0) = @] (71, T — 1,0_c0, )| .., < 73(T, )72 = 1]
where 1(n;, T — 1,0_-w,0) = (u{(n;, T = 1,0_;w,0),v{(n;, T — 1,0_;w,0)),i = 1,2.

Proof. By the definition of the norm || - ||z, we have

05 (172, T = 1,0_c, 0) = @[ (71, T = 1,60, )|

= (07 + A= i, T = 1,0_cw,0) — ui (1, T — 1,6, )|
+ (1 = ao)||Vui(na, 7 = t,60_-w,0) = Vui(m, 7 — 1, 0_;0, o)II?
V02, 7 = £,6_:0,0) = V(71,7 = 1, 00, O)I)?

< (@ + A=, T = t,0_:w,0) — ul(my, 7 — t,6_w,0))|
+ (1 —ao)|Vui(na, 7 = t,0_-w,0) = Vui(m1, 7 — t,0_,w,0))|
+ Vi, 7 = 1,0_:0,0) = v, T — 1,6_;w, 0))||

T+172
<@+ 1-0) ||—u (r, T —t,0_.w,0)||dr
T+1]
T+1]2

d
+ (1 —ao) ||Vd—bl1(’”,7' —1,0_.w,0)||dr
r

T+

T+172
+ f [|—vi(r, T —t,6_.w,0)|dr.
dr

T+

(2.77)
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From (2.61), we have

du ) X *
—r=vi-ou (=& (—))z(etw)
together with (2.66), we know that

there exists Ty = T(t, w, D) > 0 such that for all r > T,

T+172
f 110y, T = 1,00, O)lldr
dr

T+m

T+172 T+172
< f Ivi(r, T = 1,6_w,0)lldr + Uf lur(r, 7 = 1,00, 0)lldr

T+ T+

T+172
+ f llz(6,—w)lldr

+11
1

T4 3 T4 b
< {(f Ivi(r, T - t,60_,0, 0)||2dr) + 0(f luy(r, T = ,6_cw, O)IIZdr)

+11 +11

T+772 5 % :
+ ( l|2(6,— )l dr) }|772 —ml?

T+
1

T+172
1+ )( f r(T, 0,_Ta))dr)
( \IO'2 +Ad-0 T+

1

T+T]2 ]
+ (f 12(6, - )| a’r) }Inz -ml?
T+771
712 % 2 % |
{ 1+ m) (f ri(T, Hrw)dr) + (fm ||z(0,a))||2dr) }|;72 e

N\»—
N\»—

2 ,
1 + sup (7, H,a))) +eThir

h? — |2 2.78
,—0_2+/1 0') (re[_h’o] ()}|772 ml? ( )

Since

, T+ T+1]2 ,
e h f Vv (r, T — 1, 0_,w, 0)||Pdr < f e Ty (r, T — 1, 0_,, 0)||Pdr
T

+n1 T+
T+1]2

< f e” T\ (r, T — 1, 0_r, 0)|1dr, (2.79)

T—t

by (2.66) and (2.79), we get for t > T,
T+T]2 ,
f Vv (r, T — 1, 0_,w, 0)|Pdr < Ce” "r (1, w). (2.80)
T+T]1

Using the similar computation in (2.78), we obtain for t > T,

T+172 d
f |—=Vui(r,7 - 1,0_-w,0)[|dr
dr

T+n]
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T+172 T+172
< f IVvi(r, T — 1, 0_-w, 0)lldr + Gf Vu(r, 7 = t,0_w,0)||dr

+11 T+
T+172
+ f IVz(6,_-w)lldr
T+
T4 3 T4 3
< {( f IVvi(r, T —t,0_,0, 0)||2dr) +0'( f Vu,(r, T — t,0_,0,0)||?dr
T+ T+
T+172 ! |
+ ( f IVz(6,- Tw)llzdr) }|772 —m?
T+

1 1
Cio T+112 2
Cir (T w) ( f r(t, 0,_Tw)dr)

{ : V] - o T+ :

1

T+172 5 :
+ f 26— dr) }lnz—mz
T+

Cio 1 3 1 3 1
{C Vri(t,w) + m(fm ”1(T,9rw)d”) +(L ||Z(9rw)||2d”) }|772—771|2

1
1 2 foud 1 1 1
C24/r(1,w) + ———h2 ( sup ri(t, Qrw)) +e T hir2(w)gln, —ml? (2.81)
{ : V1 —ao re[~h,0] : ? :

=

By (2.61), we get

T+172 d
f l=—=v1(r, 7 = 1, 60—, 0)lldr
- dr

+171

T+172 T+172
< cvf |Avi(r, T —t,0_w,0)||ldr + (1 — ao) [|Auy(r, T — t,0_r, 0)||dr

+n1 T+m
T+1]2 T+172
+(1-0) [lvi(r,T — ¢, 0_rw, 0)||dr + (0'2 +Ad—-0) lluy(r, T = t,60_.w,0)||dr
T+ T+
NG |x|*
+ 20zf \Vv(r, T — 1, 6_,, v )VE ( )Idr
T+
T+12 | |2
+ af V(r, T —t,0_rw, V)AL ( )|dr
T+
T+ |X|2
+2(1 — ao) IVu(r,©—1t,0_rw,u" ’)V§ ( )||d
T+T]
T+7]21 | |2
+ (1 - ao) lu(r, T — t, 0_w, u"" )AL ( Idr
T+7]
T+172 1 T+172
+ f (£ Ce, u(r = p(M)I + llg(r, X)|Ddr + f (llz(6,w)l| + allAz(6,w)l)dr. (2.82)
T+7]1 T+T]|
By (2.66), we have fort > T,
T+172 T+172
(1-0) Ivi(r, 7 = 1,0_w,0)lldr + (0 + A — o) llus (r, T = 1,6, 0)|ldr
T+ T+
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1
T+772 3

( T+
T+772 % .
( rl(T’ Qr—‘rw)dr) |772 - 771|7

T+
1

2
< Ch5( sup (7, er)) 172 — ml%-
re[—h,0]

By Lemma 2.4, we know that there exists T, = T»(7, w, D) such that for t > T,

T+172 T+172
a/f [|Avi(r,T —t,0_w,0)||ldr + (1 — ao) [|Auy(r, T —t,0_w, 0)||dr

T+ T+

T+172 %
< {cx ( f 1AV 7 — 1,0 000, 0>||2dr)
T+

T2 % .
+ (1 —ao0) (f lAu(r, 7 — 1,0 w, O)IIZdr) }|772 —ml?

+11

< {aer(l —cw')( sup rz(T,Hrw)) }|772—771|;-

re[—h,0]

From Lemma 2.2, we find that there exists 73 = T3(7, w, D) such that for r > T3,

T+ | |2
2af IVv(r, T — t, 0_., v )VE (—)||d

+11

8 T+112 2 2
=—“f I §(| i )f(l Vit — 1,60, v ldr

2
k +11

< 8\/?:1//11 ( 2

T+172 )
f IVv(r, 7 = 1,6_;w, VH)IIZdr) 72 —ml?

+11

, 1

8 Vau e G E

< \F+ ( f TRV T — 1,00, vH)szr) 2 = m?
Tt

.8
\/_”le V@ ol —ml2,

and

T+ | |2
af Iv(r, 7 — 1,01, v" AL (—)Ildr

+171
4 [T - X2, |x]? | 1
== lxv(r, T = £,0_w,v ’)((6( ) 6( )E( )Ild
T+
4a [T ps I, I
t v(r, T = t,0_w, ')f( )f( lldr
T+
4\2ka (i + ) + 4a T4 :
o TR ) A ( f ||v(r,r—r,e_fw,vf-@nzdr) s — il
T+

Iy (r + 5,7 = 1,0_c,0),vi(r + 5,7 = 1,0_rw, 0)) ||, dF ) e

(2.83)

(2.84)

(2.85)
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(S]]

4 V2ka(? + o) + dapy (

1
2
5 h{ sup rl(r,e,a») 2 = milt (2.86)

re[—h,0]
Similarly, we have for ¢t > T3,

i T—t 2 |X|2
(1 —ao) lu(r, 7 — 1,0_cw, u")AE (p)lldr
T+
4 V2Kk(1 = ao)(ud + up) + 4(1 — ao ), ) (

1

2
sup m(r,era») 2 —ml?, (2.87)
re[—h,0]

and

T+ 5 |X|2
2(1 — ao) Vu(r,t — t,0_rw,u"")VE (?)Ildl’
T+
8(1 —ac) (™™ |xP . |xP

e J., IIXS(ﬁ)f'(ﬁ)Vu(nT—I,H—Tw, u™)dr
T+

8 V2(1 - G i '
< V2( - Q) (f \Vu(r, 7 — t,0_,w, uH)llzdr) I —ml>

+11

1

1

2
sup rl(f,era») =l (2.88)
re[—h,0]

< 8V2(1 ]: a«r),ulh%(

By (A1) and Lemma 2.2, we obtain for t > T3,

T+172
f ILf (x, u(r = p(r)lldr

+11

TH12 ) % .
< f I Ce, u(r = p(r)] dr) I —ml?
T+
T+ 5 5 % |
< f llr |1 + &5 lueCr —p(r))lldr) I —ml?
T+
) ) T2 2 |
< Al |1 + sz ||u’||c,,dr) I —ml>
T+
1
2
< {hlikl? + Kh? sup ri(, er)) 72 = mil2, (2.89)
re[—h,0]

and

T+H1]2 T % .
f llg(r, x)lldr < (f llg(r, X)Ilzdr) e

T+m +11
: !
o’ (r-t 1
< (f e’ )Ilg(r,X)llzdr) 2 —ml?
’ ! (p—1 2 1 1 1
< (f e” " )\g(r, X)Ilzdr) I — ml? < C2 (T, W)l —mil2. (2.90)
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Noting that ; € H*(R?) and by (2.6), we have

T2 1 o’ 1 1
j‘ (G, + ellAzB,w))dr < (o + @)C2h?eT r (W)l — ml’. (2.91)

+m
Set T =max{T;, T», T3},
1 1

i
g 1 z o’h
r(r,w) = (0-2 +Ad-0) (1 + —) h? ( sup (7, Hra))) +e7 hiri(w)
Vol+A1-0 rel—h,0]

| 1

1 Cio 1 2 oh 11

+ (1 —ao){C2A/ri(1,w) + ————=h? ( sup r(T, 9,0))) +e* hiri(w)
{ : V1 —ao re[=h,0] :

1

+ Ch? ( sup (T, 0,0)))2 + {a Vra(r,w) + (1 = 040')( sup (7, 9rw))2

re[—h,0] re[—h,0]

D=

(S]]

8 " 4V2ka(? + o) + 4
+ \/al]zle2 m+ a(lllkzﬂz) a/llhl(

+4%&ﬂ—aamﬁ+uﬁ+4ﬂ—avwvﬁ(

sup (7, H,w))
re[—h,0]

1

2

sup ri(T, H,a)))

re[~h,0]

k2

1

8 V2(1 — | 2 |
+ \/_( a/o-)ﬂliﬂ( sup ri(t, H,a))) + C2+\/ri(1,w)

k re[—h,0]

1

2 'h

+ (h||k1||2 +K2h* sup ri(r, G,a))) + (o +)CihPeT ri (w). (2.92)
re[—h,0]

It follows from (2.77)—(2.92) that, fort > T,

1
”‘10‘{(772, T—1, 9_7-(1), 0) - ‘)0‘{(771 ,T—1, 9_7-(1), 0))”%(92]() < r3(Ta U))|772 - |2 .

This completes the proof of Lemma 2.5. m|
3. Results and discussion

In this section, we aim to prove the existence of tempered pullback random attractors for the system
(1.1) and (1.2) in &. Firstly we show the existence of the pullback absorbing set as follows.

Lemma 3.1. Suppose the hypotheses in Lemma 2.2 hold. Then the continuous cocycle ® has a closed
measurable D-pullback absorbing set K = {K(t,w) : T € R,w € Q} € D.

Proof. Set
K(r,w) ={p € & : ¢l < ri(r, )},

where r (1, w) is given by (2.15). It is evident that, for each 7 € R, r((7,-) : Q — R is (F, B(R))-
measurable.
Note that

T

ri(r,w) = C + Cr(w) + Ce_(’,’f e“l’llg(r, x)llzdr.

—00
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By simple calculations, we have for each y > 0,

lim e”||K(t +t, H,a))ll? = lim "r|(t + t,6,w) = 0.
&
t——00

t——00

In addition, for each 7 € R,w € Q, and D € D, by Lemma 2.2, there exists T = T (1, w, D) > 0, such
that forallt > T,

O(t, T —t,0_,w,D(t —t,0_,w)) C K(1, w),

thatis, K = {K(1,w) : T € R,w € Q} € D is a closed measurable D-pullback absorbing set for . O

Next, we will prove that the continuous cocycle @ is asymptotically compact in &.

Lemma 3.2. Suppose the hypotheses in Lemma 2.2 hold. Then the continuous cocycle ® is D-pullback
asymptotically compact in &. That is, if for all T € R, w € Q, the sequence {O(t,,, T — t,, 0_;, W, Xp)}r_,
has a convergent subsequence in & .

Proof. Let t,, —» o0,D € D(E(Qy)) and "™ = (@™, ¥""™) € D(t — t,6_,w). We firstly show
that @"(-, T — tp,0_rw, ™) is precompact in &(Qy;), where ¢7(, 7 — t,,,0_w, " ™) = (@(,7 —
by O, UT), V(- T — 1, O_rw, V7 'm)). It follows from Lemma 2.4 that, for M, = M,(t, w, D) large
enough, m > M; and r € [-h, 0],

2

||Lt1 (I", T = b, G—Ta)a O)HHZ(QZk)

2
+ ”V] (r? T = b, 9—1"”7 O)llHl(QZk) < Cr] (T, (,L))

We know that H'(Qy;) — L*(Q) and H*(Qy) — H'(Qy) are compact. Therefore, for m > M, and
r € [-h,0], {uy(r, 7 — 1, 0, 0), vi(r, T — t,, 0_rw, 0)} 1s precompact in E(€2;). From Lemma 2.5, for
m > My, {u1(-, 7 — ty, 0_:0,0),vi(-, T — t,,, 6_w, 0)} is equi-continuous in C([—h, 0], E(Qy;)). Then by
Arzela-Ascoli theorem, {u(r, T —t,, 0_.w,0), v(r, T — t,,, 0_r, 0)} is precompact in C([—h, 0], E(Qy;)).
Hence, there exists a subsequence 1, , still denote as 7,,, such that

(u‘i.(" T— Iy, 9_7-(,(), O)a V‘{(" T = b, 6_7-(,(), 0)) - (g()» é:())’ in C([_h9 O]a E(QZIC))
In other words, for any € > 0, there exists M, = M,(t, w, €, D), such that for m > M, and r € [—h, 0],

@G T =ty -2, 0) = L), Vi€, T = i, 0-r, 0) = EC)leay) < € (3.1

For any (uy ™, vy ™) = (@™, 7"") € D,D € D(E(Q)), by (2.65), there exists M3 = Ms(t,w, €, D),

such that for m > Ms,

T—Im

NQECo T = by O—cw, 1y ™), V5 (T = by 020, vy ™ Dllisa) < €. (3.2)
By (3.1) and (3.2), we derive for m > M =max{M,, M,, M3},

”(ﬁT(’ T — I, H—Tw’ ﬁT_tm) - g()’ T}T('a T—ly, 9—7'(1)’ ";,T—l‘m) - é:())”é”(QZk)
< 2”(”’{(’ T tm’ 0_7(1), O) - g()? V;—(', T tma Q—Tw’ 0) - f())”g(QZk)

Tt

+ 20(U3(, T = by Oz, 18y ™), V33T = by O, V3 ™)) < 4€. (3.3)
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Thus, @, T = t, 0, 7)) = (@ (C,T = ty, O, &™),V (-, T = ty,0_rw,V""™)) is precompact in
&(Qy). By Lemma 2.3, there exist k; = ki (7, w, €) and My = M,(7, w, €, D), such that for each m > M,,

l™ (o T =ty O, <PT_tm)||£(Rd\le) <€ (3.4)

By (3.3), there exists k, = k,(7, w, €) > k; such that §"(:, T — t,,, 0_,w, $"™) is precompact in E(Qyy,).
Recalling (2.55) and the fact 1 — 52(';(‘—'22) = 1 for |x| < kp, we know that ¢"(:, 7 — t,,,0_-w, " ™) is
precompact in &(€,). Along with (3.24), we have that the continuous cocycle ® is asymptotically
compact in &. O

We are now to give our main result.

Theorem 3.3. Suppose the hypotheses in Lemma 2.2 hold. Then the continuous cocycle ® has a unique
D-pullback random attractor in & .

Proof. By Proposition 2.1, Lemma 3.1 and Lemma 3.2, we can obtain the existence and uniqueness of
D-pullback random attractor of @ in & immediately. O

4. Conclusions

Since the Sobolev embedding is no longer compact on unbounded domains, we obtained the
existence of random attractor for the problem (1.1) and (1.2) by using the uniform tail-estimates of
solutions and the decomposition technique as well as the compactness argument. In addition, to derive
the uniform estimates, we make some nontrivial arguments due to the presence of strongly damped
term aAu, and the delay term f(x, u(t — p(¢))) in (1.1).
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