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1. Introduction

At Wisconsin university, Ulam raised a question about the stability of functional equations in the
year 1940. The question of Ulam was: Under what conditions does there exist an additive mapping near
an approximately additive mapping [28]? In 1941, Hyers was the first mathematician who gave partial
answer to Ulam’s question [11], over Banach space. Afterwards, stability of such form is known as
Ulam-Hyers stability. In 1978, Rassias [18], provided a remarkable generalization of the Ulam-Hyers
stability of mappings by considering variables. For more information about the topic, we refer the
reader to [21, 25, 26, 29, 39, 40, 42].

Fractional Langevin differential equations have been one of the important subject in physics,
chemistry and electrical engineering. The Langevin equation (first formulated by Langevin in 1908)
is found to be an effective tool to describe the evolution of physical phenomena in fluctuating
environments. For instance, Brownian motion is well described by the Langevin equation when
the random fluctuation force is assumed to be white noise. In case the random fluctuation force is
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not white noise, the motion of the particle is described by the generalized Langevin equation. For
systems in complex media, ordinary Langevin equation does not provide the correct description of the
dynamics. Various generalizations of Langevin equations have been proposed to describe dynamical
processes in a fractal medium. One such generalization is the generalized Langevin equation which
incorporates the fractal and memory properties with a dissipative memory kernel into the Langevin
equation. Another possible extension requires the replacement of ordinary derivative by a fractional
derivative in the Langevin equation to give the fractional Langevin equation. For more details,
see [2, 10, 15, 16, 19, 33, 34, 35].

Fractional order differential equations are the generalizations of the classical integer order
differential equations. Fractional calculus has become a speedily developing area and its applications
can be found in diverse fields ranging from physical sciences, porous media, electrochemistry,
economics, electromagnetics, medicine and engineering to biological sciences. Progressively,
fractional differential equations play a very important role in fields such as thermodynamics,
statistical physics, nonlinear oscillation of earthquakes, viscoelasticity, defence, optics, control, signal
processing, electrical circuits, astronomy etc. There are some outstanding articles which provide the
main theoretical tools for the qualitative analysis of this research field, and at the same time, shows the
interconnection as well as the distinction between integral models, classical and fractional differential
equations, see [1, 12, 17, 20, 23, 27, 32].

Impulsive fractional differential equations are used to describe both physical, social sciences
and many dynamical systems such as evolution processes pharmacotherpy. There are two types of
impulsive fractional differential equations the first one is instantaneous impulsive fractional differential
equations while the other one is non-instantaneous impulsive fractional differential equations. In last
few decades, the theory of impulsive fractional differential equations are well utilized in medicine,
mechanical engineering, ecology, biology and astronomy etc. see [3, 8, 13, 24, 30, 36, 38, 41].

Recently, many mathematicians received a considerable attention to the existence, uniqueness and
different types of Hyres-Ulam stability of the solutions of nonlinear implicit fractional differential
equations with Caputo fractional derivative, see [5, 7, 22, 26].

Wang et al. [31], studied generalized Ulam-Hyers-Rassias stability of the following fractional
differential equation:

Dy zw) = fw,zw)), wew,sil, k=0,1,....,m, 0<v<l,
zw) = gw,z(w)), we (S-i,wil, k=12,....m.

Zada et al. [37], studied existence and uniqueness of solutions by using Diaz Margolis’s

fixed point theorem and presented different types of Ulam-Hyers stability for a class of nonlinear

implicit fractional differential equation with non-instantaneous integral impulses and nonlinear integral
boundary conditions:

Dy 2w) = f(w,z(w), “Dpy . zW), w € (Wi, 5], k=0,1,...,m, 0<v <1, we(0,1],

zw) =17 (Ew,zw))), w € (siei, wil, k=1,2,...,m,

ik—lywkT
A0 = fo (T — 5)""'n(s, 2())ds.

In recent years, many researchers paid much attention to the coupled system of fractional differential
equations due to its applications in different fields [3, 6, 32].

AIMS Mathematics Volume 6, Issue 12, 13092-13118.



13094

Ali et al. [4], studied the existence, uniqueness of solutions by using using the classical fixed point
theorems such as Banach contraction principle and Leray-Schauder of cone type and presented various
kinds of Ulam stability including Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-
Rassias stability and generalized Ulam-Hyers-Rassias stability of the solutions to a nonlinear coupled
systems of implicit fractional differential equations involving Caputo derivative of the form:

‘D'u(w) — fw,v(w),  D'u(w)) =0, ve@2,3],wel,
D'vw) — fw,uw), “D'v(iw)) =0, ne(2,3], weJ,
AW)ly=o = GWl0,  wW)lumt = Au(), 4,7 € (0,1),
T = VW0, VW)l = (), A, € (0,1)

In this paper, we study switched coupled system of nonlinear impulsive Langevin equations with
mixed derivatives of the form:

Dy (D + Au(w) = fi(w,viw),u(w)), we Wi, sil, k=0,1,...,m,
u(w) = gi(w,u(w)), we (si_,wil, k=1,2,...,m,
u0) =uy, w(T)= f ! L(m — )" u(s)yds, 0<n <T,
o I';i
CD“O’W(Z) + L)v(w) = HL(w,u(w),v(w)), we w,sl, k=0,1,...,m,

viw) = gi(w,v(w)), we (S, wil, k=1,2,...,m,

72 1
v(0) =vy, WT)= f —(n, - s)”z’lv(s)ds, 0<n<T,
o I'p2

(1.1)

where “Dyf  and "D”O’W represents classical Caputo derivative [12], of order v and u respectively with
the lower bound zero, 0 = wy < 5o < w; < 81 < -+ <wy, < s, =T, T is the pre—fixed number and
A, € R\ {0}, 0 <v <1, p1,p2 >0, uy,vy are constants, fi, f> : [0,T] x R X R — R is continuous
and g : [si—1, wi] X R = R is continuous forall k=1,2,...,m.

In the second section of this paper, we create a uniform framework to originate appropriate formula
of solutions for our proposed model. In section 3, we implement the concept of generalized Ulam-
Hyers-Rassias stability of Eq (1.1). Finally, we give an example which supports our main result.

2. Preliminaries

Let J = [0,7T] and C(J,R) be the space of all continuous functions from J to R, and the piecewise
continuous function space PC(J,R) = {z:J - R : z € C((wg, wi_1],R),k = 0,...,m and there exist
z(wp) and z(wy), k= 1,2,...,m with z(w,) = z(wy)}.

In the current section, we create a uniform framework to originate appropriate formula for the
solution of impulsive fractional differential equation of the form:

Dy (D+ Au(w) = filw), we W, sl, k=0,1,....m,

uw) = gr(w), we (simi,wels k=1,2,...,m,

n 1 2.1
u0) =uy, uw(l)= f —( - P u(s)ds, 0< m<T,
o I'pi

We recall some definitions of fractional calculus from [12] as follows:
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Definition 2.1. The fractional integral of order v from 0 to w for the function f is defined by

1 W
I, fw) = —f (s)(w — s)v_lds, w>0, v>0,
A TN
where I'() is the Gamma function.

Definition 2.2. The Riemman-Liouville fractional derivative of fractional order v from 0 to w for a
function f can be written as

La (™ f(s)
Ly _
Z)O,Wf(w)—F(ﬂ_v)%‘fov mdé’, w>0,n—1<v<n,

where I'(+) is the Gamma function.

Definition 2.3. The Caputo derivative of fractional order v from O to w for a function f can be

defined as .

I'(n—-v)
Definition 2.4. The general form of classical Caputo derivative of order v of a function f can be
given as

Dpf (W) = ﬁ W(w — 5" W (s)ds,  wheren = [v] + 1.

n—1 k
w
Dy, = LDS,W(f(W) - Z Hf(k)(O)), w>0,n-1<v<n.
k=0
Remark 2.5. (i) If f(-) € C"([0, ), R), then

Loy fw) = ! fw fs) ds=I""f"w), w>0,m-—1<v<m
O Lim=-v) Jo (w—sy+tm 0 ’ ’ '

(ii) In Definition 2.4, the integrable function f can be discontinuous function. This fact can support us
to consider impulsive fractional problems in the sequel.

Definition 2.6. The Hilfer fractional derivative of order 0 < @ < 1 and 0 <y < 1 of function f(x) is
D7 f(x) = (PO DA () ).

The Hilfer fractional derivative is used as an interpolator between the Riemman-Liouville and Caputo
derivative.

Remark 2.7. (a) Operator D™ also can be written as

D™ f(x) = (""" DUV f)(x)) = PUOD (%), = @+ y — ay.

(b) If y = 0, then D%’ = D™ is called the Riemman-Liouville fractional derivative.
(c) If y = 1, then D% = I'"*D is called the Caputo fractional derivative.

Lemma 2.8. [12] The fractional differential equation D® f(x) = 0 with a > 0, involving Caputo

differential operator ‘D have a solution in the following form:
f(x) =co+c1x+ X+ o+ ey XL

where c¢,€R, k=0,1,....m—1 and m=][a]+ 1.
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Lemma2.9. [17] Leta > 0andy > 0, f € L'([a, b)).

Then I°T f(x) = "7 f(x), CDg’x(CDg’xf(x)) = CDg;yf(x) and 1°Dy . f(x) = f(x), x € [a, b].
Lemma 2.10. [24] The function u € PC(J,R) is a solution of (2.1) if and only if

W A 171 T
f e"l'(w_‘y)lvf] (s)ds + o f (m — s)p'e_’“(”‘_s)lvfl(s)ds —Aq f e‘MT_S)IVf] (s)ds
0 I(pi+1) Jo 0
+ (All(ﬂflE(l,plﬂ)(aW) ey + eﬂlT)Mo, w € (0, sol,
u(w) = { gr(w), we (siewill, k=1,2,...,m,

w M 71 r
f e—/ll(w—s)IVfl(S)dS + _ Pk f (771 _ S)Ple—/ll(fll—s)lyfl(s)ds — Mkl f e_/ll(T_S)IVfl(S)dS
; T(pi+ 1) Jy 0

Wi
+ Nk1 f e_/l](Wk_S)IVfl(S)ds + Nklgk(wk)’ we (Wka Sk]7 k= 09 la cee,m,
0

where
A= Al(p; + 1)
U (1= e (py + 1) =P+ T(py + D Eqp, 1y (aw)’
Al (py + 1)(771PIE(1,p]+1)(aW) - €_H)
By, = 5 ,
1
O, Al'(p1 + 1) =T'(py + D(1 - eﬁwk)(/lr(l?l + DM Eq p,+1y(aw) — e_AT))
Ay, = ,
Ok, ((1 —e ' D(p; + 1) —m» +T(ps + 1)771”'E(1,p1+1)(aw))
Mo = A (L =) T(p; + De™(1 — ™)
k| - ﬂ 5k1 B
N = B (1—e™) (1-eDl(pi+ 1) =m™ +T(p1 + DmP Eq p,1y(aw)
ki — /l - 6/(1 e/lw ’

O, = 2I(py + 1)(€_Awk — ey ﬂ1p1E<1,p1+1)(aW)€_ﬂwk) —m” e ™ —T(p; + DEq p+1(aw).
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In view of Lemma 2.10 the solution form of proposed system (1.1) is given by

W A 71
f e—/ll(w—s)IVfl (S, V(S), u(s))ds + e | S f (771 _ S)Ple—/ll(ﬂl—s)[v]cl(s, V(S), Lt(S))dS
; Ty + 1) Jo
T
- An f eI fi(s, v(s), u(s))ds + (Au(nflEu,mn(aw) —etl)+ e”)uo, w € (0, 0],
0
gkw,u(w)),  we(sm,wml, k=1,2,....m,
l/t(W) = " Mk 71
f e‘”‘(w_s)lvfl(s, v(s), u(s))ds + ————— f (m — S)ple_/h(m_s)lyfl(s» v(s), u(s))ds
| Ty + 1) Jo
T Wi
- M, f eI £ (5, v(s), u(s))ds + Ny, f e~ MO £ (5, v(s), u(s))ds
0 0
+ Nklgk(wk’ M(Wk))’ w e (Wk9 Sk]’ k = O’ 1’ - m,
W A 2
f e RO L (s, u(s), v(s))ds + —— f (112 = 8)e” 2P I fi (5, u(s), v(s))dss
; T(po + D) Jo
T
~ Ay f e 2T [1 £ (s u(s), v(s))ds + (Azz(né’zE(l,pzm(aw) — e + e”ZT)vo, w € (0, so],
0
gw,vw)),  we (sewil, k=1,2,...,m,
v(w) = w M, e
f e RIP b (s,u(s), v(s)ds + ———— | (72 — )2 CPI fo(s, u(s), v(s))ds
, T(pa+ 1) Jy
T Wi
~ M, f e RTI[f (5, u(s), v(s))ds + N, f e ORI (5, u(s), v(s))ds
0 0
+ N8k, viwr)),  w € Wi, sil, k=0,1,...,m,

(2.2)
3. Generalized Ulam-Hyers-Rassias stability concept

By the ideas of stability in [25, 29], we can generate a generalized Ulam-Hyers-Rassias stability
concept for Eq (1.1).

DD+ Au(w) = fi(w, v(w), u(w))| <ew), wew,sid, k=0,1,....m 0<v<1,
u(w) — Nygiw,uw)| < v, we (sic,wi, k=1,2,...,m.
(3.1
D)y (D + (W) — frw, uw), vw)| < @, w), we Wisil, k=0,1,....,m 0<p<l,
v(w) = Ni,gr(w, v(w))| <y, we(Sie,wil, k=1,2,...,m.

Definition 3.1. Equation (1.1) is generalized Ulam-Hyers-Rassias stable with respect to (¢, ¢,, )
if there exists C,, C, > 0 such that for each solution (u,v) € PC(J,R) x PC(J,R) of inequality (3.1)
there is a solution (1, vo) € PC(J,R) X PC(J,R) of Eq (1.1) with

|, V)W) = (g, vo)(W)| < Co@u(W) + @, (W) + Ly(C,o + C )y, w € .

Remark 3.2. A function u,v € PC(J,R) is a solution of the inequality (3.1) if and only if there is
G € PC(J,R) and a sequence Gy, k = 1,2,...,m (which depends on z) such that
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1) IGW)| < pw), we J and |G| <y, k=1,2,...,m,
(i) Dy, (D + Wuw) = fitw,v(w),u(w)) + Gw), w € (Wi, ¢, k=0,1,....m,
(1ii) C@S’W(Z) + L)v(w) = HL(w,u(w),v(iw)) + Gw), w e (wi, s¢], k=0,1,...,m,

(iv) u(w) = Ny, gr(w, u(w)) + G, w € (s, weel, k=12, ...,m.

Remark 3.3. (1) If u € PC(J,R) is a solution of the inequality (3.1) then u is a solution of the
following integral inequality,

'M(W) - f‘” eI i (w, v(w), u(w))ds — _Au f’“(m — eI fi(s,v(s), u(s))ds
0 I(pi+1) Jo

T
+ Ay f eI £ (5, v(s), u(s))ds — (An(m”Ea,le)(aW) — el + e”)uo',
0
M1

RO Ay —A(m-s
< ¢ Li(w S)IV J(8)ds — —— (n — S)Ple Ai(m S)IV J(8)ds
ﬁ ¢ T D o ’

T
+ Ay f eI (s)ds,  we (0, sol;
0

{[uw) = Negaton,uon] < 0, weGinmd k=12, m

'”(W) - fw eI fi(s, v(s), u(s))ds — My m(m — Yt e I £ (5, v(s), u(s))ds
0 L(pi+1) Jo

T Wi
+ My, f eI fi(s, v(s), u(s))ds — Ny, f e MO (5, v(s), u($))ds — Ny, ge(wi, u(wi))
0 0

W Mk 71
< e—/ll(w—s)lv u(s)ds 4+ — f ( - S)Ple—/ll(m—s)lv u(S)dS
L ¢ T+ Dy ’

T Wi
+ M, f eI g (s)ds + Ny, f eIy (Yds + W, we (Wi, ], k=0,1,...,m.
0 0

(3.2)
In fact by Remark 3.2, we get
Dy (D + )u(w) = fi(w,v(w), uw)) + Gw), we w5, k=0,1,....m, 0<v<lI, 33)
M(W) = Nklgk(W, M(W)) +Gk7 w e (Sk—lawk]a k = 152’~'-9m~ ’
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Clearly, the solution of Eq (3.5) is given by

fw eI (F (s, v(s), u(s)) + G(s))ds

0
A 11
L An
I'(pi+1) Jo

T
A f TP (5, v(s), u(s) + Gls)dss
0

(1 — "' e MM (fi(s, v(s), u(s)) + G(s))ds

+ (A11(771P1E(1,p1+1)(aw) —e")+ eilT)Mo, w € (0, sol;

(Ni,gew,uw),  we (sicnwid, k=1,2,...,m;
u(w) =

fw e—/ll(w—S)IV(fl(s’ v(s), u(s)) + G(S))ds

0
N L fm (- S)ple—/ll(m—s)lv(f (s, v(8), u(s)) + G(S))dS
I(pi+1) Jo : o ’

T
- My, f e TP (£ (s, v(s), u(s)) + G(s))ds
0

+ Ny, f " eI (fi(s,v(s), u(s)) + G(s))ds
0

+ N gwi, uw)) + G, we (wi, sil, k=0,1,...,m.

Forw € (wi, 5], k=0,1,...,m, we get
'u(w) - fw eI £ (5, v(s), u(s))ds — M fm( — §)P1e” MO £ (5, v(s), u(s))ds
0 D L'(pr+ 1) Jo " R

+M, fo ey " fi(s,v(s), u(s))ds = Ny, fo " I (s (s), u(s))ds - Ni, 8w, u(wy))
<| fo ' eI G s)ds|+ | (;14’1 5 fo "o - eI P G(s)ds|

+|my, fo ' N TIPGs)ds| + [N, fo N NI Gs)ds| + |G
< fW eI g (s)ds + L fm (1 — )P eI (s)ds

0 L(pr+ 1) Jo

T Wi
+M;, f eI p(s)ds + Ny, f eI g (5)ds + .
0 0
Proceeding the above, we derive that

4w = N gulow, uw)| < 1GU <9, we (sewd, k=1,2,..,m,
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and
! A (w=s) v An " p1 ,~A1(1=5) v
‘M(W) - | e I'fi(s,v(s),u(s)ds — ———— | (i —s)'e I fi(s, v(s), u(s))ds
0 L(pi+ 1) Jo
T
+Aq eI fi(s,v(s), u(s))ds — (A1 (7 Eqp, +1y(aw) — eMT) + eﬁlT)Mol
A 1 71
<| [ e IrGes)ds| + | | (n - )" MIPG(s)ds
|fo e Jy o |
T
+|A11f e‘AI(T_S)I"G(s)ds|
0
< fw eI (s)ds + —A“ fm (171 — )P e™ Mg (5)ds
0 L(pi+ 1) Jo
T
+A11f eI (5)ds, w e (0, sol.
0
Similarly
(2) If v € PC(J,R) is a solution of the inequality (3.1) then v is a solution of the following integral
inequality,
s A 7 da(mas)
’V(W) = | eV L, uls), v()ds — ———— | (72— )P PPV fo(s, u(s), v(s)ds
0 L(p2+ 1) Jo

b

T
+ Ay f eI (s, u(s), v(s)ds — (A22(n2p2E(1,p2+1)(aW) — el + BAZT)VO
0

v Ay " - _
< o2 S)I#()OV(S)dS _ —f (17, — s)2e A2(m2 S)I#QOV(S)dS
fo T+ D Jy

T

+ Ay f eIy (s)ds,  we(0,s0l;
0
{‘V(W) - Nkzgk(w’ V(W))‘ < lp’ w e (Sk—l’ Wk]’ k = 1’ 29 RN (1
" —Ar(w—ys) Mkz " = (=)

'V(W) - eV f(s, u(s), v(s)ds — ———— (2 — $)P2e™ 2"V f (s, u(s), v(s)d's

0 I'(p+ 1 Jo

T Wi
+ M, f e 2T (5, u(s), v(s)ds — Ny, f eI (5, u(s), v(s)ds — Ni,gewi, v(wy))
0 0

W Mk 712
< e—/lz(w—s)lp v(s)ds + —2f ( — S)Pze—/lz(nz—S)Iﬂ v(s)ds
fo i Tt Dy ’

T Wi
+ M,, f e‘AZ(T_S)I“gov(s)ds + Ny, f e‘ﬂz(wk_s)l“gov(s)ds +, we (Wi, s, k=0,1,...,m.
0 0

(3.4)
In fact by Remark 3.2, we get
‘Dfy (D + L)v(w) = frlw,uw),v(w) + Gw), wewisd, k=0,1,...,m, 0<u<l, 53)
vw) = Negew, vw)) + G, w € (siwill, k= 1,2,...,m. '
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Clearly, the solution of Eq (3.5) is given by

fw e—/b(w_s)l'u(fZ(Sa u(s), v(s) + G(S))ds
0

A 172
L an
L(p, +1)

T
— Ay f e 2T [1(£ (s, u(s), v(s) + G(s))ds
0

{Niogew,vow),  we (sicwid, k=1,2,....m

fW e_/lz(w—S)I/J(fz(s’ M(S), V(S) + G(S))ds
0

v(w) =

F(p + 1)

T
- My, f e 2T (fy(s, u(s), v(s) + G(s))dss
0

+ Ny, f " e RO U (5, u(s), v(s) + G(s))ds
0

Forw e (Wi, 5], k=0,1,...,m, we get

'v(w) - fw e‘AZ(W_S)I“fz(s, u(s), v(s)ds — L fm(nz - s)pze_b("z_s)l"ﬁ(s, u(s), v(s)ds
0 L(p+1) Jo

T Wi
+M,, f e TI 1 (5, u(s), v(s)ds — Ny, f e I f (5, u(s), V(s)ds — Niygewi, v(wy)
0 0

< ‘fw e—/lz(w—S)IﬂG(s)ds| + ’L fﬂz(nz — s)pze—/lz(nz—S)I/lG(s)ds'
0 L(pa+1) Jo

T Wi
+|my, f e TIPGs)ds| + |V, f eI PGs)ds| + |G
0 0
< fw —/lz(w—S)Iu (s)ds + Mk2 fﬂz( )172 —/lz(nz—S)I/l (s)d
< e J(8)ds — 5)e (8)ds
0 i [(p,+1) Jo T v

T Wk
+M;, f e LTI (5)ds + Ny, f eI g (5)ds + .
0 0

Proceeding the above, we derive that

[v09) = N, v < 1GH <0, we (sicwil, k=1,2,..,m

(2 — )P PRI ( (s, u(s), v(s) + G(s))ds

n (Azz(nszu,pzm(aw) — oMY+ e‘zT)uo, w e (0, 5ol

f (12 — )& 2P (fy (s, u(s), v(s) + G(s))ds

+ Nkzgk(wk’ V(Wk)) + Gk, w e (Wk’ Sk], k = Oa 1’ ....m
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and

‘v(w) - f ' eI L (5, u(s), v(s))ds — _An f m(nz — 5)P2e” MO (5 u(s), v(s))ds
0 I(p2+1) Jo

T

+An e PTI (s, u(s), v(s))ds — (AZZ(UZPZE(I,p2+1)(aW) —eT) 4+ e‘zT)v0|
0

—(w— Ap "2 _ _
< e LY G (ds| + —f — §)P2e M= [MG(5)ds
| 0 (s)ds |F(P2 +1) Jo R=9) (5

+Ax fo ' e T IG(s)ds|

< fw eI (5)ds + & fnz(nz — 5)Pe~ M ey (5)ds
0 L(p+1) Jo

+A5 fOT e‘AZ(T_S)I“gov(s)ds, w € (0, so].

4. Main results via fixed point methods
In order to apply a fixed point theorem of the alternative, for contractions on a generalized complete
metric space to achieve our main result, we want to collect the following realities.

Definition 4.1. For a non empty set V, a functiond : V XV — [0, co] is called a generalized metric
on V if and only if d satisfies:

o d(vi,v,) = 01if and only if v; = vy;
<o d(U], Uz) = d(Uz, U]) forall v, v, € V;
o dv,v3) <d(vy, 1) +d(vy, v3) forall vy, vy, u3 € V.

Lemma 4.2. (see [9] (Generalized Diaz-Margolis’s fixed point theorem)). Let (V,d) be a
generalized complete metric space. Assume that T : V — V is a strictly contractive operator with the
Lipschitz constant L < 1. If there exists a k > 0 such that d(T*"'v, T*v) < oo for some v in 'V, then the
followings statements are true:

(By) The sequence {T"v} converges to a fixed point v* of T;

(B,) The unique fixed point of T is v € V* = {u € V such that d(T*v,u) < 00};

(B3) ue V', then d(u,v*) <

1
T Ld(Tu, u).

We introduced some assumptions as follows:
(Hy) feC(xXR,R).

(Hy) o There exists positive constants 0 < Ly, < 1land 0 <Ly, <1, such that
|fl(w, u,m)— filw,v, n)| < qu1 lu —v| + qu2 |m —n|, foreach weJ andall u,v,m,n € R.

e There exists positive constants 0 < Lf‘,1 <land 0< Lﬁ,2 < 1, such that
|fz(w, u,m) — fH(w,v, n)| < Lﬁ,l lu —v| + Lf,,2|m —n|, foreach weJ andallu,v,m,n e R.
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(H;) ® gp € C((sk—1,wk] X R,R) and there are positive constant Ly,, k= 1,2,...,m such that

|gk(w, v) — gr(w, v)| < Loy lu—=v|,  foreachw € (si-1,wil, and all u,v € R.

o g € C((sk-1, wk] X R, R) and there are positive constant Lg,, k=1,2,...,m such that

|gk(w, v) — gr(w, v)| < Lyylu—v|,  foreachw € (si-1,wil, and all u,v € R.

(Hy) o Letp, € C(J,R,) beanondecreasing function, there exists ¢, > 0 such that

f I'(¢(s))ds < Cypu(w) foreach weJ.
0

o Letg, € C(J,R,) be anondecreasing function, there exists c, > 0 such that

fw I"(p(s))ds < Cyp,(W) foreach w e J.
0

Theorem 4.3. Suppose that (H,)—-(H,) are satisfied and also a function u,v € PC(J,R)
satisfies (3.1). Then there exists unique solutions uy, vy of Eq (1.1) such that

ug(w) =

similarly

vo(w) =

W A 11
f eI £ (5, vo(8), o($))ds + = f (1 — )T e 1ML (s, vo(s), uo(s))ds
0 Lpir+1) Jo

T
~ A f e ITDP £ (5, vo(s), to(5))ds
0

+ (An(m”'E<1,p1+1>(aW) —eMy + e”)uo, w € (0, sol;

{gk(w, upw)),  we (Se-nwiel,  k=12,....,m

W M 171
f eI £ (5, v0(8), o(8))d's + ——— f (m — $)Pe MDY £ (5,vo(s), to(s))ds
0 I'(pi+1) Jo

T Wik
- M, f eI fi(s,vo(s), uo(s))ds + Ny, f MO £ (5, v0(5), to(s))d s
0 0

+ Nklgk(wka I/l()(Wk)), w e (Wk’ Sk], k = 09 1, e, M,

4.1)

W A 72
f eI £ (5, u0(s), vo(s))ds + ——— f (172 — $)0e 2RI (s, u((s), vo(s))ds
0 I'(p,+ 1) Jy

T
- Ay f eI £ (s, ug(s), vo(s))ds
0

+ (A22(772p2E(1,p2+1)(aW) — e + €A2T)V0, w € (0, s0l;

{gew,vow),  we (siwid, k=12, .m;

W M 72
f eI £ (5, 1(5), vo()ds + ——2— f (12 = $)be™2PIOL (s, up(s), vo(s))ds
0 I'(po+ 1) Jy

T Wi
- M, f eI fi(s,uo(s), vo($))ds + Ny, f eI (s, uo(8), vo(s))ds
0 0

+ Niu8&Wi, vowr)), w € (Wi, s, k=0,1,...,m,

4.2)
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and

|G, )W) = (o, vo)(W))

1 - —Aw M p+1 1 - -An 1 - —AT
< ()it o)
A I'p+Hp+1 A A

1 — e C.L - C,.L . C u + @, + L. (C, +C,
+Nk( e )( i, OL, ) ( o(uW) + o, (W)) + Ly( )t//). 43)
A =Ly 1-Ly 1-L
forallwe J,if0<v<1and
E = max(ki ko) < 1, (4.4)
where
1= —-Aw M p+1 1= -An 1= -AT
Ll = max ( ¢ ) + k n ( ¢ ) + Mk( ¢ )
A I'p+1)p+1 A A
1 —ee\\; C,Lg, C\Ly
+Nk( ¢ )( u + il ) such that k=1,2,...,my,
A =Ly 1-Lg
1-— e—/lw wY Mk np+l 1-— e—/lr] nv
t = maxi (S mem)* (&)
A I'v+1) I'p+Hp+1 A I'v+1)
1 — e AT T 1 — e~ wY C,L ; C,L 2
(=) M e )
A rv+1) A v+ D/ =Ly, 1-Lyg,
such that k:O,l,...,m}.
Proof. Consider the space of piecewise continuous functions
V= {u,v :J > Rsuch that u,v € PC(J, R)},
endowed with the generalized metric on V, defined by
d((u,v) — (@, v)) = inf {Cu + C, € [0,+00] suchthat |(u,v)(W)— (&, V)(W)|
< Co(uW) + @) + Ly(Cu + Co)yr forall w e J}, 4.5)

where
Cu € {C €[0,00] = |(u, V)W) = (i, W) < Cy(u(W) + @u(W) ¥ W € (Wi, sil, k=0, 1,...,m}
and
C, €{C €[0,00] : |(u,V)(W) = (i, W) < (C, + C )Y Y we (e, wil, k=1,2,...,m}.

It is easy to verify that (V, d) is a complete generalized metric space [14].
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Define an operator A : V — V by

T
—- Ay f eI £ (s, v(s), u(s))ds
0

+ (A11(771P1E(1,p1+1)(aw) - e/llT) + €AIT)M0, w € (0, sol;

(Auw)(w) = {gk(w’ uw)), we(si—,wil, k=1,2,...,m;

+ N, 8cWi, u(wy)),  we (we,sel, k=0,1,...,m,

fo ' eI £ (s, v(s), u(s))ds + % fo h (71 = $)P'e” MM £ (5, v(s), u(s))ds

fW e—/h(w_s)lvfl(& v(s), u(s))ds + L f’“ (771 _ S)ple—/h(m—s)pﬁ(s, v(s)’ u(s))ds
0 F(pl + 1) 0

T W
- M, f e T (5, v(s), u(s))ds + Ny, f eI £ (5, v(s), u(s))ds
0 0

(4.6)

for all u belongs to V and w € J. Obviously, according to (H;), A is well defined operator.
Next we shall verify that A is strictly contractive on V. Note that according to definition of (V, d),

for any u, v € V, it is possible to find Cy, C, € [0, oo] such that

- CMSDM(W)7 we (Wk, Sk], k = 09 oo ’m’
|u(w) - u(w)| <
Cory, we(si-i,wel, k=1,...,m @7
CV v b e £l ’ k = O’ LR ] ] .
|V(W) _ \_/(W)| < ev(w) w € (Wi, 5l m
Cy, we(si,wil, k=1,...,m.
From the definition of A in Eq (4.6), (H,), (H3) and (4.7), we obtain that
Case 1: For w € [0, so],
9| An " 2
I(Au)(w) — (A)(W)] ' f “MOI Py (s)ds + ————— o+ D (m — $)Ple MM y(s)ds

T
—An f e MM u(s)ds + (All(nlplE(l,pwl)(aW) — ")+ e“)uo
0

_ " —/ll(w—s)lv— ds — Y —/11(771 S)IV d
[ a2 s M- i()ds

T
+Aj f e "I a(s)ds — (All(nlp]E(l,p1+1)(ClW) — ey 4 eﬁlT)uo‘
0

IA

‘f e"l'(w_‘v)lvu(s)ds—f e‘A‘(W_“')I”L_t(s)ds'

All

A T
_ o\ —/11(771 S)IV ds — e L S f _ e\l —/11(771—S)IV- d
o f a1 - 9) u(s)ds = gt | = 9e i(s)ds|

T
+‘A11f e"l'(T_s)IVﬁ(s)ds—A”f e_’“(T_S)IVu(s)ds|

0 0
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13106

W T
[(Aw)(w) — (ABW)| < f eI P u(s) — als)|ds + Ay f e T Pa(s) — u(s)|ds
0 0

A f g =
I ( _ S)Ple 1(m S)IV
I'(pr +1) Jo n
where, we use the following notations for convenience
u(w) == fi(w, v(w), u(w))
u(w) := filw,v(w), u(w))

u(s) — i(s)|ds (4.8)

1w, v(w), u(w)) = fi(w, ¥(w), it(w))|
Ly, vw) = vw)l + Ly, lu(w) — a(w),

lu(w) — a(w)|

IA

which further gives

Ly,
lu(w) — u(w)| < Ll v(w) = v(w)l, 4.9)
I
similarly
_ 5 _
v(w) —v(w)| < I ]l lu(w) — ww(w)|.
- Ly,
Put (4.9) in (4.8), we obtain
L w AL, [T
(Auw) = (AW < 7 fz f L a(s) = Hs)lds + 7 “Lf’” f eI Plu(s) = 7(s)|ds
=Ly, Jo —-Lys, Jo

AnlLy, !

(1 = $)P' e MM (s) — B(s)lds

CVL " w CVAllL u T
< f1 f e_/h(w_s)lvl(Pv(S)ldS + —flf e—/h(T—s)Ivl(pv(s)ldS
0 =Ly, Jo

CvAllqul n
+
I'(pir+ D1 =Ly, Jo

CVL u " "
Sl ([ o) [ o)
=L \Jo 0
CAnLyg, ( (7 '
i (7 s [ o
1 - quz 0 0

C\AnLyg, ( m( Yiemhm=94 )( f’“ I, (s)|d )
+ — s)Ple Mg "lev(9)ldss
Cpu+ DI=Ly \Jy " o 7

uy

(71 = )" e 1M g, (5)lds

IA

CLy, (1 - e‘ﬂlw)C C,AnLy, (1 —e T
-, \" 4,

up
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C\AnLy, (m?*) (1 —ehim
+
F(pr+ DA =Ly )(pr + DV 4

_ —/llw _ —/llT p1+1 _ —/117]1
< ((1 e )+A]1(1 e )+ AP (1 e ))
A A I(pr + D(p1 +1) A

Jcue0m

_ 1 —e v 11—t Aum”*) (1= etm
[(Au)(w) = (Aw)(w)| < ((/1—1) +A“( )+ L(py + D(p1 + 1)( A ))

CVLf“l Ceopn(w)

4.10
1-Lg, (4.10)

On the similar way, we can obtain

_ 1—e v 1—e Tl Ap(p™t)  (1-ebr
(AVw) = (AnW)]- < (( 1 ) " A”( 1 ) T+ D + 1)( 5 ))
% CuLf,z Cap(Pu(W)

Jv

4.11
1-Ly, ( )

Therefore from (4.10) and (4.11), we get the following result

|A(u,v) — A, v)|

1 — v ] —e AT A pitl 1 — p~im Ly,
s ()l s e e
Ay Ay I(pr+Dpr+1 A1

1 _ ,—Aw 1 _ =T A P2+l l _ ,—Am
e R e e B e e [ |
A A1 I'(po+1Dpr+1 A

L
i (cb,cwsou(w) " cvcwsov(m).
1-Ly,

X

Suppose that max{4;, A2} = 4, max{py, po} = p, max{A;,A»}=A and max{n;,n} =7

|A(u,v) = A@@, v)| < ((l_jﬂw)”(l_zgw%F(pA+ 1);7’:11(1—;‘””))

( Ly, Ly,
+
1- quz 1- Lfv2

J(cuCuputnr + CiCoim)

Case 2: For w € (s3_1, wi], we have
[((Aw)(w) — (A)(w)| = |ge(w, u(w)) — ge(w, )| < Lgi, lu(w) — (W) < Lgi, Cuip. 4.12)
On the similar way, we can obtain

[(AV)(W) = (AVYW)| = gr(w, v(W)) = gk(W, V)| < Ly, [v(w) = V(W)| < Lei, Cifr. (4.13)
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Therefore from (4.12) and (4.13), we get the result given as
IA(u,v) =A@, V)] < Loy Cutp + L, Cop.
Case 3: For w € (wy, s¢], and s € (Wy, s«],

I(Aw)(w) — (Au)(w)|
— ‘fw e—/ll(w—s)lvu(s)ds + L fm( _ s)ple—/h(m—s)lvu(s)ds
0 I(pr+ 1) Jo "

T Wi
_Mklf e‘ll(T_s)IVu(s)ds+Nk1f e M Py (s)d's
0 0
+Ni, 8w, u(wi)) — N, ge(wi, (wy)) — f eI (s, u(s))ds
0
M, f’“ i (r—s) v
—_—— (n —s)e =9 a(s)ds
Tpi+DJy

T Wi
+ My, f e M9 a(s)ds — Ny, f e MM P a(s)d s
0 0

< ‘f e‘ﬁ‘(w_s)l"u(s)ds—f e‘ﬂl(w_s)l"ﬁ(s)ds'
0 0
171

M M
|0 (m — )P e M= Py(s)ds — Tk
I(pr+1) Jo ILpi+1) Jo

T T
+| M, f eI a(s)ds — My, f e_’l‘(T_S)I"u(s)ds‘
0 0

Wi Wi
+|N,, f eI Py(9)ds — Ny, f NI i(s)ds|
0 0

1
(1 — 5™ e_/l](m_s)lvﬁ(s)ds

+ Vi, 8u v, uw)) = Ny geOw, 1ow,)|

fw e—/ll(w—s)lv

0

+ My, fm(m _ )P m=s
I(pi+1) Jo

g Wi
+Mk1 f e—/ll(T—s)[V u(s) — Lt(S)|dS + Nk1 f e—/ll(wk—s)lv
0 0

" - (w=ys) v =
—_— e I'lviw) — v(w)|ds
i
Mlef 7

ug

_I_
F(pir+ DA = Lyg,) Jo

MiL; (T
T f T Plu(w) = D(w)lds +
1-Ly Jo

IA

u(s) — i(s)|ds

u(s) — i(s)|ds + Lo, Cuth

u(s) — i(s)|ds

(1 = )" e 1M (w) = V(w)lds + Lo, Cup

Nkl Lf“l

Wi
f e_ll(wk_s)l"lv(w) - \_/'(W)|ds
1- fuy JO
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- f eI, ()lds
0

. C,My, Ly,
I(pr + D(1 =

CoMy, Ly, (T CNyLy, (™
Pt f T, (s)lds + ——— f R OTE
I=Ly, Jo °

C.L; f ] "
) e I(W_S)ds)( f IV|QOV(S)|dS)
1- quz ( 0 0

. CoMy, Ly, (f"‘(n _ s)ple—m(m—s)ds)( fm Iy (s)|ds) + Lo, Cp
l"(pl n 1)(1 — Lﬁz) . 1 o v gk1“~u

Cka L u T T CVNk L u Yk "
b [T e [ o) S [ o [ o)
1- quz 0 0 - quz 0 0

that is,

771
f (m — )" e 1My (9)lds + Loy, Cuth
L) Jo

IA

[(Aw)(w) = (Am)(w)

CVqu 1 - e_/llw Cka qu n p1+1 1 _ e—/lllll
< 1 ( )Cq:%(w) + S 1 ( )qugov(w)
1-Ly \ 4 Cpi+ DA =L )pr +1\ 4
CVMlefl 1 —e T CkalLf 1 — e vk
+ u Cop(w) + i ( )C »(W) + Ly, C,,
1- quz ( /ll ) lag (W) 1 - Lf“z /ll ¥ (W) gky lﬁ

1 - e—Alw) My, P (1 — e~ im )

(G0 = SRS (( L )T+ Dp+I\

1 _ e—/llT 1 _ e—/llwk CVqu
+Mkl(/l—) + Nkl( o )) L Copr(W) + Lyt Cath
1 1

1_—/llw M p1+1 1 - A1 1= -4 T
) o))

(AW (w) — (AB)W)| < (( ) o :
1 — etk CVLf“l
+Nk1( 1 ))1 I, (Cwsov(w) + Lk, Cuz//). (4.14)

On the similar way, we can obtain

[((Av)(w) — (AD)(w)| < ((1 — e—/lzw) M, P! (1 _ e—/lzflz) . Mkz(ﬂ)

+
A2 [(p2+ 1D pr+1 A2 A2
1 —e v\ CLy,
N, Copuw) + Ly, ). (4.15)
A 1- Lfvz

Therefore from (4.14) and (4.15), we get the result given as
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IA

1 _ —/hw M p1+1 1 _ —/11771 1 _ —/hT
IAGLY) — A, )| ( ¢ )+ b ( ¢ )+ Mkl(L)
A I'(pi+1)pr+1 A A
1 —etwey\ C,Ly,
+Nk1( ) !
Ay 1- Lﬁfz

1 _ e—/lzw Mk n2p2+1 1 _ e—/lz?]z 1 _ e—/lzT
A el )
A [(p2+ Dp2+1 A2 A

+N, ! o il C 2 + L, C
[ u v .
kz( /12 )) 1 fvz ( v (W) gha l//)

(qogov(w) T Ly, Cuw)

Suppose that max{d;,,} = A4, max{p;, po} = p, max{Mk,, Mg,} = Mg, max{Ng,, Ng,} = Ng
max{Lg,, Lek,} = Lgx and max{n;,m} =17

1= —-Aw M p+1 1= -An 1= -AT
S vy e A ey
P Tp+DHp+1\ 2 P
1- e‘”wk Cuqul C‘vaV1
+
2 ))(1 —L; 1- Lﬁ,z)

IA(u,v) — A(i,v)| < ((

+Nk(

X(Culuw) + @u0) + L Cu+ Cowr)

Also, for w € (wy, s¢], and s € (831, wil,
71

[(Aw)(w) = (A)(w)| ‘ f I y(s)ds + (M ) (m—s)P'e—Mm—S)IVu(s)ds

T Wik
-M;, f e M9 y(s)ds + Ny, f e MY P y(5)d s
0 0

+Ni, (Wi, u(wi)) — Ni, (Wi, (wy)) — f eI (s, u(s))ds
0

11

M, (1 — )" e M) a(s)d s
0

T(p + 1)

T Wik
+M;, f eI a(s)ds — Ny, f e MY I a(s)d s
0 0

w W
' f e—/l](w—s)lvu(s)ds _ f e—/ll(W—s)Ivﬁ(s)ds‘
0 0

Mlq f’ll 2 _ Mk 71 2 ~ ~
+|—— (n — $)P e M= y()ds — ———— (n — $)" e MM p(5)ds
T+ D Jy ™ T+ Jy

T T
+|M, f eI a(s)ds — My, f e‘ll(T_s)IVu(s)ds|
0 0

W Wi
+| Ny, f e M Py(s)ds — Ny, f e‘dl(w"_‘y)lvﬁ(s)ds‘
0 0
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+ Vi 81w, u(w)) = Ny giowi, 1ow,)|

IA

W M n
—A(w=s) v P ki f p1 ,—A(n—=s) v =
e Iu(s) —u(s)lds + ——— s)'e I"|u(s) — u(s)|ds + Lo, C,
fo |u(s) — a(s)| o, 1)0(771 ) |u(s) — as)| ok Cutl

T
+My, f Y
0

f " D Pl = Sl + f "1 = S I ow) — Sl
e v(w) — P(w)|ds m-—s)y'e viw) = viw)ids
1- Ly, Jo I'(pr+ D(I = Lg,) Jo

Wi
a(s) - M(S)|ds + Nkl f e_/ll(Wk—S)IV
0

u(s) — i(s)|ds

IA

T N L Wk
Mt f TP u(w) — S(w)lds + f eI P () — Sw)lds + Ly, Cuth
1-Lys Jo 1 =Ly Jo

Cvl//Mleful 771
L(pr+ DA = Ly,) Jo

IA

f e_’l'(w_s)ly(l)ds n (771 _ S)Ple—/ll(ﬂl—S)IV(l)ds
0

1-Ly,

CyMy Ly, T CWN Ly, (™
_,_M f e_’“(T_S)IV(l)dS + M f e—/ll(Wk—S)IV(l)ds + Ly, C.,
1- Lf“z 0 0

that is

(o) = (AL < {(1 _;l_llw)(r(vw + 1)) * r(;l ; ) prfll(l _jl - )(r(vni 1))

oo (S ) )

C.Ly,
1-L;

u

X

(c¢<pv(w) t Ly, cuw). (4.16)

On the similar way, we can obtain

A0y = (AD< {(1 _zezhw )(r(vw + 1)) * r(lf i 1) ijj:ll(l _:2 = )(mni 1))

AL _jz_m)(r(vT; 5)* e _ZM e i ol

CuL;
x#(q,gou(w) + Lgkzcvw). (4.17)
L.

Therefore from (4.16) and (4.17), we get the following result

AG.Y) - AR < {(1_;_M)(r(vwl 1))+r(1j‘14]1 1)Zipjr+11(l_:;m)(r(vni 1))

o (5 ) W)

CLy,
X 1 L (CQOSDV(W) + Lgkl Culﬂ)
- L

u
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AN el M)
A I'v+1)) T(po+Dpr+1 A I'v+1)

+Mk2(1 _/T;ZT )(F(VT:— 1)) " Nkz( : _/iz_hw )(l"(vw-ilvi 1))}

Cu.Ly,

X ﬁ (C‘plpu(W) + Lgk2 Cvl//)

Jvy

Suppose that max{4;,,} = A, max{p;, p»} = p, max{Mk,, Mx,} = Mk, max{Ng,, Nk,} = Ng
max{Le, , Lgt,} = Lok and max{n,,n,} =7

IA(u,v) = A@@, V)| < ((1 —j_m)(r(:‘i 1)) * r(;v{]; 1);71111(1 _/le_/ln)(r(vn:- 1))

+M"(1 —j—” )(F(VT-: 1)) +N "(1 - ;_M )(r(vwf 1)))

C.Ly, C.Ly
x( Ly |
1-L; 1-Lg

J(Cuteutm + 00 + Lty + Cw).
From above, we have

(A )00 = (A IOV < E(Colpuw) + @u(w) + La(Cu+ C). w e [0,7],
that is,
d(AGL V), AL D) < E(C,(@u0) + 6,0) + L(Cy + CW).
Hence, we conclude that
d(A(u,v), A(@,v)) < td((u,v) - (@,v)),

for any (u, v), (i1, V) € V, since the condition (4.4) is strictly contraction property is shown.
Now we take (up,vy) € V. From the piecewise continuous property of (ug,vo) and A(ug, vo), it
follows that there exists a constant 0 < G; < oo, such that

|(A(uo, vo)) (W) — (1o, vo)(w)|

W A
< | [ et ors wovownds + oo
0

I'lp+1)

f n(n — 5P e I £(s, (ug, vo)(s))ds
0

B

T
“Ap f ¢TI £(s, (s vo)(5))ds + (A“(nPE(l,,,H)(aw) _ ey 4 e”)zO — (g, vo)(W)
0
< Gip(w) < Gi(Cul@uw) + ©,(W)) + L (Cy + Co)), w € (0, so].

There exists a constant 0 < G, < oo, such that

|(A(uo, vo))(W) = (uo, vo)(W)I |gi(w, (o, vo)(w)) = (uo, vo)(w)|

< Gy < GoCy(uW) + (W) + Loi(Cy + C)Y),

AN
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where w € (s, wil, k=1,2,...,m.
Also we can find a constant 0 < G5 < oo, such that

|(A(ug, vo))(w) — (ug, vo)(w)

< | fo "I (s, gy vo) () + M ;”j 5 fo (7= eI £(s, g o) (5Dl
T W
—-M; f e T7ID £(s, (ug, vo)(5))ds + Ny f eI f(s, (o, vo)(s))ds
0 0
+Nege(Ws (uo, V)W) — (ttg, vo)(W)],
< GS‘P(W) < G3(C90(‘10u(w) + %(W)) + Lgk(Cu + Cv)w)’ we (Wk’ Sk]’ k = 1, 2’ s

, M.

Since f, (ux, vx) and (ug, vo) are bounded on J and (Cy (¢, (W) + ¢,(W)) + Lo (C, + C,)¥) > 0. Thus (4.5)

implies that d(A(ug, vo), (1o, vo)) < 0.

By using Banach fixed point theorem, there exists a continuous function uy, vy : / — R such that
N'(up,vg) — (up,vp) in (V,d) as n — oo and A(ug, vo) = (uo, vo), that is, ugy, vy satisfies Eqs (4.1)

and (4.2) for every w € J.

Now we show that {u, v € V such that d((uo, vo), (19, v9)) < oo} = V. For any u,v € V, since u, v and
uo, vo are bounded on J and miny.e; (Cy(@,(W) + ¢,(W)) + Ly (C, + C,)¢) > 0, there exists a constant
0 < Cuyy < oo such that |(uo, vo)(w)—(u, V)(W)| < Cuv(Cy(@u(W)+¢@,(W))+ Lo (C+Cy ), for any w € J.
Hence, we have d((ug, vo), (4, v)) < oo for all u,v € V, that is {(u,v) € V such that d((ugp, vo), (u,v)) <
oo} = V. Thus, we determine that u, v are the unique continuous functions with the Eqs (4.1), and (4.2)

respectively. From (3.2), (3.4) and (H,), we can write

1 - e—/lw Mk np+] 1 - e—/ln 1 - e—/lT
)+ (=) (=)
P Tp+Dp+1\ 2 P
1 — e~ C“qu1 Cvav1
+ .
)

d((u,v), Ao, vo)) < ((

+Nk(

Summarizing we have

d(A(u, v), (1, v))
1-L

1= —-Aw M p+1 1= -An 1= -AT
(=) /it )l
P Tp+Dp+1\ A P
1 - —Awi CuL - CvL . 1
M=)z i)
2 1-L;, 1-Lg /J\T-L

This shows that (4.19) is true for w € J.

d((uo’ V0)7 (M, V)) <

IA

Finally we give an example to illustrate our main result.
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Example 4.4.
e _ luw)l
DO,W(Z) + 2)M(W) = m, w € (O, 1]u (2, 3],
3 u(w)
B e T
Ll
u(O):?, u(l):%f (4F4S ds  0<n<l
! vl (+18)
Cﬂéw(ﬂ + 2)V(W) = m, w e (0, 11U (2, 3],
_ v(w)
W= EEaa ey Ve
V2 5 fi (G-
0) = —, =2 ds 0 1
v(0) = = v(1) 6y s <n<
and
ey} lu(w)| W
O,W(D + 2)M(W) - m <e, we (0,1]U(2,3],
u(w)
u(w)_(3+w2)(l+|u(w)l) <1, w e (1,2].
“D; (D +2)v(w) - % <e”,  we(0,11U@23],
v(w)
v(w) — G o) <1, w e (1,2].

LetJ:[O,3],,u:v:%,plzpzzp:;—‘,m:nzzn:iandO:wo<SO:1<w1:2<

s1 = 17 =T = 3. Denote fi(w,u(w)) = for(w,v(w)) =

for w € (0,1] U (2,3] and gi(w, u(w)) = (1)

G (L)’ gr(w,v(w)) =

lz(w)l

8+eVW +w?

: _ __ _ _ 1
with qu] = quz == Lf‘,] = Lfv2 =13

with L, = 1 for

v(w)
B+w?)(A+p(w)))

w € (1,2]. Putting £, = 4—11, ou(w) = p,(w) =e"and C, = C, = C, = 1, we have fOW I2¢ds < ¢" and

L, = 0.1012, L, = 0.9501, so L = 0.9501 < 1.

AIMS Mathematics
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By Theorem 4.3, there exists a unique solution (u, v) : [0, 3] — R such that

W m
_/I(W_S)]VMCI’ + Lf — )P —ﬂl(ﬂl—S)IVMd
i:e St e+ S T T 1) ), e 8+t
—A ! —/l|(T—s)Iv |M0(W)| d A 2 _uT 4T 0.1
11 e —8+ew+w2 s + 11(771 (a.p+hlaw) —e )+ e Jug, we[0,1]
0
to(w) C owe(l,2], k=0,1,...,m
3+ w2 + lup(w)))
MO(W) = fw _/]](w—s)IV |MO(W)| d + Mkl f”l( )pl _/11(771_5)11’ |MO(W)| d
e — ds+ ———— —5)Ple —— s
. St w2 T+ Sy M 8+ e + w2
~M, fT o @=s) py MWW [uo(w)| d + N, f o= py__HOWIT luo(w)|
' Jo 8+ e + S+ i
uo(w)
N, , € (2,3],
hGrd oy 3
W 72
~a(w=s) lvo(w)| ds + Ap f Gy g alme9) pu vo(w)| J
‘L ¢ St 2 T a1 ), T 8+ e +w2
_A r _,12(7"_&)1# |V0(W)| d A sz _ T LT cl0.1
22 e St e+ s +|An(my Eq pen(aw) — ") + e vy, w € [0, 1]
0
vo(w)
, €(1,2], k=0,1,...,
Grwd+ o) A "
Volw) =4 " o vo(w)| M, 2 vo(w)|
f e—/lz(w—S)Iu — zd + 2 (772 _ S)pze—/lz(nz—S)I/t — 2ds
0 8+e"+w I'(p+ 1) Jo 8+e"+w
T W,
- M, f e_AZ(T_“’)I“—h}O(W)l ds + N, f k e_h(w"_s)lf‘—lv()(w)l ds
> Jo 8+ e + w? > Jo 8 +e" + w?
vo(w)
+ N, , € (2,3],
LG+ o) 3]

|G, V)W) = (o, vo)(W)|

1 —eW M,  pPtl 1 —e 1—eT
< (=) () (=)
A I'p+Hp+1 A A

_ e—/ka) ( C”qul . Cvav1 ) (C¢(¢u(w) +¢,(W)) + Lo (C,, + Cv)lﬁ)
2 -1, @ 1-1L -t '

1
+Nk(

putting maximumof w=w;, =T =n=1
|, V)W) = (g, vo)(w))|

1 —e™ M, n"ttl—e l—e
< (=) (=)l =)
1 Tp+Dp+il A 1

1—eu(a%l+a%»(@mwn%w»uﬁq+aw)
1 1-Ly ~ 1-Lj 1-L '

+Nk(
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Now putting the values, we get

2e" +2

|(u, vI(w) = (ug, Vo)(W)| < 0.8840(m)’
2(e” + 1)

|(u, VIW) = (uo, Vo)(W)| < 08840(%)’

|, V)W) = (o, vo)(W)| < 35.4308(e” +1),  forall w e [0,3].

Thus the problem (4.18) is Ulam-Hyers-Rassias stability.
5. Conclusions

In this article, we considered switched coupled system of nonlinear impulsive Langevin equations
with mixed derivatives and Some sufficient conditions are constructed to observe the existence,
uniqueness and generalized Ulam-Hyers-Rassias stability. After introduction we built a uniform
structure to originate a formula of solutions for our proposed model. We implemented the new concept
of generalized Ulam-Hyers-Rassias stability to our proposed model, finally we solved a particular
example for our proposed model.
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