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Abstract: In this work, we study the existence, multiplicity and concentration behavior of positive
solutions for the following problem involving the fractional p-Laplacian

1
" (=A)su + V(Olul’u = gﬂ-N(W % Klul)K(0)|ul”*u inRY,
X

where 0 < s <1 < p<oo,N>ps,0<u<ps,p<gqc< %(2 — &)» (=A)) is the fractional p-
Laplacian and & > 0 is a small parameter. Under certain conditions on V and K, we prove the existence
of a positive ground state solution and express the location of concentration in terms of the potential
functions V and K. In particular, we relate the number of solutions with the topology of the set where
V attains its global minimum and K attains its global maximum.
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1. Introduction
In this paper, we consider the following nonlinear equation governed by the fractional p-Laplacian

1
" (=A)5u + V(O)lul’*u = sﬂ—N(W % Klul)K(x)|ul”*u inRY, (1.1)
X

where £ > 0 is a small parameter, N > ps, s € (0,1),1 < p < o0, p < g < ”7’?(2 - %) and V, K are
positive functions. (—A);, denotes the fractional p-Laplacian defined for all u : RY — R smooth enough
by

’

- -2 —
Ay = P f ju(x) — w20 — u() |

RN |x — y|N+ps
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the P.V. stands for the Cauchy principle value (see [10]).
In the case s = 1, p = 2 and K(x) = 1, the Eq (1.1) boils down to the Choquard equation

—&*Au+ V(x)u = a“_N(# * [ul)ul"*u in RY. (1.2)
When N = 3, 4 = 1 and g = 2, the Eq (1.2) has appeared in the several context of quantum physics,
such as the description of a Polaron at rest [20] and the model of an electron trapped in its own hole [13]
and the coupling of the Schrodinger equation under a classical Newtonian gravitational potential [12].
The pioneering mathematical research goes back to Lieb [13] and Lions [14]. The existence and
qualitative of solutions of equation like (1.2) have been extensively studied by variational methods,
see for example [16-19, 29] and their references. For the existence of semi-classical solutions to
Choquard equation (1.2) were studied in some papers. In [28], Wei and Winter constructed a family
of solutions which concentrate to the non-degenerate critical points of the potential V. Moroz and
Schaftingen [18] proved the existence of solutions concentrating around the local minimum of V by a
nonlocal penalization method. See [3] for the existence and multiplicity for a generalized quasilinear
Choquard equation.

In recent years, a great attention has been given to problems driven by the fractional Laplacian.
One of the reasons for this comes from the fact that this operator appears in several applications in
different subjects, such as crystal dislocation, thin obstacle problems, optimization and finance,
anomalous diffusion and many others, we can see [10, 25]. Recently, d’Avenia, Siciliano and
Squassina [21] considered the existence, regularity, symmetry as well as decay properties of the
following fractional Choquard equation

(-A)’u+au = s“_N(# s |u|D)u"u in RV, (1.3)
Shen, Gao and Yang [23] obtained the existence of ground states of (1.3) with the nonlinearity
satisfies the generaal Beresty-Lions type assumptions. Zhang and Wu [31] studied the existence of
nodal solutions of (1.3). Chen and Liu [5] studied (1.3) with nonconstant linear potential and proved
the existence of ground states without any symmetry property. Ambrosio [1] investigated the
multiplicity and concentration of positive solutions for a fractional Choquard equation with general
nonlinearity. In [7], Chen, Li and Yang obtained the multiplicity and concentration of nontrivial
nonnegative solutions for a fractional Choquard equation with critical exponent. For other existence
results we refer to [4,11,24,32] and the references therein.
To the best of our knowledge, there are few results about fractional Choquard equation like (1.3).
Belchior et al. [8] investigated the following equation

(—A)u+ Alul’u = (L x F(u)f(u) inRY, (1.4)
| x|

where F is the primitive of f and A is a positive constant. They showed the existence of ground states
and asymptotic of the solutions for (1.4). In [2], Ambrosio studied the following problem

P (=AYu + V@Il u = &N (—— « F@)fw) inRY.

|l
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He proved solutions concentrating around global minimum of the potential V.

Recently, Wang et al. [27] applied a kind of structure introduced by Ding and Liu [9] to study
the existence and concentration of positive solutions for semilinear Schrédinger-Poisson system. The
similar results for the fractional Schrodinger-Poisson system, we can see [30]. Alves and Yang [3]
considered the generalized quasilinear Choquard equation

OWF (u(y))

—elAu + VO ulPu = s”_N(
Ry e =y

) Q) f(u) inR",

where 1 < p < N, V and Q are two continuous functions satisfy the structure of [9], they established
concentration behavior for the Choquard equation. It is quite natural to ask how the potentials will
affect the existence and concentration of solutions for (1.1). In this paper, we shall give an affirmative
answers for this question.

Motivated by the above papers, we will establish the existence, multiplicity and concentration of
positive solutions for Eq (1.1). To gain further insight into the effect of potential functions V and K on
the concentration process, we give the following assumptions introduced by [9]. Set

0=minV(x), V={xeRY:Vx)=6}, V.= lilrln inf V(x),

XxeRN

k =max K(x), K={xeR":K(x) =«}, K, =limsupK(x).

XxeRN x|~ o0

We assume that V and K satisfy:
(H)) V, K € L*(R") are uniformly continuous and 6 > 0, inf ,cxv K(x) > 0.
(Hy) 6 < V,, < oo and there exist R > 0, x, € V such that

K(x,) > K(x) for all |x| > R.
(H3) k > K, > inf gy K(x) and there exist R > 0, x* € K such that
V(x*) < V(x) for all |x| > R.
From (H;), we may assume that K(x,) = max,cy K(x). Set
Qu={xeV:Kx)=Kx)}U{x¢&V:Kx) > K(x,)}
From (H3), we may assume that V(x*) = min,cx V(x). Set
Qr={xeK : Vx) = VX)) U{x ¢ K:V(x)< V(&)

Clearly, Qy and Qg are bounded sets. Moreover, if VN K # 0, then Qy = Qg = VN K. In particular,
Qy = Vif K(x) is a constant, and Qg = K if V(x) is a constant.
We now state our main results.

Theorem 1.1. Assume that (H,) and (H,) hold, then for all small € > 0, (1.1) has a positive ground
state solution u,, and there exists a maximum point x., such that up to a subsequence, x, — Xy as
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g — 0, lim_odist(x,,Qy) = 0, and v.(x) = u.(ex + x,) converges in W**(RN) to a ground state
solution of

q
O o ut2u, x € RY,
Ix—ﬂ“y

In particular, if VNK # 0, then lim,_,o dist(x,, V NK) = 0, and up to a subsequence, v, converges in
WSP(RN) to a ground state solution of

(—A);u + OlulPu = Kz(f
R

(=A)yu + V(xo)ul’u = Kz(Xo)(f
RN

|u(y)l

dy)|lul’"*u, x e R".
v x =y

If (H,) and (H3) hold, and we replace Qy by Qk, then all the conclusions remain true.

Let VN K # 0. Now we denote A = V N K. Itis easy to check that A is compact. For any ¢ > 0,
set As = {x € RV : dist(x, A) < 8.

Theorem 1.2. Assume that (H,) and (H,) or (H3) hold, then for all small € > 0,
problem (1.1) has at least cata,(A) solutions, if x, its global maximum, up to a subsequence, such that
lim,_, dist(xz, A) = 0, u, converges in W*(RN) to a ground state solution of

q
(=AY + Olul”u = k*( f Mdy)|u|q-2u, xeR".
Ry X — Y[

Note that our main results are also new for the case p = 2. Our main theorem improves the result
in [2,8] with both linear potential V and nonlinear potential K of the concentration behavior of positive
solutions. There are some difficulties in such a problem. The first one is that there would presumably
be competition between the V and K: each would try to attract ground states to their minimum and
maximum points, respectively. The second one, the operator (-A);, and the convolution term are all
nonlocal operators, make our analysis more complicated with respect to [3], so we need more accurate
estimates.

The plan of this paper is the following: In Section 2, we give some preliminary results which will
be used later. In Section 3, we show some compactness lemmas of the functional associated to our
problem. In Section 4, we consider the existence of ground states of case of (1.1) and the concentration
phenomenon. In the final section, we prove Theorem 1.2.

In this paper, we will use the following notations:

The notations C, Cy, C, - -- are positive (possibly different) constants.

B,(z9) denotes the ball in R" centered at z, with radius r.

0,(1) and o0.(1) denotes the vanishing quantities as n — oo and € — 0.

We will use || - ||, for the norm in LIYRN), ut = max{u, 0} and ¥~ = min{u, 0}.

2. Preliminaries

In this section, we recall some known results for the readers convenience and the later use. First,
we will give some useful facts for the fractional order Sobolev spaces. Let 0 < s < 1 < p < oo be
real numbers, the homogeneous fractional Sobolev space D*?(R") as the completion of CS"(RN ) with
respect to the Gagliardo seminorm

= f ) = u” o
R

o |x — y|N+ps
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The fractional Sobolev space W*?(R") is defined as

|u(x) — u(y)l”

WPRY) = {u e LPRY) :
RY=wel/®): | =S

dxdy < oo},

equipped with the norm
P — p P
lull? = [ul?, + lull?.

It is easy to see that the embedding W*”(RY) < L"(R") is continuous for any r € [p, p?], and
compactly in L (R") for any r € [p, p).
Making the change of variable x — &x, Eq (1.1) becomes

K:lu()l?

Fr dy)Ko(0)lul'u, x € RY, (2.1)

(A + Vol u = ( f
RN

where V.(x) = V(ex) and K.(x) = K(ex). Egs (1.1) and (2.1) are equivalent, we shall thereafter focus
on Eq (2.1). Forany & > 0, let E, = {u € W’ (R") : fRN Ve(x)|lulPdx < oo} be the Sobolev space
endowed with the norm

— p
lull? = f 1) = MOy + f Vo (0lul”dx.
R2N RN

|x — y[Veps

By the assumption of V, we see that || - ||. and || - || are equivalent norms for € > 0. Define the energy
functional associated with (2.1) by

1 K, 1K, q

L) = Ll — f WM Ke(x)lu(x)| dxdy.
p 2q Jzav lx =y

Note that p < g < %(2 — £), by the Hardy-Littlewood-Sobolev inequality ( [15]) and the boundedness

of K, we have

2N—u

dxdy < C, ( f |u|22NN—idx) < Collul. (2.2)
RN

f Ko@)l Ke(x)lu(x)|?
R2N

|x — yl#

Therefore, the functional I, is well defined on E, and belongs to C'(E,, R).
Define the solution manifold of (2.1) by

N, = {u € E\ {0} : llll? :f Kg(y)lu(y)lqu(X)lu(X)lqdxdy}.
B2V e =y

For any u € N, by (2.2) we have
llulle = 7", (2.3)

for some r* > 0.
The ground energy associated with (2.1) is defined as

Ce = ulen/\z I.(u).

The following vanishing lemma is a version of the Concentration-compactness principle of P. L.
Lions. We can see (Lemma 2.1 of [2]).
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Lemma 2.1. Let N > ps. Assume that {u,} is bounded in WSP(R") and it satisfies

lim sup f |, (x)|Pdx = 0,
Br(y)

n—00 L RN

for some R > 0. Then u, — 0 strongly in L'(RN) for every r € (p, p?).

From (2.2) and g > p, it follows that /. satisfies the geometry of the mountain pass (see [26]).
Hence, there is a sequence {u,} C E, such that

I.(u,) — c; and I (u,) — O, 2.4)
where ¢} is the mountain pass level given by

=inf sup L(y(?)) > 0,
Yel ref0,1]

and T = {y € C'([0,1], E,) : ¥(0) = 0, L(y(1)) < O}.

We observe that for any u € E, \ {0}, there exists a unique #, > 0 such that r,u € N, and the
maximum of the function g(¢) = I.(tu) for t+ > 0 is achieved at r = ¢,. By a standard arguments, we
have

¢ =c. = inf maxI <(tu).
ueEN\{0} >0

For any a, b > 0, consider the limit problem

(=AY u + alul”u bz(f II U’ dul’*u, xeRV. (2.5)

—

Solutions of (2.5) are critical points of the functional defined by

1 b? q q
Lop(u) = —[ulf, + g Iulpd f dedy.
p"p 2q Jeax  Ix—yF

Define the solution manifold of (2.5) by
May = {u € WP RN\ {0} : (I}, (), u) = 0}.
The ground energy associated with (2.5) is defined as c¢,, = inf,ep,, 1(1). It 1s easy to check that

Cap = inf max I, (tu).
ueWsP(RN)\{0} 120

By [8], we known that (2.5) has a positive ground state solution w, that is c,, = I,;(w).

Lemma 2.2. Let a;,a, > 0 and by, b, > 0, with a; < ay and by > by. Then ¢4, < Cqpp,- In particular,
if one of inequalities is strict, then cq,p, < Cayb,-
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Proof. Letu € M,,;,, be a ground state solution of (2.5) with coefficients a,, b, such that

Cazbz = Iazbz(u) = r?j})x Iazbz(tu)'
It is easy to check that there exists #, > 0 such that tou € M,,;,. Then we get

Ia|b1 (fou) = max Ialbl (tu).
120

It follows from (2.6) and (2.7) that

Caby = Iazbz(u) Zlazbz(tou)
tp
= hwxmu)+14az—a0hf lulPdx
V4 RV
2q
! ()| u(x)l?

+2°—q(b% ~b3) dxdy

v =y
Ialbl (l()u) > inf Ialbl (V) = Cayb, -
VEMayby

W%

The proof is completed.
3. A compactness condition

In this section we will show some compactness results for the functional /..

(2.6)

2.7)

Lemma 3.1. {u,} C E, is a (PS). sequence for I, with u, — 0 weakly in E,.. If u, - 0 in E,, the

C 2 Co :=Cy K,

Proof. Let {u,} be a (PS), sequence for I, by (2.4), we have

1 11
c+1+ ”un”s = Is(un) - _<Ig(ul’l)’ un) = (_ - —)||14n||5
2q P 2

for n large enough. Therefore {u,} is bounded in E..

(3.1)

For each n, there is a unique #, > 0 such that 7,u, € My_g.. We now show that the sequence {z,}
satisfies limsup,_, ., 7, < 1. By contradiction we assume that there exist oo > 0 and a subsequence (still

denoted by {z,}) such thatz, > 1 + o for all n. From the boundedness of {u,}, we have (I (u,), u,) =

0,(1). That is
[un]f,p"‘f Vg(x)lunlpd.x:f KS(Y)lun(y)lqu(X)lun(X)lqdxdy+on(l)_
RN R2N

lx — |

Since t,u, € My_k., we obtain

q q
tﬁ([un]{: +f Vw|un|de):t’%inf |22, (V)| |12, ()]
P RN R2V lx — yl

We deduce from (3.2) and (3.3) that

dxdy.

(Voo = V()| dx = f

RN R2V lx =yl

(7K = KKl

(3.2)

(3.3)

(3.4)
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By the definition of V,, and K, for any v > 0, there exist a constant p > 0 sufficiently large such that
for |x| > p,

Vix) > Veo—-v, Kx) <K+ 3.5

Since {u,} is bounded and u,, — 0 in E,, by (3.5) we have

(Voo = Ve)unl’dx = (Voo = Ve()|uu|"dx
RN leﬁg
+ (Voo = Ve()|uu|"dx
x>
< 0,(1)+Cv. (3.6)

On the other hand,

f KOO Kl
- =y
f KOOI Kl
2 JpisL =

. f ' f KOt Ko (i) iy
2 Jpyi<t lx — yl¥

&

N f f g(y)lun(y)l"Kg(x)lun(X)lq dxdy
w2 Jpyi>2 lx =yl

N f f K. ()t )| K g ()|, (x)| dxdy
<2 Jpyi<’ lx =yl

—I+II+ I +1V. (3.7)

By (2.2), (3.5) and the boundedness of {u,}, we obtain

q q
I < (K. +V)f f |, D)1, (X)) LIIRLIC N
x>2 Jy>2 |x yl“

|t ()| 24 ()]

< (Ko +v)? dxdy
R2N |.x - ylﬂ
q q
< K2 f dedy +Cv+CV°. (3.8)
R2V lx — yl

From the boundedness of K(x) and {u,}, there is a constant C > 0 such that

f KOOl oy < ¢ (3.9)
gy X =y

By (3.9) and u,, — 0, we have

I < f fK(S)’)|Mn(y)|qK(gx)|un(x)|qdXdy
<2 JRVN |x — [
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< Cf lu,|%dy = 0,(1).
yl<

Similarly, we have
11l =0,(1) and 1V =o0,(1).

By (3.7), (3.8), (3.10) and (3.11), we deduce that
q q q q
f Kot ()7 Ko ()|t ()] dxdy < K2 f |, (V)| 1t ()| dxdy
R2N R2N

lx — y|# lx =yl
+Cv + CV* + 0,(1).

Combining (3.6), (3.12) with (3.4), we obtain
|un ()1 |ut, ()7

KL = 1)
R2N lx — yl

dxdy < Cv + CV* + 0,(1).
From u, - 0 in E,, there exists a sequence {z,} € R" and constant R, 8 > 0 such that

lim inff lu,|Pdx > B > 0.
BR(Zn)

n—oo

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Indeed, if (3.14) does not true, Lemma 2.1 implies that u, — 0 in L'(RY) for every r € (p, p?). It

follows from (2.2) that

f K@t O KOl ),
R2N

lx — yl¥

This and (3.2) implies ||u,|l. — 0 as n — co, which contradicts to u,, + 0 in E,.

Now we set v,(x) = u,(x + z,). We known that {v,} is bounded. Then there exists v € WSP(RV)
such that v, — v weakly in WS?(RY). By (3.14), we see that v # 0. Hence, there is a set Q c RY with

VIV, ()|
lx — yl

|Q| > 0 such that v(x) > 0 in Q. Then from (3.13) and ¢, > 1 + o, we have

0< Ko((1+0)7 - l)f dxdy < Cv + CV* + 0,(1).
RZN

Taking limit in the above inequality and by Fatou’s lemma, we get

VO vl

| m dxdy < Cv + Cv?,
X=Yy

0<KX((1+0)%r - 1)[
RZN

for any v > 0. It’s a contradiction. Therefore, limsup,_, . t, < 1.
We next consider the following two cases:

Case 1. limsup,_,, 7, = 1. We assume that there exists a subsequence, still denoted by {#,} such that

lim,_, t, = 1. Recalling t,u, € My_k.., then

c+ On(l) = Is(un) Ia(”n) - IVwKw(lnun) + IVwKw(tnun)

Co + Is(un) - IVme(tnun)-

\%

(3.15)
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We observe that

1-1 1
Is(un) - IVme(tnun) = [un]fp + = f (Vg(x) - tﬁvoo)lunlpdx
p TP Jry
1 (KR = KKt ()it ()17
2q Jpov lx — yl#

From the boundedness of {u,}, lim, ., #, = 1, u, — 0 in E, and (3.5), one has

1-1

[1?, = 0,(1)
and
f (Ve(x) = PV )luy|’dx > 0,(1) — Cv.
RN

By (3.12), we have

f (K2 12" = Ko Kot 01t (1)) J
xdy
R2N |x =yl

q q
> (t,%q - l)Kfof dedy —0,(1) = Cy = CV?
R2N lx =yl
= 0,(1) = Cv - Cv*.
It follows from (3.15)—(3.19) that

¢+ 0,(1) > coo + 0,(1) — Cv — CV2.

Letting n — oo and v — 0, we get ¢ > Cw.

(3.16)

(3.17)

(3.18)

(3.19)

Case 2. limsup,_, . t, = #p < 1. In this case, without loss of generality, we assume that ¢, < 1 for all n.

Recalling that #,u, € My_k_, then by I’(u,) — 0, (3.6) and the boundedness of {u,}, we have

Ly
Coo < IVme(tnun) = IVmKM(tnun) - Z(IVme(tnun)tnun>
1 1
= (==l , + | Velu,"dx
P 2q v e

1 1
< (=- —)([w]é’,ﬁf leunlpdx)
P 2q ’ RV

= Is(un) - i<I‘;(Mn)a un) + (l - i)f (Voo - Va(x))lunlpdx + On(l)
2q P 29 Jpv

< I(u,) +o0,(1)+ Cv.
Letting n — oo and v — 0, we get ¢, < c¢. The proof is completed.

Lemma 3.2. The functional I, satisfies (PS). condition with ¢ < Cw.
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Proof. Let {u,} C E, be a sequence such that I.(u,) — ¢ and I(u,) — 0 asn — oco. By (3.1) we have
that {u,} is bounded in E,. Then, up to a subsequence, there exists u € E, such that

u, = u, weakly in E,

u, = u, strongly in L, (RM), p <r<p?, (3.20)

loc

u, > u, ae.in RV,

By (3.20), p < g < %(2 - %), and Hardy-Littlewood-Sobolev inequality, we obtain that
KeWlu, ()N K. Wlu)l?
RN

.o

in L'« (RM).
Y =y lx =y

Then, for any ¢ € C°(R"), we have

f Ke)ltn )1 Ko (20|t (114 (1) dxdy = f Ko u)l Ko (Ol u(x)¢
R2N R2N

lx =yl lx =yl

dxdy + o0,(1).

Then, we have I(u) = 0. Set w, = u, — u. By Brezis-Lieb lemma, we have
Wall? = llall2 = Nluell2 + 0n(1). (3.21)

From a Brezis-Lieb lemma for the nonlocal term of the functional ( [17]), we obtain

f (— * Kelwu| DK (0)|w,|ldx = f (— * Keluy | Ko (x)|u,|'dx (3.22)
R

vl

f (W * Kelul) Ke(O)lul?dx + 0,(1).
It follows from (3.21) and (3.22) that
I(wy) = L(u,) — I(u) + 0,(1) = ¢ — I;(u) + 0,(1)

and I’(w,) — 0 as n — oo. Since I/(u) = 0, we get

1 I 1
I.(u) = I(u) - 2—q<1;(u), uy = (; - Z)Ilullé’ 20

Hence, I.(w,) — ¢ — I.(u) < ¢». By Lemma 3.1, w, — 0 in E,. Then u, — u in E.. The proof is
completed. O

Lemma 3.3. Let {u,} be a (PS), sequence restricted in N, and assume that ¢ < c.. Then {u,} has a
convergent subsequence in E..

Proof. Let {u,} be a (PS). sequence for I, on N, at level ¢, namely
I.(u,) = ¢ and Il|y, (u,) — O.
It’s easy to check that {u,} is bounded in E.. We assume that

I;(un) = On(l) + /lng/(un)’

AIMS Mathematics Volume 6, Issue 11, 12929-12951.
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where g(u) = (I (1), u), and

K:Wu)|? Ko (x)|u(x)| dxdy.
lx — yl

(& Gy = pllll? - 2¢ f (3.23)
RZN

Since {u,} is bounded, we have
0 = g(un) = (L (un), un) = 0a(1) + 4,48 (u), ). (3.24)
Since u, € Ng, by (2.3) and (3.23) we have
(&' () un) = (p = 2)lunll < (p = 29)r",
where r* is defined in (2.3). Then,
448" (), )| > 1,1(2q = p)r*.

Thus 4, — 0 and I (u,) — 0 as n — oo. Therefore, {u,} is a (PS). sequence for I, in E.. By Lemma
3.2, {u,} has a convergent subsequence. O

4. Proof of Theorem 1.1

We only give the details proof under the assumptions (H;) and (H,). The arguments of (H3) is
similar. Under the assumption (H,), we may suppose that x, =0 € Vorx, =0 VNKif VNnK # 0.
Then

6=V(0) and a:=K(0)> K(x) for all |x| > R.

Lemma 4.1. limsup,_,, ¢, < cg,. In particular, if V N K # 0, then limsup,_,, ¢, = Cy.

Proof. Letw € My, be such that
Coo = Loo(W) = Htlz%x Tgo(tw).
Then there exists a unique ¢, > 0 such that z,w € N,. Thus
ce < I(t.w) = max L(tw). 4.1

Observe that
P

LUow) = L)+ = f (Vo(x) — O)lwiPdx
P JrN

2q 2
L[ @ KOOI, 4.2)
2q R2N |x - y|/J

Since t.w € N,, by the boundedness of K(x), we get that there exist T, > T > OsuchthatT) <t, < T>.
We may assume that 7, — #; as € — 0. Then by the boundedness of V, K, and the Lebesgue’s theorem,
we have

p
, f (Ve(x) = O)wlPdx = 0,(1),
P JrV
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and

2q 2 _
2 f (@ = KOKCDWONWOL 0o
R2N

2 lx =yl
Thus, by (4.2) we obtain
I(tw) = Iga(tow) + 04(1).
It follows from (4.1) that

Ce = IGa(tOW) +o.(1) < maox Iea(fW) = lpa(W) = Cha-
2

The proof is completed. O

Proposition 1. Assume that (H,) and (H;) hold. Then for any € > 0 small enough, problem (2.1) has
a positive ground state solution.

Proof. Let {u,} denotes the (PS) sequence for I, given in (2.4). Recall that § < V,, and @ > K.
It follows from Lemma 2.2 that ¢y, < c~. Then, by Lemmas 3.2 and 4.1, we obtain I, satisfies the
(PS)., condition for £ > 0 small enough. Hence, by mountain pass lemma we have problem (2.1) has
a nontrivial ground state solution u,. We note that all the calculations above can be repeated by word
by word, replacing I with the functional

1 1 K. TWIK; *(x)|
0 = L - - f Ol KL @I
p 29 Jrov X =yl
Then we get a ground state solution u, of the equation

(=AY + VOl = ( f KOOI |k o2 x € RV,

Ry X =y

Taking u; as a test function in above equation, we have

f W) = MO, () — )0 6) = )y + f Ve(@)lu; (x)"dx = 0. 4.3)
R2N N

|x — y|N+ps R

For any p > 1, we have
() = us)IP~ (e (X) = (V)5 (X) = 1z () 2 Jua; (x) = u; I (4.4)
Combining (4.3) with (4.4) yields
e ll7 = w15, +f Ve(0lug (0)1Pdx < 0.
RN

Thus, we have u_(x) = 0 and u, > 0. It follows from the maximum principle ( [22]) that u, > O in
RN, O
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Lemma 4.2. Let u,, be a solution of (2.1) given in Proposition 1. Then, there exists a sequence
{z,} C RN with &nZe, — 20 € Qy such that v, = ug (x+2z,,) converges strongly in WsP(RN) to a ground
state solution of

(=A)su + V(zo)lul”u = Kz(Zo)(f — dy)lul**u, x € R".

ry X =y

In particular, if VK # 0, then zo € 'V N K, and up to a subsequence, v,, converges in W**(R") to a
ground state solution of

|u(y)|

dy)lul’2u, x e RV,
lx =yl

(—A)Su + Olul”u = k*( f
RN

Proof. Lete, — 0asn — oo, u, := u,, € N, be asolution of (2.1). Then I, (u,) = ¢,, and I (u,) = 0.
It is easy to check that {u,} is bounded. Then, there exist R*, 3 > 0 and a sequence {z,} C R" such that

n—oo

liminff lu,|Pdx > B > 0. 4.5)
BR*(Zn)

Now we set v, = u,(x + z,). Then v, is a solution of the following equation

(=AY + V)l u = ( f K0l

|x =yl dy)K,(Olul’?u, x € RY, (4.6)
RN -

with the energy

Jo ) = %([Vn]f,p+ f Vil d)

R
1 K, )W K, (x0)|v, ()|
__ dxdy
2q Jrov |x — y#
= Ian(un) = Cgp,»

where V,(x) = V(e,x + €,2,) and K, (x) = K(g,x + €,z,). We see that {v,} is bounded, then there exists
v € WSP(RN) satisfying, after passing to a subsequence if necessary

v, = v, weakly in W*(R"),
v, = v, strongly in L, (RY), p<r<p, 4.7)

loc

v, = v, ae.in R,

It follows from (4.5) that v # 0.
We next show that {g,z,} is bounded. Assume by contradiction that |g,z,| — oo as n — co. By the
boundedness of V and K, we may assume that

V(e,z,) >V and K(g,z,) — K. 4.8)
By the definition of V,, and K., we have that

Ve >Ve>0, a>K". 4.9)
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Since V and K are uniformly continuous, by (4.8) one has

Vi (x) = VEI < V(%) = V(Enza)l + [V (Enza) = V| = 0,(1),
and

IKy(x) — K7| < [Ku(x) — K(€220)| + |K(€n20) — K7| = 04(1),
uniformly on bounded sets of RY. Then we have

V, > V® and K,— K%,

(4.10)

as n — oo uniformly on bounded sets of RY. From (4.7) and (4.10), for each ¢ € cy (RM), we have

f V)Wl vapdx = f VeI vedx + 0,(1),
RN

RN

and

— p—2
fR § v, (x) = v, )| (Va() = v (N)((x) — o(y))dxdy

|X _ y|N+ps

— p-2
- fRZN M(V(x) —v())(e(x) — p(y))dxdy + 0,(1).

|X _ y|N+ps
Moreover, by (4.7), (4.10) and Hardy-Littlewood-Sobolev inequality, we infer that
Kn n 4 KOO 1 . 2N
[ Eomor,, f O )i 12 @,
=y Jx =yl RV X =y
and

2

K, (0,7, = K¥" v in L'(RY), re[l, :
q —

).

Then, for each ¢ € Cy°(RY)

f KO K (0 (017 v,0 y _f (K= )07 v
xdy =
R2V R2N

lx =yl lx =yl

Since v, satisfies (4.6), by (4.11)—(4.13), for any ¢ € Cg"(RN), we have

_ p-2
0 = lim( fR . ) = 0O oy ) 00) — e(3))dxdy

n—soo |x — ylN+ps
-2

N f Vol 2vdx — f KOOI K12 )

RN R2N lx — yl

_ p=2
= f %@m_v@wm-¢(y))dxdy+ f VoWPvpdx

R2N |X—y| p RN
_ f (K= )l 2ve | iy,

R2N lx — yl

dxdy + o0,(1).

(4.11)

(4.12)

(4.13)
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which implies v is a solution of

q
(A u+ V" u = (K*)%( f —||;(y£|ﬂ dy)ul’"*u, x e R".
RN -
By (4.9) and Lemma 2.2, we have
IVDOKDO(V) > Cywge > Cyg- (414)

Using Fatou’s lemma and Lemma 4.1, we get

1 4
Cyoge < Tyoge(v) = Tyoge(v) — Z]U wgeo(V), V)

I | v(x) — vyl f o (p
= (p 2q)( B— dxdy + RNV [v|Pdx)
.1 [va(x) = vaW)IP f
< liminf(— - — — " dxdy + V,(x)W|Pdx
n—eo (P 2q" Jpov lx = yIVres g RV ) :
1
= liminf(an(vn)_2_<J;;n(vn)»vn>) (4.15)
n—oo q

= liminf/, (u,) = liminfc,,
n—oo n—oo

IA

limsupc,, < oo,
which contradicts to (4.14). Hence, {g,z,} is bounded.

Passing to a subsequence, still denoted by {&,z,}, we may assume that &,z, — zo as n — oco. Then
V.(x) = V(zo) and K, (x) — K(z¢) as n — oo. Hence, v is a solution of

u()I

Jix ylﬂdy)lulq_zu, xeRY. (4.16)
v -

(=A)pu + V(zolul"u = K*(z0)(

Next, we claim that z, € Qy. Suppose by contradiction that z, ¢ Qy, then by (H,) and Lemma 2.2,
we have ¢y k() > Coo- It follows from Lemma 4.1 and the proof of (4.15) that

limsupc,, < cpo < Cyvkey < liminf e, ,
n—co n—00
which is absurd. Hence, zo € Qy, and then lim, ., dist(€,z,, Qy) = 0. Moreover, v is a ground state
solution of (4.16). In particular, if V N K # 0, we see that lim,,_,., dist(¢,2,, VN K) = 0and v is a
ground state solution of

|u(y)|*

=y dy)|lul’"u, x e R". 4.17)

(A u+ Olulu = K*( f
RN

Finally, we shall prove that v, — v in WS?(R"). Since v is a ground state solution of (4.16), by
Fatou’s lemma, we have

1
CV)KGz0) = IV(ZO)K(ZO)(V):IV(ZO)K(ZO)(V)_Z<I(/(ZO)K(ZO)(V)’ V)
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= (___)(f lvl(x)_—v(y)lpdxdy+f V(zo)Iv[Pdx)
RN

p 2q X — y|N+ps
1 1 n ~—Vn P
< liminf(— - —) dedy + f V,(2)|v,|Pdx)
n—eo D 2q R2N |x - y| tps RN

1
= lim inf(]sn(vn) - _<J;; (Vn)’ Vn))
N— 00 26] n

= liminf Ce, < lim Sup Cg, < CV(z0)K(z0)+

n—o0 NS

Then

_ P
lim([vn]§p+f Vn(x)lvnlpdx):f dedy+f V(zo)|v|Pdx.
n—oo RN R2N RN

|x — y[V+ps

Thus by V,(x) = V(zo) and Brezis-Lieb lemma, we get v, — v in WSP(RY).
The proof is completed. O

Lemma 4.3. v, € L°(RY) and there exists C > 0 such that |v,|.e < C for all n. Furthermore,
limyy—,0 V4 (x) = O uniformly in n, where v, is given in Lemma 4.2.

Proof. GivenT > 0 and S > 0. For each n, we denote vr,, = v,—(v,—T)* and g(v,) = v,,an € WSP(RM).
Taking g(v,) as the test function in (4.6), we have

KO (0)Ia (01,8 (V) J
xdy
R2N lx — I

— p—2
:mew PO 1, (1) = 1N ECE) = g ())dxdy

|x — yl¥ers

+ f Vou(O)Wal?2v,g(v,)dx. (4.18)
RN

By the boundedness of K and {v,}, we have for each n,

q
j‘m@mwnﬂﬁ<c
RN

|x — y|# B

Therefore,

2
f KK QOO 2008 O) 0 o f ol dix (4.19)
R2N |)C ylﬂ RN

Set
szfwmmk
We have for any a,b € R,
G(a) -~ GBI’ < la - bl (a - b)(g(a) - g(b)).
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It follows from (4.18) and (4.19) that
f IG(vu(x)) = G, (V)IP
RZN

|X _ y|N+ps

dxdy < C f V2P dx. (4.20)
RV ’

By the definition of g, we can get G(v,) > vﬁT’n. From (4.20) and the Sobolev inequality we obtain

( Ivn\/';nlp:'dx)m <CB+1y f Wal?V dx. 4.21)
R¥ ’ R¥ ’

Choosing T, > 1, by the definition of vr,, we obtain

f |vn|qv’;€1dx f |vn|qv’;€1dx+f |vn|qv¥;dx
RY {vn<To} {vu>To}

T f v, |9dx + f Val?vi8 dx (4.22)
RN {vi>To}

Py

L
. P P P
( f Ivnlpsa’x) ( f WovEe | dx)
{(vu>To) R¥N ’

+T1° f v,l9dx.
RN

Since v, — v in WSP(RY), for T, large enough, we conclude that

IA

IA

Ps—P

. 5 1
Ivnl”fdx) < —. (4.23)
(V[vnﬂo} 20+ 1y
By (4.22), (4.23) and the boundedness of {v,}, we get

f VP dx < CTY f v,lfdx < C.
RY ’ RV

Letting T — oo, by Fatou’s lemma, we conclude that v, € LY*PA(RY), and (4.21) implies

* Ili;
( f Ivnl(ﬁ”)”fdx) <C f [v,| TP d x.
RN RN

Now, from an iterative procedure, in a finite number of steps, we can show that v, € L*(R") and there
exists C > 0 such that ||v,|lo < C. Moreover, by v, — v in W*?(R"), we infer that lim_e v,(x) = 0
uniformly in 7.

The proof is completed. O

Proof of Theorem 1.1. From proposition 1, problem (2.1) has a positive ground state solution u,. Then
the function w(x) = u.(3) is a positive ground state solution of (1.1). Now we show the concentration
of the maximum points. Let u,, be a solution of (2.1). By Lemma 4.2, we have that v, = u, (x+z.,)1s
a solution of the problem (4.6). Furthermore, v,, — v in W*? (RY) and &nZe, = 20 € Qy. Furthermore,
from Lemma 4.3 we have v, € L*(R") for all n. It follows from (4.5) that

B< f Ve, [P dx < |Bg-(0)||vg, %,
Bp+(0)
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This implies there exist ¢ > 0 such that
Ve, lloo = ¢ > 0. (4.24)

Set p, be a global maximum of v,, by Lemma 4.3 and (4.24), we have that p, € Bg(0) for some
R > 0. Hence, the global maximum of u,, given by y, = p, + z.,. Since {p,} is bounded and
&nZs, — 20, W€ have &,y — 2o, thus the continuity of V and K gives lim,_,., V(g,2,,) = V(20) and
lim, o K(&,2:,) = K(20).

The proof is completed. O

5. Proof of Theorem 1.2

Let 6 > 0 be fixed. Define a smooth cut-off function n : R* — R* satisfying n(r) = 1if 0 <t < g,
n() =0if ¢t > §. For any ¢ € A, define

W, e(x) = nilex - wa(”T_f),

where w(x) is the positive ground state solution of (4.17). By definition, W, has compact support for
any ¢ € A, and hence it belongs to E.. It’s easy to check that there exists a unique ¢z, > 0 such that
1:Wee € N.. Now, we define the map ¢, : N — N, by ¢.(&) = 1. W,

Lemma 5.1. Uniformly in & € A, we have
Lli)% Ia(¢s(§)) = Cek-

Proof. Let ¢ € A. By the definition of ¢.(£) and a simple change of variable, one has

[ ) D [y it 50)
R2N |x — y|N+ps RN

_ pap K(ey + &InelyDw)|K (ex + &)In(elx))w(x)? dx
© Jrw |x — yl#

dy.

By Lemma 2.2 of [2] and Lebesgue’s theorem, we get

: In(elx)w(x) — n(elywy)I’ f lw(x) = w(y)l”

1 dxdy = ———————dxd 52

i |, e M Jo Ty 62
1imf Viex + &)nelx)w|’dx = Hf lwlPdx, (5.3)
e—0 RN RN

and

limf K(sy+f)ln(elyl)w(y)l"l((ex+§)|ﬂ(s|x|)w(x)lqudy _ Kzf dedy. (5.4)
RZN RZN

|x — y# lx — yl

&—0

On the other hand, since w is a ground state solution of (4.17), we have

R2N RN R2N

|x — y[NVtps |x — y|#
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Then, by (5.1)—(5.5), we deduce that lim,_,,#, = 1. At this point, by the same change of variable as

before and (5.2), (5.3), we have

(_ ~ Ly f In(elx)w(x) = n(elyhDw)I”
p 2 R2N |X — y|N+ps

" f Viex + Onelol’dy)
RN

I B T RO

P 2q Jrw |x—yNtes
= cge +0:(1).

Is(‘ps(f)) d)Cdy

dxdy + Hf |wlPdx) + 0.(1)
RN

Moreover, the limit is uniformly in &.
The proof is completed.

Let R > 0 be such that A; C Bg(0). Define y : RY — R by y(x) = x for x € Bg(0) and y(x) = &

for x € R¥\Bg(0). Now we define p, : N, — RY by

Jow x(E0)lulrdx
o lulrdx

By the definition of y and the Lebesgue’s theorm, we have that

fwx(E0ln(ex — w(Z=)Pdx
Lo In(lex — EDw(Z=E)rdx
, folxtex+ &~ lnlexhwolds

fo In(exw(x)lpdx
£+ 0.(1),

ps(u) =

Pe(9:(£))

uniformly for € € As.
Let f(&) be any positive function tending to 0 as € — 0. Set

N =1{ueN,: L) < co + f(&))

By Lemma 5.1, we see that Ng # 0 for £ > 0 small enough.

Lemma 5.2.

lim sup inf |o.(u) — &| =
im sup inf lo.)

Proof. Let g, — 0 as n — oo, by the definition, there exists a sequence {u,} C /T/en such that

lnf o, (un) — &l = sup Elnf loe(u) — &l + 0,(1).
ueN,

So it suffices to find a sequence {£,} C Ay satisfying

|p8n(un) - ‘fnl = On(l)-

O

IXI

(5.6)

(5.7)
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Since {u,} C Ngn C N,,, by Lemma 2.2 we have that
Cox < Csn < Isn(un) < Cox + f(gn)a

this implies /g, (,) — cgc as n — co. By the proof of Lemma 4.2, we obtain that there exists a sequence
{&,} c RN suchthatg,&, — 79 € A and v,,(x) = u,(x+&,) converges strongly in WSP(RN) to v, a positive
ground state of (4.17). Set &, = g,&,. Then by Lebesgue’s theorem,

For X(&ax + EDa(0)Pdx

&En Uy
ot fow a(0)lPdx
N JnOe(Enx + &) = EDVa()IPdx
’ fou a(olrdx
= &, +0,(1).
Thus (5.7) holds.
The proof is completed. O

Proof of Theorem 1.2. For a fixed 6 > 0, by Lemma 5.1 there exists &5 > 0 such that I.(¢.(£)) <
coc + f(e) for any € € (0, &5) and € € A. Using Lemma 5.2, we have dist(p.(u), As) < ‘—25 for such ¢ and
u € Ng. It follows that the map p. o ¢. : A — Ay is well defined. Then, by (5.6) the map p. o ¢. is
homotopic to the inclusion map: Id : A — As. Applying homotopic and by the same arguments of [6],
we obtain that catﬁs(ﬁg) > cata,(A). By the definition of N, and choosing &; small, from Lemma
3.3, we have that I, satisfies the (PS) condition in Vg Therefore, standard Ljusternik-Schnirelmann
theory implies that /. has at least catE(E) critical points on N,. It is easy to check that /. has at least
catp,(A) critical points in E,. The concentration behavior of these solutions as & — 0 are similar as in
the proof of Theorem 1.1. O
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