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1. Introduction

As the development of singular integral operators, their commutators and multilinear operators
have been well studied (see [4—10]). In [4-10][20][21], the authors proved that the commutators and
multilinear operators generated by the singular integral operators and BM O functions are bounded on
LP(R") for 1 < p < oo; Chanillo (see [2]) proves a similar result when singular integral operators
are replaced by the fractional integral operators. In [4][19], the boundedness for the commutators
and multilinear operators generated by the singular integral operators and Lipschitz functions on
Triebel-Lizorkin and L”(R")(1 < p < oo) spaces are obtained. In [1][14], the weighted boundedness
for the commutators generated by the singular integral operators and BMO and Lipschitz functions
on L7(R")(1 < p < oo) spaces are obtained. The purpose of this paper is to prove the weighted
boundedness on Lebesgue spaces for some multilinear operators associated to the pseudo-differential
operators and the weighted Lipschitz functions. To do this, we first prove a sharp function estimate for
the multilinear operators. Our results are new, even in the unweighted cases.

2. Preliminaries and Theorems

Throughout this paper, Q will denote a cube of R" with sides parallel to the axes. For a cube Q and
a locally integrable function f, let f(Q) = fQ fx)dx, fo = 10| fQ f(x)dx and

1
— sup — — £ldy.
Y€ Zg€|Q|L|f@) foldy


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2021732

12699

It is well-known that (see [13,23])

fﬁmauwpmf——JWf@>—d@a
O3x ¢ |Q| 0

Forl < p<ocand0 <7y <n,let

1 1/p
M, = — Pdy|
D) 2%@wvamlﬁ

which is the Hardy-Littlewood maximal function when p = 1 and = 0.
We write f € C(R") if f has any order derivative and compact support set on R".
The A, weight is defined by (see [13]) A} = {w > 0 : M(w)(x) < Cw(x),a.e.}.
The A(p, q) weight is defined by (see [16]), for 1 < p,g < oo,

4 0. 1 y l/q 1 - (p—D/p
(p,q) =w > sup(|Q|fw(x) x) (|—Q|Lw(x) x) <00},

For 1 < p < oo, given a weight function w, the weighted Lebesgue space L”(w) is the space of functions
f such that

1/p
I llzrowy = ( If(x)lpw(x)dx) < oo.
Rn

Forf > 0and p > 1, let Fg’m(w) be the weighted homogeneous Triebel-Lizorkin space. For 0 < 8 < 1,
the weighted Lipschitz space Lipg(w) is the space of functions f such that

iy = (@MMLV@-@@<W

We say a symbol o(x, &) is in the class S7'; or o7 € §7;(—00 < m < +00,0 < p,6 < +00), if for
x, & €R",

(04

A 5 0(x%,E)| < Cop(1 + |y PP,

axe &P
A pseudo-differential operator with symbol o(x,£) € §77; is defined by

Tmm:Lﬂmem&&

where f is a Schwartz function and f denotes the Fourier transform of f. We know there exists a kernel
K(x,y) such that

T = [ Kenx-nsoxy.
Rn
where, formally,

me=fémﬂ%m&@
i

In [11], the boundedness of the pseudo-differential operators with symbol o € sF 1gsB < nb/2,0 <
0<1-6,0<86<1)isobtained. In [18], the boundedness of the pseudo-diftferential operators with
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symbol of order O and —oco is obtained. In [4], the sharp function estimate of the pseudo-differential
operators with symbol o € § :‘z/ 52(0 <6<1,0<6<1-0)isobtained. In [22], the boundedness of the
pseudo-differential operators and their commutators with symbol o € § l_fz/ 52(0 <6<1,0<06<1-6)
is obtained. In [15-17], the boundedness of the multilinear and Toeplitz type operators associated to
pseudo-differential operators with symbol o € § 1_113,/ 52 (0<6<1,0<6<1-0)is obtained. Our works
are motivated by these papers.

Suppose T is a pseudo-differential operator with symbol o°(x,&) € S7'5. Let m; be the positive

integers(j = 1,---,1),m; +---+m; = L and A; be the functions on R"(j = 1,---,1). Set, for 1 < j <L,

1
Ru(Ajixy) = bie) = 3 — DA ()= )".

la|<m;

The multilinear operator associated to 7 is defined by

[T)1 Ry (A5 x,7)
Rr |x — yI™

Note that when m = 0, T4 is just the multilinear commutators of 7" and A (see [20,21]). While when
m > 0, it is non-trivial generalizations of the commutators. It is well known that multilinear operators
are of great interest in harmonic analysis and have been widely studied by many authors (see [4-8,10]).
The purpose of this paper is to study the weighted boundedness properties for the multilinear operator.
We shall prove the following theorems in Section 3.

TA(f)(x) =

K(xa X = )’)f(Y)dy

Theorem 1. Suppose T is the pseudo-differential operator with symbol o € S :’z/ 52 0<8<1,0<560<
1-0). Let0<B <1, we Ay and D*A; € Lipg(w) for all a with |a| = mjand j = 1,---,1. Then there

exists a constant C > 0 such that for every f € CP(R"), 2 < s < oo and X € R",

l
T @ <C ﬂ[ > ||D“fAj||Ll-pﬁ<w))w(fo’*’ﬁ/"Mw,s(f)(fo.

J=1 \lajl=m;

Theorem 2. Suppose T is the pseudo-differential operator with symbol o € S 1_’—13/ ,52 0<8<1,0<06<

1-0). LetO<B <1, weA;and D*A; € Lipg(w) for all a with |o| = mjand j = 1,---,I. Then T is
bounded from LP(w) to LY(W'™) for 2 < p < n/lB and 1/p — 1/q = I8/n, that is

I
||TA(f)||Lq(wl-1q) <C l_[[ Z ”DajAj”Lipﬁ(w)] ANz

J=1 \lajl=m;

3. Proofs of Theorems

To prove the theorems, we need the following lemmas.

Lemma 1. (see [5]) Let A be a function on R" and D*A € L1(R") for |a| = L and some q > n. Then,
forx #y,

1/q
IRL(A; 2,9 < Clx = yI" > ( ID“A(Z)quZ) ,

la|=L |Q(-x’ y)l Q(x,y)

where Q(x,y) is the cube centered at x and having side length 5 \n|x — y.
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Lemma 2. (see [2,19]) Suppose thatO) <n<n, 1 <s<p<n/n, 1/qg=1/p—n/nandw € A(p, q).
Then

My s(DllLaway < Cllfllzeger)-
Lemma 3. (see [12,14]) For any cube Q, b € Lipg(w), 0 < < 1 andw € A, we have

sup 1b(x) = bol < ClIbllLipyn (D) PO

Lemma 4. (see [3]) Let T be the pseudo-differential operator with symbol o € §| ol 2(O <6<1,0<
60 < 1—=0). Then, for every f € L’ (R"),1 < p < oo,

IT(Ollr < Cllfller-

Lemma 5. (see [3]) Leto € S "9/2(0 <0< 1,0 <6< 1-06)and K be the kernel of the pseudo-
differential operator T with symbol o € Slfz,/éz. Then, for|xo —x|<d <landk > 1,

) 1/2 g — x|(1-O0m=n/2)
-y) - - <
fk 1-6 k1 gy1-6 IKCx x =) = Kxo, %o = y)i'dy <C 2k ym1-6)
()~ <ly-xol<(2*+1d) (2%d)

provided m is an integer such that n/2 <m < n/2 + 1/(1 —0).

Lemma 6. (see [3]) Let o € Sg,é(O <p,0<1)and

K(x,w) = f e (x, £)dE.
Rn
Then, for |w| > 1/4 and any integer N > 1,
K (x, w)| < Cylw| ™",

Proof of Theorem 1. It suffices to prove for f € C;(R") and some constant Cy, the following
inequality holds for any cube Q = Q(xy,d) and X € Q:

7] f IT4()x) - co|dx<CH

Jj=1

[ D DA ||Llpﬁ<w>]w(x)“’ﬁ/"Mws(f)(x)

|aj| =mj

Without loss of generality, we may assume / = 2. Fixed a cube Q = Q(xy,d) and X € Q. We consider
the following two cases:

Case 1. d < 1. In this case, let Q* be the cube concentric with Q of side length d'~?. Set 0 = 5VnQ*
and A~j(X) = Aj(.X) - Z é(D“AJ-)Qx“, then ij(Aj; X, y) = ij(A~j; X, y) and DQAJ‘ = DaAj - (DQA])Q

|a|=m

for || = m;. We split f = g+ hwith g = fxyg and h = fxgng. Write

[12., Rony1 (A %, )

T = | K o)y
H ij(A is X, )
- = llx - ylz = K x = 1)g0dy
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1 Rmz A > Xy - a1 A
oy L f B XX po £ (K (xx — y)e(3)dy
.

lai|=m ;! |x — )’|L
1 [ RyApxyx-y= -
- Z _vf 1 I D™ Ay()K(x, x = y)g(y)dy
o @2 IR lx =yl
1 (x — y)r 2D A (y) D2 Ay (y)
* Z f lL 22K (x, x — y)g()dy,
alay! R [x — y|

la1|=my, lazl=m;

then

1 .
] fQ T4 - T4 )| dx

152 Ry (A x,y)

1
< — K(x, x —y)g(y)dy|dx
|Q|fQ w PN
C R, (As; x, — y) -
+— f f LA XD e g 353K (o~ y)g)dy| dx
10 Jo|, 22 Ji X — 9]

DA, ()K(x, x — y)g(y)dy| dx

f Ry (Ap; x,y)(x — y)®
R

lx =yt

3l
+_
|Q| Q fjsl=m,

c (x — )" D A, (y) D Ay (y)
1ol fQ 2,

R lx — }’|L

K(x,x —y)g(y)dy|dx

lay|=my, |aal=m;

N f TA)(x) - TAR)(x0)| dix
01 Jo

= Lh+L+L+1+1s.
Now, let us estimate 1, I, I3, I, and Is, respectively. First, by Lemmas 1 and 3, we get

IRL(Aj; %, )| < Clx =y ) supID"A;(x) — (D"A;)g|
le|=L X€Q

W
E— 3 ID"A iy

< Clx—y) =
0l =

Now, let o(x, &) = o (x, E)E2E792 = q(x, £)|€]7"97?. We have q(x,&) € SO, .. Let S be the pseudo-

1-6,6°

differential operator with symbol g(x, &), by the Hardy-Littlewood-Sobolev fractional integration
theorem and the L?-boundedness of S (see [3,23]). We obtain, for 1/p = 1/2-0/2,1 < p < o0

and 2 < 5 < o0,

2 . W(Q)2+2ﬁ/n 1
Lo | D) DA (@—P)@ fQ IT(g)(x)ldx

IA

j 1 |(l’j|:mj

IA

: . w0\ (1 v
Cl:l Z 1D A | Lipson) (lQ—lz)(@ Ran(g)(x)If’dx)

Jj=1 \lajl=m;
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IA

IA

IA

IA

IA

2 A\2+28/n 172
. wQ) _

T S 1D i | (L) 10 ”P( f |S(g>(x>|2dx)
J=1 \lajl=m; |Q| R
2 A\2+28/n 1/2

. wQ) _

TS 10 A linen | () 101 ”P( f |g(x)|2dx)
J=1 \lajl=m; 19 R
2 ~ ~ 1/2
g | WOy |Q2 (1 >

C (1D A jll Lipgw) = — | If(x)|*dx
= l% ”’” 07 /121”7101 Jo
2 ~ 1/s
< ‘ W(Q)2+2B/n 1

C DA lwipgon || — 25— || = | [f@)dx
e l% ”’ﬁ or J\101 Jo
2 ~.\2+28/n 1/s
n . w(Q) 1

C 1D Al ipson —~) (~—f|f(x)|sdx)
e l% I 01" Jg
2

CI | D) DA iy | W@ )" Mo (£
j=1 |(1/j|:m]‘

For I, by Lemma 1 and Holder’s inequality, we get, for 1 < p < oo,

L <

IA

IA

IA

IA

IA
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C > ID Al

|aa|=m;

C > I Asllipyon—=—

laa|=m;

(0% (
C > ID™ Asllipyon—=—

laa|=m;

a2 (
C > I Asllipyon—=—

|z |=m; |

C > ID™ Al

laa|=m;

1 1/2
X Z (—~fID‘”Al(X)—(D“Aj)lelf(x)lzdx)
10l Jo
W(Q)2+2,B/n)( 1 f . )l/s
— || = d
( or Nigl J,7Ore

MQ))“”””( 1 f ) )us
—_— S d
( (9] |O|1-26s/n Q|f(x)| X

w(X) " My ((F)(F).

la1|=m
2

Il D) DA w0
J=1 \lejl=m;
2

cl 1] D, 1A lLingem
J=1 \laj|l=m;
2

cl |l D ID™Allin,e
j=1 IajI:mj

10
w(Q)'
[¢
w(Q)'

10
0)

w(Q)'

W(Q)l+ﬂ/n

10l

| Ialm

+B/n

| Iarlm

+B8/n

| > lor

lay|=my

+B8/n

5 > lor

vy |=my

+B8/n |Q|l/2

[9]

01"/

f IT(D" A, 8)(x)ldx

1/2
Hp ( N (D‘”Alg)(X)lde)

1/2
1 ( f ID“AI(X)g(X)IZdX)

1/p
T D lA X ‘dx
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For I3, similarly to the proof of I, we get, for 1 < p < oo,

2
L <C n( Z ”DajAj”Lip/j(w)JW(j)2+23/nM2ﬁ,s(f)()~C)-

J=1 \lajl=m;

Similarly, for I, we obtain

L <cC > lQLfWTaWuxD@Agxmux
la|=my,laz|=m;
1 1/p
< ( T A D“2A2g><x>|”dx)
lai|=my.|az|=m; QI
1/2
<c ) |QW( mwmmﬂwwwﬁ
lai|=my.|az|=m; R
1/2
<c @W% uﬂ&mm%mmgwm)
lai|=my.|az|=m; R
101" 2\
< W%mmumumﬂ
lail=mi az|=m; |Q|1/17 (lQl f : ? f
2
& _ W(Q)2+2ﬁ/n
< C nm%mw% fmm
FH;% ’” or - J\IQl
2 ~.\2+28/n 1/s
5 | w(0) 1
= C |u7”A1ui<w>(——:—) (fr————‘fo(dex)
FH;% 10 01'=250n Jo
2
< ] D DA wipyon | W@ Mo ().
/=1 I(leij

For I, we write
TA(h)(x) = T (h)(xo)
K( s N T ) K( ) )
:fRn( X, x=y)  K(xo, xo - y)l_[Rm/(AJ,xy)h(y)dy

|x — y|F lxo — yI-

R,,(Az; x,y)
#K (x0, X0 — Y)h(y)dy
lxo — yI-

Ry, (Ar; x0,y)
——Jj%—K@m%—wMﬁ@

+ f (R, (A1 %,3) = R (A xo,y))
R

+ f (Rmz(Az;x,y)_Rmz(AZ;any))
Rl‘l

lxg —
-3 - _f‘DMAmwh@>
lar1|= ml
Ry, (A3 2, y)(x = y)™ Ry (A3 X0, ) (50 = )
x[ . 2xy)(zc ) K(x,x—y)— (i Xy y)(JLCo ) K(xo. %0 = y)|d

AIMS Mathematics Volume 6, Issue 11, 12698-12712.
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1 .
- 3 = [ Aomo
@y Jpn

laa|=m>
Ry, (Ay; x, y)(x — y)® R (A1 X0, y) (0 — )™
X[ (A y)(L Y) K, x—y) - (A1 Xo y)(LO Y K(xo,xo—y)]dy
|X — yl |X() - yl
I (x = y)me (x0 = )"
+ K x =y) = =7 K(x0, %0 =
Z i fRn [ T (x,x—y) o (x0, X0 —y)

lay|=my, lazl=m;

XD A, (y)D™ A2 (y)h(y)dy
= I+ 1P+ 19+ 19 + 1O + 1

Note that |x = y| ~ |xo -yl for x € Qand y € R"\ Q = U;Zo(Q(x0, 2*'d)'~%) \ O(xo, (2"d)'~%)), and by
Lemmas 1 and 5, we get

(W(Q(xo, (2k+1d)1—9))1+ﬁ/n

0x0. @) 0) ) o

R (A )<Y DA lliny

|a|=m;

then

1
IS f K (x, x = 3) = K(xo, %0 = )|
=0 Y @kd)O<ly—xol<(2k+1d)1 =

1

|x — yIF

o
>
=0 (de)1’9S|y—xO|<(2k+ld)l’g

2
XIK (0, X0 = )1 | | 1R, (s, MGl

j=1

2
c[] [ D ||D“A,,-||L,-,,,g<w)]

J=1 \lal=m;

=\ (o, (2 1d) 1) ( ! 2 )1/2
d
X kzz;‘ |0(xo, (2%+1d)1-0)2 msol<@e 1) lfO)I dy

X

2
[ T1Ra, (A2 2 9 F Iy
j=1

1 1

lx = ylE |xo —ylF

IA

1/2
X ( |K(x, x = y) = K(xo, Xo — y)lzdy)
(zkd)l—esly_x()|<(2k+ld)l—ﬂ
2
<[] ||D“Aj||L,-,,ﬁ(w>]
Jj=1 \lal=m;

o W(Q(x, (2411 d)! 0> (f 2 )1/2
d
X kzz(; 10(x0, (1)1 =0\ i [f I dy

12

lxo — x|2 2 /
X > 1K (xo0, X0 = Y)°dy)
@)1 -0<ly-xol<@t+1dy1=¢ X0 = ]

Volume 6, Issue 11, 12698-12712.
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for the second term above, similarly to the proof of Lemma 2.1 in [3], we have

1/2 1-0)(m-n/2)

|xo — xI? > lxo — xI¢

) B 2 |K()C0, X0 — )’)| dy <C 2k Jym(1-0) ’
(2kd) =0 <[y—xo|<(2k+1d)1-* |xo )’| ( )

thus, by Lemma 5 and recall that n/2 < m,

2 . 0 W(Q(X , (2k+1d)1—0))2+2B/n
C 1—[ [ Z ID: JAjHLip/g(W)] Z |Q((;C09 (2k+1d)1_9)|2

=1 \lal=m; k=0

d(l—é))(m—n/Z) (f 5 1/2
X o lFOI dy)
(2kd)m(1_9) |y—XQ|<(2k“d)l’9

C ﬁ [ Z ”DajAjHLip/g(W)] i k(1=0)(n/2-m)

IA

1
I

<
J=1 \lajl=m; k=1
x (W(Q(xo,(2"d)1 9)))“””( 1 f |f<y>|sczy)l/s
|0 (x0, (2kd)1=9)| |Q(x0, (25d) =) =255 ] oy 2kayi=#
< c]—[ D DA iy | WE 21 Mo (F)(F) D 2K 002
j=1 \lal=m; k=1
2
< CI| D5 D" A wipyon | W@/ Mo (£,
J=1 \laj|l=m;

For Igz), by the formula (see [5]):

A A 1 A n
Ry (Aj; x,3) = Ry (Ajs x0,5) = > =Ry y(D"A 5 x, x0)(x = )
pai<m; T
and Lemma 5, we get

2 ) ) w(O(xo, (2k+1d)1—9))2+2ﬁ/n
|]§2)| C 1—[ [ Z ||D Aj”Lipp(w)] Z |Q(XO, (2k+ld)179)|2

J=1 \lal=m; k=0

IA

y f = 30l xo = WILFOIdY
@

k) 1=0 <ly—axo|<(2k+1 d)1-¢ |x0 - |

Cl—[[ Z D% A ||szﬁ(w)]22k(l 6)(n/2—m)

lajl=m;

W(Q(XO,(zkd)l—e)) 2+2B/n 1 ) 1/s
kJ)1-6 kJ)1-6 1_2/5x/nf lfI*dy
10(x0. (%) )] 10(xo, (2Fd)'=0) S,

‘[

J=1

IA

IA

2 ||D(’Aj||up,3<w>] WE " Mo (D).

la|=m;
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Similarly,

2
(3)
<c|]

J=1

2 ||D(1Aj||Lip,3(w)]W(;C)%zmanﬁ,s(f)(i)'

|ar|=m;

For 124), notice that for b € Lipg(w), w € A and x € Q, we have

Ibo — baol < Ckw(X)W2* QP Ibllipg0n)»

P

thus, similarly to the estimates of Igl) and s, we obtain

Hrsc Yy f (x =) K@ x=y) (v = )" K(xo, %0 = )
’ lay|=m R\Q e = ylL o — y|L

X (ID""A1(y) = (D" A1) gxg k4100 + (D" A gy 21 ay-0) — (D A gDIf(D)Idy
T 7 |(x0 — y)*' K(x0, X0 — )|
+ C Z f Ry (s 3, 3) = R (Ao xp, )l F— o)
RO

L
X0 —
o lxo —

|Rm2(A2’ X, )’)|

X (ID“‘AKY)—(DQ1 Do,y + (DM A g @t+1ay-0) = (D A gD O)ldy

«@ W(Q(xo,(de)l 9))1+,B/n A1 m=n/2)
< CH lalzm ID“A ||szﬁ(W)]; 10(xo, (2kd)1-9) ka0
W(Q(xo’ (2kd)1 9))1+ﬁ/n . P /n] (f ) )1/2
, (2% d
’ [ Ot @y OO GO SO
: k+1 \1-6 1+28/n
< c[]| 2 pa lluw]W(x)Zkzk“ e "”(W(Q("‘”(2 d) >>)

& 0o, 25 1d) 0]

1/s
lfO)l'd )
(Q(XO, (2kd)!-0)|1=2psin L(xo,(de)“s) TNy

e[

j=1

IA

Z ID*A ||szﬁ(w)] W@ Mg (F)(F).

|ar|= =mj

Similarly,

2
<c|]

j=1

> ||D“A,,-||L,-,,ﬂ<w>] W(EP " Mo (1)),

la|=m;

For I§6), we get

¥ < ¢ Z f ~ (x— y)“”"zK(LX,x -y (- y)“1+“2K()20,x0 ~y)
ltl=my Jazl=my ¥ RN\C lx =yl X0 — ¥
X (D" AL(Y) = (DT A gup.@xtayo) + (DT A g 2410y = (DT A1)gl)
X (IDV A1) = (D™ Ar) g1y + (D™ A) g iviay-oy = (D A2) DI F()ldy
J(1-0)m=n/2)

2
Crl[ Z ||ID% A ||Llpﬂ(W)]Zk (2kd)m(l -0)

.1:1 |(l]| =m;

IA
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[W(Q(XO, (25a)! =)+
10(xo, (2*d)'-0)]

Z HD /A ”Llpﬁ(w)]zkzzk(l 0)(n/2—m)

J=1 \lejl=m;

- w(Q(xo,(zkd)l-f’)))ﬁ/"] ( 1 f )us
°d
8 [W(X) |O(x0, (2kd)1-9))| 10(x0, (25d) =155 J e vy lfO)I*dy

Z ||D“jAj||Lipﬁ(w>] W) Mo ().

J=1 \lejl=m;

2 12
+w(X)w(Q(xo, (de)l_e))ﬁ/n] (f |f()’)|2dy)
ly—xol<(2*d)!-¢

A
@)
v

A
a
-

Thus
ITAN@) = TAA) < C D ID" Alligy o w(E /" Mag o ))(F)

la|=m

and

2
Is<C H( > ||D“fA,~||L,~pﬁ<W>) WE P Mo ().
j=1

lavjl=m;

Case 2. d > 1. In this case, let O = 5vnQ and Aj(x) =Aj(x)- 2 i(D“Aj)Qx“, then R, (A5 x,y) =

|a|=m

Ry, (Aj;x,y) and D*A; = D"A; — (D"A))g for |a| = m;. Write, for f = fxg + fxgmg = fi + fou

f ITA(f)(x)ldx
f Hj:l ij(Aj;x9y)

lx =yl
3l
+_
10l Jo
3l
+_
10 Jo
al,
+_
|Q| la1|=m1, lazl=m;

r f T
= i+ L+ L+ 00+ s

IQI

K(x, x = y) fi(y)dy|dx

IA

D" A (»)K(x, x - y) fi(y)dy| dx

f Rmz (A2; X, )’)(x - )’)a'
R" |x — yI*

lay|=m

D" A,(»)K(x, x — y) fi(y)dy| dx

f R (A x, y)(x — y)@
R

L
x —
P =yl

K(x,x —y) fi(y)dy|dx

f (x — y)ur 2 DA (y)D2 Ay (y)
R |x — yIF

Similarly to the proof of Iy, I, I3 and 14, by the L*-boundedness of T (see Lemma 4), we get,

: . W@\ (1 o)
Hl( Z ID™A ||L,,,ﬁ<w>)(@—|2)(| 0 f TN a’x)
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IA
a

B . w(@PH#im\ (1 )
Z 1D Al Lipsn) (lQ—lz) (@ fRn pites] dx)

J=1 \lajl=m;

< o W(Q) 2+2B/n 1 ; 1/s
Z IDY A jllLipgom (E) (ng|f(x)| dx)

J=1 \lajl=m;

IA
a

IA

CI | D) DA i | W@ Mo (£

J=1 \lajl=m;

148/n 1/s
C Z [|D*? A2||szﬁ(w) Z (W(Q)~ )(|Q| N |T(D“1A1f1)()€)|sdx)

laz|=m; |y |=my |Q|

1+8/n 1/s
¢ S D™ Al Y (W(% )(| 5 [ i (x)fl(X)|sdx)

laz|=m; |y |=m

2 (Q) 2+28/n 1 1/s
cl 1] 25 1074l ( 5 ) (W fQ If(x)l‘dx)

J=1 \laj|l=m;

J>

IA

IA

IA

IA
A

3 DA iy | WD M (£

J=1 \lal=m;

J3

IA
A

D ID A iy | W Mg ()

J=1 \lal=m;

Js

IA

1 1/s
(I ol IT(D"‘A D”Azfl)(X)lst)

lay|=my |az|=m;

1 1/s
Z (| 2] |D“1A1(X)D“2A2(X)f 1 (X)chX)

lay|=my |az|=m;

2 2+28/n 1/s
@) w(Q) 1 s
n Z (ID*A ||Llpﬁ(w))( 0 ) (WLlf(x>| dx)

J=1 Nlajl=m;

IA

IA
A

A
a
]~

> ||D“Aj||up,g<w>] w(E)* " Mg o (f)().

J=1 \lal=m;

For Js5, we write

i (Ajs X,
TA(fz)(X)—f H” A y)K(x,x—y)fz(y)dy

—yI*
R, (A L, y)(x = )7 i
[ BB ki x- p0 A0 0d
\ml m1 R lx =yl
Ry (A1 x,y)(x - )2 i
-y L[ B IR - D) o)y
(ol az: Jgn |x =yl
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1 (x = )+ o E T A
Y —K(x,x = y)D" A, ()D™A () ().
arlay! Jpo X =yl

lay|=my, |aal=m;

Similarly to the proof of /5 and by using Lemma 6, we get

ITA(H)()]
2 0 ~
W(2k+1 Q)2+2ﬁ/n >
< C DA Lipso (— f x = Y2 F )ldy
lj:[ lalz_’;” J Pp kZ(; |2k+1Q|2 2k+'Q\2kQ
W(2k+1 Q)1+ﬁ/n
+C ) ID" Aslluipgoy ) Z( =
lal=my ly|=m; k=0 |2 Q|
x f e = 21D A, )Ly
2k+|Q\2kQ
W(2k+] )l+ﬁ/n
€ S I Al Y Z( w0
|ar|=my |z |=my k=0 |2 Ql
x f DR Ay
2k+lQ\2kQ
Y f lx = Y2 DN A ()ID A, f ()l
s [y Jaal=my k=0 Y271 0\240
2
< c||| 2] ||D0Aj||upﬁ(w>]
J=1 \lal=m;
da™" Pl — 5d
;( |2k+lQ| Iszll—Z,Bs/n sz~ |f(y)| y
2
< cl]| > ||D"Aj||u,,,3(w>]w(@mﬁ/”MZﬁ,s(f)(fc),
J=1 \lal=m;

thus

2
usi<c| | { > ||D“A,-||L,-,,ﬁ<w>] WE P/ Mg (£)().
Jj=1 \lal=m;

This completes the proof of the Theorem 1.

Proof Theorem 2. We choose s with2 < s < p in Theorem 1, notice that w'~ € A, and w'/? € A(p, q).

By using Lemma 2, we get

ITA (P llzager-ay < IMTA D |aur-oy
CITA ) au-a

IA

IA

i 1+
Cl | 2. D™ A uinyon | 1M FIW 100

=1 |(Yj|:mj
l
= C[ ]| D] DA lLipson | IMyss(Pllscny

j=1 |(Zj|:mj

AIMS Mathematics Volume 6, Issue 11, 12698-12712.



12711

2
= C 1—[ [ Z ”D%AJHLip,s(w)] f e ow)-
lajl=m;

J=1

This completes the proof of the theorem.
Acknowledgments

The author would like to express his deep gratitude to the referee for his/her valuable comments and
suggestions.

This research was supported by the National Natural Science Foundation of China (Grant
No.11901126) and the Natural Science Foundation of Hunan Province(No0.2021JJ30630) and the
Scientific Research Funds of Hunan Provincial Education Department (Grant No. 19B509).

Conflict of interest

The author declares no conflicts of interest in this paper.

References

1. S. Bloom, A commutator theorem and weighted BMO, Trans. Amer. Math. Soc., 292 (1985), 103—
122.

2. S. Chanillo, A note on commutators, Indiana Univ. Math. J., 31 (1982), 7-16.

S. Chanillo, A. Torchinsky, Sharp function and weighted L? estimates for a class of pseudo-
differential operators, Ark. Math., 24 (1986), 1-25.

4. W. G. Chen, Besov estimates for a class of multilinear singular integrals, Acta Math. Sinica, 16
(2000), 613-626.

5. J. Cohen, A sharp estimate for a multilinear singular integral on R", Indiana Univ. Math. J., 30
(1981), 693-702.

6. J. Cohen, J. Gosselin, On multilinear singular integral operators on R", Studia Math., 72 (1982),
199-223.

7. 1. Cohen, J. Gosselin, A BMO estimate for multilinear singular integral operators, Illinois J. Math.,
30 (1986), 445-465.

8. R. Coifman, Y. Meyer, Wavelets, Calderon-Zygmund and multilinear operators, Cambridge
Studies in Advanced Math., Vol. 48, Cambridge University Press, Cambridge, 1997.

9. R. R. Coifman, R. Rochberg, G. Weiss, Factorization theorems for Hardy spaces in several
variables, Ann. Math., 103 (1976), 611-635.

10. Y. Ding, S. Z. Lu, Weighted boundedness for a class rough multilinear operators, Acta Math. Sinica,
17 (2001), 517-526.

11. C. Fefferman, L” bounds for pseudo-differential operators, Israel J. Math., 14 (1973), 413-417.

12. J. Garcia-Cuerva, Weighted H” spaces, Warszawa: Instytut Matematyczny Polskiej Akademi Nauk,
1979.

AIMS Mathematics Volume 6, Issue 11, 12698-12712.



12712

13

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

%ﬁé AIMS Press

. J. Garcia-Cuerva, J. L. Rubio de Francia, Weighted norm inequalities and related topics, North-
Holland Math., Vol. 116, Amsterdam, 1985.

B. Hu, J. Gu, Necessary and sufficient conditions for boundedness of some commutators with
weighted Lipschitz spaces, J. Math. Anal. Appl., 340 (2008), 598-605.

L. Z. Liu, Sharp and weighted boundedness for multilinear operators associated with pseudo-
differential operators on Morrey space, J. Contemp. Math. Anal., 45 (2010), 136-150.

L. Z. Liu, Boundedness for multilinear operators of pseudo-differential operators for the extreme
cases, J. Math. Inequal., 4 (2010), 217-232.

L. Z. Liu, Sharp maximal function inequalities and boundedness for Toeplitz type operator
associated to pseudo-differential operator, J. Pseudo-Differ. Oper., 4 (2013), 91-112.

N. Miller, Weighted Sobolev spaces and pseudo-differential operators with smooth symbols, Trans.
Amer. Math. Soc., 269 (1982), 91-109.

M. Paluszynski, Characterization of the Besov spaces via the commutator operator of Coifman,
Rochberg and Weiss, Indiana Univ. Math. J., 44 (1995), 1-17.

C. Pérez, R. Trujillo-Gonzalez, Sharp weighted estimates for vector-valued singular integral
operators and commutators, Tohoku Math. J., 55 (2003), 109-129.

C. Pérez, R. Trujillo-Gonzalez, Sharp weighted estimates for multilinear commutators, J. London
Math. Soc., 65 (2002), 672—-692.

M. Saidani, A. Lahmar-Benbernou, S. Gala, Pseudo-differential operators and commutators in
multiplier spaces, African Diaspora J. of Math., 6 (2008), 31-53.

E. M. Stein, Harmonic analysis: real variable methods, orthogonality and oscillatory integrals,
Princeton Univ. Press, Princeton NJ, 1993.

©2021 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

EE; terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 6, Issue 11, 12698-12712.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries and Theorems
	Proofs of Theorems

