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1. Introduction

As the development of singular integral operators, their commutators and multilinear operators
have been well studied (see [4–10]). In [4–10][20][21], the authors proved that the commutators and
multilinear operators generated by the singular integral operators and BMO functions are bounded on
Lp(Rn) for 1 < p < ∞; Chanillo (see [2]) proves a similar result when singular integral operators
are replaced by the fractional integral operators. In [4][19], the boundedness for the commutators
and multilinear operators generated by the singular integral operators and Lipschitz functions on
Triebel-Lizorkin and Lp(Rn)(1 < p < ∞) spaces are obtained. In [1][14], the weighted boundedness
for the commutators generated by the singular integral operators and BMO and Lipschitz functions
on Lp(Rn)(1 < p < ∞) spaces are obtained. The purpose of this paper is to prove the weighted
boundedness on Lebesgue spaces for some multilinear operators associated to the pseudo-differential
operators and the weighted Lipschitz functions. To do this, we first prove a sharp function estimate for
the multilinear operators. Our results are new, even in the unweighted cases.

2. Preliminaries and Theorems

Throughout this paper, Q will denote a cube of Rn with sides parallel to the axes. For a cube Q and
a locally integrable function f , let f (Q) =

∫
Q

f (x)dx, fQ = |Q|−1
∫

Q
f (x)dx and

f #(x) = sup
Q3x

1
|Q|

∫
Q
| f (y) − fQ|dy.
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It is well-known that (see [13,23])

f #(x) ≈ sup
Q3x

inf
c∈C

1
|Q|

∫
Q
| f (y) − c|dy.

For 1 ≤ p < ∞ and 0 ≤ η < n, let

Mη,p( f )(x) = sup
Q3x

(
1

|Q|1−pη/n

∫
Q
| f (y)|pdy

)1/p

,

which is the Hardy-Littlewood maximal function when p = 1 and η = 0.
We write f ∈ C∞0 (Rn) if f has any order derivative and compact support set on Rn.
The A1 weight is defined by (see [13]) A1 = {w > 0 : M(w)(x) ≤ Cw(x), a.e.}.
The A(p, q) weight is defined by (see [16]), for 1 < p, q < ∞,

A(p, q) =

w > 0 : sup
Q

(
1
|Q|

∫
Q

w(x)qdx
)1/q (

1
|Q|

∫
Q

w(x)−p/(p−1)dx
)(p−1)/p

< ∞

 .
For 1 < p < ∞, given a weight function w, the weighted Lebesgue space Lp(w) is the space of functions
f such that

|| f ||Lp(w) =

(∫
Rn
| f (x)|pw(x)dx

)1/p

< ∞.

For β > 0 and p > 1, let Ḟβ,∞
p (w) be the weighted homogeneous Triebel-Lizorkin space. For 0 < β < 1,

the weighted Lipschitz space Lipβ(w) is the space of functions f such that

|| f ||Lipβ(w) = sup
Q

1
w(Q)1+β/n

∫
Q
| f (y) − fQ|dy < ∞.

We say a symbol σ(x, ξ) is in the class S m
ρ,δ or σ ∈ S m

ρ,δ(−∞ < m < +∞, 0 < ρ, δ < +∞), if for
x, ξ ∈ Rn, ∣∣∣∣∣∣ ∂α∂xα

∂β

∂ξβ
σ(x, ξ)

∣∣∣∣∣∣ ≤ Cα,β(1 + |ξ|)m−ρ|β|+δ|α|.

A pseudo-differential operator with symbol σ(x, ξ) ∈ S m
ρ,δ is defined by

T ( f )(x) =

∫
Rn

e2πix·ξσ(x, ξ) f̂ (ξ)dξ,

where f is a Schwartz function and f̂ denotes the Fourier transform of f . We know there exists a kernel
K(x, y) such that

T ( f )(x) =

∫
Rn

K(x, x − y) f (y)dy,

where, formally,

K(x, y) =

∫
Rn

e2πi(x−y)·ξσ(x, ξ)dξ.

In [11], the boundedness of the pseudo-differential operators with symbol σ ∈ S −β1−θ,δ(β < nθ/2, 0 ≤
δ < 1 − θ, 0 < θ < 1) is obtained. In [18], the boundedness of the pseudo-differential operators with
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symbol of order 0 and −∞ is obtained. In [4], the sharp function estimate of the pseudo-differential
operators with symbol σ ∈ S −nθ/2

1−θ,δ (0 < θ < 1, 0 ≤ δ < 1−θ) is obtained. In [22], the boundedness of the
pseudo-differential operators and their commutators with symbol σ ∈ S −nθ/2

1−θ,δ (0 < θ < 1, 0 ≤ δ < 1 − θ)
is obtained. In [15–17], the boundedness of the multilinear and Toeplitz type operators associated to
pseudo-differential operators with symbol σ ∈ S −nθ/2

1−θ,δ (0 < θ < 1, 0 ≤ δ < 1 − θ) is obtained. Our works
are motivated by these papers.

Suppose T is a pseudo-differential operator with symbol σ(x, ξ) ∈ S m
ρ,δ. Let m j be the positive

integers( j = 1, · · ·, l), m1 + · · · + ml = L and A j be the functions on Rn( j = 1, · · ·, l). Set, for 1 ≤ j ≤ L,

Rm j+1(A j; x, y) = b j(x) −
∑
|α|≤m j

1
α!

DαA j(y)(x − y)α.

The multilinear operator associated to T is defined by

T A( f )(x) =

∫
Rn

∏l
j=1 Rm j+1(A j; x, y)

|x − y|m
K(x, x − y) f (y)dy.

Note that when m = 0, T A is just the multilinear commutators of T and A (see [20,21]). While when
m > 0, it is non-trivial generalizations of the commutators. It is well known that multilinear operators
are of great interest in harmonic analysis and have been widely studied by many authors (see [4–8,10]).
The purpose of this paper is to study the weighted boundedness properties for the multilinear operator.
We shall prove the following theorems in Section 3.

Theorem 1. Suppose T is the pseudo-differential operator with symbol σ ∈ S −nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ <

1 − θ). Let 0 < β < 1, w ∈ A1 and DαA j ∈ Lipβ(w) for all α with |α| = m j and j = 1, · · ·, l. Then there
exists a constant C > 0 such that for every f ∈ C∞0 (Rn), 2 ≤ s < ∞ and x̃ ∈ Rn,

(T A( f ))#(x̃) ≤ C
l∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)l+lβ/nMlβ,s( f )(x̃).

Theorem 2. Suppose T is the pseudo-differential operator with symbol σ ∈ S −nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ <

1 − θ). Let 0 < β < 1, w ∈ A1 and DαA j ∈ Lipβ(w) for all α with |α| = m j and j = 1, · · ·, l. Then T A is
bounded from Lp(w) to Lq(w1−lq) for 2 ≤ p < n/lβ and 1/p − 1/q = lβ/n, that is

||T A( f )||Lq(w1−lq) ≤ C
l∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 || f ||Lp(w).

3. Proofs of Theorems

To prove the theorems, we need the following lemmas.

Lemma 1. (see [5]) Let A be a function on Rn and DαA ∈ Lq(Rn) for |α| = L and some q > n. Then,
for x , y,

|RL(A; x, y)| ≤ C|x − y|L
∑
|α|=L

(
1

|Q̃(x, y)|

∫
Q̃(x,y)

|DαA(z)|qdz
)1/q

,

where Q̃(x, y) is the cube centered at x and having side length 5
√

n|x − y|.
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Lemma 2. (see [2,19]) Suppose that 0 < η < n, 1 ≤ s < p < n/η, 1/q = 1/p − η/n and w ∈ A(p, q).
Then

||Mη,s( f )||Lq(wq) ≤ C|| f ||Lp(wp).

Lemma 3. (see [12,14]) For any cube Q, b ∈ Lipβ(w), 0 < β < 1 and w ∈ A1, we have

sup
x∈Q
|b(x) − bQ| ≤ C||b||Lipβ(w)w(Q)1+β/n|Q|−1.

Lemma 4. (see [3]) Let T be the pseudo-differential operator with symbol σ ∈ S −nθ/2
1−θ,δ (0 < θ < 1, 0 ≤

δ < 1 − θ). Then, for every f ∈ Lp(Rn), 1 < p < ∞,

||T ( f )||Lp ≤ C|| f ||Lp .

Lemma 5. (see [3]) Let σ ∈ S −nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1 − θ) and K be the kernel of the pseudo-

differential operator T with symbol σ ∈ S −nθ/2
1−θ,δ . Then, for |x0 − x| ≤ d < 1 and k ≥ 1,(∫

(2kd)1−θ≤|y−x0 |<(2k+1d)1−θ
|K(x, x − y) − K(x0, x0 − y)|2dy

)1/2

≤ C
|x0 − x|(1−θ)(m−n/2)

(2kd)m(1−θ) ,

provided m is an integer such that n/2 < m < n/2 + 1/(1 − θ).

Lemma 6. (see [3]) Let σ ∈ S 0
ρ,δ(0 < ρ, δ < 1) and

K(x,w) =

∫
Rn

e2πiw·ξσ(x, ξ)dξ.

Then, for |w| ≥ 1/4 and any integer N ≥ 1,

|K(x,w)| ≤ CN |w|−2N .

Proof of Theorem 1. It suffices to prove for f ∈ C∞0 (Rn) and some constant C0, the following
inequality holds for any cube Q = Q(x0, d) and x̃ ∈ Q:

1
|Q|

∫
Q
|T A( f )(x) −C0|dx ≤ C

l∏
j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)l+lβ/nMlβ,s( f )(x̃).

Without loss of generality, we may assume l = 2. Fixed a cube Q = Q(x0, d) and x̃ ∈ Q. We consider
the following two cases:
Case 1. d ≤ 1. In this case, let Q∗ be the cube concentric with Q of side length d1−θ. Set Q̃ = 5

√
nQ∗

and Ã j(x) = A j(x) −
∑
|α|=m j

1
α! (D

αA j)Q̃xα, then Rm j(A j; x, y) = Rm j(Ã j; x, y) and DαÃ j = DαA j − (DαA j)Q̃

for |α| = m j. We split f = g + h with g = fχQ̃ and h = fχRn\Q̃. Write

T A( f )(x) =

∫
Rn

∏2
j=1 Rm j+1(Ã j; x, y)

|x − y|L
K(x, x − y)h(y)dy

+

∫
Rn

∏2
j=1 Rm j(Ã j; x, y)

|x − y|L
K(x, x − y)g(y)dy
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−
∑
|α1 |=m1

1
α1!

∫
Rn

Rm2(Ã2; x, y)(x − y)α1

|x − y|L
Dα1 Ã1(y)K(x, x − y)g(y)dy

−
∑
|α2 |=m2

1
α2!

∫
Rn

Rm1(Ã1; x, y)(x − y)α2

|x − y|L
Dα2 Ã2(y)K(x, x − y)g(y)dy

+
∑

|α1 |=m1, |α2 |=m2

1
α1!α2!

∫
Rn

(x − y)α1+α2 Dα1 Ã1(y)Dα2 Ã2(y)
|x − y|L

K(x, x − y)g(y)dy,

then

1
|Q|

∫
Q

∣∣∣∣T A( f )(x) − T Ã(h)(x0)
∣∣∣∣ dx

≤
1
|Q|

∫
Q

∣∣∣∣∣∣∣
∫

Rn

∏2
j=1 Rm j(Ã j; x, y)

|x − y|L
K(x, x − y)g(y)dy

∣∣∣∣∣∣∣ dx

+
C
|Q|

∫
Q

∣∣∣∣∣∣∣ ∑
|α1 |=m1

∫
Rn

Rm2(Ã2; x, y)(x − y)α1

|x − y|L
Dα1 Ã1(y)K(x, x − y)g(y)dy

∣∣∣∣∣∣∣ dx

+
C
|Q|

∫
Q

∣∣∣∣∣∣∣ ∑
|α2 |=m2

∫
Rn

Rm1(Ã1; x, y)(x − y)α2

|x − y|L
Dα2 Ã2(y)K(x, x − y)g(y)dy

∣∣∣∣∣∣∣ dx

+
C
|Q|

∫
Q

∣∣∣∣∣∣∣ ∑
|α1 |=m1, |α2 |=m2

∫
Rn

(x − y)α1+α2 Dα1 Ã1(y)Dα2 Ã2(y)
|x − y|L

K(x, x − y)g(y)dy

∣∣∣∣∣∣∣ dx

+
1
|Q|

∫
Q

∣∣∣∣T Ã(h)(x) − T Ã(h)(x0)
∣∣∣∣ dx

:= I1 + I2 + I3 + I4 + I5.

Now, let us estimate I1, I2, I3, I4 and I5, respectively. First, by Lemmas 1 and 3, we get

|RL(Ã j; x, y)| ≤ C|x − y|L
∑
|α|=L

sup
x∈Q̃
|DαA j(x) − (DαA j)Q̃|

≤ C|x − y|L
w(Q̃)1+β/n

|Q̃|

∑
|α|=L

||DαA j||Lipβ(w).

Now, let σ(x, ξ) = σ(x, ξ)|ξ|nθ/2|ξ|−nθ/2 = q(x, ξ)|ξ|−nθ/2. We have q(x, ξ) ∈ S 0
1−θ,δ. Let S be the pseudo-

differential operator with symbol q(x, ξ), by the Hardy-Littlewood-Sobolev fractional integration
theorem and the L2-boundedness of S (see [3,23]). We obtain, for 1/p = 1/2 − θ/2, 1 < p < ∞

and 2 ≤ s < ∞,

I1 ≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

)
1
|Q|

∫
Q
|T (g)(x)|dx

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

) (
1
|Q|

∫
Rn
|T (g)(x)|pdx

)1/p

AIMS Mathematics Volume 6, Issue 11, 12698–12712.



12703

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

)
|Q|−1/p

(∫
Rn
|S (g)(x)|2dx

)1/2

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

)
|Q|−1/p

(∫
Rn
|g(x)|2dx

)1/2

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

)
|Q̃|1/2

|Q|1/p

(
1
|Q̃|

∫
Q̃
| f (x)|2dx

)1/2

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

) (
1
|Q̃|

∫
Q̃
| f (x)|sdx

)1/s

= C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)
|Q̃|

)2+2β/n (
1

|Q̃|1−2βs/n

∫
Q̃
| f (x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

For I2, by Lemma 1 and Hölder’s inequality, we get, for 1 < p < ∞,

I2 ≤ C
∑
|α2 |=m2

||Dα2 A2||Lipβ(w)
w(Q̃)1+β/n

|Q̃|

∑
|α1 |=m1

1
|Q|

∫
Q
|T (Dα1 Ã1g)(x)|dx

≤ C
∑
|α2 |=m2

||Dα2 A2||Lipβ(w)
w(Q̃)1+β/n

|Q̃|

∑
|α1 |=m1

(
1
|Q|

∫
Rn
|T (Dα1 Ã1g)(x)|pdx

)1/p

≤ C
∑
|α2 |=m2

||Dα2 A2||Lipβ(w)
w(Q̃)1+β/n

|Q̃|

∑
|α1 |=m1

|Q|−1/p

(∫
Rn
|S (Dα1 Ã1g)(x)|2dx

)1/2

≤ C
∑
|α2 |=m2

||Dα2 A2||Lipβ(w)
w(Q̃)1+β/n

|Q̃|

∑
|α1 |=m1

|Q|−1/p

(∫
Rn
|Dα1 Ã1(x)g(x)|2dx

)1/2

≤ C
∑
|α2 |=m2

||Dα2 A2||Lipβ(w)
w(Q̃)1+β/n

|Q̃|
|Q̃|1/2

|Q|1/p

×
∑
|α1 |=m

(
1
|Q̃|

∫
Q̃
|Dα1 A1(x) − (DαA j)Q̃|

2| f (x)|2dx
)1/2

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

) (
1
|Q̃|

∫
Q̃
| f (y)|sdy

)1/s

= C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)
|Q̃|

)2+2β/n (
1

|Q̃|1−2βs/n

∫
Q̃
| f (x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).
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For I3, similarly to the proof of I2, we get, for 1 < p < ∞,

I3 ≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

Similarly, for I4, we obtain

I4 ≤ C
∑

|α1 |=m1,|α2 |=m2

1
|Q|

∫
Q
|T (Dα1 Ã1Dα2 Ã2g)(x)|dx

≤ C
∑

|α1 |=m1,|α2 |=m2

(
1
|Q|

∫
Rn
|T (Dα1 Ã1Dα2 Ã2g)(x)|pdx

)1/p

≤ C
∑

|α1 |=m1,|α2 |=m2

|Q|−1/p

(∫
Rn
|S (Dα1 Ã1Dα2 Ã2g)(x)|2dx

)1/2

≤ C
∑

|α1 |=m1,|α2 |=m2

|Q|−1/p

(∫
Rn
|Dα1 Ã1(x)Dα2 Ã2(x)|2|g(x)|2dx

)1/2

≤ C
∑

|α1 |=m1,|α2 |=m2

|Q̃|1/2

|Q|1/p

(
1
|Q̃|

∫
Q̃
|Dα1 Ã1(x)Dα2 Ã2(x)|2| f (x)|2dx

)1/2

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

) (
1
|Q̃|

∫
Q̃
| f (y)|sdy

)1/s

= C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)
|Q̃|

)2+2β/n (
1

|Q̃|1−2βs/n

∫
Q̃
| f (x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

For I5, we write

T Ã(h)(x) − T Ã(h)(x0)

=

∫
Rn

(
K(x, x − y)
|x − y|L

−
K(x0, x0 − y)
|x0 − y|L

) 2∏
j=1

Rm j(Ã j; x, y)h(y)dy

+

∫
Rn

(
Rm1(Ã1; x, y) − Rm1(Ã1; x0, y)

) Rm2(Ã2; x, y)
|x0 − y|L

K(x0, x0 − y)h(y)dy

+

∫
Rn

(
Rm2(Ã2; x, y) − Rm2(Ã2; x0, y)

) Rm1(Ã1; x0, y)
|x0 − y|L

K(x0, x0 − y)h(y)dy

−
∑
|α1 |=m1

1
α1!

∫
Rn

Dα1 Ã1(y)h(y)

×

[
Rm2(Ã2; x, y)(x − y)α1

|x − y|L
K(x, x − y) −

Rm2(Ã2; x0, y)(x0 − y)α1

|x0 − y|L
K(x0, x0 − y)

]
dy
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−
∑
|α2 |=m2

1
α2!

∫
Rn

Dα2 Ã2(y)h(y)

×

[
Rm1(Ã1; x, y)(x − y)α2

|x − y|L
K(x, x − y) −

Rm1(Ã1; x0, y)(x0 − y)α2

|x0 − y|L
K(x0, x0 − y)

]
dy

+
∑

|α1 |=m1, |α2 |=m2

1
α1!α2!

∫
Rn

[
(x − y)α1+α2

|x − y|L
K(x, x − y) −

(x0 − y)α1+α2

|x0 − y|L
K(x0, x0 − y)

]
×Dα1 Ã1(y)Dα2 Ã2(y)h(y)dy

= I(1)
5 + I(2)

5 + I(3)
5 + I(4)

5 + I(5)
5 + I(6)

5 .

Note that |x − y| ∼ |x0 − y| for x ∈ Q̃ and y ∈ Rn \ Q̃ =
⋃∞

k=0(Q(x0, (2k+1d)1−θ) \ Q(x0, (2kd)1−θ)), and by
Lemmas 1 and 5, we get

|Rm j(Ã j; x, y)| ≤
∑
|α|=m j

||DαA j||Lipβ(w)

(
w(Q(x0, (2k+1d)1−θ))1+β/n

|Q(x0, (2k+1d)1−θ)|

)
|x − y|m j ,

then

|I(1)
5 | ≤

∞∑
k=0

∫
(2kd)1−θ≤|y−x0 |<(2k+1d)1−θ

|K(x, x − y) − K(x0, x0 − y)|

×
1

|x − y|L

2∏
j=1

|Rm j(Ã j; x, y)|| f (y)|dy

+

∞∑
k=0

∫
(2kd)1−θ≤|y−x0 |<(2k+1d)1−θ

∣∣∣∣∣ 1
|x − y|L

−
1

|x0 − y|L

∣∣∣∣∣
×|K(x0, x0 − y)|

2∏
j=1

|Rm j(Ã j; x, y)|| f (y)|dy

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)


×

∞∑
k=0

w(Q(x0, (2k+1d)1−θ))2+2β/n

|Q(x0, (2k+1d)1−θ)|2

(∫
|y−x0 |<(2k+1d)1−θ

| f (y)|2dy
)1/2

×

(∫
(2kd)1−θ≤|y−x0 |<(2k+1d)1−θ

|K(x, x − y) − K(x0, x0 − y)|2dy
)1/2

+C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)


×

∞∑
k=0

w(Q(x0, (2k+1d)1−θ))2+2β/n

|Q(x0, (2k+1d)1−θ)|2

(∫
|y−x0 |<(2k+1d)1−θ

| f (y)|2dy
)1/2

×

(∫
(2kd)1−θ≤|y−x0 |<(2k+1d)1−θ

|x0 − x|2

|x0 − y|2
|K(x0, x0 − y)|2dy

)1/2

,
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for the second term above, similarly to the proof of Lemma 2.1 in [3], we have(∫
(2kd)1−θ≤|y−x0 |<(2k+1d)1−θ

|x0 − x|2

|x0 − y|2
|K(x0, x0 − y)|2dy

)1/2

≤ C
|x0 − x|(1−θ)(m−n/2)

(2kd)m(1−θ) ,

thus, by Lemma 5 and recall that n/2 < m,

|I(1)
5 | ≤ C

2∏
j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 ∞∑
k=0

w(Q(x0, (2k+1d)1−θ))2+2β/n

|Q(x0, (2k+1d)1−θ)|2

×
d(1−θ)(m−n/2)

(2kd)m(1−θ)

(∫
|y−x0 |<(2k+1d)1−θ

| f (y)|2dy
)1/2

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 ∞∑
k=1

2k(1−θ)(n/2−m)

×

(
w(Q(x0, (2kd)1−θ))
|Q(x0, (2kd)1−θ)|

)2+2β/n (
1

|Q(x0, (2kd)1−θ)|1−2βs/n

∫
Q(x0,(2kd)1−θ)

| f (y)|sdy
)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃)
∞∑

k=1

2k(1−θ)(n/2−m)

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

For I(2)
5 , by the formula (see [5]):

Rm j(Ã j; x, y) − Rm j(Ã j; x0, y) =
∑
|η|<m j

1
η!

Rm j−|η|(D
ηÃ j; x, x0)(x − y)η

and Lemma 5, we get

|I(2)
5 | ≤ C

2∏
j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 ∞∑
k=0

w(Q(x0, (2k+1d)1−θ))2+2β/n

|Q(x0, (2k+1d)1−θ)|2

×

∫
(2kd)1−θ≤|y−x0 |<(2k+1d)1−θ

|x − x0|

|x0 − y|
|K(x0, x0 − y)|| f (y)|dy

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 ∞∑
k=1

2k(1−θ)(n/2−m)

×

(
w(Q(x0, (2kd)1−θ))
|Q(x0, (2kd)1−θ)|

)2+2β/n (
1

|Q(x0, (2kd)1−θ)|1−2βs/n

∫
Q(x0,(2kd)1−θ)

| f (y)|sdy
)1/s

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).
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Similarly,

|I(3)
5 | ≤ C

2∏
j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

For I(4)
5 , notice that for b ∈ Lipβ(w), w ∈ A1 and x ∈ Q, we have

|bQ − b2kQ| ≤ Ckw(x)w(2kQ)β/n||b||Lipβ(w),

thus, similarly to the estimates of I(1)
5 and I(2)

5 , we obtain

|I(4)
5 | ≤ C

∑
|α1 |=m1

∫
Rn\Q̃

∣∣∣∣∣ (x − y)α1 K(x, x − y)
|x − y|L

−
(x0 − y)α1 K(x0, x0 − y)

|x0 − y|L

∣∣∣∣∣ |Rm2(Ã2; x, y)|

× (|Dα1 A1(y) − (Dα1 A1)Q(x0,(2k+1d)1−θ)| + |(Dα1 A1)Q(x0,(2k+1d)1−θ) − (Dα1 A1)Q̃|)| f (y)|dy

+ C
∑
|α1 |=m1

∫
Rn\Q̃
|Rm2(Ã2; x, y) − Rm2(Ã2; x0, y)|

|(x0 − y)α1 K(x0, x0 − y)|
|x0 − y|L

× (|Dα1 A1(y) − (Dα1 A1)Q(x0,(2k+1d)1−θ)| + |(Dα1 A1)Q(x0,(2k+1d)1−θ) − (Dα1 A1)Q̃|)| f (y)|dy

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 ∞∑
k=1

k
w(Q(x0, (2kd)1−θ))1+β/n

|Q(x0, (2kd)1−θ)|
·

d(1−θ)(m−n/2)

(2kd)m(1−θ)

×

[
w(Q(x0, (2kd)1−θ))1+β/n

|Q(x0, (2kd)1−θ)|
+ w(x̃)w(Q(x0, (2kd)1−θ))β/n

] (∫
|y−x0 |<(2kd)1−θ

| f (y)|2dy
)1/2

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)
∞∑

k=1

k2k(1−θ)(n/2−m)
(
w(Q(x0, (2k+1d)1−θ))
|Q(x0, (2k+1d)1−θ)|

)1+2β/n

×

(
1

|Q(x0, (2kd)1−θ)|1−2βs/n

∫
Q(x0,(2kd)1−θ)

| f (y)|sdy
)1/s

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

Similarly,

|I(5)
5 | ≤ C

2∏
j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

For I(6)
5 , we get

|I(6)
5 | ≤ C

∑
|α1 |=m1,|α2 |=m2

∫
Rn\Q̃

∣∣∣∣∣ (x − y)α1+α2 K(x, x − y)
|x − y|L

−
(x0 − y)α1+α2 K(x0, x0 − y)

|x0 − y|L

∣∣∣∣∣
× (|Dα1 A1(y) − (Dα1 A1)Q(x0,(2k+1d)1−θ)| + |(Dα1 A1)Q(x0,(2k+1d)1−θ) − (Dα1 A1)Q̃|)
× (|Dα1 A1(y) − (Dα2 A2)Q(x0,(2k+1d)1−θ)| + |(Dα1 A2)Q(x0,(2k+1d)1−θ) − (Dα2 A2)Q̃|)| f (y)|dy

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 ∞∑
k=1

k2 d(1−θ)(m−n/2)

(2kd)m(1−θ)
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×

[
w(Q(x0, (2kd)1−θ))1+β/n

|Q(x0, (2kd)1−θ)|
+ w(x̃)w(Q(x0, (2kd)1−θ))β/n

]2 (∫
|y−x0 |<(2kd)1−θ

| f (y)|2dy
)1/2

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 ∞∑
k=1

k22k(1−θ)(n/2−m)

×

w(x̃)
(
w(Q(x0, (2kd)1−θ))
|Q(x0, (2kd)1−θ)|

)β/n2 (
1

|Q(x0, (2kd)1−θ)|1−2βs/n

∫
Q(x0,(2kd)1−θ)

| f (y)|sdy
)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

Thus
|T Ã( f )(x) − T Ã( f )(x0)| ≤ C

∑
|α|=m

||DαA||Lipβ(w)w(x̃)2+2β/nM2β,s( f )(x̃)

and

I5 ≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

Case 2. d > 1. In this case, let Q̃ = 5
√

nQ and Ã j(x) = A j(x) −
∑
|α|=m j

1
α! (D

αA j)Q̃xα, then Rm j(A j; x, y) =

Rm j(Ã j; x, y) and DαÃ j = DαA j − (DαA j)Q̃ for |α| = m j. Write, for f = fχQ̃ + fχRn\Q̃ = f1 + f2,

1
|Q|

∫
Q
|T A( f )(x)|dx

≤
1
|Q|

∫
Q

∣∣∣∣∣∣∣
∫

Rn

∏2
j=1 Rm j(Ã j; x, y)

|x − y|L
K(x, x − y) f1(y)dy

∣∣∣∣∣∣∣ dx

+
C
|Q|

∫
Q

∣∣∣∣∣∣∣ ∑
|α1 |=m1

∫
Rn

Rm2(Ã2; x, y)(x − y)α1

|x − y|L
Dα1 Ã1(y)K(x, x − y) f1(y)dy

∣∣∣∣∣∣∣ dx

+
C
|Q|

∫
Q

∣∣∣∣∣∣∣ ∑
|α2 |=m2

∫
Rn

Rm1(Ã1; x, y)(x − y)α2

|x − y|L
Dα2 Ã2(y)K(x, x − y) f1(y)dy

∣∣∣∣∣∣∣ dx

+
C
|Q|

∫
Q

∣∣∣∣∣∣∣ ∑
|α1 |=m1, |α2 |=m2

∫
Rn

(x − y)α1+α2 Dα1 Ã1(y)Dα2 Ã2(y)
|x − y|L

K(x, x − y) f1(y)dy

∣∣∣∣∣∣∣ dx

+
1
|Q|

∫
Q
|T Ã( f2)(x)|dx

:= J1 + J2 + J3 + J4 + J5.

Similarly to the proof of I1, I2, I3 and I4, by the Ls-boundedness of T (see Lemma 4), we get,

J1 ≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

) (
1
|Q|

∫
Rn
|T ( f1)(x)|sdx

)1/s
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≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)2+2β/n

|Q̃|2

) (
1
|Q|

∫
Rn
| f1(x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)
|Q̃|

)2+2β/n (
1

|Q̃|1−2βs/n

∫
Q̃
| f (x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃);

J2 ≤ C
∑
|α2 |=m2

||Dα2 A2||Lipβ(w)

∑
|α1 |=m1

(
w(Q̃)1+β/n

|Q̃|

) (
1
|Q|

∫
Rn
|T (Dα1 Ã1 f1)(x)|sdx

)1/s

≤ C
∑
|α2 |=m2

||Dα2 A2||Lipβ(w)

∑
|α1 |=m1

(
w(Q̃)1+β/n

|Q̃|

) (
1
|Q|

∫
Rn
|Dα1 Ã1(x) f1(x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)
|Q̃|

)2+2β/n (
1

|Q̃|1−2βs/n

∫
Q̃
| f (x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃);

J3 ≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃);

J4 ≤ C
∑

|α1 |=m1,|α2 |=m2

(
1
|Q|

∫
Rn
|T (Dα1 Ã1Dα2 Ã2 f1)(x)|sdx

)1/s

≤ C
∑

|α1 |=m1,|α2 |=m2

(
1
|Q|

∫
Rn
|Dα1 Ã1(x)Dα2 Ã2(x) f1(x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)


(
w(Q̃)
|Q̃|

)2+2β/n (
1

|Q̃|1−2βs/n

∫
Q̃
| f (x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

For J5, we write

T Ã( f2)(x) =

∫
Rn

∏2
j=1 Rm j(Ã j; x, y)

|x − y|L
K(x, x − y) f2(y)dy

−
∑
|α1 |=m1

1
α1!

∫
Rn

Rm2(Ã2; x, y)(x − y)α1

|x − y|L
K(x, x − y)Dα1 Ã1(y) f2(y)dy

−
∑
|α2 |=m2

1
α2!

∫
Rn

Rm1(Ã1; x, y)(x − y)α2

|x − y|L
K(x, x − y)Dα2 Ã2(y) f2(y)dy
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+
∑

|α1 |=m1, |α2 |=m2

1
α1!α2!

∫
Rn

(x − y)α1+α2

|x − y|L
K(x, x − y)Dα1 Ã1(y)Dα2 Ã2(y) f2(y)dy.

Similarly to the proof of I5 and by using Lemma 6, we get

|T Ã( f2)(x)|

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 ∞∑
k=0

(
w(2k+1Q̃)2+2β/n

|2k+1Q̃|2

) ∫
2k+1Q̃\2kQ̃

|x − y|−2n| f (y)|dy

+C
∑
|α|=m2

||DαA2||Lipβ(w)

∑
|α1 |=m1

∞∑
k=0

(
w(2k+1Q̃)1+β/n

|2k+1Q̃|

)
×

∫
2k+1Q̃\2kQ̃

|x − y|−2n|Dα1 Ã1(y)|| f (y)|dy

+C
∑
|α|=m1

||DαA1||Lipβ(w)

∑
|α2 |=m2

∞∑
k=0

(
w(2k+1Q̃)1+β/n

|2k+1Q̃|

)
×

∫
2k+1Q̃\2kQ̃

|x − y|−2n|Dα2 Ã2(y)|| f (y)|dy

+C
∑

|α1 |=m1,|α2 |=m2

∞∑
k=0

∫
2k+1Q̃\2kQ̃

|x − y|−2n|Dα1 Ã1(y)||Dα2 Ã2(y)|| f (y)|dy

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)


×d−n

∞∑
k=1

(
w(2k+1Q̃)
|2k+1Q̃|

)2+2β/n

2−kn

(
1

|2kQ̃|1−2βs/n

∫
2kQ̃
| f (y)|sdy

)1/s

≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃),

thus

|J5| ≤ C
2∏

j=1

 ∑
|α|=m j

||DαA j||Lipβ(w)

 w(x̃)2+2β/nM2β,s( f )(x̃).

This completes the proof of the Theorem 1.
Proof Theorem 2. We choose s with 2 ≤ s < p in Theorem 1, notice that w1−lq ∈ A∞ and w1/p ∈ A(p, q).
By using Lemma 2, we get

||T A( f )||Lq(w1−ql) ≤ ||M(T A( f ))||Lq(w1−lq)

≤ C||(T A( f ))#||Lq(w1−ql)

≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 ||Mlβ,s( f )wl+lβ/n||Lq(w1−ql)

= C
l∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 ||Mlβ,s( f )||Lq(wq/p)
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≤ C
2∏

j=1

 ∑
|α j |=m j

||Dα j A j||Lipβ(w)

 || f ||Lp(w).

This completes the proof of the theorem.
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