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Abstract: In this paper, the small initial data global well-posedness and time decay estimates of strong
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rates of the higher-order spatial derivatives of solutions are also obtained. The H~* (0 < s < %) negative

Sobolev norms are shown to be preserved along time evolution and enhance the decay rates.
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1. Introduction

Consider the following incompressible Ericksen-Leslie system for the nematic liquid crystals [9,
21]:
-y

ut+u-Vu—lAu+Vp: divo,
Re

VN +7A-d-h)xd=0, (1.1)
V-u=0, |d=1,

(u, d)(-,0) = (uo, do)(-),

where the vector filed u € R? is the velocity filed, the scalar function p € R represents the pressure and
the unit vector field d stands for the director field, Re, y, y; and 7y, are constants, with y € (0, 1) and

Re > 0 is the Reynolds number. The notations o, N and 4 in system (1.1) means the Cauchy stress
tensor, the co-rotational derivative and the molecular filed respectively, given by

oc=ct+0t, N=0d+u-Vd-Q-d,
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and . -
= |- — , _ V
v (8(Vd)) ad 0, Wye(d,Vd) — Wy(d, Vd),

with | .
A= E(Vu +Vul), Q= E(Vu - Vul),

where o denotes the Ericksen stress tensor, o~ stands for the Leslie stress tensor and W = W(d, Vd)
represents the free energy, respectively.

The main purpose of this paper is to consider the problems of the isotropic case, hence we take the
free energy W(d, Vd) = %lVd | and consequently the Ericksen stress tensor o satisfies

ow
E—- _(Va)l == = -Vd o Vd.
o ( )661 )

Moreover, the Leslie stress tensor satisfies the following general expression:
clr=a1d A - dd®d+a:N®d+azd®N + asA + as(A - d)®d + aed ® (A - d),
where a1, a,, @3, a4, @s and @4 are Leslie coefficients. a; (1 <i < 6),y; > 0 and y, satisfy

VI=a3—Q2, V2=Qs—Qs, q+az=7,. (1.2)

The Ericksen-Leslie system can be used to describes the evolutionary behavior of nematic liquid
crystal flows (we refer to the monographs [1, 5] for a detailed presentation of the physical foundations
of continuum theories of liquid crystals). As the generalized Ericksen-Leslie system is so complicated,
many earlier works treated the simplified (or approximated) system of (1.1). Motivated by work on the
harmonic heat flow, Lin and Liu [24] considered the mathematical analysis for the dynamical system of
the Ginzburg-Landau approximate system (which involves a penalty term ];%lzd to relax the constraint
|d| = 1) of a simplified Ericksen-Leslie system

-y
e

ut+u-Vu—lAu+Vp: divo,
Re

1

di+u-Vd+Q-d—pA-d——(df - d =0, (1.3)
€

V-u=0.

The authors proved the global existence of weak solutions and the local existence and uniqueness
of strong solutions. Moreover, Liu and Shen [26], Sun and Liu [33] and Cavaterra et al. [3] also
considered the nematic liquid crystals with Ginzburg-Landau approximate system. However, because
the corresponding a priori estimates of (1.3) established in the above papers depend crucially on the
parameter €, the results established there cannot be applied to obtain the existence of solutions to the
original liquid crystal systems, by letting the parameter £ go to 0. If the Leslie stress o is neglected
in (1.1), the simplest system preserving the basic energy law is obtained in the following:

u+u-Vu—Au+Vp=-V-(Vd o Vd),
d,+u-Vd—Ad = |Vd|d, (1.4)
V-u=0.
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In [34], Wang studied the well-posedness result with rough data. Huang and Wang [19] considered the
BKM type blow-up criterion for system (1.4). There are also many classical results for system (1.4),
see for instance, [10, 11, 25, 27, 38] and the reference cited therein. In the case when |Vd|*d in (1.4)
is replaced by 6—12(|af|2 — 1)d, we can refer to [8, 23, 41] and the reference cited therein. On the other
hand, some papers also focus on the mathematical analysis of density dependent incompressible liquid
crystal system and the compressible liquid crystal system (cf. [6, 13, 15, 18, 39] and the reference
therein).
Taking the vector cross-product to Eq (1.1), with d, using the constraint |d| = 1, we can
rewrite (1.1), as
YiIN+¥(A-d—(d-A-d)d)=Ad +|Vd|Pd. (1.5)

Consider the relation (1.2) and Eq (1.5), rewrite the Leslie stress tensor o as

ol =ai(d-A-d)d®d+aA+adsA - d)®d+ ad®(A-d)

1 1.6
+ —(@Ad®d + asd ® Ad) + 2|VdPd ® d, (10)
Y1 Y1
where
) =a + 72(042 +a3), a5=as— 72042, @ = Qg — 2@3. (1.7)
Y1 Y1 Y1
Combining (1.2) and (1.13), we easily obtain
as=ag a3—a; =Y, @+az=7y,. (1.8)

Wang et al. [35] and Gong et al. [15] pointed out that the energy of Ericksen-Leslie system (1.1) is
dissipated if and only if

Q’4ZO,
,}/2
2a4+a5+a6——2:2a4+a;+a'620, (1.9)
Y1 ’
3

3
§a4+a5+a6+a1:§a4+a;+a/6+a'120.

In this paper, we use the new expression (1.6) of the Leslie stress tensor, consider the following Cauchy
problem:

- Ydiv[-VdoVd +a\(d-A-d)d®d + @A
e

ut+u-Vu—lAu+Vp:
Re

1
+a5(A-d)®d+ad®(A-d)+ —(eAd ®d + a3d ® Ad) + 2|Vd|2d® dl,
Y1 Y1 (1.10)
yvildi+u-Vd-Q-d)+y,(A-d—(d-A-d)d)=Ad + |Vd|2d,
V-u=0, |d =1,
(I/t, d)(,O) = (UO’ d())()a

For system (1.10) without the key property |d| = 1, Wang et al. [35] studied the existence of unique
local strong solution provided that the initial data (g, Vdy) € H*(R?). Moreover, Gong et al. [15]
assumed that (ug,dy — d,) € H*(R?) x H*(R*) with V - 4y = 0 and |dy| = 1, proved that there exists a
local strong solution for system (1.10). In this paper, we list Gong et al.’s result in the following:
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Lemma 1.1 ([15]). Let d, be a constant unit vector. Suppose that (u, dy — d,) € H*(R?) x H3(R?)
with V - uy = 0 and |do| = 1. Then, there exists a small time T > 0 and a unique strong solution (u,d)
to system (1.1) satisfying

we C0, 71 HY) [\ L0, 75 B () £2(0, T5 W),
d—d. € C([0, T H) (| L°0, T; H) (| L0, T; HY),
w, € LX0,T;H"Y, d, eL~0,T;H" ﬂ 120, T; H?).
The main purpose of this paper is to study the global well-posedness and decay estimates for
system (1.10). Next, we give a notation of this paper.

Notation 1.2. In this paper, we use H(R? (k € R) to denote the usual Sobolev spaces with norm
Il - |lgs and LP(R?), 1 < p < oo to denote the ususl L? spaces with norm || - ||;». We also introduce the
homogeneous negative index Sobolev space H*(R?):

H7RY) = {f € LP®) : €7 f@llz < o)

endowed with the norm || fl|gz-s = [||€]™* f(.f)ll 2. The symbol V! with an integer / > 0 stands for the
usual spatial derivatives of order /. For instance, we define

Vlz = {azzl”a’l = l,l = 152’3}7 <= (ZI,ZZ’ Z3)-

If [ < 0 or [ is not a positive integer, V' stands for A’ defined by
g = [ erfeena
R3

where £ is the Fourier transform of f.

The first purpose of this paper is to establish the global well-posedness for system (1.10) provided
that the initial data is sufficiently small. We prove the following theorem:

Theorem 1.3. Suppose that (uy, dy — d,) € HY(R?) x HY'' (R} with N > 2, |do| = 1 and V - uy = 0.
There exists a sufficiently small constant K > 0 and any € > 0 such that if

ol 1., + iy = .l 3. < K. (L.11)

holds, there exists a unique global solution (u,d) satisfying

t
lullZy + lld = dull + IV + fo (IIVullf,N + [Vl + IIAdIIZ,N)ds
< Nuollpw + lido = dullzyy + IV dollzyy, V2> 0.
Remark 1.4. It is worth pointing out that the constant € in Theorem 1.3 can not reduced to 0 because

of the Sobolev’s embedding

1 1

s 31 e % 31e T2 31
il < lldll = IA2™d|l 5 < VAl AT d| 5 < IVl + IA>7d]| 2. (1.12)
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Remark 1.5. Wang et al. [35] also obtained the global well-posedness of strong solutions for
system (1.1) provided that [|Vdy||g2s + |luollz2s (s = 2) is sufficiently small. Compare with [35], our
results only need ||uo||H Lt lldo — d*IIH%+£ (¢ > 0) is sufficiently small, in a sense, it can be seen as an

improvement of the global well-posedness result of [35].

Remark 1.6. In the study of small initial data global well-posedness, the main difficulties are caused
by the Leslie stress tensor and the co-rotational derivative. Since the structure of Leslie stress tensor and
the co-rotational derivative are so complicated, it is difficult to obtain the energy estimates for higher
order derivatives of the solution. In order to overcome those difficulties, one assume that ||A%+‘9u|| 2+
||A%+‘9(d — d")||;2 1s sufficiently small, use the assumption |d| = 1 and the basic energy law, obtain
suitable estimates. Moreover, one of the main step to overcome the difficult caused by the co-rotational
derivative is the estimate ||d||;~. We adopt the estimate (1.12), by interpolation inequality, obtain the
result of Theorem 1.3. However, since the estimate (1.12) does not holds for the case & = 0, the result
of Theorem 1.3 is not a perfect result, maybe it can be improved in the future. We leave it as an open
problem to be considered latter.

The second purpose of this paper is to show the time decay rate of solutions for system (1.1), 1. e.,
we prove the following theorem:

Theorem 1.7. Assume that all the assumptions of Theorem 1.3 holds. Let N € N* and N > 3. Then,
if (o, do — d., Vdo) € LP(R®) x HY(R®) with (3 < p <2)and [ =0,1,--- ,N - 1,

3(1

IVu@®l2 + IV'(d = d)ll2 + IV*'dll < €1+ 0BG35 ve > 0, (1.13)

Remark 1.8. To study the decay estimates of the dissipative equations, one of the main tools is
the Fourier splitting method, which was introduced by Schonbek in the 1980s (see [30, 31]), then
it becomes a standard way to establish the decay rate of solutions. Many classical decay results on
incompressible hydrodynamics equations have been obtained by using this Fourier splitting method,
see for example [2, 4, 22, 28, 40, 42] and the reference therein. It is worth pointing out that Guo and
Wang [17] also introduced a powerful method—pure energy method to study the decay estimates for
compressible Navier-Stokes equations. By using their method, the decay estimates for some dissipative
equations has been obtained (see for instance [7, 14, 29, 37, 43] and the reference cited therein). In this
paper, since the structure of the equations is so complex and it is difficult to obtain the decay estimates
by using Fourier splitting method. Hence, we adopt Guo and Wang’s method (see [17, 36]) to obtain
the optimal decay rate. The negative Sobolev norm estimates for the solution are shown to be preserved
along time evolution and enhance the decay rates.

This paper is organized as follows. In Section 2, we give the proof of Theorem 1.3 on the small
initial data global well-posedness of system (1.10); Theorem 1.7 on the decay rate of solutions are
shown in the last section.

2. Proof of Theorem 1.3

In the proof of lemmas and theorems, we frequently employ the Gagliardo-Nirenberg inequality:
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Lemma 2.1 ([12]). Let u € LI(R"), V"u € L'(R"), 1 < g,r < oo. Then, there exists a positive
constant C = C(n,m, j,a,q, r), such that

. ~
IV/ulley < ClIV™ullluell o

where . ) | | )
—=dha ey a—a)s, 1<p<oo,0<j<m L<a<l.
p n r n C]

The Kato-Ponce inequality is of great importance in the proof of Theorem 1.3.

3

Lemma 2.2 ([20]). Let 1 < p < o0, s > 0. There exists a positive constant C such that

IN(fg) = fNgllr < CAV AUl 1N glles + IA° flla ligllzen ),

and
IA(fllr < CUIflln IN gl + [IAY fllza lIgllze),

Lol _ 1,1
P1 P2 q1 q2

where py, q1, p2, q2 € (1, 00) satisfying + =

For convenience, we set u = 1’%, V= ryy, Sd,M,M)=T(d,M) : M and

I'd,A)=a|(d-A-d)d®d+aA+a5(A-d)®d+ agd®(A-d). (2.1

Simple calculation shows that [35]:
S(d,AA) > 0.

In the following, we give the proof of Theorem 1.3.
Proof of Theorem 1.3. Multiplying (1.10); by u, integrating over R?, using the divergence free

condition, we find that

d 1
7 N E,ululzdx + vfw |Vul>dx

=- f [-Vd o Vd +T'(d,A)]|Vudx
R3

(2.2)

1
—1f[—{@Ad®d+%d®Aw+zﬁWﬁd®d:th
R3 Y1 Y1

:f [Vd@Vd :Vu-S(d,A,D) - &d®(Ad+ |Vd|2d) tA—d®Ad: Qldx.

R3 Y1

Note that |d| = 1, we have ||d||;~ < C and d - d = 1. Hence, A(d - d) = 0, which implies that
V- (dVd) = |Vd* + dAd = 0.

Therefore, we have

VaP?

d-Ad =—-|Vd?, div(VdoVd)= V( ) + Vd - Ad.
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On the basis of the above equalities, multiplying (1.10), by —Ad — |Vd|*d, integrating over R?, applying
integration by parts and using the divergence free condition, we deduce that

1d 1
—— f \Vd|*dx + — f |Ad + |Vd|*df*dx
2dt R3 Y1 JR3

:f [&A:d®(Ad+|Vd|2d)+Q:d®Ad+(u-V)d~Ad]dx
R3 |71

:f {ﬁAzd®(Ad+|Vd|2d)+Q:d®Ad (2.3)
rR3 \ Y1

2
div(Vd o Vd) -V (lvgl )]} dx

:f [%A:d®(Ad+|Vd|2d)+Q:d®Ad—Vu:Vd@Vd]dx.
R3 | V1

+u -

Combining (2.2) and (2.3) together gives the basic energy identity of system (1.10):
%%(nun; +[IVd|[7,) + VIIVull?, + %llAd +|Vdld|l;, + S(d, A, A) = 0. (2.4)
which implies that
llull7. + 1V}, + fo t (IIVulliz +|Ad + IVd|2d||§2)ds < lluoll?> + Ve[ (2.5)
Taking A to (1.1), multiplying by A2y, integrating over R?, we deduce that
gd%(uA%”un; £+ apllATul,
= - f AT (u - Vi) - AP udx — f ATV - (Vd © Vd)] - A* udx
R3 R3
—a, fRS AV - ((d- A - dyd ®d)] - AT udx
+ f3 ATV - [(A - d)®@d]] - AT udx + o f3 AV [de @A D] - A udx (20
R R

1
+— | ATV [0raAd ®d + a3d ® Ad)] - AT Fudx
Y1 Jr3

L
Y1 Jr3
=Ji+---+ J5

A2 [v (IVdPd d]] A Eudx

By using Lemmas 2.1 and 2.2, the condition |d| = 1, (1.12) and (2.5), we estimate J;—J; term by term:
| <CIUATull s |AT 2 ull 2 llulls < CIAZull 1A 2ul?,
2e 1
<Cllull 5 AT ull T AT ull2, 2.7

1 3 2
SC(llullzz + IAT ull2) I ull,,
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lie Sie
ol <CIIAT ulls|A>dl| 2Vl

<CIAZ (1A ul, + |A3*2d],)
(2.8)

<CIVAITE IA*d| 5 (AUl + AT dI)
3ig Sis
<C(IVdll> + IAZ*2dl| )T ull2, + IA3*d)2,),

5| <CIAT*ull 2IAT*[(d - A - d)d @ dll 2
<CIAT*ull 2 (IAT**dl sl IVull I + IIAZull 2Nl )
<CIAT*ull 2|2 *dl| 2 (1 Vedll 2 + 1A ull2)lld] e
+ CIAZ*ullZ, Il (1Vdll 2 + IAZ*d]|2) (2.9)
<CIAT*ull 21N> *dll 2 (1 Vel 2 + [IAZull2)
+ ClIAT* U2, (IVdll2 + IIA*2d]) 2)
<C(IVdll2 + IA*2dll )N 2ull?, + IVullZ,),

al + 15| <CIAZ*ull 2(IAT[(A - d) ® d]ll,2 + IA>*[d @ (A - D)]l,2)
<CIA*ull 2(IATull 2 lldl R + IVull SIAE 2l ol )
<Cldll=(IVdll2 + IAT2d]l 2)IATul?,
+ Clldll=IIAT2dl| 2 1A ull 2V ull 2 + 1A ull,2) (2.10)
<C(IVdllz + 1A *dll)IATull,
+ CIAZdll 2 1A ull 2(IVull 2 + A3 ull,2)
<C(IVdll2 + IA*dll A ul, + 1Vul,),

sl <CIIA>*ull2[A**[aAd ® d + a3d ® Ad]|| 2
<ClIA>*ullz (IA3*dllalldll= + 1A s IA***d)| o )

L1+2

<ClIA**#ull2 (IIA”’SdlleIIVdI ‘*28IIA2+‘9dII‘*2‘ (2.11)
HIAT |2V 15T “2*)

<C(IVdllz + IA>*dll2) AT ull, + A3,

and \ 1
|J7] SCIAZ*ull 2N Vd*d @ d]|2

=CIIAT*ull2A*[((d - Ad)d) ® d]|| 2

<CIA3*“ullz (IA*2dll o 1A 2 ldIf. + AT Adllz )
. . . 2.12
<CIAR ull2 (NSl o IAdY 2+ IAY*Ad]| oIl ) 12

LT+

<CIIAT*ul|2 (IIA dll A3l 2 + AT Ad)| 2V l+2‘9||/\2+8d||”2£)

<C(IVdllz + 1A #dll2) AT “ulll, + |AT#d|).
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It then follows from (2.6)—(2.12) that

d lie 3ie
TIAS Ul + IAZ*ul,

<C(llullz + |AT*ull2 + Vdll2 + IA3*d]l2) (2.13)
X (IVull?, + IAF*dIR, + AT+ ull,).

Taking A2* to (1.1),, multiplying by AT, integrating over R?, we deduce that

%%HA%*Edniz AT,

=— fRS ATE(u - Vd) - ATddx + v, fR AT(Q - d) - AT*Fddx
— ¥ f 3 AIP(A - d) - A3*eddx + f 3 AI((d- A - d)d) - A3+oddx (2.14)

R R

+ f 3 ATE(\VdPd) - A2 ddx

=1 +HZ + L+ 1+ 5.

By using Lemmas 2.1 and 2.2, the condition |d| = 1, (1.12) and (2.5), we arrive at

Sie lig N
1111 <CIA“dll2 (1A “ull s IVellls + | 1A *dll o)
<CIA3*d|» (”A2+8u”L6”Vd” l+2€||1\2+‘9d|| =
(2.15)
+||u||‘*Z‘SIIAZ”uII‘”SIIAZ”dIILe)

1 3 3 2 3 2
<C(llull 2 + IVdll2 + IA2 " ullp2 + IAZ2dl2)(IAZ P ull,, + IA2d|l},),

S+e 5+e 3ve
ol + 15| <CIA S dllz (IAFdll o IVull 2 + A *2ulalldl] )

<ClIAT*d]),2 (IIVdI 1+2SIIA”%III‘“flll\%“gulle
(2.16)
+||A2+8L{”L2”Vd| 1+25 ||A2+8d|| 1+25)

<C(IVdl> + IA2*dll;2) (IA2*ully, + IAT**d, ),
L] <CIAP“dl|2||A>*[(d - A - d)d]l|p2
Sie lig 34s
<CIAZ"dl> (IA>*dll s IVull, s NIl + IIA**“ull 2l
Sie 3 3 3.¢
<CIIA>* |2 (IAZdll 2 A ull 2 + 1Al 2l )

3 L 2.17
<C||A2+‘sd||Lz(IIVdII1*2*||A7+‘961«’|IIZ“‘IIA%WIIL2 @17

+||A2+8u”L2”Vd” E AT ”25)

5+e 5+e S+e
<C(IVdll2 + IA>*dll AT 2ullZ, + A3 *d]),
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and S 1
|Is] <CIIAT**d|| 2 IAT (V)| 2

=C||IA>**d||2l|A>**[(d - Ad)d]||2
<CIA**dllz (IAZdl| s IAd] s Il + A2 *dll2lId]} )
<CIAFdl> (I3l 2 1A 2 + A3 dl 2ld] )

(2.18)
<ClIA*d];2 (IIVdII TE AT l+2”IIA%”dIILz
+||A2+8d||L2|IVd||]*“IIA”SdII‘”‘)
<C(IVdll> + IIAWdIILz)IIA'f”dIILz
Summing up (2.15)—(2.18), we derive that
Vi d e g2 Ste g2
——|IA>"4d|;, + ||IAZ4d
> dt” 7> + |l Il7> (2.19)

1 & 3 & 2 & 3 &
<C(llullz + IVl + A2 ull 2 + IAZ*dll )N Cull7, + IAZ2dI7,).

Now, we study the L? estimate for d — d,. Multiplying (1.1), by d — d,, integrating over R?, we
arrive at

——Ild d.|I7, + IV,

2 dt
:—ylf u-Vd-(d—d*)dx+y1f Q-d-(d—d*)dx—ygf A-d-(d-d.)dx
R3 R3 R3 (2.20)
+ yzf d-A-dd-(d-d)dx+ f IVd|*d - (d - d.)dx
R? R3
=L+ L, + L5+ L4+ Ls.
On the basis of Lemmas 2.1 and 2.2, we can bound L;—Ls as
ILy| <Cllull>[IVd||2ld = d.|l s
<Cllul 1+2‘SIIA”‘SMI l+2‘SIIVa’IIz (2.21)

<C(lullz + AT *ull )|V

12°

|Lo| + |Ls| <ClIVullpslld]|zslld = d.llr2
<Clld = d.ll2(IVdIZ + 1A ul) (2.22)
<Clld = d.ll2(IVdIZ + Vul, + IAT#ull2,),
\Lal <Clld]|zslIVullp2lldllslld = dellpslldl]]

<C||Vull IVl zllVdII’*2f||A2+8dlll*2‘
(2.23)

<ClIvd]|; ok ||A2+£d|| n= IVdl7,
<C(IVdllz + 1A **#d||2)| Va2

12°
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and
|Ls| <C|IVd|| sl Vdll2Wld]|slld — d.lp»

1

28 3 1
<ClIAd|| 2|Vl IV 57 LA d)| 5F

2 N (2.24)
<CIVAIE IVl LF A3 d] 7

<C(IVdllz + A2 dl| )|V
Combining (2.20)—(2.24) together gives

d
214~ d.|lj, + IVdl,2

lie EFR
< C(llulle + 1A 2ullz + Ild = dulliz + IVdll + IA3**d]l;2) (2.25)
X (IVAIR, + [Vull, + IATull%,).

Adding (2.4), (2.13), (2.19) and (2.25) together, it yields that

1d lig 34e
EE(Ilulliz +ld = d.ll7, + IVdIZ, + 1A ull2, + IA24d][,)

2 2 2 2 31e 112 3te g2
+IVull, + IVdll;, + IAd + [Vd[™dll,, + IA>"ull;, + [[A>7d]l,

Lig 34e
<C(lullpz + |ld = dullz + IVl 2 + 1A ull2 + [[AZd]| )
34e Sie

X (IA>*2ully, + INd7, + IVull2, + VI, + 1A + [Vdld])7,).

(2.26)

Taking K small enough such that

1 3 1
lletollz2 + lldo — dullz + IVdollr2 + 1A ugllz2 + 1A dpll2 < K < rok

1 3 . .
then, ||ull2 + ||d — d.|l;2 + |IVd|l;2 + |A2ull;2 + ||A2¥d)|;2 is decreasing. So, for any 0 < T < oo, we
have

1d lig 3te
Ed_t(”u”iz +ld = I, + VA7, + AT ull, + |A2*d]]7,)

34e Sie
+IVully, + IV, + 11Ad + [VdPd|l7, + IA>ull}, + A2 **d][}, < 0.
which implies that

we L0, T; H7*) N L2(0,T; H>*), d —d. € L0, T; H>*) 0 LX0, T; H>*). (2.27)

Moreover, under the condition (1.11), we can easily obtain the higher order norm estimates

1 d 2 2 2 2 1 2
5 2 Wl + 11 = iz, + 19l + IV¥ull2, + IV ull7,) (2.28)

2 2 2 N+1_,112 N+2_ 112
+IVull, + IVAll, + AN + IV ully, + IV ull, <0,
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Hence, for all t > 0,
!
lltlly + ld = dullf + IVl + f(IIVullf,N + IVl + IAdI30)d's
0 (2.30)
< llutolizy + lldo = dullyy + 1IVol 7
this complete the proof.
3. Proof of Theorem 1.7
The following special Sobolev interpolation lemma will be used in the proof of Theorem 1.7.
Lemma 3.1 ([17, 36]). Let s,1 > O, then

1
I+1+s

1 I+1 gy 1-6 4 .
||V f||L2(R3) < ||V " f”Lz(R3)||f”H‘S(R3)’ with 6 =

We also introduce the Hardy-Littlewood-Sobolev theorem, which implies the following L” type

inequality.
Lemma 3.2 ([16,32]). Let0< s <3, 1 <p<2and;+5 = 3, then
1 a-sray < NS lerrsy- (3.1)
Next, we will derive the evolution of the negative Sobolev norm of the solution. First of all, we
establish the following lemma.

Lemma 3.3. For s € (0, %], we have
d AUl + IA5(d — d)I?, + A Vd|)?
E(” ull7, + IAT(d = dIll;, + I II72) (32)
<C(IVull?, + IVIE)UA ullz2 + 1A (d = d)llz2).

Proor. Taking A~* to (1.1);, multiplying by A*u, integrating over R?, we deduce that

d
%EIIAf‘YMIIiz + (v + a)|AVull7,
=- f A (- Vu) - A udx — f AIV-(Vd o Vd)] - A udx
R3 R3
- a] f APV (d-A-dded)] - A udx
R3

+ a f APV [A-d)@d]] - Audx + o, f APV -[dA-D]]-Audx 33
R3 R3

1
ATV - [rAd ®d + azd ® Ad)] - A udx

+ —_
Y1 Jr3
+ 2 A |V - [IVdPd ® dl| - A udx
Y1 Jr3
:Kl +---+ K7.

AIMS Mathematics Volume 6, Issue 11, 12660-12679.



12672

If s € [0,1], then  + 3 < 1 and 2 > 6. By using the estimate (3.1) of Riesz potential in Lemma 3.2
and the estimate (2.29), we find that

K| <A™ (- Violl2|A™ ull 2
Slluc-Vull o [IAullp2

S
L2%3

Slull, s IVull2llA™ ull 2 (3.4)

%+S 2 %—S —s
<IVull S IVl IVl Al

N 2 2 112
SIA™ ull 2 (IVull> + 11V7ull),

|K>| <A™V - (Vd © V)| IA ull 2
SIV-(Vdo V)l 1 IA™ull2
L2*%3

IVl 3 IVl 1A ull 2 (3.5

1os

L4 R —s
SIV2IL IVl IV dll A ull 2
SIA™ ull 2(IV?dIlg + IV3dlI7,),

K3l <IAT°V((d - A - d)d @ D2 [IA ull 2
SIV(@-A-dd@ )|+ _|IAull2

1.5
L2%3

SUII VA, 3 11Vl 2 + a1 il 3 Aull ) IA ™ ull 2
<AVl s 1Vullzz + N1l 3 N1 Aull2)IA™ ull 2

(3.6)

3-8 -5
12 2V, Aull ) A ull 2
SIA™ ull2(IV2dI + V3L, + VUl + [IV7ully, + IVdl7),

SAV2IE V3, IVl + 1V ’

|Kal + |Ks| <(IAT[V-[(A-d)@d]] 2 + AT [V - [d @ (A - D I2)IIA ull 2
SUV-[A-dedlll 1 +IIV-[deA- DIl 1 OIA  ull
L

1., 3 1.5
2t3 L2%3

Sl 11Vl 3 [IVullzz + Nl 2 1Aull )l A ull 2

-~ 3.7)
UVl s IVullzz + ldll s [1Aull ) A ul| 2

Lyg 1_g Lyg 1_g s
<AV IV IV ullz + (VI 1922 TAull)IA a2

SIA™ull 21Vl + IV, + IVullz, + 1IV2ully, + IVdI7,),
K6l SIAT’[V - [@2Ad @ d + a3d @ Ad)][| 2| A ullp2

S(IIV-[Ad®d] L+ [[V-[d® Ad]] HY)IIA‘Sulle
L2%3

[
L2%3

SIVAd||2lldll 5 + A2Vl 5 1A ul 2 (3-8)

1+s
L2

lig 1_ l_g —s
S(IIVAdIILZIIVdII2+ IV2d||%" + |Ad]| 211Vl 11V, )IIA ull2

L2 L2
SIA™ull 21V, + IVl + IV3dI7,),
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and
K7 SIIATV - [IVdPd ® d]l|2|A ™ ull2
SIV - [IVdPd @ d]| A ullp
L273
S(IIdIIiOOIIVdIILgIIAdlle + IIdIIL%IIVCI'II},)II/\_SMIIL2 (3.9)
<S(IVdll s lIAdl 2 + 11dl] s 1A 2)IA™ ull 2
Lig 1_g Lig 1_g s
S(IIAdIIZz+ V3|12, IV2dll 2 + ”Vd”Z: V2|12, A ) IIA ™ ull 2
SIA™ull 21V, + V2l + V3.
Combining (3.3)—(3.9) together gives
d -5 -s -
gEIIA ull?, + v + a)IAVull}, < A ull2(IVully, + 1Vd]]7,). (3.10)
Taking A~ to (1.1),, multiplying by A~*(d — d.), integrating over R*, we deduce that
U LA = dIR. + AV,
2 dt L L
= - f A (u-Vd) - A - d.)dx + v, f A(Q - d) - A(d - d.)dx
R3 R3
— 7 f ATA ) AT (d — du)dx + f AT A d)d) - A7 (d - d)dx (.1D)
R R

+ f A(VdP*d) - A=5(d — d.)dx
R3

=L+ L, +L;+ L4+ Ls.

If s € [0,1], then  + 3 < 1 and 2 > 6. By using the estimate (3.1) of Riesz potential in Lemma 3.2

and the estimate (2.29), we find that

ILi] SIA™ (u - VAl 2IIA™(d = dll
Sllu -Vl 1 _[IAT(d - d)llp2

S
L2%3

sliull VAl lA™(d = do)l

1-s

Iig s
<IVullZ " IVull, VAl A = do)l
SIAT(d = d)ll2(IVullz, + IV2ully, + 1VdII7),

Lol + |Ls| <(IAT(Q - DIz + IAT (A - DA™ = d)ll2
SUQ-dll o +lIA-dll 2 OIAT(d = d)llr2

s

T, s
L2%3 L2273

slldll, ; IVull 2 AT (d = doll
L+s 1-s —s
<IVAIE IV, IVull AT = dolire

SIA™(d = d)l(IVull7, + IVl + IVdI7,),
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|Lal <IATV((d - A - DD 2IIA™(d = do)llr2
SIV(@d - A - )| 1 _IIAT(d = do)llr2

.5
L2%3

SUlANZ IV 3 IVall2 + lldlZslldl, s 1 Aull DIAT (d = do)ll2

i (3.14)
SVl IVullzz + Nldll s Aull)IIAT(d = dollz
s 1 Lys 1 N
<UIVZdNE, IV, IV ullz + IV, IV, Aull ) IAT(d = do)le
SIA™(d = d)Il (V77 + 1IV3d7, + IVully, + [IV2ull7, + (1Vd][7.),
and
ILs| SIIA™V - [IVdPd]l A7 (d = do)I2
SIV- [Vl o IAT(d = do)llp
L2%3
SUdllz=lIVAll, 2 1Ad] |2 + IVl 2 [IVAll 2Vl AT (d = do)llz2 (3.15)
<UIVdll :[1Adll + 11Vl s IVl 2)IA™(d = dollr
Los g Los ios —s
SUIAN IV IVl + A IVl IV dllIA™(d — d.)liz
SIAT(d = d)l(IVdI, + IV2dll7, + IV,
Combining (3.11)—(3.15) together, we obtain
d ) ) )
%ZIIA (d = d)I7, + 1AV, < IA7(d = d)ll(IVully, + IVd]]7.). (3.16)
Taking A~*V to (1.1),, multiplying by A=*Vd, integrating over R?, we deduce that
N ASYAR, + AV
5d_t” lI7> + I [
=—vy f AV(u-Vd) - A°Vddx + y, f ATV(Q - d)- A°Vddx
R3 R3
—7 f A™V(A - d) - A~Vddx + f A™V((d- A - d)d) - A*Vddx G.17)
R3 R}

+f AT V(Vd|*d) - A~°Vddx
R3

=W, + W+ W3 + W, + Ws.
By using the estimate (3.1) of Riesz potential in Lemma 3.2 and the estimate (2.29), we find that

(Wil <[IATV(u - V)|l A7 V|2
SV - V)l 1 [IATVd||p2

L273
Slull, 3 1A 2 + 1V 2 IVull )l AT V]| 2 (3.18)

%"—S 2 %—S 2 2 %+S 3 ;—S —s
<Vl 1IV2ull, IVl + 1IVEdll L, IV IVull ) I ATVl
SIATVdll 2 (Vully, + IV2ullf, + IVl + IV3dI,),
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(Wl + W3] <UIATV(Q - D)l + IATV(A - DIIp2)IATVd]| 2

SUVE@Q- DIl 1 +IIVA - DIl 1 )IAT V|2
L2%3 L2%3
sl s 11 Aullr2 + VAl s IVull )IAT(d = do)llr2 (3.19)

1 1_ 1 1_
<AV, IV, Al + 1A IVl IV ull ) A V]

12

SIAT VAl 2 (Vully, + VI, + IV, + lAull;, + VI3,

IWal <IATVA((d - A - d)d)l| 2 |A* V]| 2

SIVA(d - A - dyd)| AT V]|
L2%3
SVl s 11V ull 2 + iz lldl, 3 IV ull 2 IA™ V] 2 (3.20)
s(lledlnglqulle +1dll 3 IV Aul| 2)IIA V|l 2
SV IV IVl + IV 192 IV Aull2)IIA ™ V]2
SIAT VA2V, + 1V3dI, + IV, + [IVully, + 11V ull?,),
and
|Ws| SIATV2[IVdPd]l| 2| A™Vd) 2
<IV2[IVdld]l| ATV
L2%3
Sdll=1Vdll s IV AdI 2 + (1Vdl] s 11V2dl 2 Vel )| A ™ V|2 (3.21)
<(IVdll 3 [IVAd|| 2 + IIVa’IIL%IIVzdlle)II/\_‘VdIIL2
S(IIAdIIZ;SIIV3dIIZ§SIIV3dlle + ”Ad”Zzﬂ'|V3d||Zz_s||V2d”L2)”A_SVd”L2
SIA™ V|l (VI + IV3d7).
Combining (3.17)—(3.21) together, we obtain
d -5 -5 -5
%d—tlll\ Vd|[7, + ATV}, < IIAT VAl (IVully, + IVd],). (3.22)
Adding (3.10), (3.16) and (3.22) together, we obtain (3.2). Hence, the proof is complete. O

The proof of Theorem 1.7 will be given in the following. We only consider the case N € N*, the
case N € R" /N can be obtained by interpolation.

Proof of Theorem 1.7. Note that N € N*. We prove (1.13) holds for s € [0, %]. Define
E_s() = IN"u@)ll7, + |A™*d = d)II}, + A7 Vd][7..

For inequality (3.2), integrating in time, by the bounds (2.30), we have

E_(1) <E_4(0) +Cf0(||Vullf,z +IVd|},) VE_(t)dT
SCO(I + sup \/8_5(7)) ,

0<r<t
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which means that
IA™ull2, + IA™*(d = dII7, + IATVd|2, < Co. (3.23)

Moreover, if [ = 1,2,--- ,N — 1, we may use Lemma 3.1 to have

1

IV fllz = CIA™ AUl IV A

1
I+
L2

Then, by this facts and (3.23), we get
IV'(Vu, Vd, V)12, > Co(lIV'(u, d — d., Vd)|2,)" 7.
Hence, for1 =1,2,--- ,N -1,
IV'(Vu, Vb, V2d) i > ColllV'(tt,d = d, V)| ) 75

HN-I-1

Thus, we deduce from (2.29) the following inequality

d

d—t(IIV’ulli,N_z +IV!(d = d)lps + IV )

+ Colllulles + 1 = d)IEes + VAl ) <0, forl=1,--- N —1.
Solving this inequality directly gives

IV ullfer + 1V'(d = dlfs + IV Iy < Co(1+ 7%, forl=1,2,--- ,N - 1. (3.24)

HN-1

Note that the Hardy-Littlewood-Sobolev theorem (Lemma 3.2) implies that for p € [2,2], L?(R?)

H SR> with s = 3(% - %) € [0, %). Therefore, based on (3.24), for/ =0,1,--- , N — 1, we obtain

1

Vw4 1V = Ay, + 19 s < CC1+ 0y 1362031,

HN-l =

Then, the inequality (1.13) holds and we complete the proof of Theorem 1.7.

4. Conclusions

In this paper, for the Cauchy problem of 3D incompressible liquid crystal system with general
Leslie stress tensor, we consider the small initial data global well-posedness and time decay estimates
of strong solutions. The main tools to study the main results are energy estimates and negative Sobolev
norm estimates. We first establish the global well-posedness result provide that ||u0||H Lot |do — a’*IIH 3ee
(¢ > 0) is sufficiently small, which can be seen as an improvement of [35]. Moreover, we obtain the
H*0<s< %) negative Sobolev norm estimates. By using those estimates, the LP—L? (% <p<2
type optimal decay rates of the higher-order spatial derivatives of solutions are shown. We believe our

results on global well-posedness and decay estimates will attract the attentions of the related readers.
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