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1. Introduction

Let R be a ring with identity, and let C(R) be the center of R. The commuting graph I'(R) of R is
the graph associated to R whose vertices are the elements of R \ C(R) such that distinct vertices A and
B are adjacent if and only if AB = BA. For the purpose of investigating the structures of a group or a
ring, there are many associated graphs that have been studied extensively. Let M,(F) denote the ring
of n X n matrices over F, where F is a field and n > 2 an arbitrary integer. In [1], if F is a finite
field and I'(R) = I'(M,(F)), then |R| = |M,(F)|. Furthermore, if F is a prime field and n = 2, then
R = M,(F). In [2], this result still holds if it is just assumed that F is a finite field. There are also some
graph-theoretic properties of the commuting graphs that have been investigated, such as connectivity
and domination number. In [3], Akbari et al. showed that I'(M,(F)) is a connected graph if and only
if every field extension of F' of degree n contains a proper intermediate field. Also it is shown that for
two fields F and E and integers n,m > 2, if '(M,,(F)) = I'(M,,(E)), then n = m and |F| = |E|.

The commuting graph of a finite group A(G) is the graph whose vertex set is G with x,y € G, x # y,
joined by an edge whenever xy = yx, where G is a finite group. The graph A(G) has been studied
in [4-7]. The set of all automorphisms of a graph forms a group known as the graph’s automorphism
group. The automorphism group of a graph describes its symmetries. In [6], it is proved that the
automorphism group of A(G) is abelian if and only if |G| < 2. With the wreath product, Mirzargar
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et al. [7] determined the automorphism group of A(G), where G is an AC-group. In [8], it is proved that
the automorphism group of ['(M,(F)) is a direct product of symmetric groups, where F is a finite field.
In this paper, motivated by these works, we extend the finite field to the ring of integers modulo p’,
and we completely determine the automorphism group of I'(M»(Z,s)), where Z,s is the ring of integers
modulo p*, p is a prime and s is a positive integer. This paper is organized as follows. In section 2, we
give some preliminaries, notation, lemmas and definition of the wreath product. In section 3, we show
that the automorphism group of I'(M,(Z,)) is a subgroup of a direct product of some wreath products,
and we completely characterize it in Theorem 3.8.

2. Preliminaries and notation

In this paper, let M»(Z,s) denote the 2 X2 matrix ring over Z,s, we write it R for short. Let E;; denote
the matrix in R having 1 in its (i, j) entry and zeros elsewhere, and let E denote the identity matrix. It is
well known that C(R) = {aE | a € Z,s}. For A € R, Cr(A) = {B € R| AB = BA} is called the centralizer
of A in R. For the ring R, let us denote by U(R) and D(R) the unit group and the zero divisor set of
R respectively. The commuting graph of R is the graph with vertices R \ C(R), and distinct vertices A
and B are adjacent if and only if AB = BA. In a graph G, if x is adjacent to y (denoted by [x, y]), then
we say that x is a neighbor of y or that y is a neighbor of x. Let N(x) denote the neighbors of x in G.
A graph automorphism of a graph G is a bijection on vertex set (denoted by V(G)) which preserves
adjacency. For a € Z,s, let {a) be the ideal of Z, generated by a, we will denote by Ann(a) the set
{b €Zpy | ab =0}, and by Ass(a) the set {ua | u € U(Z,s)}. Write T = {0,1,--- ,p—1} C Z,s. The
subset of T consisting of all non-zero elements is denoted by 7. Let us denote by S, the symmetric
group of degree n. For a set D, we will denote by |D| the size of D, and by S p the symmetric group
on D.

Lemma 2.1. [9, p. 328] Every non-zero element in Z,s can be written uniquely as
fo+hp+--+tp,

wheret; € T, i € {0,1,---, s — 1}). Furthermore, |{p')| = p*~, |Ass(p)| = p*~* — p*~"~1, and Ann(p’) =
(P*).

Definition 2.2. [10, p. 172] Let D and Q be groups, let Q be a finite Q-set, and let K = [],ecq Do,
where D, = D for all w € Q. Then the wreath product of D by Q, denoted by D o Q, is the semidirect
product of K by Q, where Q acts on K by q - (d,,) = (dy) for g € Q and (d,,) € [],eq Do-

Lemma 2.3. ([10, p. 178] or [11, Theorem 2.1.6]) Let X = By U - -- U B,, be a partition of a set X in
which each B; has k elements. If G = {g € Sl for each i, there is jwith g(B;) = Bj}, then G = S, S m,
where Q,, = {1,2,--- ,m}.

Let X = ;.| B;, be a partition of a set X in which each B;, has same size. Let B;, = ]2, B;, ;, be
a partition of a set B;, in which each B;, ;, has same size, where i; = 1,2,---,m;. Continuing in this
way we obtain partitions
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of X in which each B;, ... ;; has same size for j = I,--- , k. With this notation, by Lemma 2.3, we have
the following:

Corollary 2.4. ([12, p. 93] or [11, Theorem 2.1.15]) Let G be the largest subgroup of S x preserving
above partitions and |B;, .. ;| = my.1. Then G = {g € S| for each i}, there is i;. with g(B;,....;;) = Biiv'wi}’
Jj=1,---,k}. Moreover, G = (- -+ (S ., 20, Sm) V- @, Sm) @, Sm, where Qy, ={1,2,--- ,m;} for
i=1,2,--- ,k+ 1.

With the associativity of the wreath product (see [10, Theorem 7.26]), we will simply write
G S W S U 00, Smp) 2, Sy 88 Sy WSy U2 0S8y 0S8y In [11, p. 68], the iterated

wreath product S ,,,,,, ¢S, ¢+ 1S, ¢S, consists of all fi, it fyt--- 2 2t fi, where f; € S, and

mjy mj mj_{mj_a--my

H=11T1]1 ---]_l[gj,il,--.,ijz,ij. e [] Su 2.1)
i1=1

ij1= 1 [j-2= 1

j=2,3,---,k+ 1, with the action on H'J‘-:]l Q,,; defined by

(frsr Vet o f(x, X, X)) = V15 Y2500 5 Vie1)s (2.2)

where y = fi(x1) and y; = g,y (X)), j = 2,3, k+ 1 forall (x;,x2, -+, Xa1) € [152] Q,; and
ﬁﬁ_l ZﬁCZ"'Zfzzfl ESmk+1 ZSmkl---Zsz ZSml-

3. Automorphisms of I'(R)

Let Ry denote the set {aE | +bE\, +cEy +dEy |a—d € U(Zys)orb € U(Zys) or ¢ € U(Z,s)}. Then
R\Ry ={aE\+bE\, +cEy +dEy |a—d € D(Zys), b € D(Z,s) and ¢ € D(Zs)}. Since |D(Z,s)| = P,
an easy computation shows that |[R \ Ry| = p*~3. Therefore |Ry| = p* — p*~3. For A, B € R, we write
A ~ B if there exist a € U(Z,s) and b € Z,s such that A = aB + bE. A trivial verification shows that
~ 1s an equivalence relation on R. Set [A] = {B € R | B ~ A}. It follows immediately that [A] is the
equivalence class of A on R under the equivalence relation of ~.

2s—1 25—2

Lemma 3.1. Every equivalence class in Ry has size p** — p*~'. Moreover, there are p** + p
distinct equivalence classes in Ry.

+p

Proof. Assume that A = aE, + bEy + cEy + dE» € Ry, where a —d € U(Zys) or b € U(Z,s) or ¢ €
UZ,). Let A = ajA + b E and A, = a,A + b,E € [A], where ay,a, € U(Z,s) and by, b, € Z,s. We
claim that if a; # a, or by # by, then A| # A,. If a; = a, and by # b, then A| — A, = (b; — by)E. Itis
clear that Al # A, If a) # a and b1 = bz, then Al — A, = ((611 - az)(a - d) + (a1 - Clz)d)Ell + (611 -
a)bE, + (a; — ax)cEy + (a) — ay)dEy. If (a; —ap)d = 0, then (a1 — ax)(a—d) #0or (a; —ax)b #0
or (aj —ax)c # 0 (i.e., Ay # Ay),sincea; —a, # 0,a—d € U(Zy) or b € U(Zy) or c € U(Zps). If
(a1 — ap)d # 0, then it is obvious that A; # A,. If a; # a, and by # by, then A| — A, = ((a; — a»)(a —
d) + ((11 — ag)d + bl — bg)Ell + (Cll - (lz)bElz + ((11 - (12)CE21 + ((a1 - a2)d + bl - bz)Ezz. Slmllarly, we
have A; # A,. It is well known that |U(Z,)| = p* — p*~'. So [[A]l = p* — p*~'.

It is easily seen that if A € Ry, then [A] C R,. This fact makes it obvious that R is the disjoint union
of some equivalence classes. Since |Ry| = p* — p*~3, there are exactly p* + p>~! + p>*~2 equivalence
classes in Ry. O
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In fact, a trivial verification shows that the set of equivalence class representatives in Ry is

{E11 + aEy + bEyy, aEy + E1p + DEyy, aEy + bE; + Eyy,
E11 + CE12 + bEzl, E11 + bElz + CE21, bEll + E12 + CE21,
Ey+cEpp+ dE21 | a,b € <p>, C,d € U(Zps)}

We denote this set by Py. By Lemma 3.1, we can write
Py ={Ag1, A0, s Ag prssprsiippsal).

It is immediate that Ry = U' [Ao.,]
Let je{l,2,---,s—1}. Set Pj= ijo. Since Z,s is a principal ideal ring,
P;={p’E\i + aEyy + bEyy, aEy| + p’Eis + bEyy, aEy + bEyy + p'Eyy,
P'Ey1 + cEp + bEsy, p’Eyy + bE1y + cEyy, bEy + p’Eys + cEy,
P'Evi + cEpy +dEy | a,b € (p'"), c,d € Ass(p))}.

From Lemma 3.1, |P;| = p*~% + p*~2/"1 4 p*=2/72 Write P; = {A;1, A2, ,Ajp,). Set

=i (3.1)
ij=1

Accordingly, there are seven forms in Uj;(l) P;. For example, let j,k € {0,1,---,s — 1}, if A},
ijll + a1E12 + b1E21, Ak,ik = a2E11 + pkElz + b2E21, where ap, bl c <pj+1>, ar, b2 (S <pk+1>, then we say
that A;;, and Ay ;, have different forms.

Lemma 3.2. LetR; = Ull_Jl [Aji], where j=0,1,...,5s — 1. Then

s—1 s—1
R=| R, Jew = Ju1aun| ] cw)
j=0 Jj=0

is a partition of R.

Proof. By the definition of C(R), we have C(R)NR; = @ forall j €{0,1,---,s— 1}. By construction,
C(R) £ Ry and hence C(R) ¢ R; for j € {1,2,---,s—1}. Let Aj;, € P;. Then Aj;, = p/Ag,, for a
certain Ag;, € Po. Consequently, [A;; ] = [p/Ac] = {ap’Avi, + DE | a € U(Zy) and b € Z,} =
{aAo;, + bE | a € Ass(p’) and b € Z-}. By Lemma 2.1, in much the same way as Lemma 3.1, the size
of an equivalence class in R; is p**~/ — p*~/~!_Tt follows that |R;| = p*~3/ — p*~3/=3, Then

s—1 s—1
DUIRIHICRI = D (" = ph ) 4+ p = p = R
=0 =0

It remains to prove that R; NR;, = @ for all j; # j, € {0,1,---,s5 — 1}. Assume that A € R; N
R;, # @. Then there exist aj,a € U(Zy), b1,by € Zps, Aj;;, € Pj and Aj;,;, € Pj, such that
A=aAj; +bE=aAj,; +bE. TtimpliesthatA; ;. = a;'aA),;, +a;'(by—b)E. Since the (2,2)
entries of A Jni and A; jij, AT€ equal to 0, a]l(bz —by) =0. Thus, A iniy = aflazA iy Suppose that
Ajiy = PUE + *xp/ T E|, + xE,; and Aji, = p2E + xp”* E |, + %xE,. We thus get j; = j,. This
contradicts our assumption j; # jo. Similarly, we obtain contradictions in the other cases of A;, ;; and
Aj,i;,- This completes the proof. O
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Lemma 3.3. Let A € [A; ], B € [Ay; ], where j,k €{0,1,---,5 =1}, Aj;; € P; and Ay, € Py.
(i) Let j+ k < s — 1. Then AB = BA if and only if p*A};, = p/Ag,,.
(1) Let j+ k> s— 1. Then AB = BA.

Proof. 1t is easily seen that AB = BA if and only if Aj; Ay, = A Aji -

(i) Suppose that A;;, = p/Eyj + a\E1y + biEyy, Ay, = aEyy + p*Eyy + byEyy, where ay, by € (p/*!),
a,b, € <pk+1>. Then Aj,ijAk,ik = xFE + pj+kE12 + % E5q, Ak,ikAj,ij = xE;; + *pj+k+2E12 + % E5;.
Obviously, A;; A, # Ay Aji;- By similar arguments, it is easy to check that Aj; Ay, # Ay Aji; when
Aj;, and Ay, have different forms.

Without loss of generality we assume that j > k. Now suppose that Aj; Ay;, = A;Aji, Where
Aji, = PPEy + Ep + biEyy, Ay, = PjEu + aEn + bEy, ar by € (p™™"), ax, by € (Pkﬂ} By
Lemma 2.1, we can assume thata; = ), rip’, by = Zf;}H tp'a, = Yo wip and by = YL vipl,
where r;, t;,u;,v; € T. Since Aj; Ay, = ApiAji, 1t is obvious that rjyy = gy, rjp2 = Upeo, -,
Fs—k-1 = Us—j-1, and Fiv] = Vials Ljv2 = Vi, * 00 Lkl = Vs—j-1- It is immediately that pkAj,ij = ijk,ik-
In other cases we conclude similarly that p*A;; = p/A;;,.

Conversely, suppose that p*A jij = P’Ar.. An easy computation shows that it occurs only when A jij
and Ay, have same form. Assume that A;;, = p/Ey +a1E1n+b1Eyy, Ax i = P'E\ +a,Er + by Eyy with
a =y i 1P’ by = S tip ay = Y wiptand by = Y- le v;p', where r;, t;,u;,v; € T. Since
PrAji = p/A,, it is easy to check that rjy = Wiy, Fjva = Ugen, =+, Fogmt = Ug—joy, and g = Vi,
iy = Visas =5 bgo1 = Vyojo1. Itis clear that Aj; Ay = Ay Aji;- The proof for other cases is similar.

() If j+k>s—1,then Aj; Ay;, = 0= Ay Aji;- Therefore, AB = BA. O

For fixed j,k € {0,1,---,s—1}and i, € {1,2,---,|P4l}, set
RY™ ={[A;i] SR | p*Asi, = pPAwi)-
By Lemma 3.3, we have the following proposition.

Proposition 3.4. Let A € [Ay;, ], where k € {0,1,--- , s — 1} and Ay, € P.

s—1

(1) Cr(A) = UO[PjAo,io] UCWR).
]:
s—k—1
(i Let0 <k < 5= 1. Then Cx(4) = U R U R, UCH.
j=s—k
For fixed k, j € {0, 1,- =1L k> j, i € (1,2, [P}, iker € {12, ,|Praal}s --- 5 im1 €
(1,2, ,|Pyql}, if p*~1° kAkzk =p DAL, = = pA,,, then set
Rj,is—la“'sikﬂ,ik = {[Ajl]] - R |p A/z = Akzk}
N,ikl ={ir-1 € {1, [Pl } | PAk-1i, = Ak}
Since p*~17/P; = pUDp, == Py,
[Ps—1] [Ps—1]
Rj = ‘Ul Jis—1 =" U U Ul Jols=1y ety
I5—1 ij1+2 is-1

l]ENj t/+1€N/+1
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Lemma 3.5. Let 0 < j < k < s— 1, Ay, € Py, Asr, € Prarro-- Asory, € Pyand p'FAg,;, =
p VAL = = PPAs_y . Then the number of equivalence classes in Rj;_, ... i, is p**.

Proof. From the construction of P; and P, we know that piP; = p*Py = Py. Define two maps
£ - Y by S apt o ST ap™T and g - Ass(ph) — Ass(ph) by i p'
Zf:]].‘“ Y1pi, where t; € T, t; € T, i = j+1,j+2,---,5 — 1. Clearly, f, g are surjective, and
we have ker(f) = Zl o k+jtp | t; € T, i = s—k+],s—k+]+ l,---,s — 1} = (p**Jy and
ker(g) = p1+2”k+Jtp|teT i=s—k+js—k+j+1,---,5s—1}. ByLemma2.1 and [T| = p
lker(f)| = |ker(g)| = p*~/. Then the size of the inverse image of each element in (p**!) and Ass(p*)
under f and g is p*~/ respectively. Moreover, it is evident that the number of solutions of p*~/X = A,
in P; is p**=). In fact, the number of equivalence classes in R; ..., is equal to the number of
solutions of p*/X = A, in P;, which completes the proof. O

From Lemma 3.5, |N,i’11| = p*forall k € {1,2,---,5s — 1} and i € {1_,2,~~-|Pk|}. Recall that
Qp ={12,---, p*}. It is easily seen that there exists a unique map ¢;, : N}* | — Q> such that for
i, € N,’("_], if i < j, then ¢; (i) < ¢; (j). Let i} € {1,2,---|P|}. Define a map

¢y NE - N (3.2)

by i = jif ¢; (i) = ¢; ()).

Corollary 3.6. Let R = M,(Z,:), with p prime and s positive integer. Let A, B € R. Then Cg(A) = Cr(B)
if and only if [A] = [B].

Proof. If A, B € C(R), it is obviously that Cx(A) = R = Cg(B) if and only if [A] = C(R) = [B]. If
A € C(R) and B ¢ C(R), it is clear that Cx(A) = R # Cg(B). Similarly, if A ¢ C(R) and B € C(R), then
Cr(A) # Cr(B).

Now let A,B € R\ C(R). Suppose that Cr(A) = Cr(B), where A € [A;;], B € [Ay;], j,k €
{0,1,---,5—1}. We claim that j = kand i; = i;. If j = 0 and k # O, by Proposition 3.4, we know that
Cr(A) # Cr(B), a contradlcnon Slmﬂar]y, if j # 0 and k = 0, then Cgr(A) # Cr(B), a COIltI'adICtIOIl If
0<j#k<s—1 then U ;R # Ui, Ri. By Proposition 3.4 (ii), Cr(4) = U;_J~ : ]l’ UL R
U,‘é‘ le & U, s« Ri = Cgr(B), a contradiction. If j = k = 0 and i; # i, then [Ao,] [Ao, ] By
Proposmon 3.4 (1), CR(A) = [Ao,,_]]U: [ple,,J] # [Ao;, 1 U5 [plAO,lk] = Cr(B), a contradiction. If

O<j=k<s—1landi; # i,then A;;, # Aj;. Thus, by the proof of Lemma 3.5, Ré’ij = Roj_y.i; #
Ro,, .., = RI™. Furthermore, Cx(A) = R} U™ R UL R # RV U RIVUEL Ry = Cr(B)
by Proposmon 3.4 (ii), a contradiction. Therefore J = kandi; = i as clalmed. This means that
Aji; = Ay, (i.e. [A] = [B]). The converse is straightforward. O

Corollary 3.7. Let R = M»(Z,s), with p prime and s positive integer. If f € Aut(I'(R)), then f(R;) = R
for je€{0,1,---,s— 1}, where R; is as defined in (3.1).

Proof. For j = 0,1,---,5 — 1, if A € R}, then |Cr(A) \ C(R)| = p*** — p* by Proposition 3.4 and
the proof of Lemma 3.5. This means thatif A € R;, B € Ry and j # k, then [N(A)| # |N(B)|, where
J.k € {0,1,---,s — 1}. Since automorphisms of a graph must preserve the number of neighbors of
vertices, f(R;) = R;, where j €{0,1,---,s—1}. O
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Recall that a graph automorphism of a graph G is a bijection on vertex set which preserves
adjacency. If |V(G)| = n, then in the obvious way Aut(G) is isomorphic to a subgroup of §,.
Specifically, Aut(G) = {f € S, | for all x,y € V(G), [x,y] & [f(x), f(y)]}. It is easy to show that
Au(G) ={f €S, | forall x e V(G), f(N(x)) = N(f(x))}. ForI'(R), N(A) = Cr(A) \ {C(R) U A}. This
means that Aut(I'(R)) = {f € SZ’;;(')IR_,-I | forall A € V(I'(R)), f(N(A)) = N(f(A))}.

We now prove our main result about the automorphism group of the commuting graph of M>(Z;).
To state it, we need to define a group. For each j € {0,1,---, s — 1} denote

Gs—l—j = SPZA‘fj_szfjfl ¢ sz I sz ZSp2+p+1.
————

s—1-j

Let G be a subset of Hj.;(l) G,-1-; and define:

G={(hotgot " 18521851, N1 1811852 1&s—1,""" s hs_1 1 8s-1)

. 3.3)
|hjrgit - 1850081 €Gs -y, j=0,1,...,5—1}L

The multiplication law of the iterated wreath product is defined in [11, p. 68], the proof that G is a
subgroup of Hj-;(l) G,_1-j is routine.

Theorem 3.8. Let R = My(Z,s), with p prime and s positive integer. Then Aut(I'(R)) = G, where G is
a group defined in (3.3).

Proof. By Lemma 3.2 and Corollary 3.7, Aut(I'(R)) is isomorphic to a subgroup of ]—Ij-;(l) Sg,-S0 f €
Aut(I'(R)) can be written as a product Hj-;(l) fj» where f; € Sg,. We claim that

{fi€Sr 1 G fi) =f e AutTR)} = Gy,

where j=0,1,---,5— 1.
Letje{l,---,s—1}and (---, fj,--+) = f € Aut(I'(R)). Assume that A € [Aj; ], B € [Aj,,-r/_] with
fi(A) = B. By Proposition 3.4 (ii) and f(N(A)) = N(f(A)), '

s—j—1 s—j—1

FQRLY U R U R) =R U R U R:.
Vs

Then f(R)”) = R,’ by Corollary 3.7. It is immediate that f([A,_1;,]) = [A. 1z ] by

Proposition 3.4 (i), where [A,_1; ] = p*~ IRJ i A 1= p“"lRé’i}. Since Proposition 3.4 (ii) and
f(N([Av 1,051 )) —N(f( s—1,05-1 ))

s—1 s—1
s—1,is s=1,1_
FR R =R R
k=1 k=1

Thus f(R) ") = RO_I’i;‘l. It is evident that f(p/R} ) = pr(s)_l’i;" by Proposition 3.4 (i), i.e.,
JiRji ) =Ry
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Similarly, we have
JiRjiy1ivn) = Rjir_ i s

iRy i) = Rjr_ -

where is—29 i;_z € {15 R |PS—2|}9 e ’ij+2’ i;+2 € {15 e ’|Pj+2|}a ij+l7i;+1 € {15 e ’|Pj+1|} with

: ’i;+2’i}+l ’
A  =p5ZTA.. A~y =p A,
s=2is0 — P Jiijo S—2,l;72 =p j,l},

_ 2 _ 2
A J+2i = P A Jijo A A2, = DA Jii
Ajitizn = PAjip Ajirir, = PAji-
Obviously,
iR ijerip) = Ji(lAD = [Ajir] = Rjir
. . j . i . ij
Hence, for i,y € {1,2,--,|Pil}, i € Ny, -+, iju1 € Njﬁ, i; € Nj’”, there are

. -/ -1
- -/ L1 + Liwa o Ll
I €{L,2,- - |Psalb B, €N, 1 € Nj+1, i€ Nj such that

JiRji ) = Rjir_

JFiRji 1 i) = Rjir_ v,

i 7N
il

fj(RJ'Js—l ol ,i_/) = Rj,i;,l R

By Lemma 3.5, |N,i“'| =pk=jj+1,---,5s—2 Inthe proof of Lemma 3.2, we know that |[A]| =
p*~/ — p*7! for A € R;. Therefore {f; € Sg, | (---,fj---) = f € Aut(T(R))} = G,_i_; by
Corollaries 2.4 and 3.6. The proof for j = 0 is similar.

From the above proof, it follows that Aut(I'(R)) is a subgroup of ]_[j-;(l, G,-1—j. Let je{0,1,--- ,5—
2}. Let ¢; be an isomorphism between {f; € Sg, | (-, fj,-++) = f € Aut(I'(R))} and G,_;_;. Suppose
that (-« -, fj, fi+1,---) = f € Aut(I'(R)), where ¢;(f;)) = hjtgjt- -1 g a8 € Gyi_j. As defined
in (21)’ 8s-1 € Sp2+p+1’

:! a
it

pr+p+l pr+p+l
8k = | | | | | | 8kig 1, irsnsire € | | | | | | SN,';"“’
eNER ety =] N iy 1]
k=s-2,5s=3,---,j,and
p2+p+1 p2+p+l

B = l_[ 1—[ 1—[ Rjio s ooy € l_[ l_[ l_l Stau-

ij ij 1= ij ij 1=
. J+lo. J+2 is_1=1 . Jj+1 . Jj+2 ig—1=1
[jEN i EN L EN ijr1eN

As the action defined in (2.2), we define fj(R;;, ) = R;, |,
f‘j(stix—la'“ ,ik+1,ik) = st}’:—la“' Vi1V

AIMS Mathematics Volume 6, Issue 11, 12650-12659.
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where y,-1 = go-1(i5-1)s Yk = Bkyeroyiwrmin @1 (@), " is defined in (3.2), k = s = 2,5 =3,---,j
and fi(aA;;, + bE) = hjy_, ..., (@A}, + bE) for all a € Ass(p/), b € Zs. Suppose that ¢,1(fj+1) =

hja lgf/.+1 voeegl gl € Gyi_(js1). We next claim that gj,, = g;.ﬂ, gjv2 = g}+2, e, g1 =g If
there existsk € {j+1,j+2,---,s5— 1} such that g;,; = g;'+1""’ 8i-1 = 8 1s 8k ¢ Qo Gkt = oyt s
gs-1 = &,_,, then there exist iy_y € {1,2,---,p* + p+ 1}, ,ixs1 € N2, ix € N such that y; # y,,
where yy, y, are defined above. Assume that fi(Rj; _ i) = Riy iy @0 [t Ryt iganin) =

Riviye o yinry,- BY Proposition 3.4 (1) and f(N(A)) = N(f(A)) forall A € R\ C(R), fo(Roj, ,. i) =
RO,)’:—I,“',YkH,yk and fb(ROsis—la"‘,ik) = R()’ykl,...’ykJrl’yl/(. Since Yk * y;(, RO»Yx—la'“»yk+l»yk * Ro’ykl’...’ykﬂ’y;, i.e.,
JoRo, i) # fo(Roj, ,..i.), which is impossible. By this claim, we know that f € Aut(I'(R)) can be
written as (ot go -+ 185281, M1 g1 " 08s 21851, , N1 08s1), Where hjlgit- 218,208, 1 €
Gs-1-j, j=0,1,...,5— 1. Therefore Aut(I'(R)) = G. O

4. Conclusions

In this paper, we show that the automorphism group of I'(M»(Z,s)) is a subgroup of a direct product
of some wreath products, and we completely characterize it in Theorem 3.8.
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