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1. Introduction

On a Riemannian manifold (M, g), the Levi-Civita connection and the curvature tensor are denoted
by V and R, respectively. Lety : I ¢ R — M be a geodesic with coordinate ¢ in I. A vector field
V along a geodesic v is said to be a Jacobi field along v if it satisfies the following Jacobi differential
equation, i.e.,

V%V%V+R(V,j/)j/:0. (1.1)
By a homothetic vector field V we refer to that the Lie derivative of the metric g of a Riemannian
manifold M along V is a constant multiple of the metric g. When the constant vanishes, then a
homothetic vector field becomes Killing. We remark that a Killing vector field on a Riemannian
manifold is always a Jacobi field along each geodesic, but the converse is not necessarily true. By
means of (1.1), S. Deshmukh in [4] defined the Jacobi-type vector fields on a Riemannian manifold M
satisfying

VxVxV+ RV, X)X =0 (1.2)
for any vector field X. Such vector fields were studied in some characterizations of typical compact
real hypersurfaces in non-flat complex space forms [4], and compact (or Hopf) real hypersurfaces in
complex two-plane Grassmannians [7]. However, as pointed out in [2, Remark 1], those restrictions of
Jacobi-type vector fields on the structure vector fields of compact real hypersurfaces [4, 7] are in fact
redundant.
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In 2012, S. Deshmukh in [5] defined another type of Jacobi-type vector fields satisfying
VxVxV -VyxV+RV, X)X =0 (1.3)

for any vector field X. From here to the ending of this present paper, when involving the Jacobi-type
vector fields we always refer to Eq (1.3). Obviously, any Jacobi-type vector field is a Jacobi field
along each geodesic. Also, the notion of the Jacobi-type vector fields is certainly an extension of the
Killing ones [5, Proposition 2.1]. Recently, such a property has been generalized by A. M. Cherif in
[3, Lemma 7] who proved that a homothetic vector field on a Riemannian manifold must be a Jacobi-
type vector field. A Jacobi-type vector field is said to be trivial when it is Killing. Just like the case
of the homothetic or Killing vector fields, Jacobi-type vector fields constrain the geometry as well as
topology of a Riemannian manifold, and play important roles in differential geometry [1, 2, 5, 6].

It was proved in [2, Theorem 1] that a Jacobi-type vector field on a compact Riemannian manifold
must be Killing. This arises a natural question [2]:

“Under what conditions is a Jacobi-type vector field on a non-compact Riemannian manifold a Killing
vector field?”

The main motivation of the present paper is to investigate the above question on the most simplest
non-compact real space forms, i.e., the hyperbolic 3-space H* and the Euclidean 3-space R®. We
determine all Jacobi-type vector fields on these two spaces and also present some sufficient and
necessary conditions for those Jacobi-type vector fields becoming Killing ones. Applying this we
obtain infinitely many non-Killing Jacobi-type vector fields.

2. Preliminaries

Now we introduce the well-known model for the hyperbolic 3-space H3(—1). Let H® = {(x,y,2) :
(x,y,z) € R3,z > 0} and the metric g on it is

1
g= —2(de +dy? + d2P).
z

We adopt the global orthonormal frame {e; = Za%’ e = z%, e3 = z(%} on H?. By a direct calculation,
we give
[er,e2] =0, [ez,e3] = —ey, [e3,e1] = ¢

and
€3 0 —€]
Veei =0 e —ey], i,je{l,2,3},
0O 0 O

where V denotes the Levi-Civita connection of the metric g. By applying these, some curvature tensors
are given by

Ri21 = ez, Rip = —e1, Ri31 = e3, Ri33 = —ey, Ryzp = e3, Rozz3 = —e;
and all others vanish, where R; ;. := R(e;, e;)e, for i, j, k € {1,2,3}.
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3. Jacobi-type vector fields on H?

Suppose that V = Z?zl fie; is a Jacobi-type vector field on H*, where f;, i = 1,2,3, are smooth
functions on (x, y, z). With the help of those preliminaries in Section two, we compute

Velvel V- VVelel V+ R(V’ el)el

=(-fi+ ZZ% - z%—];l - 21%)61 +(-f+ Zz% - Z%—f)@z
+(=2f; + 2z% + ZZ% —~ zaa—f)e3,
Ve,Ve, V= Vy, .,V + R(V, e2)e
=(=fi - ZZ—C + sz;—y];l)el +(=fo - zaa—f + zza;—yf; - 2zaa—f)ez
+(=2f3 + 2{2—? - zaa—f + zz‘j—yfj)eg
and
Ve,Ve, V= Vy, o,V + R(V, e3)e3
=(-fi + Z%—];l + zzaaz—j;)el +(=fH+ Zé;—];z + 12(22—;;)62
+ (zaa—];3 + zz(?,:—j;)eg.

According to (1.3) and the above there relations, V is a Jacobi-type vector field if and only if the
following nine partial differential equations hold:

_ 28h _ 00 _ 5,0k _
f1+Z (92x2 Zaz zZax _Oa
_ 200h _ 0k _
ht+gs —5 =0,

_ oft L 28h _ L 0f _
2fé+2z6x+z ox? %, =0,

—-fi —z%+z262—";1 =0
0z 9 ’
a 0 g
—h-g+ 2GR -2t =0, 3.1)

2
—2fs + 252 — 2h 1 250 =,

2 ayz
4] 0
_fl +Za_le +Z2¥J201 = 0’

) 20%fH _
~fh+2E+2%% =0,
afs | 20 _

0 T gr = 0.

The remaining of this section is to solve the above PDEs. First, notice that the ninth equation in

2
(3.1) can be reduced to aa—sz + 195

=7. = 0, and this is a linear equation. Solving this equation gives

f3 :H(X,y)lnz"'K(x,)’), (32)
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where both H and K are smooth functions varying only on (x,y). Substituting (3.2) into the third term
in (3.1) yields

afi 1 11 &H 20K
—_—21 DH K——l — - 3.3
oy = 5, 2Mnz+ DH + - W2 T o (3.3)

Taking derivative of the seventh term in (3.1) with respect to x yields

Oh  Ph L Ph
Ox +Z6x3z Tz oxd7> 0

which is simplified by applying (3.3) giving 2H + Zza H — (. Recalling that this equation holds for any

z > 0 and H varies only on (x, y). It follows 1mmed1ately that H vanishes identically.
Taking derivative of the first equation in (3.1) with respect to x yields that
RN W

~0,
ox | ox  Coxdz ox

which is substituted into (3.2), (3.3) and H = 0 giving z“%{f = (. This equation reduces directly to

% = 0 in view of the arbitrary of z. Moreover, notice that with the help of H = 0, (3.2) and (3.3)
become f; = K and % = 1K - %‘32715, respectively. Taking derivative of the forth term in (3.1) with
respect to x yields

0f 20 P _

Ox 8x8y Yoxor

which is substituted into af L = %K - %a—K giving ax2 K+ a—'f - %Z2 32 ay = 0. Applying again the arbitrary
of z in this equation, we obtaln
’K K 'K
— =0and ——— =0. 34
2 a2 N ax2ay -4)

Recalling that we have already obtained ‘?—’f = 0. Combining this with the second term in (3.4), in

view of that K varies only on (x, y), we obtain

K
a2 = klxy + kox + k3y + kg4, (35)
0x

where ki, k», k3 and k4 are all constants. Taking integral of (3.5) we also have

1 1 1 1
K(x,y) = —klx y+ 6k2x + 2k3x y+ 2k4x + a1 (y)x + ax(y), (3.6)

where both @, and @, are smooth functions varying only on y. Substituting the above relation into the
first term in (3.4) gives an equation, and comparing the resulting equation with (3.5) we have

{Oll(y) = —skiy’ = 1kay? + ksy + ke, 3.7)

a(y) = —ék3y3 - %k4y2 + k7y + ks,
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where ks, kg, k7 and kg are all constants. Putting (3.7) into (3.6) yields

1 1 1
K(x,y) =gk1xy(x2 )+ 6kzx(x2 ~3y%) + 8k3y(3x2 —?)

1 L (3.8)
+ §k4(x — V) + ksxy + kex + k7y + kg.
Recalling that we have obtained 2! = 1K — %‘2;7’2(, which is simplified by using (3.8) giving
/i :Lk xzy(x2 - 2y2) + Lk (% - 6y2) + ik xy(x2 - y2)
' T4z 247" 67

1 1 1 1 1
+ —kax(x® = 3y + —ksx?y + —kex® + —k7xy + —kgx (3.9)

6z 2z 2z z Z

1
— sz(klxy + kox + 2k3y + 2ky) + M(y, 2),

where M is a smooth function varying only on (y, z). Substituting (3.9) into the first term in (3.1) we

obtain

1 1 oM
gz(k1y3 + 3koy* — 6ksy — 6ke) — 523(161)7 +ky) =M+ Za—z.

Solving the above linear equation we obtain
1 3 5 1, 1
M = EZ(kly + 3k2y — 6k5y - 6k6) — gZ (kly + kz) + Eag(y), (310)

where a3 is a smooth function varying only on y. Similarly, substituting (3.9) into the seventh term in
(3.1) we obtain

-M+z7— +2 =0, (3.11)

which is substituted into (3.10) giving k; = k; = 0. Now putting (3.9) into the forth term in (3.1) we
obtain

=0. (3.12)

With the aid of k; = k, = 0, substituting (3.10) into (3.12) yields
15 1 5
as(y) = —gks)’ - §k6y + koy + kio,

where both ky and kyy are constants. Therefore, f; can be expressed by means of the above equation,
(3.9) and (3.10), i.e.,

1 1 1
fi =—ksxy(x* = y%) + —kyx(x* = 3y*) + —ksy(3x* — y?)
6z 6z 67
1 1 1 1
+ 2—Zk6(x2 -y + Ek7xy + Ekgx + gkgy (3.13)
1 1
+ _klo - EZ(IQ,X)) + k4x + k5y + k6)
Z
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With the aid of (3.8) and k; = k, = 0, we have already obtained f; according to (3.2). Substituting
this into the sixth term in (3.1) we obtain

of 1K 1 &K

dy  z 2° 0y*’
Substituting (3.8) and k; = k, = 0 into the above relation and taking integral we get
1 2062 2 1 22 1 2 1
S =5ksy (6x7 = y) + —kay(3x" — y7) + —ksxy” + —kexy
6z 2z 2

24z (3.14)

1 1 1
+ —k7y* + —ksy + —yz(ksy + 2ks) + N(x, 2),
27 Z 4

where N is a smooth function varying only on (x, z). Substituting (3.14) into the fifth term in (3.1)
gives
1 1 ON
——72(k3x® + 2ksx + 2k7) + =2°ks = N + z—.
2 2 0z
Solving such a linear equation we obtain

1 1 1
N(x,z) = —Zz(k3x2 + 2ksx + 2k7) + §z3k3 + E,()’(x), (3.15)

where £ is a smooth function varying on x. Putting (3.14) into the eighth term in (3.1) we get a new

linear equation

N+ 282N_0
“or Tt a2 T

Putting (3.15) into the above equation we obtain k3 = 0. Finally, with the help of k3 = 0, substituting
(3.14) into the second term in (3.1) we acquire

X
Applying again k3 = 0 and (3.15), according to (3.16) we obtain

1 1
ﬁ(x) = —6k5x3 — 5](7)62 + kllx + klz,

where ki, and k;, are two constants. Now, with the help of the above relation, from (3.15) we have
1 1
N(x,2) = —zz(ksx +ky) — 6—(k5x3 + 3kyx* — 6k; 1 x — 6k12). (3.17)
Z
With the help of k3 = 0, from (3.13), (3.14), (3.17), (3.2) and (3.8), the main theorem of this section

is given as the following.

Theorem 3.1. On the hyperbolic 3-space B>, a vector field V = Z?zl fie; is a Jacobi-type vector field
if and only if
1

1 1 1
fi =—kax(x* = 3y*) + —ksy(3x* — y*) + —ke(x* = y*) + —kzxy
6z 6z 27 Z

1 1 1 1 (3.18)
+ —kg.x + —kgy + —k]() - —z(k4x + k5y + k6),
¥4 z Z 2
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1 1 1 1
fr =—ksy(3x* = y*) + —ksx(3y* — x%) + —kexy + —k7(y* — x%)
62 6z Z 2z (3.19)
1 1 1 1 '
+ —kgy + —ki1x + —kip + =z(ksy — ksx — k7),
Z Z Z 2
1

Proof. The “if” part of the proof is easy to check by applying (3.18)—(3.20). The “only if” part has
been presented already. O

Considering a vector field V = Z?:] fie; on H?, and using those preliminaries in Section two we

have
(Lvger,er) = 2(zi .
(Lvg)(er,er) = Zi %
X
(Lvg)eres) = fi + z@ 6.{3.
X
L of
(-Evg)(ez, 62) 2(2— - f3)
0
(Lvg)enes) = fo+ za—fz ;;3
(Lvg)(es e3) = 2z(9—f3

With the help the above relations, V' is a Killing vector field if and only if the following PDEs hold:
{Z"afé =f B =0 e =0,

17 a i) 4]
zafz—fg, ﬁ—(), fz+z£+z£—0.

(3.21)
0z

Applying (3.18) and (3.20) into the first term in (3.21) gives k4 = 0. Moreover, applying (3.18) and
(3.19) into the second term in (3.21) yields ks = 0 and ky; = —ko. We remark that in this situation, all
other equations in (3.21) are necessarily true. Therefore, the following theorem follows from Theorem
3.1.

Theorem 3.2. On the hyperbolic 3-space B>, a Jacobi-type vector field V = Z?zl fie; is Killing if and

only if
1 s 9 1 1 1 1 1
f] = —kﬁ(x -y ) + —k7xy + —kg.x + —kgy + _kIO - —Zk6, (322)
2z Z Z Z z 2
1 1 5 » 1 1 1 1
f2 = —kﬁxy + —k7(y - X ) + —kgy — —kgx + —k12 - —Zk7, (323)
z 2z Z Z z 2
f3 = kex + kyy + ks, (3.24)

where ke, k7, kg, ko, k1o and ki, are all constants.

Comparing the above Theorem 3.2 with Theorem 3.1, one finds infinitely many non-Killing Jacobi-
type vector fields. By applying this theorem, we answer the question proposed in Section one on a
special non-compact manifold H?.
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4. Jacobi-type vector fields on R?

In this section, just like we have done in Section two, we determine all Jacobi-type vector fields on
the Euclidean 3-space. Let (x, y, z) be the usual global coordinates on R* and V = Zf’: | fiei be a vector

field, where e¢; = g—x, e = aay e3 = a% are the global orthonormal frame. By a direct calculation, we
have

2f 0 fr 0% f
2 2 2
f 0" fr 0 f3
2 2 2
fl I fr 0 fi
Ve, Ve, V = VVe3€3V +R(V,e3)es = oz et 022 e + P e3
According to (1.3), V is a Jacobi-type vector field if and only if the following PDEs hold:

Pl _o Ph o P

Velvel V- VV,_,lel V+ R(V’ 61)61

V€2V62V - VVQeZV + R(‘/’ 62)62 -

= =0, —==0,i=1,2,3.
82 = By 072 L=
In view of % = (0, we may write
fi = Hy, 2x + K(y, 2), (4.1)
where both H and K are smooth functions varying only on (y, z). Applying this on the fact 66];1 =0 we
obtain x— + 2= =0, and this is equivalent to
2H 2
oH _ =0, K =0 4.2)
ay 9y’
due to the arbitrary of x. Similarly, applying (4.1) on the fact 6 f - = 0 we also obtain xa;T’;’ + 3;7’2( =0,
and this is equivalent to
0*H 0*K
a—zz = 0, a—zz = O (43)
due to the arbitrary of x. According to (4.3) and (4.2), we may write
H(y,2) = kiyz + koy + ksz + ks, K(y,2) = ksyz + key + k72 + ks,
where k;, i = 1,--- , 8, are all constants. Similarly, f, and f; can be expressed according to % = % =
2 2 2 2 X
a&? 0 and %xf; = % = % = 0, respectively.

Theorem 4.1. On the Euclidean 3-space R?, a vector field V = ¥}, fie; is a Jacobi-type vector field if
and only if

fi = kixyz + koxy + ksxz + kax + ksyz + key + k72 + kg, “4.4)
b =hxyz+ bxy + l3xz + lyx + Isyz + gy + [z + I, 4.5)
J3 = myxyz + mpxy + m3xz + myx + msyz + mgy + m;z + mg, (4.6)
where k;, I, m; fori = 1,--- ,8 are all constants.
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Proof. The “if” part of the proof is easy to check by applying (4.4)—(4.6). The “only if” part has been
presented already. O

Remark 4.1. According to Theorem 4.1, on the Euclidean 3-space R, the position vector field x% +
y(f—y + z(% is a Jacobi-type vector field. Actually, it is a non-Killing homothetic vector field [5, Remark
2.1].

Just like the case shown at the beginning of this Section, a vector field V = Y7 | fie; on the Euclidean
3-space R? is Killing if and only if

oh _ of | 0fh _ of | 0fs _
{E_O’ﬁ_y-'-g_o’ﬁ_z-i_a_o’ (47)

-0, %L=0L+%=0

Substituting (4.4) into the the first term in (4.7) gives k| = k, = k3 = ks = 0. Similarly, substituting
(4.5) and (4.6) into the forth and fifth terms in (4.7), respectively, we obtain [y = [, = Is = ¢ = 0 and
my = mz = ms = my = 0. Also, with the help of these, putting (4.4) and (4.5) into the second term in
(4.7) gives ks + I3 = 0 and k¢ + I, = 0. Similarly, putting (4.4) and (4.6) into the third term in (4.7)
gives ks + my = 0 and k; + my = 0. Putting (4.5) and (4.6) into the sixth term in (4.7) gives I3 + m, = 0
and /; + mg = 0. Combining the above relations we also have ks = I3 = m, = 0.

Theorem 4.2. On the Euclidean 3-space R>, a Jacobi-type vector field V = 21'3:1 fiei is Killing if and

only if
fi = key + kyz + kg, (4.8)
fo=—kex+lz+ 13, 4.9)
fs = —kyx — Ly + ms, (4.10)

where ke, k7, kg, 17, I3 and mg are all constants.

Comparing Theorem 4.2 with 4.1, one obtains many non-Killing Jacobi-type vector fields on R.
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