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Abstract: In this paper we prove a Dwork-type supercongruence: for any prime p > 3 and integer
r>1,

”'Z‘f 3k + 1(2k)3 ”il 3k + 1(2k)3 mod 1)
= p mo p P.3 R

e 16 \ k e 16 \ k

which extends a result of Guo and Zudilin.
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1. Introduction

In the spirit of [25], the supercongruence

p—1 3
3k+1(2k
Z o (k) =p (modp’)  for p>2 (1.1)
k=0

corresponds to a divergent Ramanujan-type series for 1/z. In [8], Guillera and Zudilin made use of the
Wilf-Zeilberger algorithmic technique to show that

1

& 3k + 12k
165 \

3
) =p (mod p’) for p > 2. (1.2)
k=

=]

Note that (1.2) is equivalent to (1.1) since p | (zkk) for p—;l < k < p — 1. The supercongruence (1.2) was

independently observed numerically by Sun [21, Conjecture 5.1 (ii)]).
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Given a prime p and a positive integer k, for any positive integer n, we call a congruence as a
Dwork-type congruence on a sequence {a,},>o of integers if

Qpp =7Yp * An (mOd pkvp(n)),

where v,(n) is the largest integer such that pVP(”) | n. We refer the reader to [2, 3, 5, 14] for Dwork-type
congruences and [9, 11, 16, 22] for g-analogues of Dwork-type congruences.

For any odd prime p and integer » > 1, Guo [10] gave a g-analogue of (1.2) and made the following
Dwork-type supercongruence conjecture:

pr_l 3 pr—l_l 3
3+ 1 (Zk) 3k + 1 (Zk) s
I =p —_— (mod p™°r3) (1.3)
276 k) =7 2 T
and
przil 3 pr72171 3
3k+1 (Zk) 3k+1 (Zk) 3
=p (mod p™), (1.4)
L1165 \k ; 165 \k

where the Kronecker delta function is defined as 6,,, = 1 if m = n and 6,,, = 0 otherwise. Guo and
Zudilin [11] proved (1.3) and (1.4) modulo p*" by establishing their g-analogues.
Recently, Sun [20] conjectured that, for any prime p > 3 and positive integers n, r,

T ("”"‘ 3k + 1(2k)3 " 3k 1 (2k)3 7
; -p 3 (1) )= 5B (mod p) (1.5)
e & ) 2 T ()7

where B, are the Bernoulli numbers which can be defined by

n—1
By=1, Z(Z)Bk —0(n>2),

k=0

and

41 ( z 3k+1(2k)3 23k+1(2k)3
np—1— 3 k _p k )

- 2(%)El,_3 (mod p), (1.6)

where E, are the Euler numbers, i.e.,

ln/2]
n
Eg=1, E=-) (2k)En_2k (nz1)

k=1

and (;) denotes the Legendre symbol. Clearly (1.3) and (1.4) follow from (1.5) and (1.6) by taking
n = 1, respectively. In this paper, we shall prove the following result, which asserts that (1.3) is true
modulo p*+1=0s3,
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Theorem 1.1 Let p > 3 be a prime and r be a positive integer. Then

p-1

2k 3k+1(2k
Z 16"( )_pZ 16"( ) (mOdP3r+1_6”‘3)- 4D
k=0

The remainder of the paper is organized as follows. In the next section, we are going to show some
basic lemmas for Theorem 1.1. The proof of Theorem 1.1 will be given in Section 3.

2. Some basic lemmas

From now on, for an assertion A we adopt the notation:

[A] =

1, if A holds,
0, otherwise.

We know that [m = n] coincides with the Kronecker delta function 9,,,. For positive integers n and
m, the generalized harmonic numbers of order m are defined by H,,, = >} =1 jm Clearly, H, =H, =

p 1 . For convenience, we always abbreviate the Harmonic number Hievprk = Zkevipik 1 k as Hj .
The following lemma is a result of Beukers [3, Lemma 2 (1)].

Lemma 2.1 Let n, k, r be positive integers and p be a prime. Then
r—1 k
prn— 1) _(p n— 1) k—[KJ p 1
= - Y
k
( k 4] i/
n2p¥ ka2 ko S
+ 2L ((Z ;) - Z?)} (mod p™). @.1)

Proof. Note that

(—1)"(” " 1) [ 2 - <—1>W(pr_[g J_ 1) [ (-57)

=1 J=1.pti
(P 'n—1 koo 22
E(—l)lﬂ(” ) )(1- > B Y IR (mod p
[;J ipti J sk W
pij
This proves (2.1). o

The following result is due to Gy [12, Lemma 2.7].

Lemma 2.2 Letn > 1 be an integer and p be an odd prime such that p > ”“ . We have the following
congruence:

zpn_pn—l _ 1 n—1 ;7+1( ) . .
Q- (1Y =—— Iy ———D' +0pur19,(2)p"  (mod p"),
j=0
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where ¢g,(a) = @ denotes Euler’s quotient of an integer r with base a and ¢(r) is Euler’s totient
function.
The following lemma involving Bernoulli numbers is due to Lin [13, Corollary 4.3].

Lemma 2.3 Let p be an odd prime and j be a positive integer with j < p—2. Assume that (2,d) = 1.
Then, we have

d,
53

—

1 / kqp( )Pk - X “L(p—1)—k X ;
S 2> D Z(z SOllamEE i Cap modp).@2)

k=1,p k=1

We also need three more lemmas.

Lemma 2.4 For primes p and positive integers a, b, r, s, we have

r r—1
(iZ) (pv lb)( PP (mod prmirl-ons2n), (2.3)

The congruence (2.3) is called Jacobsthal’s binomial congruence. Gessel [6], Granville [7]
and Straub [18] gave extensions of (2.3) to nonnegative integers a,b and negative integers a,b
independently.

Lemma 2.5 Let p > 3 be an odd prime and / be a nonnegative integer. For any positive integer s,

we have
Hy\ i1, =0 (mod p'™r2). (2.4)
H, vy =0 (mod p* ). (2.5)
H;SH%’Z =0 (mod p* ). (2.6)
H' o = HTI (mod p*~9). (2.7)
Hy = -24,(2) + pq,(2)  (mod p?). (2.8)

Proof. The case p > 5 in (2.4) and the case p = 3 in (2.5) are due to Beukers [3, Lemma 2.1] and Cai
[4, Lemma 1], respectively. By (2.5),

-
- = (— + B ) = - > = _pSH/pS;l (mOd p25)’
k;l;*kk kﬂZz;*k ko p—k k=lz,1;)(kpAk_k 72
we get
Hlp“—l ’ =0 (mod ps—épﬁ). (29)
5
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By (2.4) and (2.9), we immediately get

pii-1 2l

_ _ ’ 5—0p,
H i, = Z = Z (psl+])2 =Hj,,=0 (mod p).

J=Lptj J=Lptj

So (2.6) is valid. With the help of (2.5) and (2.9), we have

pii-1 e

1 pl
Z Z s, = Z ;(1 - 7)
j= 1ph J= lp)w J=Lptj
=H, , -p'lH,, = Hil (mod p*~%r%).
2 2 2

~“l+

This proves (2.7).
Finally, Cai [4, Theorem 1] showed that, for any odd integer n > 1,

n=1
2
k=1, (k,n)=1

The congruence (2.8) is just the n = p case of the above congruence.

= —2¢,(2) + ng>(2) (mod n?).

| =

Lemma 2.6 Let p > 5 be a prime. Then
-3
2 H,

— 2t+1

= -2¢7(2) (mod p).

Proof. Using the principle of mathematical induction, Alzer et al. [1] showed that

S He 1.,
— =<|H, +H, )
ik 2( n e
Note that
x H, x Hpi s Hpe,oo x Hp,,
2%+l P - %2 (mod p).
=0 L+ t=1 2(T_t)+1 t=1 p—a t=1 4
and

AIMS Mathematics

(2.10)

(2.11)

(2.12)
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and
psl o pol pzt o pol plpol
2 2 2 2 2 2
Is bt vl (l _ L) TR e S
. . . [); 9
pu t = t+1 p l = t t+1 2 = t = t+1
the congruence (2.11) follows from
&2 o 2H? | + Hpo
2 2 — P
Ht 1 Ht 1 2 ) p21 T’z 2
= —— —+=-H ,|=- =-2q°(2 d
2+ 1 2( ;o 4 95(2)  (mod p)
=0 =1
by (2.8) and (2.9). O

3. Proof of Theorem 1.1

We start with the following identity due to Mao and Zhang [15]:

! o) - 1 DR - 2k - 2)!
16k ) _4-16"—12( k )k!(2n—l)!(2n—k—1)!

k=0 k=0
B nZ(Z:) nz_ll (l’l _ 1)2 (_1)k(2n)(4n) (3 1)
4. 1671 = (4n - 2k — 1)(411) ’
Setting n = p"~'*J for j € {0, 1} in (3.1) yields
R 3k 12k IS 3k 1(2k)
; 16" (k) _p; 16" (k)
(2! S I k(2
S e
=0 4p 1)( Zk)
P o1 (- 1)"(2” )
p 1 2 85
g kz—(; ( k ) (4p! - 11)7(411'- )) (mod p*r™?r), 3-2)

since for any odd prime p, we have (2;) = (2” ) (mod p*~%r3) by (2.3). In view of [23, Lemma 2.3],
for any odd prime p and positive integers r, s with r > s, we get

2pr_pr—l _ 1 2ps_px—l _ 1
- = - (mod p*). (3.3)
p P

It follows that

r—1

1677 =1+ @777 1) = 1+4Q7 7 1) +627 7 -1y
= 1+4Q2" 7 — 1) +[p=5]-6p”¢22) (mod p**')
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by Euler’s theorem. For any integer [ € {0,3~! — 1},

3/-1
1 5
Hyp= ), m+1=71+1=20+1 (mod3).
j=1,34j J

Clearly, (162) = (‘2‘) (mod 27). As in [17], we know that the super Catalan numbers S (m, n) are defined

by 22211 and
(C) _(6)
G (%)
is an integer. With the help of Lemmas 2.1, 2.4, 2.5 and the above congruences, we obtain
(e )G)
(2;lp+pil)

p—1 r=1_ rry’ r ’ ’
(_1)17(2p 1)(1 2p'H et + 2p2 ((le+g)2 — NE) ))(zpr 1)

4pr-1-1 7 r ’
( ’ )(1 —4p H oyt 8p? ((H2p1+p—l)2 2p1+p 12)

-7 i 4
= (Eprlll))(Zp ') . (1 _ 2er;l+pT—l +4 rHép]+p )
21

+[p>5]-8p”q 2(2) (2l - 1)p2r5p,3) (mod p**h).

S(n—k,k)=

It follows that

N
k=0,pl2k+1) (4p" -2k - 1)(4215!)
—p1er ”il (pr_1 ) 1)2 (—1)k(2pr— )(g 1)
k) @p -2k (")
S} G Bl
=\ L dp -2,
AA=2p'H) o + 4D Hy [P 251897 qp(2) = (21 = 1D)p¥6,5)
2r

roy p ’ 2 ’ 2
(-p le+% + 7((le+%) - Hp1+”7*1,2))

—1-4Q" " =)~ [p > 5] 6p" ()}

4

k=0

r—1

" =1y DTG
= p "~ Z l 4pr—l_1 (4H§.pl+]7 1 4H;l+ﬂ
= @pt=21-1(*,™) :
2pr_prfl _1
AT 4 [p 251267 ) - zp’(s,,ﬁ) (mod p**1) (3.4)
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by Lemma 2.5. Noting that

Z (p,_l)z DCr)G)

(dpr -2k - 1"

k=0,pt(2k+1)

Sy S
1= 01#”71 ps+i (4pr - 2ps -2t~ 1)(;5;21)

-1 p3 =l ’ roy
p_szHJ«AWa»@mh»&mm—naw
S

= (4p - 2ps -2t - 1)(“”%‘1)(1 —Ap'H, L)

~
|

r—1 1

T\ S ) @y -2ps-2i- 1)( bt )= 4p7H; o)
by Lemma 2.1, and
4p1 -1 B 4p~t —1\4p~'-25s-1
(2s+1)_( 2s ) 2s+1 7 3:5)
we have
5 " (‘”(2”“1)(35’)
k=0,p1(2k+1) k 4p - 1)(4p 1)
_ "il(pr ) (-1) (2” SGERs) f’i = dp'H), +4p'H,
- L s (4p’2s‘—1) o 4pr —2ps—2t—1
=%IF
R [ it -2
=R D",
1 _ r ’ rry’
o pz 1 H[;;S-l-_“‘zi flzlps+2t (m od er) (36)

= 1+1

In view of [24, Lemma 2.4] and (2.9), for any integer / and nonnegative integer s, we get

5 1 = L 2563
=0GD il L,f‘sJ=l,Zm:(2k+1) 2k+17 0 (modp ) (3.7)
and
p-1 { =] 1 1 1
,0%: @+1? - ; ((p +2j)? i (p - 2j)2) = 5Hp, = 20,5 (mod p). (3.8)
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By (2.9),
L z 1 1
= =-Hp1,=06,3 (mod p). (3.9
;QHW Z(2( Lipsrp 47277
It follows that
S, a0 el )
p14p -2ps—2t—1 " I 2ps+2r+1 2ps +2t+ 1
1=0,1# 5= 1=0,1# 55~
-1
- 3 (v mew)
B 2ps+2t+1 (2t+1)2
=012
p_l 1
= _ — 806 d r+1
Spstaiel P ops (mod P
=022

and

Z _ ”Z_i( 1 N 4p” )
4p" — 2ps— 2t—-1 " 2ps+2t+1 (2t +1)?

p+l t:pT-i-l
p—l 1
=— Y ———— 45,5 (mod p

r+l)
2ps +2t+ 1 ’

_p+l
1=

For any nonnegative integer s, by (2.5), (2.12), (3.8) and (3.9), we have

p3 _
Z 2ps+2t Hpv+t _ _([p > 5] ) 3 Hgt - H, + pzl H2t—p - Ht)
4p" — 2ps—2t—1_ - 2t+1 2t +1
1=0,1# 25" =0 =L
p=3 r=3
2 2
_ _([p > 5] H>, — H; n H, > 5 — Hp—l—t)
pry 2t +1 pury 20p-1-0H+1
p=3
_ o p=5]-Hy - Hyy (mod p)
= - = p’3 .
— 2t+1

Z 2ps+2t _ = H2t—p _ Zzl H (p;lﬂ) -pP
i 4p" — 2ps—2t—1 z:PT”ZH_l p 2(1’74_;)4.1
Pt Pl
_ 2 H2t—1=_ > L(1+ p—l)
B 2t 2 2t—1

AIMS Mathematics Volume 6, Issue 10, 11568—-11583.
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r-l
Hp 2

5 5 20, )

Hip 4292 42

= - d p).
2 5~ (mod p)
In view of (2.5), (2.12) and Lemma 2.6, we have
p-1 %4 H
Z PS+1 _ Z H, — p-1-t
4pr —2ps—2t—1 2t + 1 —2(p—-1-1+1
_p+1 IZLH t=0

w

-
2

~
(=]

Combining (3.2), (3.4), (3.6) with the above results, we get

R 3+ 12k P 3k+ 12k

kzz(; 165 (k) - P kzz(; 16 (k)

i w{_Pil(pr— ) (- 1)( ; )(;Z’ 1)
41671 = s (4pr2;_1)

r—l_l

1 r
( Z 2ps +2t+ 1 +4p5p,3)+ Z

Sy
s=0 §

=012 2"

2p" 1 ~1\/4 r—1 — _

<—1>("s )G )P & ,

. (4p1—1-2s )(4Pr 1 ‘) Z 2ps+2t+1 + 4Hperpe
P !

’ 217r—[1r71 B r 2 r 3r+1

—4H . -4 +2p'q,(2)+ (1 —s)p 5p,3)} (mod p>*h).

2

Clearly, for any nonnegative integer / and positive integer s, we have

p’-1

Z 4
. 2psl+2t+ 1
t= %p)((zHl)

po-1
2

:Z 4 _ Y 2

2<r+f’71>+1+2psz (1 + 22,
1==——.pft

I:px_zlﬂ [7
= 2(H,,v —H L s 22D - p'Q2l+ 1)(H’r v, Hpe, 522D
Sz o
=2H,, -H .  -[s=2]) (modp™ %)
pot T My

2

AIMS Mathematics

57 ="[p=51-2¢,(2) (mod p).

(3.10)

(3.11)
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by (2.6). Now we will handle the case r = 1 of (3.10), that is to say, s = 0. With the help of (2.5), (2.8)
and (3.11), we obtain

+4H, | — 4H 1 — 4q,(2) + 2pg,(2) + pd,3

p—1
Zl 2t+1

P
==

= —2Hp1 —4q,(2) + 2pq(2) =0 (mod p*~°r3). (3.12)

The congruence (1.7) with r = 1 follows from (3.7), (3.10) and (3.12). Next suppose that r > 2. By
(2.5), (2.7), (2.8), (3.3), (3.11) and Lemma 2.2 with n = 2, we have

p_l 2pr_pr—] _ 1
———— +4H, -4H | —-4—
:Zp;l 2ps + 2t + 1 2pstp-l ps+iz P’
r2 r ZPZ—P —1 2-6p3
+2p'q,(2)+ (1 = 5)p'6,5 = —ZHPT—I - 47 =0 (mod p~°r?).

For any positive integer s < r, by Lemma 2.1 and (3.7), we get

”’ (pr = 1) DG Z i

¢ (417’2’271) 1=0,pf(2t+1) m
prlol pel (- 1)z+,(2p’lﬁ 1)(4,,:)
Z ( pi+j ) 4[)5?_:_].1 2p
" a (2pl+2])
p’-1
1

s+17 S 7
0y 2P 2D+ 20+

A I 2(_1)1'(21’“3.71_1)(417:::)
— p ! l :
-3 () ”

= 4pr7:71_]
(")
p'-1

1
DI 20+ 2p 4 2t + 1

Jj=0 1=0,pt(2t+1)

=0
-1
T

N (R e 2
i

(4pr—.v—l _1)
2i+1

i=0
p-1 p’-1 1
. — (mod pr+s—6p,3).
LB o pitien 2pstli+2pSj+2t+ 1
== B

In view of (3.5),

e W 212N (A pi-1
p -1y (=D ( k )(2 ) 1
ST e Y e

4p—s—-1
k=0 2% 1=0,pt(2t+1)
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i (p )( () ”il 1
- i (7)o

o (pr—s ) (—1) (Zp' All 1)(;‘?::)}”—3—1
I N e

.r+|_1

4 -
Z 2pstli+ 2t + 1 (mod pr™5).
1= )

By (2.6), for any positive integer s > 2, we have

s—2 Z 4
L4 £ (Qk+ Dpt 42t
1= = ;l,p'fl‘
pi+171
RS 2 (2 P2k + 1))
RVAY. T 7
i=0 t:plz-v»l’p)ﬁ

(oM = 2H 2 1= p QR D = Hi 102 1)
= = B

1ML

= 2H:7§ 1y _p (2k + I)H s—1_1 2 = ZH@ (mod pS+1—(5p73)‘

2 2

Combining (2.5), (2.7), (3.11) with (3.14) gives

pH']—l

p.v_] v !
Y st Y Gria
2kps +2t+ 1 Qk + 1)ps + 2t
1= pi+piT +p p)((2t+l) =0 P pl+l7p
r 2 , , w-r
+ 2p qp(z) + 4H2kps+p5—] - 4Hkp3+p5771 —_ 4-T

r_ =1

N Y At GNP 4105
=-2H,, -4 +2p qp(2) (mod p ).
= p’

In the case 1 < s < r — 1, with the help of (2.10) with n = p* and (3.3),

pr_pr—l _ 1
- 2H;,§ | A ———— +2P7q(2)
zps_pr 1 _ 1 Yz 2p.r+l_ps _ 1
=4 WO
20 -1 5,2 Zi- 1( )(2p - s+1-5
=4———-2p'q,(2)-4 =0 (mod p** 7).

ps+l

(3.13)

(3.14)

(3.15)

(3.16)

AIMS Mathematics Volume 6, Issue 10, 11568—-11583.
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Note that

S

k=0,p1k+1) (4p’ A_l)(4pr s —1-2k)

p’-1 4 §—2 5 4
————+[s>2]:
Z 2p'k+2t+1 Ls 2 2] — Z 2k + 1)ps + 2t
1= 17T+p p{(21+1) = l‘:pl;l,p'ft
e ! ’ 2 - = r+1-6,3
+2p'q,(2) + 4H(2k+1)ps—1 - 4HkpX+$ -4 . } =0 (mod p r3)

by (3.15) and (3.16) for any integer 1 < s < r — 1. In light of Lemma 2.1, we obtain

pil (pr—s _ 1)2 (_1)k(2p”“—1)(‘2l£::z)pr—s

(*7, ‘—1)(4pr s—1-2k)

k=0,pl(2k+1)
s 1+1 -1
2pSk+2t+1 _ (2k+ )p* + 2t
=22 ) =0,

V_

r / / 2P -1
+ 2P 3 (2) + 4H{y 1oy —4H, por 47}

S T el )
0 e) o

= 2 pl+ 2] (4 Y‘l)(4p"s“—1‘21)

=0 2pl+p—-1

72

]7l+l -1

s—2

[s>2]-4

1 K
p(pl+p2)+2t+1 ZO: Z 21+ Dp**t + 2t

p’-l

)

=2 pr Q1) =25 by
4 4 2p - - 1
+ 4H(2l+l)p”'] 1 4Hlp“1+px+2]_1 - 4T}
r—s—1_ 2 rfs—l_l 4 r—s—1 s
'y (p - 1)2<—1>Z( "))
- r—s—1_ i}
= ! (4” T @pt =120
pr+l_]
+2p'q,(2
{Z; Z (2l+1)ps+1+2t P2
i = p’+
’ ’ 2V 1 r+1-6,3
+ 4H(21+1)p”'] 1 4Hlps+l+px+21_l — 47} (mOd p - )

By (3.13) and the above two congruences, for any integer 1 < s < r — 1, we have

) S
k .

2psk + 2t + 1

4pr—s—1
k=0 2%k t=0,pt(2t+1)
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. ) )G
ko) (7 @p = 1-2k)

pi+l_l

4 =
14 _
{ Z 2 Sk+2t+1 Z Z (2k+1)p + 2t

1= 22 L ki) =0 ,_ 2l p

4 ’ 2[7 - 1
+2p"q2(2) + 4H e — 4H | - 4T}

Ips+25
S
— l (417";[1—1) 0 5 2psti+ 2t + 1

G i i ol i 25
l (4pr—.2v;1—1)(4pr—s—l -1 - 2[)

Pt

g

s+l_1

Ly 4
DY 2ps+11+2z+1 Z Z‘ QT

S+1 4 =
=2 pr2e+1)

r_ o r—1

o
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( » lp”1+pT pr

Combining (2.5), (3.7), (3.10), (3.17) with (1.7), by induction, it suffices to prove that

pH-l_]

p-1 4 r=2

Z 2t+ 1

=2 *" p{(2t+1)

-~ +20'q,(2)

+
2
B>
+
[\®]

1
~4H), , —4———— =0 (mod p*'™),
2

But this congruence immediately follows from (2.10) with n = p”, (3.3), (3.11) and (3.14).
4. Conclusions

The main result of this paper is a theorem. For any odd prime p and positive integer r , the Dwork-
type supercongruence (1.7) is proved, which is a extended result of Guo and Zudilin. Since Guo has
made a conjecture that (1.7) is true modulo p*~%3 | we hope that this work will open new inquiry
opportunities in this fields for other researchers and knowledge seekers.
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