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1. Introduction

Fractional calculus is a field of applied mathematics and deals with derivatives and integrals of
arbitrary orders (including complex orders). Although the definitions for fractional integrals are
inconsistent and work in some cases but not in others, there are almost practical applications and
profound impact in science, engineering, mathematics, economics, and other fields.

Suppose that (a, b) is a finite or infinite interval of the real line R, where a < b and a, b € [—o0, +0o0],
and « is a complex number with Re(a) > 0. Let I'(-) be the Euler’s gamma function given by

I'(y) = f 7 leTdr.
0

In [20], Podlubny introduced the left-side and right-side Riemann-Liouville fractional integrals of
order « of a function f as follows:

1 Y
RarS ) = @f (x -0 fodr (1.1)
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and

1 b
Rifu9=fZ5;[(T—XV“fﬁMn (12)
X

respectively, where f is a function on the interval [a, b] such that (y — 7)*"' f(r) € Lla,b] for any
X € la,b].

In [22], Samko introduced the left-side and right-side Hadamard fractional integrals of order « of a
function f as follows

1 X q dr
Har S ) = @ f (Iny —In7)*" f(r)— (1.3)
a) a T
and ,
[ —_ 1 _ a—1 E%I
H,_fx) = @ f){ (In7 —1In)*" f(7) p (1.4)

respectively, where f is a function on the interval [a, b] such that (In y — In T)‘H@ € L[a, b] for any
X € la,b].
Suppose that X?(a, b) is the space of the complex-valued Lebesgue measurable functions f on [a, b]
with || f]lyr < oo, that is
¥(a,b) = {f : [a,b] = C[lIfller < oo},

where the norm || ][y is

b dr\"/»
||f||3e"=(f |T‘f(T)|p—) for 1<p<oo and ceR
c a T

and
Ifllx> = ess sup [t°|f(T)]] for p=co and ceR.

a<t<b

In the sense of the above function space, Katugampola in [16] introduced the left-side and right-side
fractional integrals of order a of a function f € XZ(a, b) defined by

Xp —T’D

Kt = s [ () o o0 1.5

and

N )(p a1 dr
Ko fx) = e )f f(T)Tl—_p (o > 0), (1.6)

respectively.

The above fractional operators are known as Erdélyi-Kober fractional integrals in [18], or
Katugampola fractional integrals in [16] or p—Riemann-Liouville fractional integrals in [6], which
generalized fractional integrals of Riemann-Liouville and Hadamard, respectively [17]:

p—1

lim [*K, f0¢)] = lim f Xp A 1f(r)d—f
I'(a)

F(wa ﬂ“ﬂﬂw—RJ@) (1.7)
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and
Y P _ pra—1 d
lim [, £00)] = }}n(l) mo | (5) o
_ L f (Iny - Ino f@ % = # 0. (1.8)
M) J, T

The similar results for right-sided fractionals integral also hold.

For more results on the fractional integrals please see [1, 3,4, 8, 13—15, 21, 24] and the references
therein.

For any convex function f : [a, b] — R, the following double inequalities

avby_ 1 [ f@ + fb)
f( )Smﬁf(T)dTST (1.9)

2

are known as Hermite-Hadamard inequality [12, 19].
In [5], Chen et al. established the following Hermite-Hadamard type inequalities based on the
Katugampola fractional integrals.

Theorem 1.1. Suppose that f : [a’,b°] — R is a positive function with p > 0 and 0 < a < b, and
f € X2(a?, b°). If f is a convex function on [a, b, then for any a > 0

@+ b "F(a +1 ) i f@) + ()
(557 ) < b V16 K fa) < EOTI22,

where the fractional integrals are considered for the function f(x*) and evaluated at a and b,
respectively.

(1.10)

Furthermore, Chen et al. also gave some right estimations of the Hermite-Hadamard type
inequalities for the Katugampola fractional integrals in [5].

Theorem 1.2. Suppose that f : [a’,b°] — R is a differentiable function on (a’,b”) with p > 0 and
0<a<b,and f € X! (a®,b°). If |f’| is a convex function on [a’, b”], then for any @ > 0

f@) + f¥) _pTa+ 1) .
T s =y S G @)

b’ —af
<
= 2@+ 1)

where the fractional integrals are considered for the function f(x*) and evaluated at a and b,
respectively.

[1f" @) + 1 f" @)1, (1.11)

Theorem 1.3. Suppose that f : [a’,b°] — R is a differentiable function on (a’,b”) with p > 0 and
0<a<b,and f € XZ(a?,b*). If |f'| is convex on [a’, b"), then for any a > 0

f@)+ f*) pT(a+1)

2 2(b° — aP)? K fB7) +7 K f(@)]
b° —a*
= Yo+ 1)( 20 ) [f' @)+ 1f' &)1, (1.12)

where the fractional integrals are considered for the function f(x*) and evaluated at a and b,
respectively.
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For more results on the convexity and Hermite-Hadamard type inequalities please see [2,7,9-11,23]
and the references therein.

In the paper, based on Erdélyi-Kober fractional integrals K, f(b”) and *K}_ f(a”) for any x € [a, D]
with f € XP(a,b), authors establish some new Hermite-Hadamard type inequalities for convex
function. The obtained inequalities generalize the corresponding results for Riemann-Liouville
fractional integrals by taking limits when a parameter p — 1. As applications, the error estimations of
Hermite-Hadamard type inequality are also provided.

2. Main results
Firstly, we establish Hermite-Hadamard type inequality for the Erdélyi-Kober fractional integrals
PK S (b°) and PKP_ f(a”) for any x € [a, D] with f € X(a,b).

Theorem 2.1. Suppose that f : [a’, b’] — Ris a function withp > 0and 0 < a < b, and f € XE(a’, bP).
If f is a convex function on [a”, b”), then for any a > 0 and any y € |a, b],

1 a®+b° a )\ pT(a+ DH[PKLFB) PKEf(a@)
f(a/+1 2 Ta+d l)< 2 (bp—)(p)aJ“(Xp—ap)a]
: [f(“p) /) +af(,\(p)]. @.1)

Ta+1 2

Proof. It easy to follow that

p°T(a+1) [P7(,§’+f(bp) . pwf_f(ap)]
2 P =xP)* (= ar)®

b a-14-1 Y a-14-1
b’ -t * * *—a° * *
[ (Bt sy, [y A, )
¥ —X —X a X —a X' —a
Making the integral transformations # = ™y* + (1 — t)b” and #* = (1 — °)a” + 7°)* respectively in
(2.2), it is obtained that

pT(a + 1) [W(;’J(bp) K@)
2 -y -y

T'm UfEEx? + (1 =) + (1 = °)a’ + °x)]dr. (2.3)

pa

2

_pa
2

Then by the convexity of f and Jensen’s inequality, we obtain

1
‘g f P F(y? + (1= 0 + F(1 = 1°)a + 7°4")]dr

Zpaf e 1f(?'p)(p+(1—7'p) p+bp)d7'

fo o I[Tp)(p +(1 - Tp)“p”" dr
Zpaf( ) f o dr

fo Tre-ldr
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1 a +b° a
- N p), 2.4
f(a+1 2 a+1X 24

which completes the left inequality of Theorem 2.1.
On the another hand, by the convexity of f again, we have

1
%a f P f(? + (1= W) + F(1 = 1) + 1°x")]dr
0

1
P fO ) + (1 =) f () + (1 =) f(@) + 70 f(x")]dr

1 J
:paf 1200 + (1 RACRRRICY i f(bp)])dr
0
1 P b°
Ca+ 1 [f(a ) ; UG afcyp)], (2.5)
which completes the right inequality of Theorem 2.1. O

a’+b°

Corollary 2.1.1. With the assumptions of Theorem 2.1 and taking x* = “==, it reduces that

a—1 . a
f(af’+b")<2 pF(CHU[pq(a W)+ K f(a)

)= ay | Ny Yz
I [f@)+ f(D) a’ + b f@)+ f(d°)
Satl 2 +“f( 2 )] = 2 (2.6)

In particular, taking limits when y — a and y — b respectively in the inequality (2.1), and using
the L’Hospital rule, we have the following result.

Corollary 2.1.2. With the assumptions of Theorem 2.1 and taking limits when y — a and y — b
respectively, it reduces that

f(ap+bf’) < 1[f((2a+ l)ap+bf’)+ (af’+(2a+ l)bf’)]

2 2 2@+ 1) 2a+1)
f@)+ f®*) pTa+D ., " (@) + f(b)
= 4 + 4(bF — ap)a[ K f(D°)+° 7(b—f(ap)] < s 2.7)

3. Error estimations of Hermite-Hadamard type inequality

Now we give a interest equality.

Lemma 3.1. Suppose that f : [a”,b’] — R is differentiable on (a*,b") withp > 0 and 0 < a < b, and
f € XL(a’, b°). If the generalized fractional integrals exist, then for any a > 0 and any x € [a, b], the
equality
f@) + f(b*)  p°T(a+ DK f(@) s PK S (D)
2 2 G-y o —x)y

1
:gf (1 =@ =X f (@x + (1 =)) = (=) f (1 =) + TxM)]dr (3.1
0

holds, where the fractional integrals are considered for the function f(x*) and evaluated at a and b,
respectively.
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Proof. Using integration by parts, it easy to follow that

1
8 [ = (@ s (1= ) - 0 - @ (= 0 e
0

1
L2 2 fo 97 (2 + (1 = 1)1)dr
f(a)

1
= f 7 f((1 =) + xP)dr
0

-
_f@) + f¥)  pT(a+ 1)[F’7<;”_f(ap) . PR f (D) 3.2)
2 2 L —a) =y ) '

which completes the proof of Lemma 3.1. O

In particular, taking limits when y — a and y — b respectively in the identity (3.1), and summing
the obtained identities, we obtain

f@)+ f*) pT(a+1)
2 2(bP - ar)®

[FKL (V) +° Ky f(@)]
1
:p—(bpz_ 2 fo [(1 - 79)" =7 f /(P + (1 - 7°)b\)dr, 3-3)

which is Lemma 2.4 in [5].
Next, we establish some integral inequalities by the differentiability, the convexity and Lemma 3.1.
If the function |f’| is convex, then the following integral inequality holds.

Theorem 3.1. Suppose that f : [a”,b’] — R is differentiable on (a”,b”) withp > 0 and 0 < a < b, and
f € Xl(a”,b°). If |f'| is convex on [a’, b"), then the inequality

f@)+f) pTla+1) K- f (@) . p7()?+f(bp)]
2 2 (XP —ar) (bp _Xp)a

“Xax IC;(Q T2 [(@+ 3 = N (@) + (@ + D@ = a)Nf' (O] + (@ + ) = xIf )] (34)

holds for any @ > 0 and any y € [a, b].

Proof. Using Lemma 3.1 and the convexity of the function |f’|, we have

' f@)+ f(b*)  p'T(a+ 1)[”7<;_f(a”) s ”W;f(b”)]
2 2 (x* — ar)~ (b* — yP)

Fax” + (1 =0 + (- a)

1
<5 fo (1= [~ x) f( =2+ 2y Jdr
P —x) [
Sf% f (1= [ O] + (- ) f () ldr
0
P _ P 1
» 2 > : f (1= [(1 = )| (@) + T°|f (¢¥)l]dr. (3-5)
0

By simple computation, the inequality (3.4) is obtained which completes the proof of Theorem 3.1. O
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If we take y* = < in the inequality (3.4), then we get a integral inequality.

‘f(a")+f(b") 2T D,
&y |y

,( a’
Also, making limits when p — 1 in the inequality (3.6), we immediately get the integral inequalities
for Riemann-Liouville fractional integrals:

VK . f(b”)]‘

bp)' +(@+ 3)|f'(bp)l]. (3.6)

< a(b’ —a°) [
“8(a+ I)(a+2)

b 2@—11“ 1
012t )+ (R f@) + R, f(b)]'
ab —a)

“8(a+ )(a+2)

(e )\ + @+ 3B 3.7)

If the function |f’|7(¢g > 1) is convex, then the below inequality holds.

Theorem 3.2. Suppose that f : [a”,b’] — R is differentiable on (a”,b”) withp > 0 and 0 < a < b, and
fe XL, b°). If|f'|%(q > 1) is convex on [a”, b°), then the inequality

' f@)+f") pTa+1) [”W;’_f(a") s p7<§if(bp)]
2 Lar-ay o —x)

s%[s(zqq‘_”l‘ 1,2‘2(;”_ _1;)]1_1/q{()(’)—a”)[B(r+1,p pr”)v o)l

; (B(r 1,2 1) - B(r +1, ’”p;”))u (af’)rl]l/q

pa
w0 B+ 1L e
pa
+(B( ,rp+a1)—B(r+ 1,’”[);”)) 7 (b")l"]l/q} (3.8)

holds for any a > 0, y € [a,b] and O < r < g, where B(u, v) is classical beta function defined by

1
B(u,v) = fo U1 =) 'ds (u>0,v>0). (3.9)

Proof. Using the identity (3.1), Holder’s inequality and the convexity of the function |f’|7(g > 1), we
have

' f@)+ f®")  p"T(a+ 1)[P7<f_f(ap) P S (D) ]

> o=y Ty
1
8 _ pa -1
szfo(l |

)W) + (¢ - @)
P 1 PR b V0
0

F((1 =) +7x)|ldr
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1
x| fo (=Y T GON + (1 = )| f (0)I4]dr]
P —a)( (" oyt N
+ B (fo(l—rp)qTq dT)

1
<[ f (1= Y [ (@) + (1 = ) F o) de] . (3.10)
0

By direct calculation, we obtain the inequality (3.8) which completes the proof of Theorem 3.2. O
In particular, making » = 0, r = 1 and r = ¢, respectively, then
‘ f@) + f(b*)  p°T(a+ 1)[p7<,§’_f(ap) . K- +f(bp)]
P e R T

"2 Map+ Vel g~ 17 palqg — 1)

{0 = @I O+ plf @)+ & = x)IF GN + pl /B (3.11)

and

‘ f@)+ f(t*)  p°T(a+ 1)[p7(f_f(ap) .\ PR f (D) ]

2 2 (Xp — ap)(t (bp Xp)w
pralq — 1724 1 1-1/g
S2‘*‘/"[(10 +2)(p + 2+ pa)(pa + 2)] ((pq - 2lpg -2+ palq - 1)])

{0 = @[22 + pa)lf O + plp + 2 + pa)lf (a)]]

+ (B = X2 + pa)lf N + plp + 2 + pa)l £ (1))7] ) (3.12)
and

f@)+ f")  pT(a+ 1)['07(;—10(“[’) N K +f(bp)]
2 2 (x* — ar)e (b* _Xp)a

Sg;:: (pqq—_ql— 1)1‘”"{(/3 B aﬂ)[ ( +1.5 pq )lf I
(a1 27) - B{a ’%))lf’(aﬂ)w]w
+(bp—)(p)[ (q+1 L pq )|f )
' (B(q i qual) - B(q 1 /%H))If (b")|q]l/q}, (3.13)

Furthermore, utilizing Lemma 3.1 reduces to the below inequalities.

Theorem 3.3. Suppose that f : [a”,b’] — R is differentiable on (a”,b”) withp > 0 and 0 < a < b, and
fe XL, b°). If|f'|%(q > 1) is convex on [a’, b°), then the inequality
' f@) + f(b*)  pT(a+ D)[PKLf (@) .\ ”Kgﬁf(bp)]
> =y " -

AIMS Mathematics Volume 6, Issue 10, 11494-11507.



11502
e I

+ (B(r +1, pr;—;-t-l) _ B(r +1, p(r + 1p)a/— r+ 1))|f'(ap)|q]l/q

+ @ x| B(r+ 1 TR

- (B(r+ 1’”;—;”) B+, pUrt lp)a‘ rt 1))|f’(bp)|Q]”q} (3.14)

p(r+1)—r+1)
’ p

holds for any a > 0, y € [a,b] and O < r < q, where B(u, v) is classical beta function defined in (3.9).

Proof. Using the identity (3.1), Holder’s inequality and the convexity of the function |f’|7(g > 1), we
have

' f@)+ ) p*T(a+ 1)["7<;_f(a") . "7<‘+f(b”)]
2 2 x* —a)r  (bP—xP)*
1
_/—)f(l—rp“)rp_l[ ™)) + (¢
Y g 7V
(bp P —x7) f(l oyt )dT) '
x [ f (1 = Y70 [ PN + (1 = )| f' (V°))9]dr]?
0
p(x* —a’) : o £ e 1=1/q
+—2 (fo(l—rp)qrq dr)

1
< f (1= 22y 0D 20| + (1 = ) )] . (3.15)
0

™)a’ + Tp)(p)|]dr

By direct calculation, we obtain the inequality (3.14) which completes the proof of Theorem 3.3. O

In particular, making » = 1 and r = g, respectively, then

‘ f@) + f(b*)  pT(a+ 1)[P7<)§’_f(ap) .\ K- +f(bp)]
I ARG D%

(Y / 4
ST T« Ol DIF @O + @+ 3 @)l

+ (B =)@+ DIF I + (@ + 3 @) (3.16)

and

‘ f@)+ f®°)  p"T(a+ 1)[”7<§_f(ap) F’K@if(bp)]
2 o=y Ty
P

plg+)—gq+1),
<Ll - fple 1 SN e

R I R | CEU

1-1/q
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r 0 Bl LD gy
+ (B(q +1, pq_p—(‘i*l) _ B(q +1, plg + 2(; q+ 1))|f’(bp)|‘1]l/q}, a7

Theorem 3.4. Suppose that f : [a”,b’] — R is differentiable on (a”,b”) withp > 0 and 0 < a < b, and
f € Xl(a, b°). If |f'|%(q > 1) is convex on [a”, b°), then the inequality

‘ f@)+ ) p"T(a+ 1)[P7<§_f(a") s K +f(b”)]
2 2 (XP - ap)@ (bP —XP)“
3 ol 2g—-1 (p-1)(g—r)+q—1\]'""4
“2aYa[(por —r+ D(p(r+ 1) —r + 1)]1/‘1[ ( g-1"’ pa(g—1) )]
x {0 = al(or = r+ DIF GO +plf @]

+ (B = x"(or = r+ DIF GON +plf &1} (3.18)

holds for any a > 0, y € [a,b] and 0 < r < g, where B(u, v) is classical beta function defined in (3.9).

Proof. Using the identity (3.1), Holder’s inequality and the convexity of the function |f’|7(g > 1), we
have

J@)+ f®)  pT(a+1) [W()‘(’_f(af’) . ”7()?+f(b")]
2 -y T ey
1
<5 [ a-eme W)+
P =X (" L @D 1-1/q
ST(‘fO (1 -7’ )q T 4 dT)

1
<L [+ (-l @
0

_ SNV
p()(p ap) f(l Tpc')qlr(p;)(l )d‘r) ’

x| f AV @ + (1= ) O] (3.19)
0

- )a’ + Tp)(p)|]dr

By direct calculation, we obtain the inequality (3.18) which completes the proof of Theorem 3.4. O

In particular, making » = 1 and r = g, respectively, then

' f@)+ f¥*)  pT(a+ 1)[p7<f_f(ap) .\ K- +f(bp)]
2 2 W —a)* (b —xr)
1 2 -1 1y~

S21+1/9a/11/q[ ( qq_ 1° a)] {(Xp - ap)[lf,()(p)lq + |fl(ap)|q]l/q

+ (0 = O OO + 1 @)1 (3.20)
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11504

and

' f@)+f") pT@+1) [pW;’_f(ap) .\ ”7<;’+f(bp)]
2 2 L -y -y
. pl/q [B(zq_ 1 i)]l_l/q
2a'"Y[(pg — g+ D(p(g+ 1) =g+ DIL \ g=1" pa
{0 = @)(pg — g + DIf I + plf (@)|]'"*
+ (B = x")(pg — g+ DIF GO + plf &)1}, (321)

Theorem 3.5. Suppose that f : [a”,b’] — R is differentiable on (a”,b”) withp > 0 and 0 < a < b, and
f € Xl(a, b°). If |f'|%(q > 1) is convex on [a”, b°), then the inequality

' f@)+ f®")  p"T(a+ 1)[”7<f_f(ap) P S (D) ]
2 2 lw—ay -y

si[s(zqq‘_” = l,pz(qq‘_ll))]l_”q{w ~a|B(r+ 1, %)If’(x")lq

; (B(r A1, pia) - B(r A1, %))V'(aﬁ))w]”q - —)(“’)[B(r A1, %)u'()/’)rf

; (B(r +1, pia) - B(r A1, %))' f’(b")l‘f]l/q} (3.22)

holds for any a > 0, y € [a,b] and 0 < r < g, where B(u, v) is classical beta function defined in (3.9).

Proof. Using the identity (3.1), Holder’s inequality and the convexity of the function |f’|7(g > 1), we
have

£ 10)_prTia+ e i)
2 > Low=ar Ty

Fax” + (1 =0 + (¢ - a)

(1= +1°x")|]dr

1
= f (1= 0y [ = 4P
0
PW =X () ey e g N
ST(IO(I—T’OM - dT)
1
X [f (1- Tp“)’[Tplf'(Xp)lq +(1- Tp)lf’(bp)lq]dT]l/q
0
PO =) (| ey e\
+ 2 (fo(l—rp)q . dT)

1
X [j; (=Y [P @) + (A =) f ()N dr] . (3.23)

By direct calculation, we obtain the inequality (3.22) which completes the proof of Theorem 3.5. O

In particular, making » = 1 and r = g, respectively, then

' f@) + f(b*)  pT(a+ D)[PKLf(@) . p7<;if(b")]
2 2 K —a)* (P —xr)
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p2a(g — 1)>24 1 1-1/q
*20(p+ D(pa + Dpa +p+ D171 (og — Dipg— 1 + patq - 1)]]

{0 = @)1+ pa)lf ()N + plpa + p + )| f (@]

+ & =X+ pa) f GO + plpa + p + 2 B)I]) (3.24)

and

‘ f@)+ f(¥¥)  pT(a+ 1)["7<;’_f(a”) s "K@if(b")]
2 2 x* —a)* (b —xr)®

e e e
(8o 1) - Bla+ L E @] e @ - fBla 1. 25 e
n (B(q 41, pia) - B(q +1, %))' f’(b")|4]]/q}, (3.25)

4. Conclusions

In this article, we firstly establish Hermite-Hadamard type inequality for the Erdélyi-Kober
fractional integrals (2.1). Taking limits when y — a and y — b respectively in the inequality (2.1),
it is the generalization and the refinement of Theorem 2.1 in the reference [5]. In addition, as an
application, the error estimations of Hermite-Hadamard type inequality have been investigated. The
derived inequalities can be seen as a generalization for Riemann-Liouville fractional integrals when
p — 1 and the Corollaries presented in the paper show that the results of this paper generalize and
extend many existing results.
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