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1. Introduction

There are a lot of works about classification of Hopf algebras or Nichols algebras of finite GK-
dimension. For example, the readers can refer to [1,2]. In the paper [2], Liu tried to classify all prime
Hopf algebras of GK-dimension one and constructed a series of new examples of non-pointed Hopf
algebras D(m,d,y). As a by-product, a series of finite-dimensional non-semisimple quotient Hopf
algebras are obtained, which have no Chevalley property. To understand this new class of quotient
Hopf algebras, we see that those quotient Hopf algebras under the conditions that » is odd and d = 2n,
denoted by D(n), are just isomorphic to an extension of the generalized quaternion group algebra kQ,,
equipped with a nontrivial suitable coalgebraic structure. It is well known that the representations of
the generalized quaternion group Qy, have been known for a long time. In [3, 4], all the irreducible
representations of Qy, are given. As applications, [5] determined the complex representation rings of
Qy, and gave the isomorphism class of the n-th augmentation quotient of the augmentation ideal. In [6]
the group code over the generalized quaternion group Qy, is studied, which is based on representations
of Qg,. It is important in cryptography.

The task of this paper is to classify all the indecomposable modules of D(n) explicitly. The
decomposition formulas of the tensor products of them are established. Finally, we describe the
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representation ring of D(n) by generators and generating relations. There is much effort to put
into understanding and classifying all indecomposable modules of algebras of finite representation
type. The readers can refer to the books [7, 8] for the representation theory of algebras and some
newest results [9, 10] for example. In [11], Yang determined the representation type of a class of
pointed Hopf algebras and classified all indecomposable modules of simple-pointed Hopf algebra
R(q, @). In the paper [12], the representations of the half of the small quantum group u,(sl,) were
constructed by the technique of the deformed preprojective algebras. Furthermore, a lot of papers
investigated the representation rings of various Hopf algebras, the readers can refer to [13—-17]. By
techniques of generators and generating relations, Su and Yang described representation rings of the
weak generalized Taft Hopf algebras as well as some small quantum groups in [15, 16]. Sun et al.
described the representation rings of Drinfeld doubles of Taft algebras in [17]. Motivated by the above
works, we shall establish the decomposition formulas of the tensor products of the indecomposable
D(n)-modules and determine the representation ring of D(n). This can help us to understand the
structure and representation theory of D(n) in a better way.

The paper is organized as follows. In Section 2, we review the definition of D(n) and show that
D(n) is of finite representation type. In Section 3, we shall construct all the indecomposable D(n)-
modules and establish all the decomposition formulas of the tensor product of two indecomposable
D(n)-modules. In Section 4, we characterize the representation ring of D(n) by three generators and
some generating relations.

For the theories of Hopf algebras and representation theory, we refer to [7, 8,18, 19].

2. Preliminaries

Throughout this paper, we work over an algebraic closed field k of characteristic 0. Unless
otherwise stated, all algebras, Hopf algebras, and modules are finite-dimensional over k, all maps are
k-linear, dim and ® stand for dimy, and ®j,, respectively. In this paper, we describe the representations
of a quotient of the Hopt algebra D(m, d, y) for the case of m = 2.

Firstly, we review the definition of the Hopf algebra D(2,d,y) in [2]. Let 2|d. As an algebra, it is
generated by a*!, b*!, ¢, uy, u;, subject to the following relations

aa'=ala=1,bb"=b"b=1,d" =0 *=1-d*, .1

ab = ba, ac = ca, cb = —bc, au; = uka_l(k =1,2), 2.2)

cug = 2uy = wauge, cu; =0 = uye, ugh = a**buy, ub = —a " *bu;, (2.3)
1

u(z) = a_%b, u% =0, upu; = —Ea)a_%cb, Uiy = Ea_%cb, 2.4)

where w € k is a primitive 4-th root of unity. The comultiplication A, the counit € and the antipode S
of D(2,d,y) are given by

Aa)=a®a, A(b)=b®b, A(c)=c®b+1®c,

Alug) = ug Q@ ug — u1 ® a“‘buy, Au) = ug@u; +u; ® a_dbuo,

€(a) = €(b) = e(up) = 1, e(c) = e(uy) = 0,

S@=a"', SB)=b", S(c)=—cb™", S(up) = a? buy, Su;) = —wa Su.
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From now on, assume that # is odd and d = 2n. Let D(n) be the quotient Hopf algebra
D(n) =: D2.d,y)/(@" - 1).

We claim that the Hopf algebra D(n) can be viewed as the Hopf algebra generated by x, y, z satisfying
the following relations

X =1,9=0,x"=2 xy=—yx, xz=2xX", yz = wzy.

The comultiplication A, the counit € and the antipode S are given by

AX)=x0x, A))=10y+y®z7, AR =287+ yz@y7 ",

€x) =€) =1, €(y) =0, S =x", SO) = -y, S@ =2
Indeed, we define the maps ¢ and i as
¢ abxZ, b, o2y, Uz, U P Y2
and
v x> ab, yl—>§C, Z = U,

respectively. It is straightforward to check that ¢ and ¢ are Hopf algebra isomorphisms and o ¢ = id.
Hence we have the claim.

Now, we use the later generators and relations to define the Hopf algebra D(n). Actually, D(n) is a
class of non-pointed Hopf algebras.

It is noted that the generalized quaternion group algebra kQy, of order 4n is defined as

kQu, = kix,z| ¥ = 1, ¥" = 2%, xz=zx"').

Obviously, it can be embedded into the algebra D(n) as an algebra, but not as a Hopf algebra.
Firstly, we determine the representation type of D(n) as an algebra.

Lemma 2.1. The algebra D(n) is of finite representation type.
Proof. Let Q4, be the generalized quaternion group
zx® =1, X" =22, xz=zx"),
and A = k(y|y? = 0) a k-algebra. It is obvious that A is of finite representation type. Define
y-x=-y, Yy z=uwy.

Since (y - x)(y - x) = 0, (y - 2)(y - 2) = 0, Qu, can be viewed as subgroup of Autys(A). Therefore, we
have the skew group algebra Qy, * A, whose multiplication is given by

(h=a)k=+b)=hk=(a-k)b

for any h,k € Q4,, a,b € A.
It is easy to see that A can be viewed as the subalgebra of Qy, * A and

(xxD(Ixy)y=xxy, Ixy)x*x1)=x*x(y-x)=—-xx*y,

(@xD(Mxy)y=zxy, Axy)z*x1)=z*(y-2) =wzx*y,

and D(n) = Q4, * A as an algebra. Consequently, D(n) is of finite representation type as an algebra
by [20, Theorem 1.1, Theorem 1.3(a)]. m]
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3. The indecomposable modules of D(n) and their tensor products

In this section, we mainly construct all the indecomposable D(n)-modules and establish their tensor
products. It is remarked that the simple modules of the algebra G * B are completely understood, and
coincide with those of the group G for which B acts as zero (see [21]).

Firstly we classify all the indecomposable modules of D(n). Let ¢ € k be a primitive 2n-th root
of unity.

Theorem 3.1. (a) There are 4 pairwise non-isomorphic 1-dimensional D(n)-modules S ; with basis
{vi} for 0 < i < 3, the action of D(n) is defined by

x-vi= (=D, yovi =0, z-v = 0.

(b) There are n — 1 pairwise non-isomorphic 2-dimensional simple D(n)-modules M; with basis
{v}, v?}for 1 < j<n-1, the action of D(n) is defined by

’v

&
0

X &
; y: 0,
V§, z (-

N‘<

)]

%

k..»—a\.»—t\._‘
\N\N\N

(c) There are 4 pairwise non-isomorphic 2-dimensional indecomposable projective D(n)-modules P;
with basis {u}, 117} for 0 < i < 3, the action of D(n) is defined by

xopp =Dy, xepg = DT
you =g, y-ul =0,
24 = W', 24 =~

(d) There are n—1 pairwise non-isomorphic 4-dimensional indecomposable projective D(n)-modules
T; with basis (8,95, 9%, 9%} for | < j < n— 1, the action of D(n) is defined by

x- 9 =E9 x-9 =79, x- 9 ==E93,  x-9=-£79],
y- 9 =9, y-95 =9, y- 9 =0, y-¥; =0,
z- 9 =, z- 97 = (=19, z- 9 = —wi, z- % = w(-1y"9.

Proof. The results of (a),(b) are showed in [5,6,21].

Firstly, we construct the 2-dimensional indecomposable non-simple D(n)-modules. Let x -y = A;u
fori = 1,2, ; € kand y-u' # 0. Suppose that y - u! = ji', it is obvious that zi' and u' are linearly
independent. We might let y - u! = ' =: u? as well, then y - z> = 0. Since x - p> = x - (y - u') =
—y - (x-u') = =A%, there is A, = —A;. Now consider z - u'. If z - u' and p', u? are linearly dependent,
letz-pu' = piu' + pop®, propa €l thenz-p? = z- (v - p') = ~wy - (z-u') = ~wpip?. By 2% = x', it’s
easy to see (1 + w)pipr = 0 and p? = 27, s0 p, = 0 for p; # 0. Since 27" = 1, A7 = p} = £1. When
A} =1, py = %1, thereis 4, = /11‘1 by xz = zx™!, thus A; = +1. Butif A; = —1, then Al = -1 %1, which
is a contradiction. Thus A4, = 1. Similarly, if A7 = —1, then 4; = —1, it also gets a contradiction. Hence
we get (¢).
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Next, let x-v; = &'y, for some i € Z,,, 7+ V| = V5, y- V| = v3, here £ is a primitive 2n-th root of unity.

Then
X-v=x-(z-v)=zx" v =7y =€,
and
x-v3==Ev3, y-v=wz-vz, y-v3=0, 2:vo =(=1)v.

Obviously, z - v3 # 0.

If z-v3 and vy, vy, v3 are linearly dependent, let z-v3 = av, +bv, +cvs, a,b,c € k. By xz = zx7!,it’s
easy to get that a = b = 0. Since z* = 1, we can set z-v3 = w*v; for some k € Z,, where w is a primitive
4-th root of unity, theny - v, = w"*1v;. At this time, the matrices of x, y, z acting on {vy, v,, v3} are

g 0 0 0O 0 O 0 (-1 0
x>0 &0 |, yo| 0 0 0, z—|1 0 0o |,
0 0 -& 1 &' 0 0 0

respectively. It is directly checked that all the generating relations are satisfied only when i = 0 or
i=n.Ifi =0, then

1 0 O 0O 0 O 01 O
x>0 1 0|, y»| 0 O Of, z| 1 0 0 |;

0 0 -1 1 #1 O 0 0 Fw
If i = n, then
-1 0 O 0O 0 O 0 -1 0
x—| 0 =101, y»| 0 0 Of, z—| 1 0 0 |[.
0O 0 1 1 +tw O 0 0 =1

Now we use a unified expression to describe such modules V; with a basis {v,i, V%, v,f} for0 < k <3,
and the matrices of x, y, z acting on this basis are

(=D 0 0 0 0 O 0 (-F 0
X 0 (=1 0 , ym»| 0 0 O], z—| 1 O 0 |1,
0 0 (=D! I o* 0 0 0 !
respectively. In fact, these modules are decomposable. For, let

1
{a),l( = —wkv}( + V]%, w% = E((—l)kv}( + wkv,%), a),f = V,%IO <k<3}

be another basis, then the matrices of x, y, z acting on {w;, w?, w?} are

(=K 0 0 000 - 0 0
X 0 (-1 0 , y»[ 0 0 0|, z+ 0 o 0 ,
0 0 (=1)k+! 010 0 0 !

respectively. Thus we get that

Vi = k{w}} @ Kwi, w3} = St @ Py
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Moreover, if 7 - v3 and vy, v,, v3 are linearly independent, let z - v3 = vy, then
» -
X-va==Eva, yova=wvg, yova=0, z:va=(=1)"v3,

and the matrices of x, y, z acting on {v{, v,, v3, v4} are

g 0 0 0 0O 0 0O 0 (-1 0 0
P 0 &0 0 . 0O 0 0O N 1 0O 0 0
0 0 =& o0 | Y 1000/ * 0O 0 0 (-D* |
0 0 0 -—¢&t 0O w 00 0O 0 1 0
respectively. We set v, = wvy to get the result (d). It is noted that when n < i < 2n, let vy := vy, ¥ :=

(=1)'vy, ¥3 := vy, ¥4 := (=1)'v3, then the matrices of x, y, z acting on this basis are

&= 0 0 0 0000
0 &2 0 0 0000
lo o & o0 P71 o000)
0 0 0 g 0100
0 (=1Y 0 0
1 0 0 0
2o 00 0w |
0 0 - 0

respectively. Therefore when n < i < 2n, the modules are isomorphic to the case of 2n—i. Furthermore,
when i = 0, we choose the basis

{\_/‘1 =V H Vo, Vo = V34V, V3=V =V, Vg = V3 — V4},

then the matrices of x, y, z acting on this basis are

1 0 0 O 00O0O0 I 0 0 O
P 0 -1 0 O Vo 1 000 N 0 —-w 0 O

0 0 1 0V 0 00O} 0 0 -1 0Y

0 0 0 -1 0010 0 0 0 w

respectively. Hence it is decomposable and isomorphic to Py @ P,. Similarly, for the case i = n, the
module is decomposable and isomorphic to P; @ P3. Indeed, we choose the basis

(V] := v+ wva, V= V3 + WVs, V3 := V] — WVa, V4 := V3 — WWa},

then the matrices of x, y, z acting on this basis are

-1 0 0 O 00O0O0 -w 0 0 0

P 0 1 0 O v 1 00O - 0 -1 00
0 0 -1 0 0 00O}/ 0 0 w0
0 0 0 1 0010 0 0 01
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respectively. Therefore, we get the result (d).
Then we claim that P;(0 <i < 3)and T;(1 < j < n— 1) are indecomposable projective modules.
In fact, we know that the primitive idempotents of D(n) are listed in [6] as

2n—1 2n—1

1 1 )
=1 ) X+ =2 3 okl - id),
Uy Uy
1 2n-1 1 2n-1
e, = ™ Z xk(l —-2), e3 = ym Z(—x)k(l + 7).
Uy Uy
Since
X€y = €p, Xé; = —e1, Xép = eép, xez = —es,
and
zep = ep, 7e1 = weq, ey = —ep, 63 = —wes,

then ki{e;, ye;|0 < i < 3} consist of four indecomposable modules of D(n) and are isomorphic to P;,
respectively. Thus D(n)e; = P; is an indecomposable projective module.

ForO0 < j<2n-1,set
2n—1

1 )
e —Jr I
0 = 2n Zr:O £

then {6y, 61, --- ,6:,-1} 1s a set of orthogonal idempotents of D(n). Since xf; = £/6;, the matrices of
x, y, zacton{0;, z0;, y0;, yz0,}, are

g 0 0 0 0000 0 (=1 0 0

0 &/ 0 0 0000 1 0 0 0
lo o = o Y71 o000] *Tlo 0 0 w-1|

0 0 0 -¢&7 0100 0 0 -w 0

respectively. By the result of (d), we know that k{6;, z6;, y0;, yz8;} = T;for1 < j < n -1, so
D(n)é; = T} is an indecomposable projective module.

The straightforward verification shows that P;(0 < i < 3) and T;(1 < j < n — 1) are uniserial, that
iSO C Si_imoa 4 € Piand 0 C M,_; C T are the unique composition series of P; and T, respectively.
Since D(n) is a Frobenius algebra and thus is self-injective, we get that all the indecomposable
projective modules are indecomposable injective modules. Therefore D(n) is a Nakayama algebra.
By [8, Theorem V.3.5], the modules listed above are all the indecomposable modules of D(n).

The proof is completed. O

Corollary 3.2. (1) Forall 0 <i < 3, P; is the projective cover of S .
(2) Forall 1 < j<n-1,T;is the projective cover of M.

Proof. The results is directly obtained by [8, Lemma 5.6]. O

Let H be a Hopf algebra, M and N be left H-modules. It has been known that M ®; N is a left
H-module defined by
h- (m®n) = Zl’l(l) -m®h(2) ‘n
(h)
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forall h € H, m € M and n € N, where A(h) = X ;) hay ® ha).
The remaining of this section is devoted to establishing all the decomposition formulas of the tensor
products of two indecomposable D(n)-modules.

Theorem 3.3. (1) (a) For0<1i,j <3,
Si®SjESj®SiESi+j(mod4)-

(b) For1 < j<n-1,
Mj i:O,2,

Si®M;=M;®S§,; = .
Mn—j» l:1,3.
(c) For0<i,j<3,
S,‘®PjEPj®SiEPi+j(mod4)'

(d) For1 < j<n-1,

Si®szTj®S,e{Tj =02,

T,.j, i=1,3.

(2) (a) For1 <i,j<n-—1,
M. ;o M_j, O<i+j<n i#]j
My, j) ® My, n<i+j<2n,i#j

Mi@M;={M;,_j®&S,®S3, i+j=ni#]

Mi,j®So® S, i=j, 0<i+j<n,
My, i+ ®So®S2, i=j, n<i+j<2n.

(b) For1 <i<n-1,0<j<3,

I, =02,

Mi®PjEPj®MiE{T =13
I’l—i7 ]: 9 .

(c) For1 <i,j<n-1,

T ®Tj, O<i+j<n i#]
Ton—ivj) ® Ty, n<i+j<2n,i#j
M;@T; =T, @M; ={P,®P:&T,_, i+j=n,i#]
Ti,j® Pyo P, i=j 0<i+j<n,
Ty ®@Po@® Py, i=j, n<i+j<2n

(3) (a) For0<i,j<3,
Pi®P;=P;®P; = Pi,jimod 4)® Pitjsi(mod 4

(b) For1 < j<n-1,0<i<3,
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(4) For1 <i,j<n-1,

Tij® T j @ Thiivj) © Tomjijis O<i+j<n i#]j
Top—ivjy ® T)imjy ® Tig jy-n ® Tjizj, n<i+j<2n,i#j
T;@T;={Py®P ®P,®P3&T;_j® Ty, i+j=ni#]j
PooP P, ®@ P30T j® Ty ivj), i=j 0<i+j<n,
Py®P ®@P,®P3® Ty ivjy ®T(isjyn, i=J, n<i+j<2n.

— I i+ — — i+]
X'Vij—(— ) v,-j,y-vij—O,z-vij—a) vij,

thus S,‘@Sj ESi+j(mod4) = Sj®S,'.
For §; ® M, let v}j = v,'®v}, V2= v,~®v§, then

ij
1 i gl 1 1 %)
XV = (—1)’§Jvl-j, y-v; =0, ZoV; = w’vij,
2 o= 2 2 2 i il
x-vij:(—l)’f fvl-j, y-v; =0, z-v,-j:(—l)Jw’vij,

thus S, ® M; = M; wheni = 0,2 and §; ® M; = M,_; when i = 1, 3. Similarly, we can get the same
results of M; ® S ;.
For §; ® P, let yij; 1= v; ® u}, 17, 1= v; ® 413, then
P RTINS B P ol i 2
X =D, Y Hij = Hijs oM = W,
Xopg=EDTYE Sy =0, z-pp =~
thus §; ® P; = Py, jonoa 4)- The same results of P; ® §; can be obtained in the same way.
ForS;®T;, let ﬁ}j =y ®19}, ﬁ?j =y ®ﬁ§, ﬁf’j = v,-®19;, 19;‘]. =y ®19‘]‘., then

x99 = (-1)'ED], y-dy =9, 29 = ',

x5 = (-D)ETY, y-o5 =0 295 = (1w,
x-0 = (=DMEY,  y-9) =0, 2.0 = -9},
x-0h = (C)FETe, y9t =0, z- 9 = (=)™,

thus S, ®T; = T;wheni=0,2and S;® T; = T,_; when i = 1, 3. Similarly, we get the same results of
Tj®Sl'.
For M; ® M, let wl.lj = ®v}., Wi = vy ®v§, W) =7 ®v}, Wy, = v7 ®v§, then

ij: ij ij
1 _ gitj, 1 1 _ 1 _ 4
2 pimj, 2 2 2 N3
X a)l.j—f Wi y wl-j—O, Z a)l.j—( 1) Wi
3 _ gj-i, 3 3 _ 3 _ i 2
x-wij—f Wi y-wij—O, z-wij—(—l)wij,
L4 e(iv)), 4 4 RPN T BN |
x-w;=¢§ Wi, y wl-j—O, Z wij—( 1) w; ;.
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Obviously, when 0 < i + j, i— j <n M;®M; = M;,; ® M;_;. Besides, we need to note that when

n<i+j<2n, leth} —wu, a) = (= 1)’+Ja)lj,then
_ &2n— (l+j)—1 -1 _ -1 _
X @, =& @ y-@; =0, z ;= wl],
_ g+ j2n -2 -2 _ l+]—1
x""z‘j—ér Wijs y-w; =0, Z-w -—( D

Therefore, ]k{a)l = wl.zj} = M;.;. When —n <i-j<0,n <i- j+2n < 2n, using the previous conclusion,

we directly get that k{®: '3 = a)f, a)j‘] = (-Dw 12]} =M.

In particular, when i + j = n, the matrices of x, y, z acting on the basis {®; o fj} are simultaneously
diagonalizable. Thus the modules are isomorphic to §; @ S3; when i — j = 0, the matrices of x, y, z
acting on the basis {a)fj, (Dj‘j} are also simultaneously diagonalizable and isomorphic to S @ S,. In fact

we might assume that i > j since the result of M; ® M; are the same as M; ® M ;.

_ . Sl _ =3 . .1 2 A 2o 2
ForM,®Pj,letvl. v ®,LLJ, U wv ®,uj, V=Y ®ug, Vi .—wvi®uj,then
j ol 3 ol _ =2
X -—( 1)/&y! ,,, YV =i V= Vi
— 2 _ =4 52 _ i+
X =(- l)j‘f ,], Y Vi = Vi V= =D jVU,
-3 i+1 =3 =3 —4
x- v = (=1 v o y-v; =0, Z V= —wv,
i+1 o 4 -4 i+j+1 3
X —( 1y ‘U, y-v; =0, -V ._a)( DTy

Thus when j=0,2, M\;® P; = P;®M; = T;; when j=1,3, M;®P; =P;®M; =T,
For M;® T}, let {#, := v} ® 9}, 97, := v} ® 93, 9}, :=v/ @}, &}, :=vi @9}, 8, :=v] ®@F, ), :=
(-1)/v? ®ﬂ}, 1_9171' =) ®19‘}, ﬁ?j = (=1)v? ®193}, then

X 1_911] - é‘:l+jﬁzlj, Y- Bllj = 1913/’ < Bllj = 512]’
x- 07 =& y-o5 =0 29, = ()M
ij ij? ij ij? ij ij?
X- 1_9?1. = f’“ﬂfj, y- Bf’j =0, Z- 1_9?1. = —a)ﬂfj,
x- 0L =-9h, y- 9} =0, 2- 0% = w(=1)"""9,
x-1_9.5.:§l ]ﬂs, ngszﬁ7’ Z-{??:ﬂ(s,
ij ij 7] 4 1 tj
X 191'6,' = fj lﬂ,j, y- 7916,' = ﬁ?j’ < ﬁ?j = (—1)1 Jﬂ,s,,
X- 1_9l7j = —¢" 119,7/, y- sz =0, Z- 1_9171- = —wﬂ?],
x5, = -&79%, y- 95 =0, z- 05 = w(=1)7*9].

Obviously, when 0 < i+ j, i—j<n, M;®T; = T;,; ® T;_;. It has been shown that in Theorem 3.1
when n < i + j < 2n, these modules ]k{z?‘1 ﬁlzj, ﬂfj, 19;4].} are isomorphic to the cases of 2n — (i + j).
When -n<i—-j<0,n<i—j+2n< 2n, it’s clear to get that the modules are isomorphic to the case
of2n—({—j+2n)=j—1i.

For P; ® P;, we have known that 0 C S;_i4ma4) C P; is the unique composition series of P; for
0 < i < 3. Thus there is an exact sequence

0— Si—l(m()d4) — Pi — Si — 0.
By Corollary 3.2, P; = P(S;), so there is a split exact sequence

0_>Si—1(mod4)®Pj_)Pi®Pj_)Si®Pj_)O'
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Hence
Pi®P;=S 14moasy ®P;j®S;®P; = Piij i(mod 4) ® Pixjimod 4)-
For P; ® T, similarly, we have the split exact sequence
0—Sitmoasy®T;— Pi®T; — §;®T; — 0.
Hence
Pi®Tj =~ Si—l(mod4)®Tj@Si®Tj = Tj@Tn_j.
ForT;® T, i > j, the unique composition series of 7;1s 0 C M,,_; C T; for 1 <i < n -1, and there
is an exact sequence
0O— M, —Ti — M —0
and the split exact sequence
0_)Mn—i®Tj_> T,'®Tj—>M,'®Tj—>0
for T; = P(M;). Hence
T;® Tj =M,;® Tj OM:® Tj = Tn—i+j D Tn—i—j ©® T,'+j 57 T,'_j.

Then applying the result of (2)(c), we get the result (4). For i < j, the result is similar.
The proof is finished. O

Corollary 3.4. The tensor product of any two D(n)-modules is commutative.
4. The representation ring of D(n)

Let H be a finite dimensional Hopf algebra and F(H) the free abelian group generated by the
1somorphic classes [M] of finite dimensional H-modules M. The abelian group F(H) becomes a
ring if we endow F(H) with a multiplication given by the tensor product [M][N] = [M ® N]. The
representation ring (or Green ring) r(H) of the Hopf algebra H is defined to be the quotient ring of
F(H) modulo the relations [M & N] = [M] + [N]. It follows that the representation ring r(H) is an
associative ring with identity given by [k.], the trivial 1-dimensional H-module. Note that »(H) has
a Z-basis consisting of isomorphic classes of finite dimensional indecomposable H-modules. In this
section we will describe the representation ring r(D(n)) of the Hopf algebra D(n) explicitly by the
generators and the generating relations.

Let F,(y, z) be the generalized Fibonacci polynomials defined by

Fq+2(ya Z) = ZFq+](y’Z) _qu(y’Z)

for g > 1, while Fo(y,z) = 0, Fi(y,z) = 1, F2(y,z7) = z. These generalized Fibonacci polynomials
appeared in [13, 14].

Lemma 4.1. [13, Lemma 3.11] Let Z|y, z] be the polynomial algebra over Z in two variables y and z.
Then for any q > 1, we have

[@
2

(g=1-0\ , 1
Fy(y,2) = (—D’(q ; )y’zq =
i=0

[E—

where [%1] denotes the biggest integer which is not bigger than qT_l.
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Let [S] = @, [M,] = 8 and [Po] = y. In the following the sum 3", disappears if m < 0.
Lemma 4.2. The following statements hold in r(D(n)).

L a*=1, 8= ay=yy-1)
2. [Si]=a, [P]l=ay(0<i<3)
3. For1<j<n-1,

) z;)(—l)f‘({;f)ﬁ{-zf—z, =D () g, j is odd, )
Sra-1 ()82 = S AD ()B4 (<ka?, s even;

T = z;&—nf({;f‘)ﬁf 2y — zo< (7 l)ﬁ{-Z-zfy, | jisodd,
Z,-zzo(—l)l(J?)ﬂj 2y — 2:2 (- 1)’(/ 2= '),8/_2_2’7+(—1)§a/27, J is even.

Proof. The results of (1), (2) are easy to get from Theorem 3.3(1)(a)—(c) and (3)(a).
We prove (3) by induction. By Theorem 3.3(2)(a), there is

[My] = B = (1 + %) = F5(1,8) - &
and
[Ms] = [M\][Ms] - [Mi] = B = 2B - &’B = B° = 3B = Fu(1,B) — Fa(1,).
Suppose that (4.1) holds for j — 1 being odd and j being even, then for j + 1 we have
[M/‘+1]

= [M;I[IMi] - [Mj-]

= (Fi(L,B) - &Fi.i(1,B)B - (Fi(1,B) — F»(1,B))

= (Fin(L,B)B - Fi(1,8) - *(Fj.1(1,B)B8 — F;2(1,)

= ,-+z(1 B) - a’F(1,B)

Z( 1)(1"‘1 )ﬁ“l 2 _ o2
i

=2

22
2

(_l)l(] - 1 - i)Bj—l—Zi
i=0 !

2(_1)i(j+ 1 _i)ﬁj+1—2i_ T( 1) ( ?‘ i)ﬁj—l—Zi.
i=0 ! !

Similarly, suppose that (4.1) holds for j — 1 being even and j being odd, then for j + 1 we directly
get that

j=1

2(_1)[ (.] + ll - i)ﬁj+1—2i _ a,2 o (_1),‘ (,] - ll - i)ﬁj—l—Zi
i=0

[Mj+1] =
pry
& i+ 1 =1\ i = i(J—1 =0\ i1 it
:;(_1)( i )5/12_;(_1)( i ),3’12—(—1)2&2.

By Theorem 3.3(2)(b), we know that M; ® P, = T}, thus the Eq (4.2) is obvious to be obtained. O
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Corollary 4.3. Keep the notations above.

1. If ”2;1 is odd, then

%1 . ﬂ -1 n+l . % . ﬂ - l n-=3 . n+l

(_l)l( 2 . ) 520 Z(_l)l( 2 . )ﬁi—Zl + (_I)Taz
- l - 1
i=0 i=0

n-3 n-7

N ﬂ 1 N @ —1 n-5 .

= a (—1)1( ’ )ﬁ a QZH)’( ’ )ﬂ2‘2’-
l
i=0 i=0

\ i%_i AN i%_i 232
G I RN G Ol B -

4 n=1 _ n=s _ -
- "Z(‘”i( Y l)ﬁ"?‘z"—a._o(—l)"( > ’)ﬁ”f-zf+(—1)“1'a3.

Proof. Since [S 1][M%] = [M%] by Theorem 3.3(1)(b), and using the equations of (4.1) in
Lemma 4.2, we can easily get the results. O

Corollary 4.4. Keep notations as above, then the sets

' 3 -1
{@'y* ]| 0<i<3,0<k<lJUleBy | 0<i<l, 1<j<”

,0<k< 1)

form a Z-basis of r(D(n)).

Proof. By Lemma 4.1, a* = 1, and there is a one-to-one correspondence between the set {a, @'y | 0 <
i < 3} and the set of D(n)-modules {[S;],[P;] | 0 < i < 3}. By the Eq (4.1), we know that [M;] is a
Z-polynomial with « and 8, and when j > M i1 = [S11[M,-;]. By Corollary 4.3, we know that
the highest degree of 8 in this polynomial is %, and {[M;] | 1 < j < n— 1} is a Z-linear combination
of {&! |0<i<3}, {af/ |1 <)<=y and{B/ |1 < j< %) Consequently, [T;] is a Z-polynomial
with @, B, y and the highest degree of vy in this polynomial is 1 since y* = ay + y. Therefore [T] is a
Z-linear combination of {o' | 0 <i <3}, {eBly |1 < j < Styand {Bly |1 < j < 5.

The result is obtained. O

Theorem 4.5. The representation ring r(D(n)) is a commutative ring generated by a, b, c, subject to
the following relations
at=1, a*b=>b, ac=c(c-1)

and
n+l n=7
n+l < . ﬂ - l n+1 2i < . ﬁ - l n-3 2i n+5 2
b = - Z(—l)‘( 2 )bZ"+ (—1)1( 2 )bZ‘ "+ (-1)%a
1 1
i=1 i=0
% . ﬂ - l n—1 . % . @ - l n-5 .
+ a (_1)1( 2 ‘ )bz—ZZ _ aZ(_l)l( 2 ‘ )bz—Zz
i=0 ! i=0 !
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if ”;21 is odd, or

nS

Tl n+l —i n-3 _ -
pE = - ) ( ) *‘2‘+Z( 1)( 3 ’)b"f‘2“+(—1)"4‘a3
i=1

—1 _1_ .
(—1)’( : )b"l‘z’—

n—1 n=9
7 7

+

i=0
if ”;21 is even.

Proof. By Corollary 3.4, we know that the ring r(D(n)) is a commutative ring generated by «, S and vy,
there is a unique ring epimorphism

@ : Zla,b,c] — r(Dn))
from Z[a, b, c] to r(D(n)) such that
O(a) = a, P(b) =, P(c) =y

By Lemma 4.1, there is
ot =1, ?B=8, ay =y(y-1),

thus we have
O -1)=0, ®a@’b-b)=0, Dlac—c(c-1)=0

Note that by Corollary 4.3,

ntl N N AU N A P 5
BT = - G0 P V- s G O U I A S G D
i=1 ! i=0 !
n=3 n=1
. ﬂ i n—1 . 5
+ « (_1)1( 2 )ﬁz_ZZ ( 1) ( )ﬁ-Zl
i=0 i=0 !
when %5 is odd, or
n-1 n-5
il \ (5 s\ (5 - 23-2i wl 3
B = - G0N N I S S C Vil B ,3 + (DT«
i=1 ! i=0 !
% nl_ 1 -1 _»: % n=s _ 5
+ « (_1)1( 2 ):8"2_2[ —a (_1)1( 2 ‘ )ﬁ”z—Zz
i=0 ! i=0 !

when %5 is even. Thus ® maps
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n+1 n=7
n+l N - ﬁ - l n+l . R - ﬂ - l n-3 . n+5
T+ ~1y| 2 pTH - X (=1)| 2 b H - (- ad’
;(>(l.) ;(>(l.) (-D)%a
n-3 n=1
[%F] n—1 i Do 4 n=>5 —i s ..
_ aZ(_l)l( 2 )b 5 —21+a2(_1)l( 2 )b2—21
i=0 i=0
or
n+l % . w - i n+l : % ; ﬂ - i n=3 i n—1
bT + Z(_l)l( 2 ) )bZ—Zt_Z(_l)L( 2 ) )b2—21_(_1)4a3
1 1
i=1 i=0
=t o 7 5
- aZ<—1)"(T._’)b”E'-Z"+a (—D"(T._l)b"?‘”
=0 ! =0 !

to 0. It follows that (/) = 0, and ® induces a ring epimorphism
@ : Z[a, b, cl/I - r(D(n))

such that ®(y) = ®(v) for all v € Z[a,b,c], where ¥ = n(v) and 7 is the natural epimorphism
Zla,b,c] — Zla,b,c]/I. Note that the ring r(D(n)) is a free Z-module of rank 2n + 6 with the Z-
basis {a'y* | 0<i<3,0<k<1}U{eBy* | 0<i<1, 1 <<% 0<k< 1}, s0wecandefine a
Z-module homomorphism

Y :r(Dn) — Zla,b,cl/I

@y > dd(0<i<3,0<k<]),

. —_ -1
a'l,BJ’)/k = abick(0<i<l, 13}.3”

,0<k<1).

On the other hand, as a free Z-module, Z[a, b, c]/1 is generated by elements a'c* (0 <i <3, 0<k < 1)
anda'b/c* (0<i<1,1<j<%l 0<k<1), wehave

YD (aick) = PD(d'c) = Y(a'y) = aick,
YO (aibick) = PD(a'b'cF) = W(a'BYF) = albict.

Hence WY@ = id, and ® is injective. Thus, @ is a ring isomorphism.
The proof is finished. O

Example 4.6. We have the following examples.

e The representation ring r(D(3)) is a commutative ring generated by a, b, c, subject to the
following relations

a*=1, a’b=b, ac=clc-1), b*=ab+d*+1.

e The representation ring r(D(5)) is a commutative ring generated by a, b, c, subject to the
following relations

at=1, d*b=b, ac=clc-1), b =ab*>+3b-da’-a.
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5. Conclusions

We have constructed all the indecomposable modules of the non-pointed Hopf algebra D(n) and
established the decomposition formulas of the tensor product of any two indecomposable modules. The
representation ring r(D(n)) has been characterized by generators and relations. In the further work, we
hope to construct all the simple Yetter-Drinfeld modules of D(n) and classify all the finite-dimensional
Nichols algebras and finite-dimensional Hopf algebras over D(n).
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