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Abstract: Let G(V, E) be a graph, where V(G) is the vertex set and E(G) is the edge set. Let k be
a natural number, a total k-labeling ¢ : V(G)|J E(G) — {0,1,2,3,...,k} is called an edge irregular
reflexive k-labeling if the vertices of G are labeled with the set of even numbers from {0, 1,2, 3, ..., k}
and the edges of G are labeled with numbers from {1, 2, 3, ..., k} in such a way for every two different
edges xy and x'y their weights ¢(x) + @(xy) + () and ¢(x ) + @(x'y) + ¢(y") are distinct. The reflexive
edge strength of G, res(G), is defined as the minimum k for which G has an edge irregular reflexive
k-labeling. In this paper, we determine the exact value of the reflexive edge strength for the r-th power
of the path P,, where r > 2, n > r + 4.
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1. Introduction

Throughout this paper we consider G a connected, simple, and undirected graph, where V and E
are denote to sets of vertices and edges of G with cardinalities |V| and |E|, respectively. Chartrand et
al. presented in [12] the edge k-labeling of graph G, ¢ : E(G) — {1,2,3, ..., k} such that the aggregate
of the labels of edges incident with a vertex is different for all the vertices of G. Such labelings were
referred to as irregular assignments and irregular strength, s(G), of a graph G is known as the smallest
k for which G has an irregular assignment using labels at most k. In [16] Lahel gives a comprehensive
over view of the strength of irregularity. For some studies on irregularity strength see papers by Amar
and Tongi [5], Dimitiz et al. [13], Gyarfas [14], and Nierhoff [17]. In [7] Baca et al. motivated the
concept of irregular strength and started to investigate the total edge irregularity strength of a graph. An
edge irregular total k-labeling of the graph G is a labeling ¢ : V(G) |J E(G) — {1,2,3, ..., k} such that
for every two distinct edges xy, X'y of G the edge weights Wwig(xy) = @(x) + @(xy) + @(y) ¢wt¢(x'y') =
o(x)+@(x'y)+@(). The total edge irregularity strength, tes(G) is defined as the smallest k for which
G has an edge irregular total k-labeling. Some interesting studies on the total edge irregularity strength
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can be seen in [1-4, 8,9]. Further, Ryan, Munasinghe, and Tanna in [18] introduced the concept of the
edge irregular reflexive. For a graph G(V, E) they define an edge labeling ¢, : E(G) — {1,2,3, ..., k.}
and a vertex labeling ¢, : V(G) — {0, 2,4, ..., 2k,}, then defined the labeling ¢ by:

(x) = ©,(x), if x € V(G)
PPN o),  ifxe EG)

is a total k-labeling , where k = maxik,, 2k,}. Moreover, if for every two different edges xy and xy of
G one has wt,(xy) # wt(p(x'y'), where wt,(xy) = @.(xy) + ¢,(x) + ¢,(y), then the total k-labeling ¢ is
called an edge irregular reflexive labeling of graph G. The reflexive edge strength, res(G), is defined
as the smallest k for which G has an edge irregular reflexive k-labeling. For more research on reflexive
edge strength see [6, 10,11, 15,20-22]. In this paper, we estimate the exact value of the reflexive edge
strength for the r-th power of the path P,, where r > 2, n > r + 4.

Definition 1.1. ( [19]) The r-th power of a graph G, denoted by G’, is a graph with the same vertex
set of G such that adding edges between the vertices which are at distance at most r, see Figure 1.

Figure 1. The 3-th power of Ps.

When we prove the result, we will often use the following lemma, which has been proved in [18].

Lemma 1.1. ( [18]). For every graph G,

rEel, if IE(G)| # 2,3 (mod 6),

res(G) = { f@] +1, ifIE(G)| = 2,3 (mod6) .

Furthermore, Baca et al. [10] proposed the following conjecture:

Conjecture 1.1. ( [10]) Consider the graph G, which has a maximum degree A = A(G). Hence:

A+2, |EG)
2 L 3

where r = 1 for |E(G)| = 2,3 (mod 6), and zero otherwise.

res(G) = max{| 1+ 7}

2. The r-th power of the path

The r-th power of a path P, denoted by P, n > 3,r > 2. Let us denote to the vertex set and edge
set of P, by V(P}) = {x;,1 <i < n}and E(P}) = U{xixix;, 1 <i < n— j}. In the next theorem, we

j=1
determine the reflexive edge strength of various powers of a path P,,.
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Theorem 1. For the r-th power of a path P,, r > 2, n > r + 4.

|—r(2n—r—1)-|’ -fr(2n—r—1) 55 2 3 (mOd 6)
P = 6 2
res(P)) { |—r(2ngr—1)-] +1, lfr(Zn r=1) _ = 2,3 (mod 6) .
Proof. Note that the r-th power of P, has ’(2"2’ D edges. The lower bound for res of the r-th power
of P, is as follow from the Lemma 1. res(P)) > k = [@] + 1 1if @ = 2,3 (mod 6) and
res(Ph) > k = [r(2”;r_1)] if ’(2"?_1) # 2,3 (mod 6). Moreover, we prove that:

|—r(2n =1y, if 7220 4 5 3 (mod 6),
P < ;
res(P)) < { |—r(2n =14 1, if @ =2,3 (mod 6) .

Let k* = max{l_W], 3} and for n > r + 4, we recognise two cases.

Case 1. When [=£] > r.

Construct the total k-labeling ¢ of P, in the following way:

The corresponding labeling for Pg is illustrated in Figure 2. Otherwise we have the following labeling:

0, 1<i<k
e(x) =1 2[%], kK +1<i<k +[=5
k, K+ 1+1<i<n

Furthermore, the labels of edges are defined as the following :

i, 1<i<k -1
r(2k*2_r—1) _ 2Lr4£J + 1’ i = k*
(r— Dk —4[2 |+, kK +1<i<k +[257-1
plaxi) = 5 + 551- .
—k =205 1+ 1, i= k[
ren-r=1) _ SIS -3)
2 2 .
—n — 2k +1, K+ 1+1<i<n-1
K +i—1, 1<i<k -2
(r— Dk - 52—
“2L% ] +i+3, k-1<i<k
(r= Dk’ — 4% )+ *
(xixinn) = 4 HS5E1+i— 1, 1 kK +1<i<k +[%1-2
(r= DK +[55]) = 52~ * *
—21% ) - ktits, k4[5 -1 <i <k + 55T
rn-r-1) _ IS5
2 2 .
—n—2k+i-1, K +1=51+1<i<n-2

For 3 < j < r, there exist three subcases:

AIMS Mathematics Volume 6, Issue 10, 10405-10430.
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Figure 2. A reflexive irregular 6-labeling of Pg.

Subcase 1.1. If L”‘T"*J > r, hence the edges label as following:

O(Xe—j1 Xp) + 1, 1<i<k —j
QO(Xk*)quj_l) -k + ] +1, k* — ] +1<i<k
PN gkt oy X sk )= .

oxixip)) = —k"+1, K+ l<i<k +1557-
90(xk*k+;r%1xk*+r%1+j_1)— . §
51K+ i+ k15 -+ L <Pk + 1%
‘p(xn—j+1xn)_l—%-|_k*+i, k*+|—%-|+1 Slsn—]

Subcase 1.2. If L”‘z"*J = r, here for 3 < j < r — 1 the edge labels are common the pervious subcase,

and for j = r we define edge labels as follows:

(X —p1 X)) + 1, 1<i<ki-r
O(xXixir) = X Xprgpmy) — K" + 1+ 1, K—r+1<i<k
.. . ST i
P st Xpeapfgp) — K+, k41 <i<hk +[557.

Subcase 1.3. If I_”‘z"*J =r—1,for3 < j <r -2 the edge labels are common the Subcase 1.1 now, we

construct edge labels only for j = r — 1 and j = r as follows:

O(Xp—rs2Xpe) + I, 1<i<ki—-r+1
(X Xpgr2) — K +r+i—1, kK'—r+2<i<k
oGy p) = 4 P2 gt *
o k" + 1, K +l<i<k +[7-r+1

‘P(kar%lxkur%m—z)_ ) *

—k =i L K+ - r+2 i<k + 55— 1
O(Xpr—pr1 Xp) + 1, 1<i<k’—-r

P(xixir,) = { QX Xperrr) = K"+ 7+, k'—r+1<i<k'
* . * . % —k*

()O(xkur%]xkur%]“_l)—k +l, k +1 Slsk +|-nT-|_l'

An explanation of above labeling is depicted in Figure 3. Evidently the vertices of P}, labeled with
even numbers. Hence we will compute the weights of edges under the labeling ¢:

The edge set of P;, can be divided into five mutually separated subsets, A, 1 < s < 5 as follows:

For1 <j<r,

o Ay = {xix;sj: 1 <i<k”— j}: The set of all edges which have endpoints tagged with 0,

AIMS Mathematics Volume 6, Issue 10, 10405-10430.
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Figure 3. A reflexive irregular 10-labeling of P?z.

o Ay = {x;ix;yj 1 k" — j <i < k*}: The set of all edges which have endpoints tagged with 0 and ZL%J,

® Az = {xixjyj : kK" i < k" + [”‘Zk*'l — j}: The set of all edges which have endpoints tagged with
2%,

o Ay ={xixpyj t k" +[555] = r <i < k" +["557): The set of all edges which have endpoints tagged
with 2| 4| and k,

o As = {xxpj k' + [”‘2"*] + 1 <i < n— j}: The set of all edges which have endpoints tagged with
k.

Therefore, the edge weights of P;, under the labeling ¢ are the following:

1. The edge weights of the set A;, get the consecutive numbers from the set {1,2, ..., %},

2. The edge weights of the set A,, receive the consecutive numbers from the set {w +1,...,rk*},

3. The edge weights of the set As, get the consecutive numbers from the set {rk* + 1, ..., @ +

55T,

4. The edge weights of the set A4, get the consecutive numbers from the set {
ren—r-1) _ S5EI055 -
L., - 5 }
5. Finally, the edge weights of the set As, receive the consecutive numbers from the set
L5155 -1
2

r2k*—r—1)

—k*
;TSI

9

r(2n—r—1)
e

1, My

An explanation of above corresponding weights is depicted in Figure 4. It is easy to check that the

6 10 11 12 18 22 23 24 30

Figure 4. The edge weights of P3,.

weights of the edges are different numbers from the set {1, 2,3, ..., @}.

Case 2. When [%Z5] < r.
In this case we have three subcases.
Subcase 2.1. If k" < 7. We can define the total k-labeling ¢ of P, as follows:

The corresponding labelings for P3 , P and P}, are illustrated in Figure 7, 8 and 9 respectively.

AIMS Mathematics Volume 6, Issue 10, 10405-10430.
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Otherwise we have following labeling:

0, 1<i<k
e(x;) =1 2[4, k+l<i<n—k'+1
k, n—-k"+2<i<n

Moreover, to define edge labels for P;, we have two subcases:
Subcase 2.1.1 If £* > r, then we construct the edge labels as follows:

P(Xixis1) =

Forl <j<n—-2k"+1,

I
r(2k*—r—1)

5 —2[§]+1,

(r— Dk — 4[5+,
rk* + (n—2k*+;)(n—2k*)_

k
=251 -k+1,
rQn-r=1) _ kK'=DK=4) _

2
—n—2k+1,

2

O(Xp—jp1 Xp) + I,
QO(Xk*Xk*_,.j_]) —-kF+i+ j,

P(XiXirj) =

O(Xp—tr—jr1 Xn—ir) — k™ + 1,

(Xt Xy jo1 K —n— k" + 1,
So(xn—j+l-xn) —k'—n+ i’

O(XiXisn-2k+1) =

O(XiXin-2ke4+2) =

O( X3 _p Xpe) + 1,

O(Xp X)) + 1 =3k + i+ 1,

‘P(xn—k*x2n—3k*) —k*+ i,
O(xppexpy) —n+k*+i—1,

O( X3 1 Xp) + 1,

O(Xp X)) +n—3k" + i+ 2,

rQk —r=1) | (n=2k*+1)2r—n+2k*)

2 + 2 -
—k+1,
Qo(xn—k*x2n+3k*) - k* + i,
P(Xope—1X,) — N+ K" + 1,

Now, for n — 2k* + 3 < i < r we have three subcases:
Subcase 2.1.1.1 If k* > r + 2, hence the labels of edges are defined as follows:

O jy1 X)) + 14,
O(Xp—pr— je2Xp—kre1) — K" + j+ 10,

O(XiXiyj) =

P(Xp Xy jmr) —n+ k" + j+i—1,

Qo(xn—k*+l-xn—k*+j) - k" + ia
O(Xp_jr1Xy) —n+ k" +i—1,

AIMS Mathematics

1<i<k -1
i=k
kK"+1<i<n-k

i=n—k"+1

n—-k+2<i<n-1

1<i<k"—j
k'—j+1<i<k’
k"+1<i<n-k"-j
n—k'—j+1<i<n—-k"

n-k"+1<i<n-—j.

1<i<3k"-n-1
3k —-n<i<k’

kK+1<i<n-k"+1 2.1y
n—ki+2<i<2k"-1.
1<i<3ki-n-2
3k —-n—-1<i<k*-1
i=k*
k"+1<i<n—-k"+1
n—k*+2<i<2k"-2
1<i<k —j
kK'—j+1<i<n-k"-j+1
n—-k"—j+2<i<k’ (2.2)

kK+1<i<n-k"+1
n—k"+2<i<n-j.

Volume 6, Issue 10, 10405-10430.
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Subcase 2.1.1.2 If k* = r + 1, thus the edges n — 2k + 3 < j < r -1, x;x;sj, 1 <i < n— jare labeled
by Eq (2.2) and for j = r the edges are labeled as follows:

O(Xpr—py1 X52) + 0, 1<i<k’-r

O(Xptr 2 X)) — K+ 17+ 1, k—r+1<i<n-k"-r+1
PO = ) —n 4K o1, n—k—r+2<i<k

O(Xp—pr 41 Xn—prr) — k* + 1, kK+1<i<n-k*+1.

Subcase 2.1.1.3 If k* = r, then the edges x;x;,;, n —2k* +3 < j<r—2,1 <i < n— jare labeled by
Eq (2.2) and for j = r — 1 and j = r the edges are labeled as follows:

eoxe) + 1, i=1
¢(xn_2k*+3xn_k*+1) +i—1, 2<i<n=-2k"+2
POWNitr=1) = o e ) —n+ 2k +i—2, n-2k+3<i<k
O(Xp_prs1Xn1) — k" + 1, kK*+1<i<n-k"+1.
P2k 12 Xp—ke41) + I, 1<i<n-2k"+1
O(xixiyr) =3 @(Xpxppe—1) —n+ 2k +i -1, n=-2k"+2<i<k’
O X1 %) — K + 1, kK+1<i<n-k*.

Subcase 2.1.2 If k* = r — 1, hence we can defined the edge labels as follows:

I 1<i<k -1
FED _ork7+ 1, i=k*

o(xixi1) =4 k2 =457+, K+1<i<n-k'
n(n+1)+2k*2(3k*—2n)+2 _2|—§-| —k, i=n—k'+1
k'(n—k*+1)—-2k+i-3, n—k"+2<i<n-1.

For j = n — 2k* + 1, we used the Eq (2.1) to label the edges and for j = n — 2k* + 2 the edge labels
given by:

O(X3p—p-1 X)) + I, 1<i<3k*—n-2

OXpe X)) +n—3k" +i+ 2, 3kfk —n—-1<i<k"-1
O(XiXitn-2n42) = k*(6"_7k*_;)_"("_1)+2 -k, i=k*

O(Xp—p Xop43p) — K" + 1, kK"+1<i<n-k"+1

O(xp_1 X)) —n+k*+i—1, n—k"+2<i<2k"-2.

Further, the edges for n — 2k* + 3 < j < r — 3 are labeled by Eq (2.2) and for j=r—-2, j=r—1, and
J = r the edges are labeled as follows:

e(xe) + 1, i=1

(,D()Cn_gk*+3xn_k*+1) +i—1, 2<i<n-2k"+2
PONiXirr=2) =4 i) —n+ 2K+ i 2, n—2k"+3<i<k

WX g1 Xn1) — k" + 0, kK'+1<i<n—-k"+1.

AIMS Mathematics Volume 6, Issue 10, 10405-10430.



10412

So(xn—k*—r+3xn—k*+]) + i, 1<i<n-2k"+1
O(XiXipro1) =3 @(XpeXope—y) — 0+ 2k" +i— 1, n-2k"+2<i<k’
P(Xppe41X0) — K" + 0, k*+1<i<n-k*.
(xiXos,) = O( X2k +1Xn—k+1) + I, 1<i<n-2k
Ptir) = O(xpXp0) + 1, n=-2k"+1<i<k".

An explanation of above labeling is depicted in Figure 5.

Figure 5. A reflexive irregular 22-labeling of PZ3.

Also in this case the vertices are labeled with even number. Now we will estimate the weights of
edges under the labeling ¢:

We split the edge set of P;, into six mutually separated subsets, A, 1 < s < 6 as follows: In Subcase
2.1.1.1, and Subcase 2.1.1.2 we have:

o A; ={xix;sj: 1 £ j<r1<i<k"— j}: The set of all edges which have endpoints tagged with 0,

o Ay ={xixiyj: 1 < j<n=-2k"+ 1,k - j+ 1 i<k} Ulxixip; :n—-2k"+2< j<rk"—j+1<
i <n—k"— j+ 1}: The set of all edges which have endpoints tagged with 0 and 2[5—1],

® Az = {xixiyj : 1 < j<n-2k"k"+1 <i<n-2k"— j+ 1}: The set of all edges which have
endpoints tagged with 2[47,

e Ay ={xixyyj: 1 < j<n=-2k+1,n-k —j+2<i<n—-k"+1}U{xixis; :n-2k"+2<j <
r,k*+ 1 <i<n-—k*+1}: The set of all edges which have endpoints tagged with 2[%] and k,

® As = {xixjyj: 1 < j<k"=2,n—k"+2 <i<n- j} The set of all edges which have endpoints
tagged with £,

® Ag = {xi,xipjyn =2k +2 < j<rn—k"— j+2 < i < k': The set of all edges which have
endpoints tagged with 0 and %.

In Subcase 2.1.1.3, A; = {xixiy; : 1 < j<r-1,1 <i < k" - j} and other subsets A;, 2 < 5 < 6
as in the Subcase 2.1.1.1, and in Subcase 2.1.1.2, A; = {xjx;s; 1 1 < j < k" =11 <i < k" — j},
Ay ={xixipj 1 < j<n -2+ Lk - j+ 1 i<k Ulxixisj :n =2k +2 < j< k" k" —j+1<i<
n—k*— j+ 1} U{x1x,—x+1} and other subsets A, 3 < s < 6 as in the Subcase 2.1.1.1. Therefore, we
obtain the edge weights for the Subcases 2.1.1.1, 2.1.1.2, and 2.1.1.3 as follows:

1. The edges of the set A;, obtain weights from the set of sequential integers {1, 2, ..., @},

AIMS Mathematics Volume 6, Issue 10, 10405-10430.
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2. The edges of the set A,, obtain weights from the set of sequential integers
k' =r=1) rQk*=r=1) | (n=2k'+1)Q2r-n+2k")
=——+L.,——+ > 1

3. The edges of the set A;, obtain weights from the set of sequential integers {rk* + 1,...,rk* +
(n=2K*+1)(n—2k")
— b

4. The edges of the set A4, obtain weights from the set of sequential integers {rk* +
1, - r(2n;r—1) _ (k*—l)z(k*—4) + k* + 1)}’

5. The edges of the set As, get weights from the set of sequential integers {
2 r(2n—r—l)}

9 ceey 2 ’

6. Finally, the edges of the set Aq, get weights from the set of sequential integers

{r(2k 2—r—1) + (n—2k +1);2r—n+2k ) + 1’ " I’k*}

(n—2k"+ ; Yn=2k)

r(2n—r—1) (k" =1)(k*—4) %
55— — 3 +k*+

An explanation of above corresponding weights is depicted in Figure 6.

Figure 6. The edge weights of P/,.

In the Subcase 2.1.2, the edge weights are obtained as follows :

1. The edges of the set A, get weights from the set of sequential integers {1, 2, ..., k*(k;_l) 1

2. The edges of the set A,, get weights from the set of sequential integers
K (k*=1) k" (6n=Tk*=1)=n(n—1)+2
{T +1,.., > - 1)},

3. The edges of the set Aj;, admit weights from the set of sequential integers

k*Z + Kk + 1, . n(n+D+2k*(3k* -2m)+2 1 ’
2

4. The edges of the set A4, admit weights from the set of sequential integers

(AtD2l BE2me2 | k(- k*) +n -2,

5. The edges of the set As, receive weights from the set of sequential integers {k*(n — k*) + n —
1... r(2n—r—1)}
2 2 2 9
6. Finally, The edges of the set Aq, receive weights from the set of sequential integers
{k*(ﬁn—7k*—l)—n(n—l)+2 k*Q + k*}
> s eees .

It is not hard to see that the weights of edges are distinct numbers from the set {1,2,3, ...,
(r2n—r-1) }

2
Subcase 2.2. If k* = 7. Define the total k-labeling ¢ of P} as follows:
The corresponding labeling for Py is illustrated in Figure 10. Otherwise we have following labeling:

0, 1<i<k -1
p(x;) = 4§ 2 EE2 k<i<ki+1
k, k*+2<i<n

AIMS Mathematics Volume 6, Issue 10, 10405-10430.
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Figure 8. A reflexive irregular 10-labeling of Pg.

Now we define the edge labels as follows:

For 1 < j < 3 we have two subcases.
Subcase 2.2.1 If (k_l)zﬂ >k,

I,
(DK ) (DD |y

2
K @r=k*=D=r(r+1 k*=1)(k* =2
i) = § S g R
K*(4r—k —21)—r(r+1) _ 2L(k —1151( —2)J —k+2,
rQn-r-1)  k’-k*'+4 .
5 5 2k + 1,
k+i-2,
kK2-5k+2 2|_(k*—1)(k*—2)J +4+4i
— 2 ’
P(XiXis2) = K@k —3)-r(r+1 K =1)(k*=2 .
iXi @r 2)r(r+)_2|_(2 zt( )J+l+3,
(1+rn— " Bkl op 4 g
2k +i -5,
K25k +2 (k*=1)(k*=2) .
— - 2LTJ +7+1,
242 g4
(XixXiy3) = k*(43—k*—3)—r(r+1) _ 2L(k*—])(k*—2) -
2 4
—k+i+5,
*2 * .
2+ rn- r(r2+1) —k +32k 4k +1,
AIMS Mathematics

1<i<k -2
i=k"—-1
i=k"
i=k"+1

k*+2<i<n-1

I1<i<k"-3
k"=2<i<k -1
k"<i<k"+1
k"+2<i<n-2

1<i<k -4
K -3<i<k -2
i=k -1

k" <i<k'+1
k*+2<i<n-3

Volume 6, Issue 10, 10405-10430.
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Figure 9. A reflexive irregular 10-labeling of P{,.

Subcase 2.2.2 If (k_l)zﬂ <k,

i, 1<i<k -2
(k*—l)z(k*—Z) _ 2L(k*—1)(k*—2)J + 1’ i=k' =1
(i) = —4EED |y k41, i=k
()0 iNi+l) — (r _ k*)(k* _ 1) + (Zk*_r—zl)(r—Z)_

| EEED |y o, i=k+1
(r—k*+2)(k* — 1) + =02
—k* —k+1i, k*+2<i<n-1

kK +i-2, 1<i<k -3

(k*—1)2(k*—2) _ 2|_(k*_11;(k*_2)J_

kit k-2<i<k -1

Q(xixip2) = (r—k)(k — 1) + E=E=D

S EENED | g 3, k<i<k+1

(r—k* +2)(k" — 1) + G222y

+n—2k" —k+i-2, k*+2<i<n-2
2k* +i-5, 1<i<k -4
(k —1)2(k -2) 2L(k —IL(k —2)J_
Kk +i+7, k*=3<i<k -2
1, i=k -1

‘P(Xixi+3) = (r _ k*)(k* _ 1) + (Zk*—r—zl)(r—Z)_

| EUED |k 4+ 5, k<i<k +1
(r—k* +2)(k* — 1) + S22
+2n—3k*—k+i-5, k*+2<i<n-3

For4 < j<k*-2(ifk* > 6),

QX jXpe—1) + 1, l<i<k'-j-1

(X jo X)) — k" + j+i+ 1, k'—j<i<k —j+1
QO(X,'XH_J') = (,D(xk*_lxk*_,_j_z) -k + j+i, k* — Jj+ 1<i<k -1

(,O(Xk*+1xk*+j) —k*+i+ 1, k" <i<k"+1

O(Xp_jo1Xy) — k" +i -1, k"+2<i<n-—j.

AIMS Mathematics Volume 6, Issue 10, 10405-10430.
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P(X3 Xk 41) + 1, 1<i<?2
O(XiXisk—1) =3 (X1 xop3) +1— 1, 3<i<k -1
(X s1 X)) — k" + i+ 1, k*<i<k+1.
go(x2xk*+l) + 15 1=
O(XiXipp) =4 (X1 Xopen) +1—1, 2<i<k -1
(g1 X)) — k" + i+ 1, k*<i<k*+1.
O(XiXivke+1) = P(Xpe—1 Xope1) + 1, kK'<i<n-k"'-1.
Fork*+2 < j<2r—-k*+1,
O(xixisj) = (X jr1X,) + I, l<i<n-j.

Thus the vertices are labeled with even numbers. Now we will calculate the weights of edges under

4 6 7 8

Figure 10. A reflexive irregular 8-labeling of Pg.

the labeling ¢:
Like in the previous case the edge set of P, can be partied into six mutually separated subsets A, 1 <
i < 6 as follows:

o A = {xixipj 1 1 < j<k"=2,1<i<k"— j—1}: The set of all edges which have endpoints
tagged with 0,

oAy = {xixiyj 1 < j <2k —j<i<k-1NUxixie; 03 j<k-1k-j<ic<
k* — j+ 1} U{x1x+11}: The set of all edges which have endpoints tagged with 0 and ZLWJ,

o Az = {xp-x-41}: The set of only one edge which has endpoints ZLWJ,

® Ay = (XX jo X1 Xperw i1 = 3 < j < m— 1, U 41 X412, Xi- X, }: The set of all edges which have
endpoints tagged with Z[ﬂﬂ and k,

o As = {xixjyj: 1 £ j<k"=2,k"+2 <i <n- j}: The set of all edges which have endpoints tagged
with k,

® Ag = {xix;yj,3 < j<rk"— j+2<i<k"—1}: The set of all edges which have endpoints tagged
with O and %.

Accordingly we obtain the edge weights as follows:
In the Subcase 2.2.1,

(K =1)(k*=2) }

1. The edge weights of the set A;, admit the successive numbers from the set {1, 2, ... >

AIMS Mathematics Volume 6, Issue 10, 10405-10430.
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2. The edge weights of the set A,, receive the successive numbers from the set
(E=D®D) g R )2
2 EIRERE] 2 ’

3. The edge weight of the set A3, admits the number {w + 1}

4. The edge weights of the set A4, admit the successive numbers from the set {
r(2n—-r—1) k2 -3k
2., —— ==} B
5. The edge weights of the set As, receive the successive numbers from the set 220 — £=3K
1 r(2n—r—l)}
EAR 2 b

. . . . %2 | 1%
6. Finally, the edge weights of the set Ag, receive the successive numbers from the set {% +
1,..., KUrk-horeel),
s eees 5 .

K (4r—k ;l)fr(r+l) +

In the Subcase 2.2.2,

1. The edge weights of the set A;, admit the successive numbers from the set {1, 2, ..., W},

2. The edge weights of the set A,, receive the successive numbers from the set
(EZDE=D) g D),
3 >

3. The edge weight of the set A3, admits the number {(r — k*)(k* — 1) + w +k+1},

4. The edge weights of the set A4, admit the successive numbers from the set {(r — k*)(k* — 1) +

QR0 4 g (r = K+ 2k — 1) + G2y gy ),

5. The edge weights of the set As, receive the successive numbers from the set {(r —k* +2)(k* = 1) +

(2k*7r721)(r72) tk+2. . (2r—k*+22)(k*—1) + (2k*7r721)(r72) +k+ 1),

6. The edge weights of the set Ag, receive the successive numbers from the set {k+ 1, ..., (r —k*)(k* —
1) + (2/(*—}’—1)(1’—2) + k}
— .

b

Hence the edge weights in the Subcases 2.2.1 and 2.2.2 are distinct numbers from the sets
{1,2,3,.., 2Dy and {1,2,3, ..., ZH2ED 4 G DED) ok 4+ 1) respectively.
Subcase 2.3 If k* > %, then we have the following subcases:

Subcase 2.3.1 If n is odd, we construct the total k-labeling ¢ of P/ as follows:

0, l<i<n-k -1
o) = o kD) | n—k<i<l
i 2L(n—k —1)4(11—]( —2)J " 2L(n—k —1)22k —n+3)J’ % <i<k +1

k, k*+2<i<n.

Now, to define the edge labeling we have to consider the following two subcases:
Subcase 2.3.1.1 If 2k* —n =1,

(xitinr) i, 1<i<k -3
X: X; = *_ *_ *_ *_ .
PLXiXi+1 (k 2)2(k 3 _ ok 2)4(k D41, i= k-2
r@2n-r=1)  (K"-2)(k"+3)
2 2
k*=2)(k*-3 . k*—2)(k* -3
Pl 1) = § -4 2] -2, if 4| 252 > k
k*=2)(k*+3 k*=2)(k*-3 . k*=2)(k*-3
E2E) | 2D 4, if 4 25 ) < k.

AIMS Mathematics Volume 6, Issue 10, 10405-10430.
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r@n-r=1) _ (K"=-2)(k"+7) _
2 2

4| E2DE g

r@n-r=1) _ (k"=2)(k'+3)

2 2
_ZLWJ_]H_L

rQn-r=1) _ k2-3k*+8 :
5 > 2k + 1,

O(XiXiv1) =

k*=3+1,

*2 * *_ *_ .
k —72k +16 _ 2|_(k 2)(k 3)J +i
r@n=r=1) _ &-)(k*+7)

2 2
_ 4L(k*—2)(k*—3) ]
r@n-r-1) _ (K*-2)(k*+3)
2 X 2
I ERDED) | g
rQCn-r-1) 4_ (kK =2)(k*+3)

2 2
_QLWJ_kjLz’

Q2n-r)(r+1) K2k =6 .
3 - - 2k + 1,

b

P(XiXiz2) =

k*+i-1,

*2 * *_ *_ .
k —72k +22 2|_(k 2)(k 3)J +i,
(k —2)2(k -3) 2L(k —2)4(k -3) J+1,
rQn-r=1) _ (K-2)(k*+5) _

2 2
D ERED | it 3
r@2n-r=1)  (K"-2)(k"+3)
2(k*—2)(k*—3) z
2| =——1-k+3,

_ ¥2 o+ X
(n r2)(r+1) _k +l§ +18 L 2k + i,

P(xiXip3) =

kK +i1—-12,
K2-7k+28 ZL(k*—Z)(k*—3) | +i

2
(k*=2)(k*=3) (k*=2)(k*=3)
> -2l—=—1+2,

O(XiXia) =

© k43 _
2 ’

i=k
i=k"+1

k"+2<i<n-1.

I1<i<k -4
k*-3<i<k -2

i=k" -1
i=k"
i=k"+1

k"+2<i<n-2.

i=k+1
kK+2<i<n-3.

1<i<k"-6
kK*=5<i<k'-4
i=k"-3.

if 4 E2ED | >k
= >
if 4| S22 | <k

ren—r-l) _ (=2)(+5) _ o) (DK =3) |
4

k'—1<i<k

i=k"+1
k*+2<i<n-4.

2 2
—k+i+5,
_ (2n—-r-1) (k*=2)(k*+3) (k*=2)(k*-3)
(P(xixi+4) - : nzr - 2 - 2|_ 4 J_
—k +4,
_ W2, gk .
(n 72)(V+1) _k +32k +26 +2n -2k + i,
AIMS Mathematics
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For5 < j<k* —3(ifk* > 8),

O(Xp—jo1 X —2) + I,
go(xk*_jﬂxk*) —k*+ ] +1i+2,
O(Xpe—jroXpe1) + 1,

e(XiXisj) =3 (X2 Xperj3) — k" + j+i—1,
(X Xprrjo1) — K+ i+ 2,
QX1 X4 j) + 1,
(p(xn—j+l-xn) -k +i- 1,
SD(XS.X](*) + i,
P(xX4Xpe1) + 1,
O(XiXik—2) =3 @(Xpe_2X0pe-5) — 3,
(X Xppe—3) — K" + 0 + 2,
(X1 X000—2) + 1,
e(xxp) + 1,
) oesxpesr) + 1,
(Io(xl'xl‘f'k*—l) - SD(Xk*_ZXZk*_4) + i _ 2,
(X Xopr ) — K" + 1 + 2,
@(xpXpe41) + 1,
C(XiXip) = 3 @(Xpr—2Xope-3) + 1,

O( X X 1) + 1,

O(XiXiti 1) = QX2 Xppe—2) + 1,

Fork*+2<j<r,

O(XiXirj) = @(Xp-jr1X,) + I,

1<i<k—j-2

k"= j—-1<i<k"—j
i=k"—j+1

k"= j+2<i<k"-2
k"—1<i<k"
i=k"+1
k"+2<i<n-j.

1<i<?2
i=3
4<i<k' -2
k"—1<i<k"
i=k"+1.

l<i<n-k" -1

I1<i<n-j.

An explanation of above labeling is depicted in Figure 11. In this case, we split edge set of the P), into

nine mutually separated subsets as follows:

e A = {xixipj 1 1 < j<k"=3,1<i<k"— j—2}: The set of all edges which have endpoints

tagged with 0,

o Ay = {xixiyj 2L jS Kk =2,k - j<i < k' — j+ 1} U{Xe—2Xpe—1, X1xe-}: The set of all edges

which have endpoints tagged with 0 and ZL—(k*_ZZ"*‘”J,

e A; = {x-_1x+}: The set of only one edge which has endpoints labeled with 2LWJ,

o Ay = {Xp_1Xp41, X1 Xk 41} The set of two edges which has endpoints labeled with 2

and 2k* + 2| 23 | g,

k*=2)(k*=3
| 2D |

oA5:{xixiﬂ-:4Sj$k*+1,k*—j+2$iSk*—Z}U{x,-x,-+.,-:k*+1Ser,lSiSn—j}:The

set of all edges which have endpoints tagged with 0 and k,

AIMS Mathematics
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Figure 11. A reflexive irregular 24-labeling of P?3.

o Ag = {Xp o1 Xkt jmts Xie Xpewj 2 3 £ J < k7 = 1M U{X2X042, Xe—1 X, }: The set of all edges which have

endpoints tagged with ZLWJ and k,

® A7 = {XpXes; © 1 < j < k" — 1} The set of all edges which have endpoints tagged with

2k + 2| 2D | 4 and k,

o Ag = {Xp—js1 X1 © 3 < j < k') The set of all edges which have endpoints tagged with 0 and

2k + 2| ERED | g,

® Ag ={xix;yj: 1 £ j<k"—=3,k"+2 <i <n- j}: The set of all edges which have endpoints tagged

with k.

Observe that under the total k-labeling ¢ the edge (edges):

1.

8.
9.

. from the set As, receive the weights from the successive numbers

from the set A;, receive the weights from the successive numbers
(1.2 (k*—2)(k*—3)}
b 9 2 9

from the set A,, receive the weights from the successive numbers {W

+1,..., —(k*_l)z(k*”)}

b

. from the set A3, receives the weight{ “2==1 _ (k*_z)z(k*”) -2} if 4|_(k*_2)4ﬂj > k or receives the

2
weight {20603 1y f 4| E22ED |
r2n—r—1) _ (k*=2)(k*+3) _ 1 r(2n—r—1) _ (k*—2)(k*+3)}
2 2 b b

from the set A4, admit the two weights { 3
{(k*—l)(k*+2) +1 r@n-r=1) _

.oy

w-z;& -3}, if 4LWJ > k or receive the weights from the set {(k_z)zM +2,..., @ -
2 b 4 b

. from the set A, admit the weights from the successive numbers

r@2n-r=1) _ (k"-2)(k"+1) }
2 2 ’

+1,..,

{r(2n—r—1) _ (k"=2)(k"+3)
2 2

. from the set Ay, receive  the weights from the successive numbers

rQn-r-1)  (k*=2)(k*-1) rQn-r-1)  (kK*-2)(k*-3)
(= - > +1L,.., = - —1,

from the set Ag, admit the weights from the successive numbers {w +1,..., W},
from the set Ao, admit the weights from the successive numbers {r(z";r_l) - (k*_z)z(k*_3), oy r(zn;_” ).

An explanation of above corresponding weights is depicted in Figure 12.
Subcase 2.3.1.2 If 2k* — n # 1, hence we define the edge labeling as follows:

( ) I I<i<n-k"-2
X: X = N N ok _LE_ .
PXiXit1 (n—k 1)2(n1< 2)_2L(nk 1)4(nk 2)J+1, i=n—k—1.
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Figure 12. The edge weights of PY,.

Forn—k*sis%,

r@n-r=1) _ (K*-2)(k*+1) _

2 2
_4L(n—k —ll(n—k _2)J —n+ i, lf 4L(n—k —12(}’!—/( —Z)J Z k
P(XiXie1) = k' =DGK n)
2
_4|-(l’l—k —1)4(I’l—k _2)J + i, lf 4|-(l’l—k —1)4(}1—]( —Z)J < k
r2n-r=1) _ (@4k*(n-D)-n(n-4)-3)
2 8
—k*=1)(n—k"=2 —k =12k —n+3 . 1
_4L(n L(n )J—2|_(n )2 n+ )J-I- 1, = %
r@n-r=1) _ (n*-4n+3) 4L(n—k*—1)(n—k*—2) -
2 8 4
QX)) = § —4 LR | g, i<k
r@n-r=1) _ (=k'-D(k*-1) _ 2 (n=k*-D)(n—k"-2) | _
2=k DK —n 3 L 4 .
_2|_(”__)2—_”+)J_k+1’ i=k +1
’(2”;_1) — ("_k*_l)z("_k =2 _k—k*+i—1, k*+2<i<n-1.
Forl < j< Zk_T"_l
O(Xp—kr— jXp—gr—1) + I, l<i<n-k"—-j-1
Xyt -1 X4 j=2) — N+ K"+
+j+i+1, n—-k'—j<is<n-k"-1
(it ) = go(x%_j+1x%)—n+k*+i+l, n—k*sis%—j
A P CONEE ) B il ] <i<nl
gp(xk*_j+2xk*+1)—%+i+l, %Slgk*—]ﬁ'l
O(Xpr 1 Xy j) — k" + j+i—1, k"—j+2<i<k'+1
O(Xp—jr1Xy) —k* +i—1, k"+2<i<n-—j.
go(xgxn_k*_l) +1, 1<i< %
Qg1 a1 ) = 2 Al <i<n—-k -1
‘,0(x2n—2k*+2.Xﬂ)+ 1, i=n—-k"
O(Xix,, 2w nr1 ) = 2 2 . % . ntl
p O(Xppry1) —n+ k" + 1, n—k'+1<i<4-
(,D(Xk*+]X4k*5n+l) - % + 1, t; <i<k"+1
90(X3n-22k*+1xn)—k*+i—1, k“"+2<i<n-—j.
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4 2ot ) =

e(xix;

o(xix;, 2 e ) =

Qo(x3)1—42k*—3 Xp_pr—1) + 1,

‘p(xn—k*—lx%) - M + 1,

O(Xnt1 Xpry1) — 1+ k +i+1,

4K (2K +5)—= 12k n+3n(n—4)+17

+
+ r@2n—r-1)

2
¢(Xk*+]x4k*5n+3) - ﬂ +1,

i—1,

(,D(X3n-22k*-| xn) - k" +

gD(Xsn-ztzk*-s xn_k*_l) + 1,

P(Xppo—1 Xun ) — 2222

(n— k*—l)(k*+1)

2I-(l’l—k*—1)(n—k*—2)J _ k

+i+1,

go(x%xkql) —-n+kf+i+1,
P(Xns1 Xper42) = 234,
n+1

¢(Xk*+1x4k*5n+5) — =+,
+i—1,

QD(X 3n-22k*-3 Xn) -k +

For 251 < j < 2k" —n +2,

O(XiXiyj) =

O(XiXisoke—n+3) =

P(Xp—pr—1 X 42) =

O(XiXiz2k—n+3)

AIMS Mathematics

O(Xptr 1 Xprj2) — 5=
(X —jr2Xpe 1) —n+H K"+ i+ 1,
()D(Xn+l.x»1+1+j 1) -
Qp(xk*+1xk*+]) - =
()O(xn—]+l-xn)

()D(xn—k* —jXn—k*—1 ) + ia
P(xns1

_j+1.X:%l) -

Ly j+i,

K+ j+i—-1,
=4
k+i—1,

P(Xop—3k—3Xp—te—1) + I,
(p(X3n-42k*—3 —j+]x%)+
+3k* = 2n+1i+4,
O(Xp—pr—1 Xper 41)+

: 3n—4k* -5
H-T=,

—k*-1)(3k™—n+2
Ll OE?) —k+ 1,
(12nk* =8k~ 12k* +8n-3n>=5)

8
—k+1,

Plrg1 Xaces )~
-n+k*+i+1,
O(Xp 11 X3k —p3)—
2l
O(Xop—2k*—2Xn)—
-k +i—1,

L(n k* —1)(n —k* 2)J

n+k*+j+i+1,

. 3p—dk* -5
1<i< >

IS <i<n-k -1

2
: 1
. i=4
i<k +1
K +2<i< 3n—2k*-3

WS e

=n—-k*-1
n—k*<i<i?
n—1 . n+l

S <i<™

B <i<k +1

" . 3n-2k*-5
k+2<i< > .

~.

l1<i<n-k-j-1

n—k—j<i<®—j

n+3 ]<l<l’l =1
ek <i<k -+l
* . . n+l

k"= j+2<i< ™=

B <i<k +1

K +2<i<n-—j.

1<i<2n-3k"-4

_3 << k=S

2n — 3k* 5

3n—4k*-3 . *
== <i<n-k" -2
lf 4|_(n—k*—1{4(n—k*—2)J 2 k

lf 4|_(n—k*—l)4(n—k*—2)J < k

n+l
—k<i<™

i<k +1

k"+2<i<2n-2k"-3.
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For2k*—n+4<j<n-k"-20f2n-3k"-5>0),

O(Xp—pe— jXp—ke—1) + 1,
P(Xnsl_jyy Xns1) = 1+
+k*+j+i+ 1,

1
O(Xp_jaXpe 1) — S+
+j+i,

G(XiXisj) = 3 P(Xn—pr—1 Xp—pr4 j-2)—
-k*+j+i-1,
(p(x%x%lﬂ._l) + k*—
-n+i+1,

1 .
PXie 1 Xy j) = =+,
O(Xn_jr1x,) — k" +i—1,

Lp(sz*EnJrs X%) + 1,

(X243 Xk 1)~

AU —nt5
-SSP+t

So(xn—k*—len_zk*_3)_
2k +n+i-2,
P(Xngt X3mgpes) = Nt

O(XiXisn—ie—1) =

+k +i+ 1,

1
O 11 Xp-1) — S+
+k* + 1,

. n-3
FOI'I’l—k*SJST,

(p(x%_jx%) +1,

1 . .
O(Xp— jr2Xpe 1) — % +J+1

O(XiXi1)) =4 @yt Xpoionjn) — K+ j+i— 1,
o Xty ) —n+ K +i+ 1,
Qa1 Xp-) = "5+,
SD(XZX%) + i,
P25 X)) +0 = 1,
SD(X,'XH%) = gp(xn_;*_lx%) _ LG_'_g N i,

go(x%xn_l) -n+k"+i+1,

2
O(Xp—jra X 11) + 4,
O(XiXisj) =4 P(Xnp 1 Xppergj2) — k" + j+i—1,
O(Xp_jr1X) =R+ k" + 1,
AIMS Mathematics

n+3 . . * .
Be—jLiski—j+1
K- j+2<i<n—k -1
* . n+1l
n—k*<i<"t=

i<k +1
k"+2<i<n-—j.

. 3k —na3
1<i< 5

2k*—n+5 . 4k*—2n+4
e

2k =n+3<i<n—-k" -1

: +
SlSnT—]
Mo j<i<k—j+1
k"—j+2<i<n—-k" -1
n—k*sis%
+3 .
nTSlSI’l—]
i=1

. 2k -n+3
2<i< 3
2";Z’HSSiSn—k*—l

n—k <i<®

1<i<k —j+1
kK= j+2<i<n—k'—1
n-k'<i<n-j
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Fork"+1<j<r,

O(xiXis ) = @(Xp_pr—1 Xn—pr4j—2) + I, l<i<n-j
Note that in this subcase the edge set of P, can be partied into ten mutually separated subsets as follows:

o A ={xixisj: 1 < j<n—-k"-2,1<i<n—-k"—j—1}: The set of all edges which have endpoints
tagged with 0,

o Ay ={xixiy; 1 1< j< 3B pkr—j <i<n—k =1} Uforix; 1 255 < j<n—k*-2,n—k"—j <

i < % - JUlxixij in—-k"-1<j< %,1 <i< % — j}: The set of all edges which have
endpoints tagged with 0 and ZLWLMJ,

o Ay ={xxy; 1 1 < j <3k < i <2 — j}: The set of all edges which have endpoints
tagged with 2| &2 |,

o Ay = {xixyyj 1 < j < @,%—j <i< ﬁzl}U{x[tzknfms tn—k"<i< %}U{xix,-ﬂ- :
% <Jj<2k-n+1,n—k <i<k*— j+1}: The set of all edges which have endpoints tagged
with 2|-(n—k*—l)4(n—k*—2)J and 2|-(n—k*—l)4(n—k*—2)J + 2|-(n—k*—l)i2k*—n+3)J’

o As = {xixjyj : 2k"—n+3 < j < kK'+1, k" —j+2 <i < n—k" =1} Ulxixisj K +2 < j<r, 1 i< n—j}:
The set of all edges which have endpoints tagged with 0 and %,

o Ag = {xixyy, t T < <2k —n+ 2,k —j+2 <i < B a2k —n+3<j<
%,n —k*<i< %} U{xixisj % < j<k',n—k"<i<n- j}: The set of all edges which have
endpoints tagged with 2L("_k*_])‘1ﬂj and k,

o A7 ={xixiy; 1 1< j< L 42 <i<k+j+ D Uloxy, t 25 <j<n-k - 1,2 <i<
kK + 1} Ulxixipj cn—k* < j < %, % < i < n— j}: The set of all edges which have endpoints
tagged with 2| =D 2) | ) (Do) | g ,

o Ag = {X;Xiyj : @ SjSZk*—n+2,%—j§iSn—k*—l}U{xix,-ﬂ- 2k —-n+3<j<
ml o j<i<kt—j+ 1 Ulnx 0 2 < j < k', 1 <i<k*— j+1}: The set of all edges which
have endpoints tagged with 0 and 2LWJ + 2L%ﬁk*_”+3)],

® Ag ={xixjyj 1 1 < j < @, % <i<k"+ j— 1}: The set of all edges which have endpoints

L(n—k*—lz(n—k*—z) I+ 2|_(n—k*—l)i2k*—n+3) 1.

tagged with 2
® Ajg={xixiyj: 1 < j<n—-k"-2,k"+2 <i <n— j}: The set of all edges which have endpoints
tagged with k.

It is obvious that under the total k-labeling ¢ the edge (edges):

1. from the set A;, receive the weights from the successive numbers
{ 1 2 (n—k*—l)(n—k* —2) }
2 AR 2 2

2. from the set A,, receive the weights from the successive numbers

(n=k*~1)(n—k"~2) (n=k*=D)(K*+1)
{f + 1, ceey f},

3. from the set Ajs, obtain the weights from the successive numbers
CpE_ *_ Q2 * 2,2 . ok e
4. from the set A4, admit the weights from the successive numbers {F(Z";H) — (41‘*("_1);”(”_4)_3) +
1 r@n-r-1) _ 12k*n—4k*(2k*+5)—3n(n—4)—9}
5 0oy 2 8 s
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5. from the set As, admit the weights from the successive numbers

{ w +1,.., ’(2”;’_1) - (4"*("_1);”(”_4)_3)}, if 4LWJ > k or admit the weights

w_QLE2_ * 2.2 o * 0 1Y A\ . A _pE
from the set ({28 12 wnodio9) | | Cnrl) _ @RGDdd) i g) KDk D) | g

6. from the set Ag, admit the weights from the successive numbers {r(Z";r_l) - 12]‘*"_41‘*(2]‘*; D=3nn=H=9

1 r@n-r-1) (n2+4n+3)}
9 ceey 2 8 ’
7. from the set A, obtain the weights from the successive numbers
r(2n—r-1) (n=k"-1)(k*-1) r(2n—r-1) (n—k*=1)(n—k*-2)
= - > +1,., 75— - > 1
8. from the set Ag, obtain the weights from the successive numbers
(n=k*—1)(K* +1) (n—k*—1)(3k* —n+2)
{f + l’ ey f}’
. . . rQn—r—1) (n*+4n+3) r(2n-r-1)
9. from the set Ag, admit the weights from the successive numbers {~———-"—c—+1, ..., =——~—
(n—k*—l)(k*—l)}
2

b

10. from the set Ay, admit the  weights from the successive numbers

{r(ZnEr—l) _ (n—k*—l)z(n—k*—Z) + 1’ - r(2n;r—1)}.

Subcase 2.3.2 If n is even, therefore we construct the total k-labeling ¢ of P, as follows:

0, 1<i<n-k"-1
( ) 2|-(n—k —IL(n—k _Z)J, n—-k<i< g
X;) = e o e *_ .
PLx; 2L(n k 1L(n k 2)J +2L(n k l)iZk n+2)J’ % <i<k+1

k, kK*+2<i<n.
i 1<i<n-k"-2
(n—k —1)2(n—1< =) _ g kDD i=n—k—1
(n—k*—12)(3k*—n) _ 4|-(n—k*—l)(n—k*—2)J + i, n—k* < i < g -1
r@n-r=1)  n(4k*-n+2) 4L(n—k*—1)(n—k*—2)J_
2( k*—1)(2k* 8+2) 4
n—k*— —n - _n
_(22L 1) (2k* +2)(J3+2¥<: 4) k*(n—k*—1) e 2
r(2n—r— —n n—2k"— n—k"—
QO(.X,’.XH.[) = P} *_ . ] *_ *2 -
_4|_(ﬂ—k —12{}1—]{ _2)J _ 4L(n—k —1)22]{ —n+3)J_
—5+i, tyl1<i<k
r2n-r-1) _ kK'(m-k"-1) _ 2|-(n—k*—l)(n—k*—2)J_
2 2 4
_2L(n—k —l)iZk —n+2)J —k+ 1’ i=kf+1
renrl) kDD ok — ki 1, k*+2<i<n-1.
For2<j<k —2(Gfk —2#1),
<p(x,,_k*_jxn_k*_1) +1, 1<i<n-k"- ] -1
O(Xnp 1 Xppryj2) — N+ K"+
+j+i+1, n—-k"—-j<i<n-k"-1
) expax) —nt ki n—-k"<i<s-—j
(p(xle]) = n _— n i1l<ij<n
e(xXsyj1) =5+ J+1, s—Jj+1<i<3
(,O(xk*_‘,'+2xk*+1) - % +1, g +1<i<k" - j+ 1
(X1 Xpes)) — K+ j+i—1, - j+2<i<k +1
O(Xp_jr1Xy) — k" +i—1, k"+2<i<n-j.
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P(XiXippe—241) =

P(XiXipe—142) =

‘p(-x%”—zk*—lxn—k*—]) + 1,
O(Xp—k—1 Xk ) —
22+ i+ 2,
go(x%xk*) -n+k'+i+1,
O(Xpr 41X —241) — 5 + 1,
go(x%_k*xn) -k"+i-1,

QD(X%"_Z/{*_zxn—k*—l) + 1,
‘P(Xg—n—k*—zxg) - 37"“‘
+2k* +1 + 3,
K (n—k*-1) (n—k*—1)(n—k*-2)
v
_2L(n— - )E‘ —n+ )J + 1’
P(x2Xpe) —n+ k" +i+1,
r@2n-r-1)  (—k"-1D)Gk’-n+2)
2 2
—ZLWJ —k+1,

O(Xpr 11X —242) = 5 + 1,
gD(X%"—k*—lxn) -k +i—1,

Fork*—%+3§j§2k*—n+2,

e(xixiyj) =

O(XiXioke—n+3) =

AIMS Mathematics

O(Xp—ter— jXp—te—1) + 1,
e(xn_jr1xn) —n+ K"+ j+i+1,
O(Xpp 1 Xntesj2) — 5 + j +1,
P(xexsyj)—n+k"+i+1,
O(Xp 1 Xp04j) — 5 + 0,
Qo(xn—j+1-xn) -k +i- 1’

O(X2n-3k -3 Xk -1) + I,
cp(x%_z,{*_zx%) —2n + 3k™+
+i+4,

3
O(Xppe -1 Xper1) — 5 + 267+
+i+3,
4K (n=k =) +Qk —n+2)Gn=2k"~4)

8
-k+1,

O( X4 1 X3k n43) — 5 + 1,
O(Xop-okr—2Xn) — k™ + i — 1,

cp(x%xw_%”) -n+k"+i+1,

l<i<3 -2k -2
B2k -1<i<n-k -1
n—k <i<

sH1<i<k +1

kr+2<i<¥P -k -1

<
n
2

1<i<®-2-3
P2 -2<i<n-k -2

i=n—-k"-1
n—-k<i<i-1

=
sH1<i<k +1
kf+2<i<P—k -2

IS

1<i<n-k"—j-1
n—ki—j<i<i-—j
S-Jjtl<is<n-k -1
n—k"<i<s
SHI<i<k +1
k"+2<i<n-j.

1<i<2n-3k"-4
2n—3k*-3<i<P -2k -3
¥-2k-2<i<n-k -2
i=n—-k"-1

n-k<i<#

§+1§i§k*+l
kK*+2<i<2n-2k"-3.
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For2k*—n+4<j<n-k"-2(if 2n-3k* -5 > 0),

O(Xp—te— jXp—pe-1) + 1, l<i<n-k-j-1

e(xz_jp1xz) —n+ k" + j+

+i+ 1, n—-k'—j<i<i-j

go(xk*_j+2xk*+])—§+j+i, %—j+1§i§k*—j+1
O(xXiXinj) = 1 P(Xp—kr—1 Xpoprsj=2) — K™+

+j+i—1, k'—j+2<i<n-k" -1

P(xaxs ) —n+k +i+1, n—k"<i<j

O(Xp 11X 4) = 5 + 1, sHl<i<k +1

O(Xp—jr1Xy) —k* +i—1, k"+2<i<n-—j.

P(Xp—ni2x2) —n+ K+
+i+ 1, l<i<k"-3+1
O(Xokp+3Xpr41) = 5 + 6y k*—2+2<i<2k*-n+2
(x;x; ) = (X1 Xp-k-3) — 2k™+
(p iNMi+n—k*—=1) — +I’l+i—2, 2k*—n+3§i§n_k*_1
QD(ngL;_k*_z) -n+k'+
+i+1, n—k*gigg
O(Xpes1Xn-1) — 5 +1, P+l<i<k'+
Forn-k*<j<2-1,
@(xn_jiixn) +1, l<i<i-j
O(Xp—jsrXpes1) = 5 + J+ 4, Lojtl<i<k-j+1
oy ) e X j2) — K
P(xixisj) = Yitiol, Vo ira<i<n—k -1
P(xaxs ) —n+k +i+1, n-k'<i<j
P(Xie 1 X)) = 5 + 1 2+1<i<n-j
For § < j <k,
O(Xp— jaaXper1) + 1, I1<i<k"—j+1
O(xixirj) =3 P(Xn-pr—1 Xn—trsj2) — K"+ j+i—1, k—j+2<i<n-k'-1
P(xzxaij) —n+k"+i+1, n—k*<i< n-j.
Fork*+1<j<r,
O(xiXis ) = @(Xp-jr1Xn) + I, 1<i<n-j.

As the pervious Subcase 2.3.1.2, the edge set can be divided into ten mutually separated subsets as
follows:

o A ={xixisj: 1 <j<n—-k"-2,1 < j<n-k"—j—1}: The set of all edges which have endpoints
tagged with 0,
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o Ay ={xxij: 1< j<EF2 pfr—j<i<n-k-1}Ulxixn, 252 < j<n—k'—Ln-k*-j <

1< 5= jtUlxixipjin—k"< j< 51,1 <i< 3 - j} The set of all edges which have endpoints
tagged with 0 and 2| “=D0—0D) |

o Ay ={xix;j: 1 <j< WT_”,n — k" <i <% — j}: The set of all edges which have endpoints tagged

2
with 2] 29 |

e Ay ={xxy; s 1 < j<3EFR M _ i< B (nxy c B < j< 2% —n+ Ln—k <

i < k" — j+ 1}: The set of all edges which have endpoints tagged with ZLWJ and
(n=k*=1)(n—=k"=2) (n=K*=1)(2k*=n+2)
20 2 1+20 i 1,

® As = {xiXjyj : 2k"—n+3 < j < kK'+1, k" —j+2 <i < n—k"—1} U{xixisj K +2 < j<r, 1 i< n—j}:

The set of all edges which have endpoints tagged with 0 and %,

° A6:{xixi+j:% S]S2k*—n+2,k*—1+2§l§ %}U{xixi+j:2k*—n+3 S]Sk*,l’l—k* <

i < n— j}: The set of all edges which have endpoints tagged with ZLWJ and k,

o Ap={xixp; i 1< j< B2 b — j+2<i<k+ BUfww c 25 < j<n-k - 1,2+1<

i<k+1MUln-k" < j<3-1,5+1<i<n— j} The set of all edges which have endpoints
tagged with 2| ¢=D0==2) | ) (DR | and &,

oAg:{)cl~)cl-+j:2"*_"+4 SJjL2%k-n+2,5-j+1<i<n—-k" -1} U{xixis;j : 2k —n+3 < j<

.AgZ{XiXH_j:lSjS

2
s+l —j<i<k —j+1}Ulxixiy: 5+1<j<k", 1 <i<k"— j+1}: The set of all edges
(n—k*—l)(n—k*—Z)J + 2|_(n—k*—1)(2k*—n+2)J
4 1 )

which have endpoints tagged with 0 and 2|

(Zk;_n_), % < i < k" + j— 1}: The set of all edges which have endpoints
tagged with ZLWJ n ZLWJ,

e Ajp={xixisj: 1 < j<n—-k"-2,k"+2 <i<n— j} The set of all edges which have endpoints

tagged with k.

One can easily check that under the total k-labeling ¢ the edge (edges):

1.

10.

from the set A, get the weights from the successive numbers
(1,2, .., @k=bok-2),
9 Ly eeey 2

b

. from the set A,, get the weights from the successive numbers

{(n—k*—l)z(n—k*—Z) + 1. k*(n—zk*—l)}’
from the set A, get the weights from the  successive  numbers
(k' =Dk =n+2) | 4 4K (n—k*—1)+Qk* —n+2)(3n-2k" -4)
{f + 9 eeey ] }9
from the set A4, get the weights from the successive numbers {r(2n;r—l) — ndk a AR B @ -
Qk*—n+2)(3n—2k* —4) |
8 9
from the set As, admit the weights from the successive numbers
{4k*(n—k*—1)+(2k*—n+2)(3n—2k*—4) +1 r@n-r=1) _ n(4k*—n+2)}
8 T s b '
. from the set A, admit the weights from the successive  numbers

r2n—r—1) (n—k*-1)(3k*—n+2) r2n—r—1) n(4k*—n+2)
(- > +1,.., = - T
from the set Aj, obtain the weights from the successive numbers
r2n—r—1) k*(n—k*—1) 1 r2n—r—1) (n—k*—=1)(n—k*-2)
{ 2 - 2 +1,.., 2 - 2 }9

from the set Ag, obtain the weights from the successive numbers {w +1,..., W},
. from the set Ay, admit the weights from the successive numbers {’(2”;’_]) - (Zk*_’”z)(;”_z"*_“) +

1 r2n—r—1) _ (n—k*—l)(3k*—n+2)}
RS 2 2 ’
from the set Ay, admit the weights from the successive numbers
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{r(Zn—r—l) _ (n=k"=D(n—k"-2)

r(2n—-r—1) }
2 2 :

+1,.., 5

By direct computation we can verify that in the both subcases all vertices are labeled by even numbers

and the edge weights of the edges are different numbers from the set {1,2,3, ..., @}. Hence we

prove that in all cases vertices are even numbers and the labels of edges are less than or equal to
k = [@] + 1 where @ = 2,3 (mod 6) and less than or equal to k = [@] where

@ % 2,3 (mod 6). Thus the edge irregular reflexive strength of the r-th power of the path P;:

A if 2220 2.3 (mod 6)

Y — 6
I’€S(Pn) { l-r(anr—l)-l +1, if @ =2,3 (mod6) .

3. Conclusions

In this paper we discussed the edge irregular reflexive k-labeling of the r-th power of the path P,
where r > 2, n > r+4. Also, we computed the precise value of the reflexive edge strength of P}, r > 2,
n > r + 4. In the future, we would like to calculate the reflexive edge strength, res, for r-th power of
other graphs.
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