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Abstract: This paper introduces the notion of u-extended fuzzy b-metric space for extending the
concept of fuzzy b-metric space and obtains an analogue of Banach fixed point result. Using functions
a(x,y) and u(x,y), the corresponding triangle inequality in p-extended fuzzy b-metric space is given
as follows

M(v, w, a(v, w)s + u(v, w)t) = M, v, s) * M(v,w,t) Yu,v,w € X.

An analogue of Banach fixed point result is established. Besides, an example is given to confirm
validity of this theorem.
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1. Introduction and preliminaries

Fixed point theory is an extensively used mathematical tool in various fields of science and
engeneering [1-3] Many researchers have generalized Banach contraction principle in various
directions. Some have generalized the underlying space while some others have modified the
contractive conditions [4-7].

Zadeh [8] initiated the notion of fuzzy set which lead to the evolution of fuzzy mathematics.
Kramosil and Michalek [9] generalized probabilistic metric space via concept of fuzzy metric.
George and Veeramani [10] defined Hausdorff topology on fuzzy metric space after slight
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modification in the definition of fuzzy metric presented in [9]. Heilpern [11] defined fuzzy mapping
and establish fixed point result for it. Subsequently many concepts and results from general topology
were generalized to fuzzy topological space.

Naddaban [12] generalized b-metric space by introducing fuzzy b-metric space in the setting of fuzzy
metric space initiated by Michalek and Kramosil . Faisar Mehmood et al. [13] generalized fuzzy b-
metric by introducing the concept of extended fuzzy b-metric. In this article we present the idea of
p-extended fuzzy b-metric space which extends the concepts of fuzzy b-metric and extended fuzzy
b-metric spaces. We also establish a Banach-type fixed point result in the context of u-extended fuzzy
b-metric space.

First we recollect basic definitions and results which will be used in the sequel.

Definition 1.1. [14] A binary operation = : [0,1]> — [0,1] is said to be continuous t-norm if
([0, 1], < , %) is an ordered abelian topological monoid with unit 1.

Some frequently used examples of continuous t-norm are x *; y = max{x+y—1,0}, x*py = xy and
x %y y = min{x, y}. These are respectively called Lukasievicz t-norm, product -norm and minimum
t-norm

Definition 1.2. [9] A fuzzy metric space is 3-tuple (S, ¢, *), where S is a nonempty set, * is continuous
t-norm and g is a fuzzy set on S X S X [0, 00) which satisfies the following conditions, for all p,q,r € S,

(KM1) ¢(p.q,0) =0;

(KM2) ¢(p,q,t) =1, forall ¢ >0 ifand only if p = q;

(KM3) ¢(p,q,0) = ¢(q, p, 0);

(KM4) ¢(p,r,{+1) 2¢(p,q,0) *s(q, 1), forall £, 1 > 0;
(KM5S) ¢(p,q,.):[0,00) — [0, 1] is non-decreasing continuous;
(KM®6) }i_)n;g(r,y, ) =1.

Note that ¢(p, g, €) indicates the degree of closeness between p and g with respectto £ > 0 .
Remark 1.1. For p # g and € > 0, it is always true that 0 < ¢(p,q,{) < 1.
Lemma 1.1. [15] Let S be a nonempty set. Then ¢(p, g, .) is nondecreasing for all p,q € S.

Example 1.1. [16] Let S be a nonempty set and ¢ : S X § X (0,00) — [0, 1] be fuzzy set defined on a
metric space (S, d) such that

pt1

— Vx,yeSand >0,
ptl+rd(x,y) Y an

s(x,y,0) =

where p,q and r are positive real numbers, and * is product t-norm. This is a fuzzy metric induced
by the metric d. The above fuzzy metric is also defined if minimum t-norm is used instead of product
t-norm.

If we take p = g = r = 1, then the above fuzzy metric becomes standard fuzzy metric.
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Definition 1.3. [/2] Let S be a non-empty set and b > 1 be a given real number. A fuzzy set g :
S X § — [0, ) is said to be fuzzy b-metric if for all p,q,r € S, the following conditions hold:

(FbMy) ¢(p,q,0) = 0;

(FbM,) ¢(p,q,t) =1, for all € > 0 if and only if g = p;

(FbM3) <(p.q,t) = s(q, p, 0);

(FbMy) s(p,r,b(L +1) > ¢(p,q,¢) *s(q,1,1), forall £,t > 0;

(FbMs) ¢(p,q,.) : (0,00) — [0, 1] is continuous and }i_)rgg(p, q,0) = 1.
Faisar Mehmood et al. [13] defined extended fuzzy b-metric as.

Definition 1.4. [13] The ordered triple (S, s, *) is called extended fuzzy b-metric space by function
a:8§ X8 —[1,00), where S is non-empty set, * is continuous t-norm and ¢ : § X § — [0, o) is fuzzy
set such that for all x,y,z € S the following conditions hold:

(FbMy) So(p.q.,0) = 0;

(FbM>) .(p,q,0) = 1, forall € > 0 if and only if ¢ = p;

(FbM3) So(p»q. 1) = Salq. p. 0);

(FDMy) So(p,r,a(p, r)(C + 1) 2 6o(p, q, 0) * Sa(q, 1, 1), for all £,1 > O;
(FbMs) co(p,q,.) : (0,00) — [0, 1] is continuous and }i_)lgga(p, q,0) = 1.

The authors in [13] established the following Banach type fixed point result in the setting of
extended fuzzy b-metric space.

Theorem 1.1. Let (S, ,, *) be an extended fuzzy-b metric space by mapping a : X XS — [1, o) which
is G-complete such that ¢, satisfies

lim¢,(p,q,t) =1, Vp,ge S andt > 0. (L.1)
t—o00
Let f : S — S be function such that

So(fp. fq.kt) > ¢o(p.q,t), Vp,qg €S and t > 0, (1.2)

where k € (0, 1). Moreover, if for by € S and n,p € N with a(b,, b,,,) < %, where b, = f"b,. Then f
will have a unique fixed point.

2. Main results

Motivated by the concept presented in [13] , we present u-extended fuzzy b-metric space and
generalize Banach contraction principle to it using the approach of Grabiec [17].
Definition 2.1. Let o, i : XXX — [1, o0) defined on a non-empty set X. A fuzzy set g, : XxXX[0, 00) —
[0, 1] is said to be u-extended fuzzy b-metric if for all p, q,r € X, the following conditions hold:
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(UED) Su(p,q,0) =0;

WE>) su(p,q,t) =1, for all € > 0 if and only if g = p;

(WUE3) Su(p»q,0) = Gulg, p, );

ME4) su(p,ra(p, )l +u(p,r))) = su(p,q,0) * su(q, 1, )), for all £,t > 0;
WES) 6u(P,q, ) : (0,00) — [0, 1] is continuous and limg,(p, g, ) = 1.

And (X, g, *, a, p) is called p-extended fuzzy b-metric space.

Remark 2.1. It is worth mentioning that fuzzy b-metric and extended fuzzy b-metric are special types of
p-extended fuzzy b-metric when a(x,y) = u(x,y) = b, for some b > 1 and a(x,y) = u(x,y), respectively.

In the following we exemplify Definition 2.1.

Example 2.1. Let S = {1,2,3}and a,u : S XS — [1, o) be two functions defined by a(m,n) = 1+m+n
and p(m,n) =m+n—-1.If g, : § X § x[0,00) — [0, 1] is a fuzzy set defined by

min{m,n} + ¢

) =
Sulm,n, €) max{m,n} + €’

where contiuous t-norm x is defined as t, * t, = t| X b, for all t;, 1, € [0, 1] We show that (S, g, *, a, i)
is u-extended fuzzy b-metric space. Clearly a(1,1) =3, a@(2,2) =35, a3,3) =7, a(1,2) = a(2,1) =
4, a2,3) = a(3,2) = 6, «a(1,3) = a@3,1) = 5, and u(1,1) = 1, wu®2,2) = 3, u3,3) =5,
u(1,2) = u2,1) =2, w2,3) = u3,2) =4, u(l,3) = u3,1) = 3. One can easily verify that the
conditions (UE\), (UE>), (uE3) and (uEs) hold. In order to show that (S, g, X, a, 1) is u-extended fuzzy
b-metric space, it only remains to prove that (uE}) is satisfied for all m,n,p € S. For for all £, j > 0, it
is clear that
1+46+2) 2+ )+20+¢)
Sull. 2.t D0+ (L2 = o 5 2 953, v 30+ 4y

= 6u(1,3,0) * 6,(3,2, )),

1+5{’+3]>2+]+2{’+€]
3+50+3) 6+ 7+20+ ()

cu(1,3,a(1,3)C + u(1,3))) = =q,(1,2,0) % g,(2,3, )),

and
2+6{’+4]> 1+7+C0+¢)
3+66+4) 6+27+30+ ()

Hence g, is p-extended fuzzy b-metric.

u(2,3,a(2,3) + u(2,3))) = =6u(2,1,0) * ¢,(1,3, ).

Example 2.2. Let S = {1,2,3} and a,u : S XS — [1,00) be two functions defined by a(m,n) =
max{m,n} and p(m,n) = min{m,n}. If g, : § X § X [0,00) — [0, 1] is a fuzzy set defined by

su(m,n,€) =

max{m,n}
BT 2< €< 3,

max{m,n}
7 3< f,

L res,

+1°
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where continuous t-norm x* is defined to be the minimum , that is t; * t, = min(t,,t;). Obviously

conditions (UE}), (UE,), (uE3) and (uEs) trivially hold. For p,q,r € S notice the following:
Case 1: When 0 < €+ 5 < 1. Then

¢
6u(1,2,(1,2)6 + u(1,2))) = £ + % > min{ 5. %} = 6,(1,3,0) % 6,(3,2, ).

Case 2: When 1 <2{+ j < % Then

A
6u(1,2,a(1,2)C + u(1,2))) = > min(3. é} = 6,(1,3,0) % 6,(3.2, ).

20+ 7+1
Case 3: When 2€ + j > 3 such that £ = 0 and j > 3. Then

2 3
Su(1,2,a(1,2)0 + u(1,2) ) = = > 0 = min{0, —} = ¢,(1,3,0) * 6.(3,2, ).
J J
Case 4: When 2L + j > 3 such that € > 3 and j = 0. Then

1 3
Su1,2,a(1,.2)f + u(1,2))) = 7 > 0 = min{ 7.0} = 6,(1.3.0) * 6,3, 2, ).

Similarly it can be easily verified that condition (UE,) is satisfied for all the remaining cases. Hence
(S, Sy *, a, u) is p-extended fuzzy b-metric space.

Before establishing an analog of Banach contraction principle in setting of p-extended fuzzy b-
metric space, we present the following concepts in the setting of u-extended fuzzy b-metric space.

Definition 2.2. Let (S, g, *, a, 1) be a p-extended fuzzy b-metric space and {a,} be a sequence in S.
(1) {a,} is a G-convergent sequence if there exists ag € S such that

I}I_)I’Iolo Sulan,ap,€) =1, V€ > 0.
(2) {a,} in X is called G-Cauchy if
’}i_)rglogﬂ(an,anw,f) =1, for each p e N and ¢ > 0.
(3) S is G-complete, if every Cauchy sequence in S converges.

Next, we prove Banach fixed point Theorem in u-extended fuzzy b-metric space.

Theorem 2.1. Let (S, g, *, @, 1) be a G-complete y-extended fuzzy b-metric space with mappings «, {1 :
S xS — [1,00) such that

limg,(u,v,t) =1, Yu,v € § andt > 0. 2.1
—o0
Let f : S — S be a mapping satisfying that there exists k € (0, 1) such that
su(fu, fv,kt) > ¢,(u,v,t), Yu,v € S and t > 0. 2.2)

If forany by € S andn,p € N,
1
max{sup lim a(b;, bip), sup lim pu(b;, by p)} < —,
p>1 i—o00 p>1 i—oo k

where b, = f"b,, then f has a unique fixed point.
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Proof. Without loss of generality, assume that b,,; # b, Yn > 0. From (2.2), it follows that, for any
n,q €N,

Su (by, b1, k1) =Su (fbn—la fbm kt)
Zgﬂ (bn—l’ bn’ t)

t
ng (bn—Z’ bn—l, z)

t
Zgu (bn—?n bn—27 ﬁ)

t
z@@m;—)

kn—l
That is "
S (b b, K = 6, (b, b, 25 ). 23)
For any p € N, applying (uE,) yields that
g/l (bn’ bn+p’ t)
pt t pt—t
=Su by, bn+p» ;) =Su (bn’ bn+p, 1_) + D )

t

L ot
26y by, by, e (bm bn+p)) * GQu [bn+]’ bn+17’ pu (bn, bn+p))

t
26y | bns b m) T [bm e Pt (Bas D) @ (B, b”*”)J

pt—2t ]
PHU (bm bn+p),u (bn+1’ bn+p)
From (2.3) and (uE,),it follows that

Syt (b Breps 1)

*Qu [bn+2a bn+p’

Zg,u[bo’bla bO»bb

o)l )
pa (bn» bn+p) k" PH (bn» bn+p)a(bn+la bn+p) kn+l

t
PH (bn, bn+p)l-1 (bn+1, bn+p) a (bn+2, bn+p) k”+2] L

* g,u [b()’ bl’

t
by, by, .
oo [ o PH (bn, bn+p)ﬂ (bn+l ) b}’l+p) Y (bn+(p_3), bn+p) a (bn+(p_2), bn+p) k”+(P—1))

Noting that for k € (0, 1), a(b,, b,p)k < 1 and u(b,, b,.,)k < 1 hold for all n,p € N and letting
n — oo, applying Eq 3, it follows that

lim ¢,(b, byip,t) = 1 L5 -1 =1,
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that is {b,} is Cauchy sequence. Due to the completeness of (S, ¢y, *, @, 1) there exists some b € §
such that b, — basn — oco. We claim that b is unique fixed point of f. Applying Eq (2.1) and
condition (uE,), we have

. (fb,b,1) > g, (fb, bus1s m) * Gy (bn+1, b, —2,u (Jl;b b))

t t
> G| bybny bpi1,b, =———=|.
—g“( 2a/(fb,b)k)*§”( + 2,u(fb,b))

Thus ¢,(fb,b,t) = 1 and hence b is a fixed point of f. To show the uniqueness, let ¢ be another
fixed point of f. Applying inequality (2.3) yields that

Su(b,c,1) =6, (fb, fc,1)
>G, (b, c, é)
=6u(fb.fe.7)

t
(e 3)

t
Zgy (ba ¢, ﬁ) s
which implies that ¢, (b, c,t) — 1, as n — oo, and hence b = c. O
Remark 2.2. If a(u,v) = u(u,v) for all u,v € S, then Theorem 2.1 reduces to Theorem 1.1.

The following example illustrates Theorem 2.1.

—lu=]

Example 2.3. Let S = [0,1] and ¢,(u,v,t) = e~ 7, Vu,v € S. It can be easily verified that
(S, Su, *, a,u) is a G-complete u-extended fuzzy b-metric space with mappings a,u : § X § — [1,00)
defined by a(u,v) = 1 + uv and u(u,v) = 1 + u + v, respectively and continuous t-norm * as usual
product.

Let f: S — S be such that f(x,y) =1 — %x. For all t > 0 we have

2
=5 lu—vl —Ju—v|

1
g/l(fua fV, Et) =e ! >e ! = gy(ua v, t)

That is all the conditions of Theorem 2.1 are satisfied. Therefore, f has unique fixed point % €
[0,1]=S.

3. Conclusions

We introduce the concept of u-extended fuzzy b-metric space and established fixed point result
which generalizes Banach contraction principle to this newly introduced space. The concept we
presented may lead to further investigation and applications. As the class of of u-extended fuzzy
b-metric spaces is wider than those of the fuzzy b-metric spaces and extended fuzzy b-metric spaces,
therefore results established in this framework will generalize many results in the existing literature.
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