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1. Introduction

Banach [1] introduced a famous fundamental fixed point theorem, also known as the Banach
contraction principle. There are various extensions and generalizations of the Banach contraction
principle in the literature. Matthews [2] introduced the partial metric spaces and presented a fixed
point theorem on partial metric space. After that, the fixed point results in partial metric spaces were
studied by many other authors [3–7]. Ran and Reurings [8] proved a fixed point theorem on an
ordered metric space. Thereafter, several authors obtained many fixed point theorems in ordered
metric spaces. For more details see [9–11].

Considering the convergence of certain sequences S. B. Prešić [12] generalized Banach contraction
principle as follows:

Theorem 1. Let pX, dq be a complete metric space, k a positive integer and T : Xk Ñ X a mapping
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satisfying the following contractive type condition

dpT px1, x2, ..., xkq,T px2, x3, ..., xk`1qq ď q1dpx1, x2q ` q2dpx2, x3q ` ...` qkdpxk, xk`1q, (1.1)

for every x1, x2, ..., xk`1 in X, where q1, q2, ..., qk are non negative constants such that
q1 ` q2 ` ...` qk ă 1. Then there exist a unique point x in X such that T px, x, ..., xq “ x. Moreover, if
x1, x2, ..., xk, are arbitrary points in X and for n P N,

xn`k “ T pxn, xn`1, ..., xn`k´1q, pn “ 1, 2, ...q

then the sequence txnu
8
n“1 is convergent and

lim xn “ T plim xn, lim xn, ..., lim xnq.

Remark that condition (1.1) in the case k “ 1 reduces to the well-known Banach contraction
mapping principle. So, Theorem 1 is a generalization of the Banach fixed point theorem.

Ćirić and Prešić [13] generalized the above result as follows:

Theorem 2. Let pX, dq be a complete metric space, k a positive integer and T : Xk Ñ X a mapping
satisfying the following contractive type condition

dpT px1, x2, ..., xkq,T px2, x3, ..., xk`1qq ď λ max
1ďiďk

tdpxi, xi`1qu, (1.2)

where λ P p0, 1q is constant and x1, x2, ..., xk`1 are arbitrary elements in X. Then there exist a point x
in X such that T px, x, ..., xq “ x. Moreover, if x1, x2, ..., xk, are arbitrary points in X and for n P N,

xn`k “ T pxn, xn`1, ..., xn`k´1q, pn “ 1, 2, ...q

then the sequence txnu
8
n“1 is convergent and

lim xn “ T plim xn, lim xn, ..., lim xnq.

If in addition we suppose that on a diagonal 4 Ă Xk

dpT pu, u, ..., uq,T pv, v, ..., vqq ă dpu, vq (1.3)

holds for all u, v P X, with u ‰ v, then x is the unique point in X with T px, x, ..., xq “ x.

Later, Nazır and Abbas [14], proved common fixed point theorems of the Prešić type in partial
metric space.

Recently, Jleli and Samet [15] introduced a new type of contraction which is called the
θ-contractivity and proved a fixed point theorem for mappings of this type, for which the Banach
contraction principle and some other known contractions conditions. Jleli and Samet denote the
family of all functions, θ : p0,8q Ñ p1,8q satisfying the following properties by Θ:

(Θ1) θ is non-decreasing;
(Θ2) For each sequence tsnu Ă p0,8q, limnÑ8 θpsnq “ 1 if and only if limnÑ8 sn “ 0`;
(Θ3) There exists m P p0, 1q and z P p0,8s such that limsÑ0`

θpsq´1
sm “ z .
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Wardowski [16] introduced concept of F-contractive mapping on metric space and proved a fixed
point theorem for such a map on complete metric space. Let F be the set of all functions F : R` Ñ R
satisfying the following conditions:

(F1) F is strictly increasing. That is, β ă γñ Fpβq ă Fpγq for all β, γ P R`
(F2) For every sequence tβnunPN in R` we have limnÑ8 βn “ 0 if and only if limnÑ8 Fpβnq “ ´8

(F3) There exists a number z P p0, 1q such that limβÑ0` β
zFpβq “ 0.

Durmaz et al. [17] introduced a new the concept of the ordered F-contractive on ordered metric
spaces. For more study on F-contractions one may refer to [18, 19].

2. Ordered Prešić type θ-contractivity mappings

We give a fixed point theorem for ordered the Prešić type θ-contractivity mapping in partial metric
space. Firstly, let us start with the definition of ordered the Prešić type θ-contractivity mapping.

Definition 1. Let pX,ĺ, pq be an ordered partial metric space. We say that M : Xr Ñ X is an ordered
Prešić type θ-contractivity mapping, if θ P Θ and there exists t P p0, 1q such that @pLr`1,Lr`2q P Z˚

implies that

θpppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1q, qq ď

„

θpmax
1ďiďr

tppLi,Li`1quq

t

, (2.1)

where

Z˚ “ tpLr`1,Lr`2q P X ˆ X : Lr`1 ĺ Lr`2, ppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qq ą 0u. (2.2)

Theorem 3. Let pX,ĺ, pq be an ordered complete partial metric spaces, M : Xr Ñ X an ordered Prešić
type θ-contractivity mapping where r a positive integer and M is non-decreasing mapping. There exists
the sequence pLn`rq defined by

Ln`r “ MpLn,Ln`1, ...,Ln`r´1q, pn “ 1, 2, ...q (2.3)

such that Ln`r ĺ MpLn`r,Ln`r, ...,Ln`rq, for any arbitrary points L1,L2, ...,Lr P X. If M is
continuous then M has one and only one fixed point.

Proof: Firstly, we show that M has a fixed point. Let L1,L2, ...,Lr be arbitrary r elements in X.
Using these points define a sequence pLnq as follows:

Ln`r “ MpLn,Ln`1, . . . ,Ln`r´1q, pn “ 1, 2, . . . q.

If there exists n0 P t1, 2, . . . ru for which Ln0 “ Ln0`1 then,

Ln0`r “ MpLn0 ,Ln0`1, . . . ,Ln0`r´1q “ MpLn0`r,Ln0`r, . . . ,Ln0`rq

that is, Ln0`r is a fixed point of M.
We assume that Ln`r ‰ Ln`r`1 for all n P N. Since Ln`r ĺ MpLn`1,Ln`2, ...,Ln`rq and M is

non-decreasing, we obtain

Ln`1 ĺ Ln`2 ĺ Ln`3 ĺ ¨ ¨ ¨ ĺ Ln`r ĺ . . . .
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Denote χn`r “ ppLn`r,Ln`r`1q, for n “ 1, 2, ... and

T “ maxtppL1,L2q, ppL2,L3q, . . . , ppLr,Lr`1qu

then we have χn`r ą 0 for all n P N and T ą 0. Since Ln`r ĺ Ln`r`1 and

ppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq ą 0

for every n P N, then pLn,Ln`1q P Z˚ and so for n ď r, we have the following inequalities:

θpχr`1q “ θpppLr`1,Lr`2qq

“ θpppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qqq

ď

„

θpmax
1ďiďr

tppLi,Li`1quq

t

“ rθpT qst .

and so on. Hence we obtain

θpχn`rq ď rθpχn`r´1qs
t
ď rθpχn`r´2qs

t2
ď . . . ď rθpχnqs

tr .

Thus, we have

1 ă θpχn`rq ď rθpχnqs
tr , (2.4)

for all r P N. Letting r Ñ 8 in (2.4), we obtain

θpχn`rq Ñ 1

which implies from (Θ2) that

lim
rÑ8

χn`r “ 0`. (2.5)

From (Θ3), there exist a P p0, 1q and ℘ P p0,8s such that

lim
rÑ8

θpχn`rq ´ 1
pχn`rq

a
“ ℘. (2.6)

Assumed that ℘ ă 8. In this case, let E “ ℘
2 ą 0. From the definition of the limit, there exists n0 P N

such that
ˇ

ˇ

ˇ

ˇ

θpχn`rq ´ 1
pχn`rq

a
´ ℘

ˇ

ˇ

ˇ

ˇ

ď E, for all n` r ě n0.

This implies that

θpχn`rq ´ 1
pχn`rq

a
ě ℘´ E “ E, for all n` r ě n0.
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Then

npχn`rq
a
ď Fnrθpχn`rq ´ 1s,

for all n` r ě n0 where F “ 1
E . Assume that ℘ “ 8. Let E ą 0 be an arbitrary positive number. From

the definition of the limit, there exists n0 P N such that

θpχn`rq ´ 1
pχn`rq

a
ě E,

for all n` r ě n0. This implies that

npχn`rq
a
ď Fnrθpχn`rq ´ 1s,

for all n` r ě n0, where F “ 1
E .

Thus, in all cases, there exist F ą 0 and n0 P N such that

npχn`rq
a
ď Fnrθpχn`rq ´ 1s,

for all n` r ě n0. Using (2.4), we obtain

npχn`rq
a
ď Fnprθpχnqs

tr
´ 1q,

for all n ě n0. Letting r Ñ 8 in the above inequality, we obtain

lim
rÑ8

npχn`rq
a
“ 0.

Thus, there exists n0 P N such that

χn`r ď
1

n
1
a

, for all n` r ě n0. (2.7)

For any n,m P N with m ą n ě n0, we have

ppLn`r,Lm`rq “ ppMpLn, ...,Ln`r´1q,MpLm, ...,Lm`r´1qq

ďppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq`

ppMpLn`1,Ln`2, ...,Ln`rq,MpLn`2,Ln`3, ...,Ln`r`1qq ` . . .`

ppMpLm´1,Lm, ...,Lm`r´2q,MpLm,Lm`1, ...,Lm`r´1qq´

tppMpLn`1,Ln`2, ...,Ln`rq,MpLn`1,Ln`2, ...,Ln`rqq`

ppMpLn`2,Ln`3, ...,Ln`r`1q,MpLn`2,Ln`3, ...,Ln`r`1qq ` . . .`

ppMpLm´1,Lm, ...,Lm`r´2q,MpLm´1,Lm, ...,Lm`r´2qqu

ďppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq`

ppMpLn`1,Ln`2, ...,Ln`rq,MpLn`2,Ln`3, ...,Ln`r`1qq ` . . .`

ppMpLm´2,Lm´1, ...,Lm`r´3q,MpLm´1,Lm, ...,Lm`r´2qq

“ppLn`r,Ln`r`1q ` ppLn`r`1,Ln`r`2q ` . . .` ppLm`r´2,Lm`r´1q
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“χn`r ` χn`r`1 ` . . .` χm`r´2 ă

8
ÿ

i“n

χi`r ď

8
ÿ

i“n

1

i
1
a

Ñ 0.

This shows that pLnq is a Cauchy sequence in pX, pq. Since pX, pq is complete partial metric spaces
the sequence pLnq convergence to some point e P X. That is

lim
n,mÑ8

ppLn`r, eq “ 0 “ lim
n,mÑ8

ppLn`r,Lm`rq “ ppe, eq.

Now if M is continuous, then we have

e “ lim
nÑ8

Ln`r “ lim
nÑ8

MpLn,Ln`1, ...,Ln`r´1q

“ Mp lim
nÑ8

Ln, lim
nÑ8

Ln`1, ..., lim
nÑ8

Ln`r´1q

“ Mpe, e, . . . , eq.

Now let us show that the fixed point of M is uniqueness. Suppose that there exists another fixed point
f of M distinct from e, such that e “ Mpe, e, . . . , eq and f “ Mp f , f , . . . , f q with @pe, f q P Z˚, then

ppMpe, e, . . . , eq,Mp f , f , . . . , f qq ą 0.

Then it follows from the assumption that

θpppe, f qq “ θpppMpe, e, . . . , eq,Mp f , f , . . . , f qqq ď rθpppe, f qqst ă θpppe, f qq.

which is a contraction since t P p0, 1q. Thus M has a unique fixed point.

Example 1. Let X “ tun; n “ 1, 2, . . . u and ppd, hq “ maxtd, hu. Define an order relation ĺ on X as

us ĺ um ô rus “ um or us ď um with us, um P Xs,

where ď is usual order. Obviously, pX,ĺ, pq be an ordered complete partial metric spaces. Let k P Z`

and M : Xk Ñ X be given by Mpu1, u1, ..., u1q “ u1, for all n ‰ 1, Mpun, un, ..., unq “ un`1. Now we
claim that an ordered Prešić type θ-contractivity mapping with θpuq :“ e

?
u. Note that for un “

1
n and

us ĺ um. Thus
ppMpus, us, ..., usq,Mpum, um, ..., umqq ą 0,

we have

ppMpus, us, ..., usq,Mpum, um, ..., umqq “ max
"

1
m` 1

,
1

s` 1

*

“
1

s` 1
and

ppus, umq “ max
"

1
m
,

1
s

*

“
1
s
.

Therefore,

s
s` 1

ď t

for some t P p0, 1q. Therefore Theorem 3 implies that M has a unique fixed point. In this example u1 is
the unique fixed point of M.
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Following is an example which illustrates that an ordered Prešić type θ-contractivity in partial metric
space need not to be a Prešić type contraction in metric space.

Example 2. Let X “ tLr “
2r2`r

2 , r P Nu Y t0u and ppd, hq “| d ´ h | `maxtd, hu. Define an order
relation ĺ on X as

Lr ĺ Lr`1 ô rLr “ Lr`1 or Lr ď Lr`1with Lr,Lr`1 P Xs,

here ď is usual order. Clearly, pX,ĺ, pq be an ordered complete partial metric spaces. Define the
mapping M : X2 Ñ X by

MpL,Òq “
Lr `Òr

2
f or all Lr,Òr P X.

We claim that M is an ordered Prešić type θ-contractivity with respect to θpmq “ emem
and

s “ e´2 P p0, 1q. To see this, we shall prove that M satisfies the condition (2.1). Then we obtain

eppMpLr´1,Lrq,MpLr ,Lr`1qqe
ppMpLr´1 ,Lrq,MpLr ,Lr`1qq

ď espmaxtppLr´1,Lrq,ppLr ,Lr`1que
maxtppLr´1 ,Lrq,ppLr ,Lr`1quq,

for s “ e´2. The above condition is equivalent to

ppMpLr´1,Lrq,MpLr,Lr`1qqeppMpLr´1,Lrq,MpLr ,Lr`1qq

ď s maxtppLr´1,Lrq, ppLr,Lr`1quemaxtppLr´1,Lrq,ppLr ,Lr`1qu.

So, for s “ e´2, we attain

ppMpLr´1,Lrq,MpLr,Lr`1qq

maxtppLr´1,Lrq, ppLr,Lr`1qu
eppMpLr´1,Lrq,MpLr ,Lr`1qq´maxtppLr´1,Lrq,ppLr ,Lr`1qu ď s. (2.8)

Then, we obtain

ppMpLr´1,Lrq,MpLr,Lr`1qq

maxtppLr´1,Lrq, ppLr,Lr`1qu
eppMpLr´1,Lrq,MpLr ,Lr`1qq´maxtppLr´1,Lrq,ppLr ,Lr`1qu

“
4r2 ` 14r ` 5

4r2 ` 18r ` 12
e
´4r´7

4 ď e´2.

Thus the inequality (2.8) is satisfied with s “ e´2. Therefore Theorem 3 implies that M has a unique
fixed point, that is, Mp0, 0q “ 0.

On the other hand, it is not Prešić type contraction in metric spaces, where dpd, hq “ |d ´ h|, for
all d, h P X. To see this, we obtain

lim
rÑ8

dpMpLr´1,Lrq,MpLr,Lr`1qq

maxtdpLr´1,Lrq, dpLr,Lr`1qu
“ lim

rÑ8

4r ` 1
4r ` 3

“ 1.

Then

dpMpLr´1,Lrq,MpLr,Lr`1qq ď q maxtdpLr´1,Lrq, dpLr,Lr`1qu

does not hold for q P p0, 1q. Hence the condition of Theorem 2 is not satisfied.
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Since

lim
rÑ8

ppMpLr´1,Lrq,MpLr,Lr`1qq

maxtppLr´1,Lrq, ppLr,Lr`1qu
“ lim

rÑ8

4r2 ` 14r ` 5
4r2 ` 18r ` 12

“ 1,

the condition of Theorem 2.1 in [14] is not satisfied.
This example shows the new class of ordered Prešić type θ-contractivity operators is not included

in Prešić type classes of operators known in literature.

Corollary 1. Let pX,ĺ, pq be an ordered complete partial metric space, r positive integer and
M : Xr Ñ X a given mapping. Assume that there a exist θ P Θ and t P p0, 1q such that

θpppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qq ď rθpmax
1ďiďr

tppLi,Li`1quqs
t,

for all pLr`1,Lr`2q P Z˚, where

ppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qq ą 0.

Now let we show that the contractive mapping of Corollary 1. If M is a contractive there exists
η P p0, 1q such that

ppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qq ď η max
1ďiďr

tppLi,Li`1qu, @Lr`1,Lr`2 P X

then we have

eppMpL1,L2,...,Lrq,MpL2,L3,...,Lr`1qq ď remax1ďiďrtppLi,Li`1qus
t.

Therefore the function θ : p0,8q Ñ p1,8q defined by θpuq :“ e
?

u belong to Θ. Also we obtain

θpppMpe, e, . . . , eq,Mp f , f , . . . , f qqq ď rθpppe, f qqst,

for all pe, f q P Z˚, where
ppMpe, e, . . . , eq,Mp f , f , . . . , f qq ą 0.

Then M has one and only one fixed point. If M is a contractive there exists η P p0, 1q such that

ppMpe, e, . . . , eq,Mp f , f , . . . , f qq ď ηppe, f q,

then we have

eppMpe,e,...,eq,Mp f , f ,..., f qq
ď reppe, f q

s
t.

3. Ordered Prešić type F-contraction mappings

Recently, Abbas et al. [20] introduced a certain fixed point theorem for the Prešić type F-contractive
mapping. Now we give a fixed point theorem for ordered the Prešić type F-contractive mapping in
partial metric space. Firstly, let us start with the definition of the ordered Prešić type F-contraction
mapping.

AIMS Mathematics Volume 5, Issue 5, 5140–5156.
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Definition 2. Let pX,ĺ, pq be an ordered partial metric space. We say that M : Xr Ñ X is an ordered
Prešić type F-contraction mapping if F P F and there exist τ ą 0 such that @pLr`1,Lr`2q P S ˚

implies that

τ` FpppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qqq ď Fpmax
1ďtďr

tppLt,Lt`1quq, (3.1)

where

S ˚ “ tpLr`1,Lr`2q P X ˆ X : Lr`1 ĺ Lr`2, ppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qq ą 0u. (3.2)

Theorem 4. Let pX,ĺ, pq be an ordered complete partial metric spaces, M : Xr Ñ X an ordered
Prešić type F-contraction mapping, where r is a positive integer and M is non-decreasing mapping.
There exists the sequence pLn`rq defined by

Ln`r “ MpLn,Ln`1, ...,Ln`r´1q, pn “ 1, 2, ...q (3.3)

such that Ln`r ĺ MpLn`r,Ln`r, ...,Ln`rq, for any arbitrary points L1,L2, ...,Lr P X. If M is
continuous or X is regular then M has a fixed point.

(A) If every pair of elements have a lower bound and upper bound, thus the fixed point of M is unique.

Moreover if @pe, f q P S ˚ implies that

τ` FpppMpe, e, ..., eq,Mp f , f , ..., f qqq ď Fpppe, f qq,

then M has one and only one fixed point.

Proof: Firstly, we shows that M has a fixed point. Let L1,L2, ...,Lr, be arbitrary r elements in X.
Using these points define a sequence pLnq as follows:

Ln`r “ MpLn,Ln`1, . . . ,Ln`r´1q, pn “ 1, 2, . . . q.

If there exists n0 P t1, 2, . . . ru for which Ln0 “ Ln0`1 then

Ln0`r “ MpLn0 ,Ln0`1, . . . ,Ln0`r´1q “ MpLn0`r,Ln0`r, . . . ,Ln0`rq

that is, Ln0`r is a fixed point of M.
We assume that Ln`r ‰ Ln`r`1 for all n P N. Since Ln`r ĺ MpLn`1,Ln`2, ...,Ln`rq and M is

non-decreasing, we obtain

Ln`1 ĺ Ln`2 ĺ Ln`3 ĺ ¨ ¨ ¨ ĺ Ln`r ĺ . . . .

Denote κn`r “ ppLn`r,Ln`r`1q, for n “ 1, 2, ... and

P “ maxtppL1,L2q, ppL2,L3q, . . . , ppLr,Lr`1qu

then we have κn`r ą 0 for all n P N and P ą 0. Since Ln`r ĺ Ln`r`1 and

ppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq ą 0
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for every n P N, then pLn,Ln`1q P S ˚ and so for n ď r, we have the following inequalities:

Fpκr`1q “ FpppLr`1,Lr`2qq

“ FpppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qqq

ď Fpmax
1ďtďr

tppLt,Lt`1quq ´ τ

“ FpPq ´ τ

Fpκr`2q “ FpppLr`2,Lr`3qq

“ FpppMpL2,L3, ...,Lr`1q,MpL3,L4, ...,Lr`2qqq

ď Fp max
2ďtďr`1

tppLt,Lt`1quq ´ 2τ

ď FpPq ´ 2τ

and so on. Thus we obtain

Fpκn`rq “FpppLn`r,Ln`r`1qq

“FpppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq

ďFp max
nďtďn`r´1

tppLt,Lt`1quq ´ nτ

ďFpPq ´ nτ (3.4)

for n ě 1. Letting n Ñ 8 in (3.4) we obtain

lim
nÑ8

Fpκn`rq “ ´8 (3.5)

which implies from pF2q that

lim
nÑ8

κn`r “ 0. (3.6)

From pF3q there exists h P p0, 1q such that

lim
nÑ8

κh
n`rFpκn`rq “ 0. (3.7)

By (3.4), we have

κh
n`rFpκn`rq ´ κh

n`rFpPq ď ´κ
h
n`rnτ ď 0. (3.8)

On taking the limit as n Ñ 8, we obtain

lim
nÑ8

nκh
n`r “ 0. (3.9)

Thus from p3.9q there exists n0 P N such that nκh
n`r ď 1 for all n ě n0. Consequently we have

κn`r ď
1

n
1
h
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for all n ě n0.
For any n,m P N with m ą n ě n0, we have

ppLn`r,Lm`rq “ ppMpLn, ...,Ln`r´1q,MpLm, ...,Lm`r´1qqq

ďppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq`

ppMpLn`1,Ln`2, ...,Ln`rq,MpLn`2,Ln`3, ...,Ln`r`1qq ` . . .`

ppMpLm´1,Lm, ...,Lm`r´2q,MpLm,Lm`1, ...,Lm`r´1qq´

tppMpLn`1,Ln`2, ...,Ln`rq,MpLn`1,Ln`2, ...,Ln`rqq`

ppMpLn`2,Ln`3, ...,Ln`r`1q,MpLn`2,Ln`3, ...,Ln`r`1qq ` . . .`

ppMpLm´1,Lm, ...,Lm`r´2q,MpLm´1,Lm, ...,Lm`r´2qqu

ďppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq`

ppMpLn`1,Ln`2, ...,Ln`rq,MpLn`2,Ln`3, ...,Ln`r`1qq ` . . .`

ppMpLm´2,Lm´1, ...,Lm`r´3q,MpLm´1,Lm, ...,Lm`r´2qq

“ppLn`r,Ln`r`1q ` ppLn`r`1,Ln`r`2q ` . . .` ppLm`r´2,Lm`r´1q

“κn`r ` κn`r`1 ` . . .` κm`r´2 ă

8
ÿ

t“n

κt`r ď

8
ÿ

t“n

1

t
1
h

Ñ 0.

This shows that pLnq is a Cauchy sequence in pX, pq. Since pX, pq is complete partial metric spaces,
the sequence pLn`rq convergence to some point e P X. That is

lim
n,mÑ8

ppLn`r, eq “ 0 “ lim
n,mÑ8

ppLn`r,Lm`rq “ ppe, eq.

Now if M is continuous, then we have

e “ lim
nÑ8

Ln`r “ lim
nÑ8

MpLn,Ln`1, ...,Ln`r´1q

“ Mp lim
nÑ8

Ln, lim
nÑ8

Ln`1, ..., lim
nÑ8

Ln`r´1q

“ Mpe, e, . . . , eq.

We stated that X is regular, if the ordered partial metric spaces pX,ĺ, pq provides the following
condition:
If tLnu Ď X is a nondecreasing sequence with Ln Ñ e P X, then Ln ĺ e for all n P N. Assume
pX,ĺ, pq is regular, then Ln ĺ e for all n P N. Then two cases arised here.
Case 1. If there exists n, r P N for which Ln`r “ e then we obtain

Mpe, e, ..., eq “ MpLn`1,Ln`2, ...,Ln`rq “ Ln`r`1 ĺ e.

Moreover, since Ln`r ĺ Ln`r`1, then e ĺ Mpe, e, ..., eq and thus, e “ Mpe, e, ..., eq.
Case 2. Assume that Ln ‰ e for every n P N and

ppe,Mpe, e, ..., eqq ą 0.

Since limnÑ8Ln “ e, then there exist n1 P N such that

ppLn`r`1,Mpe, e, ..., eqq ą 0
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and

ppLn, eq ă
ppe,Mpe, e, ..., eqq

2
for all n ě n1, where pLn, eq P S ˚. Therefore by considering pF1q, we have, for n ě n1,

τ` FpppMpLn`1,Ln`2, ...,Ln`rq,Mpe, e, ..., eqqq ď Fp max
n`1ďtďn`r

tppLt, equq

ď F
ˆ

ppe,Mpe, e, ..., eqq
2

˙

,

which yields

ppLn`r`1,Mpe, e, ..., eqq ď
ppe,Mpe, e, ..., eqq

2
.

Taking limit as n Ñ 8, we deduce that

ppe,Mpe, e, ..., eqq ď
ppe,Mpe, e, ..., eqq

2

a contraction. Therefore we conclude that ppe,Mpe, e, ..., eqq “ 0, that is, e “ Mpe, e, ..., eq. Now to
see condition (A) it is sufficient to show that for every @Ln`r P X, limnÑ8 MpLn,Ln`1, ...,Ln`r´1q “ e
where e is the fixed point of M such that e “ limnÑ8 MpLn`1,Ln`2, ...,Ln`rq. For which two cases
arise:

Let Ln`r P X and Ln`r`1 be as in Theorem 4.
Case 1: If Ln`r ĺ Ln`r`1 or Ln`r`1 ĺ Ln`r, then

MpLn,Ln`1, ...,Ln`r´1q ĺ MpLn`1,Ln`2, ...,Ln`rq

or
MpLn`1,Ln`2, ...,Ln`rq ĺ MpLn,Ln`1, ...,Ln`r´1q

for all n P N. If
MpLn,Ln`1, ...,Ln`r´1q “ MpLn`1,Ln`2, ...,Ln`rq

for some n P N, then MpLn,Ln`1, ...,Ln`r´1q Ñ e. Now let

MpLn,Ln`1, ...,Ln`r´1q ‰ MpLn`1,Ln`2, ...,Ln`rq

for all n P N, then

ppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq ą 0

and so
pMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq P S ˚ for all n P N. Therefore from (3.1), we obtain

FpppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqqq ďFp max
nďtďn`r´1

tppLt,Lt`1quq ´ nτ

ďFpPq ´ nτ. (3.10)
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Taking into account pF2q, from (3.10) we obtain

lim
nÑ8

ppMpLn,Ln`1, ...,Ln`r´1q,MpLn`1,Ln`2, ...,Ln`rqq “ 0

and then,

lim
nÑ8

MpLn,Ln`1, ...,Ln`r´1q “ lim
nÑ8

MpLn`1,Ln`2, ...,Ln`rq “ e.

Case 2: If Ln`r ł Ln`r`1 or Ln`r`1 ł Ln`r then from (A), there exist Lm`r,Lm`r`1 P X such that
Lm`r`1 ĺ Ln`r ĺ Lm`r and Lm`r`1 ĺ Ln`r`1 ĺ Lm`r. Therefore, as in the case 1, we can show that

lim
nÑ8

MpLm,Lm`1, ...,Lm`r´1q “ lim
nÑ8

MpLm`1,Lm`2, ...,Lm`rq

“ lim
nÑ8

MpLn,Ln`1, ...,Ln`r´1q

“ lim
nÑ8

MpLn`1,Ln`2, ...,Ln`rq “ e.

Also, we can show that the fixed point of M is unique the in this method. Suppose that
e “ Mpe, e, . . . , eq and f “ Mp f , f , . . . , f q with @pe, f q P S ˚. Thus

ppMpe, e, . . . , eq,Mp f , f , . . . , f qq ą 0.

Thus by given suppose we have

τ` Fpppe, f qq “ τ` FpppMpe, e, ..., eq,Mp f , f , ..., f qqq ď Fpppe, f qq.

a contraction as τ ą 0, so e “ f .

Example 3. Let X “ r0, 4s and ppd, hq “ maxpd, hq. Define an order relation ĺ on X as

Lr ĺ Lr`1 ô rLr “ Lr`1 or Lr ď Lr`1with Lr,Lr`1 P Xs,

here ď is usual order. Clearly, pX,ĺ, pq be an ordered complete partial metric spaces. Let r positive
integer and M : Xr Ñ X be the mapping defined by

MpL1,L2, ...,Lrq “
L1 ` Lr

8r
f or all L1,L2, ...,Lr P X.

Define F : R` Ñ R by Fpνq “ ν` lnpνq. Note that for τ “ lnp4rq and Lr ĺ Lr`1. Thus

ppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qq ą 0,

we have

τ`FpppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qqq

“ lnp4rq ` F
ˆ

max
"

L1 ` Lr

8r
,
L2 ` Lr`1

8r

*˙

“ lnp4rq ` F
ˆ

1
8r
pL2 ` Lr`1q

˙

“ lnp4rq ` F
ˆ

1
8r
pppL1,L2q ` ppLr,Lr`1qq

˙
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ď lnp4rq ` Fp
1
4r
pppLr,Lr`1qq “ lnp4rq `

1
4r

ppLr,Lr`1q ` ln
1
4r
pppLr,Lr`1qq

“
1
4r

ppLr,Lr`1q ` ln ppLr,Lr`1q ď max
1ďtďr

tppLt,Lt`1qu ` ln max
1ďtďr

tppLt,Lt`1qu

“Fpmax
1ďtďr

tppLt,Lt`1quq

In addition for all e, f P X with e ĺ f

ppMpe, e, ..., eq,Mp f , f , ..., f qq “ max
"

e
4r
,

f
4r

*

ą 0

and

FpppMpe, e, ..., eq,Mp f , f , ..., f qqq “F
ˆ

max
"

e
4r
,

f
4r

*˙

“ F
ˆ

1
4r

ppd, hq
˙

“
1
4r

ppd, hq ` ln
ˆ

1
4r

ppd, hq
˙

“
1
4r

ppd, hq ` lnpppd, hqq ´ lnp4rq

ďppd, hq ` lnpppd, hqq ´ τ “ Fpppd, hqq ´ τ

Thus all the required assumptions of Theorem 4 are satisfied. In addition, for any arbitrary points
L1,L2, ...,Lr P X, the sequence pLnq defined by (3.3) converges to e “ 0, the unique fixed point of M.

Following is an example which illustrates that an ordered Prešić type F-contraction in partial metric
space need not to be a Prešić type contraction in metric space.

Example 4. Let X “ tLr “
2rpr`1q

4 , r P Nu and ppL,Òq “ maxtL,Òu. Define an order relation ĺ

on X as

Lr ĺ Lr`1 ô rLr “ Lr`1 or Lr ď Lr`1with Lr,Lr`1 P Xs,

here ď is usual order. Clearly, pX,ĺ, pq be an ordered complete partial metric spaces. Define the
mapping M : X2 Ñ X by

MpL,Òq “
Lr `Òr

2
f or all Lr,Òr P X.

We claim that M is an ordered Prešić type F-contraction mapping with respect to Fpνq “ ν ` lnpνq
and τ “ 1

2 . To see this, we shall prove that M satisfies the condition (3.1). Then we obtain

ppMpLr´1,Lrq,MpLr,Lr`1qqeppMpLr´1,Lrq,MpLr ,Lr`1qq´maxtppLr´1,Lrq,ppLr ,Lr`1qu

“
r2 ` 2r ` 1

2
e
´r´1

2

ă
r2 ` 3r ` 2

2
e´

1
2 “ e´

1
2 maxtppLr´1,Lrq, ppLr,Lr`1qu.

Therefore Theorem 3 implies that M has a unique fixed point, that is, Mp1, 1q “ 1.
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On the other hand, it is not Prešić type contraction in metric spaces, where dpd, hq “ |d ´ h|, for
all d, h P X. Hence the condition of Theorem 2 is not satisfied. Since

lim
rÑ8

ppMpLr´1,Lrq,MpLr,Lr`1qq

maxtppLr´1,Lrq, ppLr,Lr`1qu
“ lim

rÑ8

2r2 ` 4r ` 2
2r2 ` 6r ` 4

“ 1,

the condition of Theorem 2.1 in [14] is not satisfied.
This example shows the new class of ordered Prešić type F-contraction operators is not included in

Prešić type classes of operators known in literature.

The following results are an relation consequence of Theorem 4 by taking Fpνq “ ln ν.

Corollary 2. Let pX,ĺ, pq be an ordered complete partial metric space, r positive integer and
M : Xr Ñ X a given mapping. Assume that there exists τ ą 0 such that

ppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qq ď e´τ max
1ďiďr

tppLi,Li`1qu, (3.11)

for all pL1,L2, ...,Lr`1q P Xr`1 with Lr ĺ Lr`1. Then for any arbitrary points L1,L2, ...,Lr P X, the
sequence pLnq defined by (3.3) converges to e, and e is a fixed point of M. That is, e “ Mpe, e, . . . , eq.
Moreover if

ppMpe, e, ..., eq,Mp f , f , ..., f qq ď e´τppe, f q

holds for all e, f P X with e ĺ f , then e is the unique fixed point of M.

Corollary 3. Let pX,ĺ, pq be an ordered complete partial metric space, r positive integer and
M : Xr Ñ Xa given mapping. Assume that there exists δ1, δ2, . . . , δk non-negative constants with
δ1 ` δ2 ` ¨ ¨ ¨ ` δr ă 1 such that

ppMpL1,L2, ...,Lrq,MpL2,L3, ...,Lr`1qq ď δ1 ppL1,L2q ` δ2 ppL2,L3q ` . . .` δr ppLk,Lr`1q

(3.12)

for all pL1,L2, ...,Lr`1q P Xr`1 with Lr ĺ Lr`1. Then for any arbitrary points L1,L2, ...,Lr P X, the
sequence pLnq defined by (3.3) converges to e, where e is the unique fixed point of M.

Proof: Clearly condition (3.12) implies condition (3.11) with δ “ δ1 ` δ2 ` ¨ ¨ ¨ ` δr. Now, let
e, f P X with e ĺ f . From (3.12), we have

ppMpe, e, ..., eq,Mp f , f , ..., f qq ď ppMpe, e, ..., eq,Mpe, e, ..., e, f qq`

ppMpe, e, ..., e, f q,Mpe, e, ..., e, f , f qq ` ...`

ppMpe, f , ..., f q,Mp f , f , ..., f qq´

tppMpe, e, ..., e, f q,Mpe, e, ..., e, f qq`

ppMpe, e, ..., e, f , f q,Mpe, e, ..., e, f , f qq ` ...`

ppMpe, f , ..., f q,Mp f , f , ..., f qqu

ďppMpe, e, ..., eq,Mpe, e, ..., e, f qq`

ppMpe, e, ..., e, f q,Mpe, e, ..., e, f , f qq ` ...`

ppMpe, f , ..., f q,Mp f , f , ..., f qq

ďpδ1 ` δ2 ` ¨ ¨ ¨ ` δrqppe, f q “ δppe, f q,

where δ “ δ1 ` δ2 ` ¨ ¨ ¨ ` δr P p0, 1q. Therefore all the assumption of corollary 2 are satisfied.
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4. Conclusions

In the present article, we prove the fixed point theorems for ordered Prešić type θ-contractivity
and ordered Prešić type F-contraction mappings. Also, we provide examples showing that our main
theorems are applicable.
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10. I. Altun, H. Şimşek, Some fixed point theorems on ordered metric spaces and application, Fixed
Point Theory Applications, 2010, Article ID 621469.
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