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1. Introduction

The purpose of this work is to investigate the oscillatory and asymptotic behavior of the third-order
neutral delay differential equations with distributed deviating arguments

b
[r1 O (r2(O)E @)*)) ] + f 9, &) f(x(o(1,£)))dé = 0, (1.1)

where z(1) = x(t) + p(t)x(7(2)), t > to > 0,0 < a < b. We also assume that the following conditions are
satisfied:

o (HI) ri(), ra(2), p(1) € C([tp, ), R), g(t,&) € C([to, o) X [a, b], [0, 0)), ri(#) > 0, ra(r) > 0 and
p(t) > 1 with p(¢) # 1;

e (H2) 7(r) € C([ty, >0), R) is invertible, 7(¢) < t and lim,_,, 7(¢) = oo;

o (H3) o(t,¢) € C([ty, o) X[a, b], R) is non-increasing for &€ and lim inf,_,., o7(¢, §) = oo for & € [a, b];

e (H4) f(x) € C(R,R) is assumed to satisfy xf(x) > 0 and there exists a positive constant K such

that )
flx > K for any variable x # 0;
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o (HS) a;, i =1, 2, 3 are ratios of positive odd integers.

By a solution of Eq. (1.1) we mean a function x(f) € C([Ty,),R), T, > ty, which has z(¢),
r(D(@ ()2, n@O(r(D(EZ (0))2))™ € CY([Ty, o0),R) and satisfies (1.1) on [T}, c0). A solution x(r) of
(1.1) is said to be proper if it exists on the interval [T, co) and satisfies the condition

sup{lx(1)| : T <t < oo} >0forany T > T,.

Our attention is restricted to these solutions and we make the standing hypothesis that (1.1) admits
such a solution. A solution of (1.1) is called oscillatory if it has arbitrarily large zeros on [T, co) and
otherwise it is called non-oscillatory, i.e., the solution is positive or negative eventually. Eq. (1.1) is
said to be oscillatory if all its solutions are oscillatory.

Main results of this paper are organized into three parts in accordance with different assumptions
on the coefficients r;(¢) and r,(f). In Section 2, oscillation results of (1.1) are established in the case

o 1 o _ 1
f r " (0dt = oo, f r, > (t)dt = oo. (1.2)
I fo

In Section 3, some new oscillation criteria for (1.1) are obtained in the case

o] 0o |
f r " (0dt < oo, r,? (tdt = . (1.3)
fo fo
By assuming that
1 1
f r " (0dt < oo, r, > (t)dt < oo. (1.4)
1) fo

Some oscillation theorems of (1.1) are given in Section 4. In order to illustrate the results reported in
Sections 2, 3 and 4, we present some examples in Section 5.

During the last few decades, analysis of the oscillation and asymptotic behavior of solutions of
third-order differential equations, difference equations and dynamic equations on time scales have
experienced long-term interest and we refer the reader to the papers [1-12]. Due to the huge advantage
of neutral differential equations in describing several neutral phenomena, there is of great scientific
and academic values theoretically and practically for studying neutral differential equations. Hence, a
large amount of research attention has been focused on the oscillation problem of third-order linear and
nonlinear neutral differential equations in resent years; see, for example [13—17], and the references
are cited therein.

The third-order neutral differential equation

[H(O((x(®) + pO)x(@))" )] + g(0) f(x(o(1))) = O,

and its special cases have been studied by Senel and Utku [8], Baculikova and DZurina [13], Jiang et
al. [14, 15], where f: r_%(t)dt = 00,0 < p(t) < P < 1. Candan [11], Dosla and Liska [16], and Li
et al. [17] established some sufficient conditions for oscillation of the following class of third-order
neutral differential equations

la((BO (@) + pOxT@)) )] + g0 f(x(o (1)) = O,
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where [11] and [16] only considered the conditions O < p(f) < P < 1 and

| <1
f —dt:f ——dt = oo,
o alt) w b0
and [17] also studied the cases

<1 | <1 |
—dt < o0, f ——dt = oo and f —dt = f —dt < 0.
Io a(t) o b 0 a) o b

Recently, there has been an increasing interest in studying the oscillatory and asymptotic behavior
of third-order neutral differential equations with distributed deviating arguments [18-24]. Elabbasy
and Moaaz [19] considered the special cases of (1.1) and obtained several oscillation results under the
assumption (1.2) and 0 < p(r) < P < 1. By using a new method different from the existing results,
Tung [22] established some new oscillation criteria for

s b
(NM@@+p®ﬂﬂm)))+Jnﬂﬁ9ﬂ@m8M§=Q

where p(f) > 1, and the obtained results greatly enriched the oscillation theory.

It is clear that the above introduced equations are the special cases of (1.1), i.e., (1.1) can be
transformed into these equations by letting the corresponding parameters being 1. To the best of our
knowledge, there are few results in the literature which ensure that all solutions are either oscillatory
or tends to zero monotonically for the third-order neutral differential equations with distributed
deviating arguments under the conditions p(f) > 1, (1.3) or (1.4) holds, and the above mentioned
results are inapplicable to these conditions. Motivated by Li et al. [17], Elabbasy and Moaaz [19] and
Tung [22], we consider Eq. (1.1) which is not studied in the past and utilize the Riccati transformation
technique to establish several oscillation criteria for (1.1) by assume that p(¢) > 1, (1.2), (1.3) or (1.4)
holds. The results obtained in this paper improve and complement the related criteria reported
in [13,16,17,19,22]. All functional inequalities considered here are assumed to hold eventually, that
is, they are satisfied for all ¢ large enough.

In the sequel, we use the following notations for a compact presentation of our results:

(1) = o(t,a), o2(1) = o(t,b),
Z(x(0) = (T (0)), p. (1) = max{0, (1)},

T 1 5 , %
51t 1)) = f r " (s)ds, Sy(t,1y) = (%) 2

!
03(t,11) = f Oa(s, t)ds, t >,

n

where p(t) will be explained later and ¢, is sufficiently large with #; > #,. Furthermore, assume that

1 1
o= o s o) 7 (1)
_ 53 @ (0. 1)
P = o U s (1.6)
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where 77!(¢) is the inverse function of 7(7). Then let

b b
() =K f q(t,§)py (o (t,))dé, qx(1) =K f q(t,§)py’ (o(t, £))dé.
We will present the main contribution of this paper as follows.

2. Oscillation criteria for the case (1.2)

In this section, we respectively consider the following two cases

o(t, &) <1(t), £ €la,b], 2.1

and
o(t,&) = 1(t), £ € [a,b]. (2.2)
We now begin with the case when (2.1) holds.
Theorem 2.1. Assume that conditions (HI)—(HS), (1.2), (1.5), (1.6) and (2.1) hold. Furthermore,

assume that there exists a function p(t) € C'([ty, ), (0, 0)) such that for sufficiently large t, > t, >
t = 1y,

i f 15 (a(5)) 1)\ p(8)ga(s)y (T (0a(9) (L) H (T (a(5)))
imsup [( ) -

@) ) v ey 4= 4

[—0o0

and

foo [rzzu) foo (rlzv) foo C]l(S)dS)a]Tdv]idu = % (2.4)

(1) = my(03(t, 1)), my is any positive constant, if aja; > as,
Y= my, my is any positive constant, if aja; < as.

where

Then every solution of (1.1) is either oscillatory or tends to zero as t — oo.

Proof. Suppose that (1.1) has a non-oscillatory solution x(¢#). Without loss of generality, we assume
that there exists #; > #, such that x(z) > 0, x(7(¢)) > 0 and x(o(¢,&)) > O for € € [a,b] and t > ;. Then
from the definition of z(¢), we have z(t) > 0. Based on the condition (1.2), z(#) satisfies the following
two cases (see, for example [18, 19]):
(D z(t) > 0, /(1) > 0, (r(1)(2' (1)) > 0 and [r (D)((r2 () ())™))"'] < 0;
(D) z(r) > 0, Z'(1) < 0, (N (D)™ > 0 and [r1(O(r(D(E' (D)) )*'] < 0, for t > 1,.

Assume first that Case (I) holds. Then we get

x(0) = @) o) X @O) @) @)
p(x1(®) p ' @)pE i@ (1)) T pEi(®)  pE@O)pGEI@H(D)

(2.5) can also be seen in [22]. Since ri(¢)((r(£)(z'())**)")*" is non-increasing for ¢ > t#;, it indicates that

(2.5)

mmam@zfr””m@Q“»)mzmmm@awmmvww. (2.6)

! ' (s)
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We deduce from (2.6) that
r () (1)™
—F ) <0,
( 012, 1) )

and 7/(¢)/0,(t, t;) is non-increasing for ¢ > t;. Therefore, we obtain

! Z/(S) 63(t’ tl) ’
z(t) > le 520, tl)éz(s, H)ds > 5200, tl)z (),

and

z(t) v
Gam) =°

which yields that

63t (v (1), 1)
o3(71(0), 1)

for 7(¢) < ¢. Substituting (2.9) into (2.5), we have

277 @) < 277N @), 1> 1,
x(1) = pa(z(™ (1)).
Then there exists t, > ¢; such that o(¢, &) > #; and
xX(o(t,€) = pa(o (1, )27 (o (1, €))), t > 1.

Combining (1.1), (H3), (H4) and (2.10), we conclude that

[ ()E @)™ ] + g2z (7 (02(1))) < 0.

Define a Riccati transformation w(?) by

r(O(ROEH)*))*
(2 (T~ (o2 (o2 (D)) )e2) ™

w(t) = p(7)

Clearly, w(t) > 0, and

=20 [nO0E @)
O =y P ) @) )

r(O(((O)E (0)™)) (ra(T (a2 (02(1)))) )

— a1p(1)

r (OrOE @)Y < @ (e (D) (EE (20))™) .

Combining (2.11), (2.13) and (2.14), we have

pf"(t) a)(t) _ P(I)CIZ(I)Z‘“ (T_I(O'z(l)))
o) T (R @ (a0)))

W' (1) <

AIMS Mathematics

(T~ U (o)) (2T (o2 (1)) )e2) ™!
Since o(t,£) < 7(¢) and [r; () ((r(H)(Z (1))*2))*] < 0, we get 7' (0»(¢)) < t and

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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a0 (O )Y ) 2.15)
ety T @O D))

From (2.7), we get

2112(1) S (53(f, 1)
(r(D)(Z' (@)*)* — 6a(t, 1)
Combining (2.12), (2.15) and (2.16), we obtain

olt) - (L (T e PO (DT (1)
02(t7(o2(0), 11) (7 (ora(t)))

- ol Wit (), (2.17)
(eri(T o))

In order to compute z%~*%(r~!(07,(f))), we consider the following two cases:
(1) @@, > a3. From (2.8), there exist 3 > t, and #; > 0 such that 7 '(0»(7)) > t, and

2(7H(oa(1))) L _Adn)
53(t7H(o2(2), 1) ~ 03(t2, 1)

)" ). (2.16)

pL(0)
o(1)

W' (1) <

=h, t>t,
which implies that
27 (@ (0a(1) 2 mi(S: 7 (02(0), 1)), (2.18)

where m;
(2) a1, < a3. Based on the fact that z’(¢) > 0, there exists A, > 0 such that

— ,a3—ai
= pone,

2t (02(0)) = 2(ty) = hp, 12 1,

which yields that
Z<13—(I1(12(T—1(0-2(t))) > my, (2.19)

where m, =
Substituting (2.18) and (2.19) into (2.17), we have

a3—a|a;
e,

D 8 (0a0). ) e D@DV (0a(1) @ T
WO < 0~ G o) A @0 pone oo
(2.20)
Let ,
C:er—(I),D: il —, a =aj, u= o).
PO (pr @ (o))
Applying the inequality (see [13])
$+1 a® Ca+1
Cu—Du="" < @t ) Do D>0, u>0, (2.21)
together with (2.20), we get
W) < _(53(7‘1(020)), tl))sz(t)CIz(t)y(T‘l(Gz(t))) N (L) * 'y (T‘I(Uz(t)))_ (2.22)

@) T (@0) (@ + D 1pm ()
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Integrating (2.22) from #; to ¢, we obtain

f t [(53(7_1(0'2@)), )\ p(8)g2()y(7 " (0a(5))) (L) (™ (oa(s)))

St (0a(s5)), 1) ry (t7 (o2 (s))) (o) + D@+l pai(s) ]ds < wlBs),

for all sufficiently large ¢, which contradicts (2.3).
Secondly, assume that Case (II) holds. Since 7'(¢) < 0 and 7(¢) < ¢, (2.5) yields that

x(t) = pir(Oz(7' (1)),

which indicates that

x(o(t,€)) = pi(o(t, )zt (1, 6))), (2.23)
fort > t,. Using (1.1), (H4) and (2.23), we conclude that

[ Or(OE @)))"] < —qi(@Oz" @ (a1(1). (2.24)

By using a similar proof of [19, Lemma 2.2], we can obtain lim,_,, x(#) = 0 due to the condition (2.4).
This completes the proof of Theorem 2.1. O

Next, we turn our attention to the case when (2.2) holds.

Theorem 2.2. Assume that conditions (HI)—(HS5), (1.2), (1.5), (1.6), (2.2) and (2.4) hold. Moreover,
assume that there exists a function p(t) € C'([ty, ), (0, 0)) such that for sufficiently large t, > t, >
1 = ty,

lim sup

[—00

ft [(53(7(3), tl))alazp(S)QZ(s)Y(T(s)) _ (p:.(s))aﬁ-lrl (T(S))]ds = oo, (2.25)

02(7(s), 1) ry' (7(s)) (a1 + D)m+lpi(s)

where y(t) is defined as in Theorem 2.1. Then every solution of (1.1) is either oscillatory or tends to
zero ast — oo,

Proof. Suppose that (1.1) has a non-oscillatory solution x(¢). Without loss of generality, we assume
that there exists #; > f; such that x(¢) > 0, x(7(¢)) > 0 and x(o(¢,&)) > O for £ € [a,b] and ¢ > #;. As in
the proof of Theorem 2.1, we have (2.11) and (2.16), and there exist two possible cases (I) and (II) for
z(t) (as those in the proof of Theorem 2.1).

Assume that Case (I) holds. Define a Riccati transformation @(¢) by

r(O(OE ))™))*"

U = P OGO

t>h>t. (2.26)

Clearly, @(¢) > 0, and since 7(¢) < t,

P (1) [r1 (O ()& )2 ] n OO 0))) (@) (ET1))™)

o0 YO PO conaaayymy P (RO D))=)

LD p0g 0 ) e (0 (@ @)y )
S0 T (EONEEOT gy REOGED) )
1

o'(1) =

(2.27)
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From (2.2), we get 7' (0»5(f)) > t > 7(¢), and then z(7~!(05(£))) > z(7(¢)). Therefore, based on (2.16),
we obtain

217 (02(0))) 03(7(1), 1) \me2
GO > ey 2 O
Substituting the later inequality, (2.18) and (2.19) into (2.27), we deduce that

oy pL(1) _ 03(7(0), 1) @12 p(1)qa () y(7(2)) o N
< — — ] . 2.28

By using the inequality (2.21) and (2.28), we conclude that

) OGOV E(D) (o) ()
O -Gamm) A @ e 229

An integration of (2.29) from #; (3 > 1,) to t leads to a contradiction to (2.25).
Secondly, assume that Case (II) holds. Proceeding as in the proof of Case (II) in Theorem 2.1, we
arrive at the conclusion lim,_,., x(#) = 0. This completes the proof of Theorem 2.2. O

Remark 2.1. With different choices of the function p(t), one can derive a number of oscillation
criteria for (1.1) from Theorems 2.1 and 2.2.

Remark 2.2. Our results in this section extend and improve those obtained by Tung¢ [22], and we
can get some relevant results by using the technique presented in [22]. The established results here
also complement and improve those in [13, 16, 17, 19], since the considered equations in these papers
are special cases of (1.1) and our results can be applied to (1.1) in the case where p(t) > 1.

3. Oscillation criteria for the case (1.3)

In this section, we will establish some oscillation criteria for (1.1) under the assumption that (1.3)
holds. Similarly as in Section 2, we start with the case when (2.1) is satisfied. Firstly, we define the
following notations:

L - oL
81([) = f r “ (s)ds, 02(t, 1) = f r, 2 (s)ds.
t I

Furthermore, assume that

3.1

SO |
a(t) = o (7 (1), 1) )>0

1
p(T‘l(t))( - pE ' (T (1)2(t7 (1), 1)
Then let ,
g1 =K f q(t,&)p5’ (o (t, €))dé.

Theorem 3.1. Assume that conditions (HI)—(HS5), (1.3), (1.5), (1.6), (2.1), (2.4) and (3.1) hold.
Furthermore, assume that there exists p(t) € C'([ty,),(0,00)) such that (2.3) is satisfied for
sufficiently large t, > t, > t; > ty. If

g ar+l1 1

a1 5 ()

lim sup f 37 29737 s - ds=co,  (32)

—o0
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where .
S(0) { m3(02(, 1)), mjs is any positive constant, if aja; > as,
"y =

mo, my is any positive constant, if aya; < s,
then every solution of (1.1) is either oscillatory or tends to zero as t — oo.

Proof. Suppose that (1.1) has a non-oscillatory solution x(¢). Without loss of generality, we assume
that there exists #; > ty such that x(z) > 0, x(7(¢)) > 0 and x(o(¢,&)) > O for £ € [a,b] and ¢ > ¢#,. Based
on the condition (1.3), there exist three possible cases (I), (I) (as those in the proof of Theorem 2.1)
and
(ID) z(7) > 0, Z'(t) > 0, (ra()(Z' (1)) < 0 and [r1()((r2()(Z (1)) )] < 0, for 1 > 1.

We firstly prove that Case (III) holds. It is easy to verify that

(nOE (D)) > 0or (n(E'®)*) <0

o _ 1
f r, " (t)dt < oo,
fo

and in the proof of Theorem 2.1, we can see that z(¢) has properties (I) and (II). If (r,(£)(z'(£))**)" < O,
then we claim that z’(r) > 0. Otherwise, there exists a constant M, such that

holds under the condition

ROE ()™ <M, <0, 12 1.

Integrating the last inequality from ¢, to ¢, we have

! 1
2() < zty) + M, f ry,? (s)ds.
1

Letting t — oo, we get z(f) — —oo, which contradicts the fact that z(f) > 0. Hence we conclude that
Z/(t) > 0 here.

Assume now that Cases (I) and (II) hold. Then we can obtain the conclusion of Theorem 3.1 by
using the proof of Theorem 2.1.

Assume that Case (III) holds. Since ri(t)((r2(£)(Z'(£))**))*" is nonincreasing for t > ¢; and
(r(6)(Z (1))**) < 0, we have

1

1 I
SsﬁWMU@@VW%:[ﬁ“@Ms<O

;o e
mmam”—mmam”:frﬁﬂmgﬁﬂ»>d
t i (s)
Letting [ — oo, we get

R 0)™ 2 =61 (OrR(D)E )™,

that is |
- OrOE 0)2)
0 < =5,(H) = <1 (3.3)
: ra(t)(Z (1))
In view of rz"T2 ()7 () is non-increasing for ¢ > ¢;, we see that
2t) 2 8y(t, 1)rs? (D7 (0), (3.4)

AIMS Mathematics Volume 5, Issue 5, 5076-5093.
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and

A v, 3.5)
02(2,11)

which yields that 5
St (@' (0), 1)

-1
B 0.10) @), t=> 1. (3.6)

27 @) <

Substituting (3.6) into (2.5), we get
x(1) = pr(Dz(r™ (1)).

Then there exists #, > ¢; such that o(¢, &) > ¢, and

[nOr(0OE @)))"] < =gz @ (e2(0)), 12 1. (3.7

Define the function v(¢) by

_ @& @)Y
I T ) R G:8

Then v(#) < 0 for t > t,. From (3.3) and (3.8), we obtain

=00 (1) < 1. (3.9)
Differentiating (3.8) and using (3.7) and (3.8), we get

V) _Ir LG ®))) ] ain@(n@E @)%))" (nn)(E ©)*)

(D@ D)) (D@ Dy
LOTE@O) @ 1.
=T T hocomn W (3.10)
()

From (1.5) and (3.5), we obtain

S(t o), 11)

-1
27 (02(1) 2 5 i (). (3.11)
(3.4) implies that
Zal 2 (t) s
@@y =% (3.12)
Combining (3.10), (3.11) and (3.12), we get
V’(l) < _qz(t)Slzllaz(T—l(o_z(t)), tl)zm—auzz(t) _ (j’l Vﬁﬂ(l‘), (313)
(1)

due to 6,(77 ' (02(1)), 1) < d5(¢, ;). In order to compute z3~*1%2(¢), the case a @, < a; is the same as
that in the proof of Theorem 2.1. We now compute the case @@, > a3. Applying the monotonicity of
2(8)/65(t, 1)) for t > t, derived from (3.5), there exists /3 > 0 such that

z(1) < )
Sa(t, 1) ~ Oalta,ty)

3
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which implies that
2N > ms(6,(8, 1)), (3.14)

where m3 = h$*™"'**. Combining (2.19), (3.13) and (3.14), we conclude that

V(1) < G705 (@ (o). 1) — v o). (3.15)
(0

Multiplying (3.15) by Sf‘ (#) and integrating it from ¢, to ¢, we obtain

&' (Ov(1) = &7 (t)v(12) + f 81 (5)qa(s)7(5)85 > (7 (0r2(s)), 11 )ds

5]

(ll al 1
+a1f [ b )I ()7 - v )I (®l|ds < 0. (3.16)
f it (s) {”( 5)
By using the inequality (2.21) and (3.16) with
aq 1 Ta
s (5 s
C= L() L(),uzlv(s)l,
ry' (s) ri' (s)
we conclude that
! Taq ~ ~ Ta1an -1 0“/1 ar+l l Taq
[61 (DZADFSFS (T (oa(s).11) = (—) ——|ds < 8} (t)v(n) + 1,
¢ aq + 1 a
? S1()ry" (5)
due to (3.9), which contradicts (3.2). This completes the proof of Theorem 3.1. O

With a similar proof to that of Theorems 2.2 and 3.1, we can obtain the following criteria for (1.1)
by assuming that (2.2) is satisfied.

Theorem 3.2. Assume that conditions (HI)—(H5), (1.3), (1.5), (1.6), (2.2), (2.4) and (3.1) hold.
Furthermore, assume that there exists p(t) € C'([ty, ), (0, 00)) such that (2.25) is satisfied for
sufficiently large t, > t, > t; > ty. If

) a1+l 1

@t s O o))

ds = oo,

lim sup f [5‘1" ()G()F(T (02()))85' (77 (0a(5)), 1) — (

—0o0

(3.17)
where ¥(t) is defined as in Theorem 3.1, then every solution of (1.1) is either oscillatory or tends to
zero ast — oo.

Proof. Suppose that (1.1) has a non-oscillatory solution x(¢). Without loss of generality, we assume
that there exists #; > #; such that x(¢) > 0, x(7(¢)) > 0 and x(o(¢,&)) > O for £ € [a,b] and ¢ > #;. As in
the proof of Theorem 3.1, we have (3.3) and (3.7), and there exist three possible cases (I), (II) and (IIT)
for z(¢).

Assume first that Cases (I) and (II) hold. We can obtain the conclusion of Theorem 3.2 by using the
proof of Theorem 2.2.
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Assume that Case (III) holds. Define the function ¥(¢) by
r(O)((r(0)( (1)) )™

(R (T (2N (2@ (o2 (1)))=) "

Then ¥(¢) < 0 for ¢ > ¢;. Since o,(¢) > 7(¢) and (r,(¢)(Z'(¢))**)" < 0, we have

1 1

TOGOEOY g i OeO@OrY
RE )T oD~ OO
From (3.3), (3.18) and (3.19), we get

V(1) =

t>1. (3.18)

-5, (3.19)

=00 (1) < 1.

€1

ay

Since r," (1)(r2(£)(z'(£))™)" is non-increasing for ¢ > ¢;, we obtain

r (D) (1))
o .
it (rHoa(1)))
Differentiating (3.18) and using (3.7), (3.18) and (3.20), we deduce that

[ (O D)) ]
(ra (T {2 (O (T (02(1)))))2)"
_ ain(O(OE )™)) (T (O (020))™)
G0 (N 0)) S L
3(0)2 (T (05(1)) )

- - N0} 321
(™ (2T 2)))) )™ rfﬂ(qf-l(cr2<z>>)), v o

(7™ (2N (02(0)))™) < (3.20)

V(1) =

Furthermore, substituting (3.12) and the definition of ¥(¢) into (3.21), we conclude that

V(1) < =¥ (02(0))85 (77 (02(D), 1) = — - i @),
r' (T (oa(D)

The rest of the proof is similar to that of Theorem 3.1 and we can get a contradiction to (3.17). So we
omit it here. This completes the proof of Theorem 3.2. O

4. Oscillation criteria for the case (1.4)

In this section, we will establish some oscillation criteria for (1.1) under the assumption that (1.4)
holds. Similarly as in the previous sections, we start with the case when (2.1) is satisfied.

Theorem 4.1. Assume that conditions (HI)-(H5), (1.4), (1.5), (1.6), (2.1), (2.4), (3.1) and (3.2)
hold. Furthermore, assume that there exists p(t) € C'([ty, ), (0, 00)) such that for sufficiently large
t.> 1t >4 >ty one has (2.3). If

1 | G =

then every solution of (1.1) is either oscillatory or tends to zero ast — oo.
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Proof. Suppose that (1.1) has a non-oscillatory solution x(). Without loss of generality, we assume
that there exists #; > £y such that x(z) > 0, x(7(¢)) > 0 and x(o (¢, £)) > O for € € [a,b] and ¢ > t,. Based
on the condition (1.4), there exist three possible cases (I), (II), (IIT) (as those in the proof of Theorem
3.1)and (IV) z(t) > 0, Z(t) < 0, (r(H)(Z’ (1))*) < 0 and [r1 (1) (2 ()(Z'()®))*] <0, fort > 1.

Assume first that Cases (I), (I) and (IIT) hold. We can obtain the conclusion of Theorem 4.1 by
using the proof of Theorem 3.1.

Assume that Case (IV) holds. Then there exists a constant / > 0 such that

lim z(¢) = L.

t—00

We claim that [ = 0. Otherwise, assume that /[ > 0. We see that there exists , > t; such that
Y o(H) > t; and z(t+7 (071 (1)) > [, t > t,. From (2.24), we obtain

(11O @) ] + 1% q:1(1) < 0. (4.2)

Integrating (4.2) from #, to ¢, we have

riO(r@OE (0))))" + 17 f q1(s)ds <0,

1)

which can be rewritten as

Ja3 f 0
OO + (oo [ aas) " <0

Integrating again from t, to ¢, we get

o (M1 Y L
RO () + 17 f (— f qi(s)ds)" dv <0,
1% r (V) %)
which yields that

(02
ap

5@+Lm>h&éhf%®wﬁwﬁsa

Integrating the last inequality from ¢, to ¢, we obtain

3 t 1 U 1 v 1 1
Jaa f f f (s)ds)" dv|™du < z(tp),
t* [rz(u) I (”I(V) n o ) ] ’

which contradicts (4.1). This completes the proof of Theorem 4.1. O

With a similar proof to that of Theorems 3.2 and 4.1, we can obtain the following criteria for (1.1)
assuming that (2.2) is satisfied.

Theorem 4.2. Assume that conditions (HI)—(H5), (1.4), (1.5), (1.6), (2.2), (2.4), (3.1), (3.17) and
(4.1) hold. Furthermore, assume that there exists a function p(t) € C'([ty, ), (0, o)) such that for
sufficiently large t. > t, > t; > to, one has (2.25). Then every solution of (1.1) is either oscillatory or
tends to zero as t — 0.

Remark 4.1. The results in [13, 16, 19, 22] are obtained only in the case (1.2) and they are
inapplicable to (1.3) and (1.4). Hence, the main results of this paper complement and improve those
in the literature.
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S. Examples

In this section, we will present some examples to illustrate the main results.
Example 4.1 For t > k; > 1, consider the third-order neutral delay differential equation with distributed

deviating arguments

sl k1+1
[1(((x() + 6; : Z‘l x(%)) )+ fk 15%( + g)xS(é ~£)dg =0, 5.1)

where o) = 1/3, a0, =1, a3 =5, a=k;,b=k +1, f(x) = X, @) =t rn() = t%,

61 + 5k,
t+ ki

()= 5. 06 = 3~ & p) = q(1.8) = 155t + &).

Choose 1y = t; = k;. Then we get aja; < @3, 5 < p(f) <6,

t ! 1 1
HD=oct,kij+D)==—=U+1), 6,(t,1;) = Bds = — — —,
R e
0,(t, k 1 1
0o(t,11) = 1(1 1): 1 L 5°
12 2k3r2 212
! 1 1 1 . 1 1 _3
03(t,11) = - ds=—=@? -k +=("2 -k, 2),
~ 0 1 - ! 1
51(t):f s7ds = —, 52(t,t1):fs—%dszz(t%—kf).
t 2t2 ki

Furthermore, we deduce that

pi(t) > é(l—%): % > 0,

1 _3
BN —kD+ 3O~k
> 0 >0,

pa(t) = (1 - % 1 :
e GRS R CUR o

pay= 21 -1 CLZR L,
(G0} - kD)

ki+1 2.5 s 1
ql(l)>fkl <E) 15 (t+§)d§:32(t+k1+§),

ky+1 1.5 3.5 1
qz(z)>fkl (1—0) NS+ odé = (5) (1+ka+ 5).

_ ki+1 1.5 S 1
QZ(’)>L (1—) S+ dE =1+ ki 5.

w1 e e -
\ft; [72(u)£ (rl(v)fv ql(s)ds) dv] du

It is easy to verify that
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3
>f ff32s+k1 )ds)dvdu:oo
ki

a’l )[21+l
1

f 37 @78 o - (5

and
1

ds

51(S)r (s)

W=

d 1! 1 475
>f4k.+3 [(ﬁ) (s+k + )((s 3k + D) —K]) - T]ds S,
as t — oo, where we set t, = 4k; + 3. Therefore, conditions (H1)-(H5), (1.3), (1.5), (1.6), (2.1), (2.4)

(3.1) and (3.2) hold. We choose p(#) = 1. Applying Theorem 3.1, it remains to check (2.3), and we see

that
ft [(53(7_1(0'2@)), ll))“1“2P(S)Q2(S)7’(T_l(0'2(S))) @ (N (v 1(0'2(S)))] Js
S (7 H(oa(8)), 1) ry (t7 (o2 (s))) (@) + D) *lpai(s)

|
5
89 1) (s+ki+3)
> 2) , ]ds — 00,
a3 48k (s =3(ky + 1))
as t — oo. Hence, every solution of (5.1) is either oscillatory or converges to zero by Theorem 3.1
Example 4.2 Consider the third-order neutral delay differential equation with distributed deviating

arguments
(5.2)

[A(A(x(@) + 2x( = 1)) + f 123 653 (t—1+§)d§ 0, 1> 1,

where A is a positive constant. Choose 7y = t; = 1. Then we get

o) =0(,2)=1t—- %,

!
_ 1 1(t ky 1 1
5 tat = 2d :1__, 5 5 - = =~ 3
11, 1) j;s s ; 2t 1) = 1A
tl 1 1 1 1
03(t, 1) = ———)ds=— — — + =,
(1) fl(sz s3) YT T T2

- o0 1 . ! 1
5,(2) :f s2ds = —, &(t, 1)) = f s2ds=1-~.
‘ t I t

Furthermore, we deduce that
1 1

1
1 Iy 1 1 1 22 w12
p0=5(1-3)=7>0 p0=5(1-5 = _L+%)>—>o,

2(t+1)? t+1

(t)_f(lflmfd Y (f)>f2(1)3123/1td =3
a0 =] 3 gds = AL, g ' gdé =3

1,0 1 1=g50 1 ) 2 13, 34
pat) = 5(1- 5 — )> >0 qz(z)>fl (Z) 12’ igdé = i

t+1
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It is easy to verify that

00 1 00 1 00 ﬁ {% B 00 S 00 H 0034 B
j; [rz(u)j; (rl(v)ﬁ ‘]1(5)ds) dV] zdu_]; u f; 1% j; E/lsdsdvdu_oo,

00 1 fu 1 fv (% % 00 > U S V 34
(s)ds)" dv|?du = f u f v —Asdsdvdu = oo,
f; [”Q(M) 1, (l”l(V) ‘. 7 ) ] 2 2 ) 2

and
(04} ar+1 1

G+ S T (10 (s)

f 57 9267 @M st - ds

113 1 I s
>f2 sl s+%)‘z(s+%)z]d“°°’

ast — oo, if A > 1, where we set ¢, = 2. Therefore, conditions (H1)-(H5), (1.4), (1.5), (1.6), (2.2),
(2.4), (3.1), (3.17) and (4.1) hold. We choose p(t) = t*. Applying Theorem 4.2, it remans to check
(2.25), and we get

ft [(53(T(S),tl))<“<’2P(S)Q2(S)7(T(S)) B (PL(S))"‘HH(T(S))]dS
r o 02(T(s), 1) ry' (7(s)) (ar + D)+l pi(s)

1 1 313

5t ——=+1 2
2s-12 -1 T2 2 2
> . —(s—1)|ds > oo,
fz R

(s=D?  (s=1)?

as t — oo. Hence, every solution of (5.2) is either oscillatory or converges to zero by Theorem 4.2.
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