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1. Introduction

The study of the stability of functional equations originated from a question by Ulam [1]
concerning the stability of group homomorphisms. Since then, Ulam-type stability problems for
different types of functional equations in various abstract spaces have been widely and extensively
studied (see [2-9] and the refs. contained therein). Meanwhile, it has been successfully implemented
in optimization theory (see, e.g., [10]) and economics ( see [11]).

Recently, some fuzzy versions of Ulam stability have begun to emerge; however, most of the
results were obtained in fuzzy normed spaces (see [12-15]). By contrast, in a Banach space, the
Ulam stability of a fuzzy number-valued functional equation was first discussed in the authors’
previous work [16], in which it was demonstrated that, under some suitable conditions, the following
can be approximated by additive mappings:

f(%j+ f (%): f(x) and f(ax+by)=rf(x)+sf(y),

where f is a fuzzy number-valued mapping.
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The present paper will continue the research originating from the authors’ previous work [16].
More precisely, the Ulam stability of the following fuzzy number-valued functional Eqgs (1) and (2)
are respectively investigated:

rf (uj+sg (ﬂjzzmx), 1)
r S
f(x+y+z)=2f(%}+f(z). )

2. Preliminaries

Throughout this paper, R denotes the set of all real numbers, R, =(0,0), X and Y are
Banach spaces, P_.(X) denotes the set of all non-empty compact convex subsets of X ,and B is

a subspace of Y .

Some necessary notions and fundamental results that are used in this paper are herein recalled.
The reader is referred to the work by Refs. [17-19] for more information and details.

If a function u: X —[0,1] satisfies the following conditions:

(i) [ul* ={xeX:u(x)=a}eP.(X), Vae(01];
(ii) the support set of u: [u]’ =supp(u) =cKx:u(x) >0} is a compact set, where the notation

“cl” denotes the closure operation, then u is called a fuzzy number on X . The set of all fuzzy
numberson X isdenoted by X..

For uveX., Ae€R, the following properties regarding addition u+v and scalar
multiplication A-u can be proven via the Zadeh extension principle (see [17]):

[u+v]* =[u]” +[v]® and [A-u]* = A[u]”.

The mapping D: X, xX. — R, U{0} is defined by

D(u,v) =supd,, ([u]*,[v]*),

ael

where d, is the Hausdorff metric. Then, (X.,D) is a complete metric space, and D satisfies
the following properties: forall AR and u,v,w,ee X_,

(P1) D(Au,Av) 5 A|-D(u,v),

(P2) D(u+w,v+w)=D(u,v),

(P3) D(u+v,w+e)<D(u,w)+D(v,e).

3. Main results

In this section, the Ulam stability of Eqs (1) and (2) is established, in which f indicates a

fuzzy number-valued mapping. The Ulam stability of Eq (1) was investigated in the work by Ebadian
et al. [20], in which f was a single value function. Additionally, the Ulam stability of Eq (2) was

explored in the work by Lu and Park [21], in which f was a set-valued function. Therefore, the

results obtained in the present study are generalizations of the corresponding results in previous
works [20, 21].
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Theorem 1. If fuzzy number-valued mappings f,g,h: B — X satisfy the inequality

(o522}l )

for all x,yeB, where £>0 and I’,SER\{O}, then there exists a unique additive mapping

T:B— X,

such that D(T(x),h(x))338;5 for all xeB, where 6=D(6,sg(0)+rf(0)) and

0 isthe zero elementin X..
Moreover, if h(tx):R—(X.,D) is continuous for each given x B, then T islinearon B.

Meanwhile, we obtain

D(T(x),f(x)+§g(0)j<ﬂ and (T(x) f(0)+g(x )j |s|

de+ 6

Proof. In inequality (3), let y=0, y=x,and y=-x, respectively; the following is then obtained:

Then,
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Next, hy(x)=h(x) and h,(x) :2—1nh(2"x) (neN) are set. The following is then obtained:

1 (1, ., N e+
= D(Eh(z x).h(2 1x)j <‘;_+l )

It is then known that {fn (x)} is a Cauchy sequence in X . From the completeness of the metric
space (X, D), there exists a mapping T:B — X, suchthat T(x)=limh,(x) foreach xeB.

Next, the additivity of T is proven. From Eqs (3)—(6), it can be concluded that
D 2”x+2“y)+h(2”x—2”y),h(2“+1x))
r (2" (x+y)) s r s (2" (x-y)
h2”x+ +h2”x fl ———|+=90)+=f(0)+=-g| ————=
y)) ((y))z( - 590+ F(0)+39 .
2n+1 X + n+l _
+D(£ [ yJ+ g(0)+ f(0)+— [—2 (x y)J
2 S
n+1 n+1 _
Lf[Z x+yJ sg(z (x y)n
2 S
n+l n+l _
p| Ez X“’ +Eg[—2 (x y)],h(znﬂx)J
2 2 S

[Zh(Z” (x+y)),rf (w}sgm)] +%D(2h(2” (x=y)),1f (0) +5g (—ZM (:‘y)]]
+D(%g(0)+%f(0),9j 4

D(hn (x), hn—l(x)) =

J’_

2
3c+0
< .
2

Therefore,

D(T(x+Yy)+T(x-y),T(2x))= !mz—ln(h(zn (x+y))+h(2"(x- y))):O.

Thus, T(x+Yy)+T(x—y)=T(2x).Asaresult, T(x+y)=
T is additive.

Via inequality (7), the following is obtained:

T(x)+T(y) forall x,yeB,ie.,

n

D(h(X),T(X))=!iﬂD(h(x),hn(x))s!m;[}(hiil(x ) <m23;:15_35+5

Moreover, if h(tx):R—(X.,D) is continuous for each given x e B, then
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IlmT(ax)—Ilmllm—h( )=|im|iminh( )_nm—h( 3,X) =T (8,X) (8)

a—ay a—ay o QN n—wa—a; 2 n—ow

foreach a, R and xeB.Recalling that T is additive, T(cx)=cT(x) for each rational number
ceR and xeB. This fact, together with (8), ensures that T(cx)=cT(x) for each ceR and

xeB.Asaresult, T islinearon B.
Hence, from the linearity of T and the inequality (5), the following is obtained:

D(f(x)+§g(0),T(x)j
SD(f( )+ 9(0),2 (Z(D+D(§h(r—2xj,§T(r—;D+D[§T(r—zxj,T(X)j
:ﬂ ( (x)+5g(0), Zh(zjj+ﬁD(h(%j,T(r2XD+D(T( ). T (x))-

Similarly, the linearity of T and the inequality (6) imply that
de+0

D(g(x)+£f(0),T(x)j< ;

Finally, the uniqueness of T is proven. Suppose that there are two additive mappings
T, T,:B— X, satisfying D(T,(x),h(x)) < 3g+5( =12,xeB).

Then,as n— oo,

(D(T,(nx), h(nx))+ D (h(nx), T,(nx)))

S|

D(T,(x),T,(x)) = % D(nT,(x),nT,(x)) <

338+5
n

Thus, T,(x)=T,(x) forall xeB.

—0.

Theorem 2. If a fuzzy number-valued mapping f :B — X satisfies the inequality

D(f(x+y+z),2f(%j+f(z)}<g 9)

forall x,y,zeB, where £>0, then there exists a unique additive mapping T :B — X_ such that
D(T(x), f(x))sg forall xeB.
Proof. In inequality (9), let x=y =z the following is then obtained:

D(f(3x),3f(x))<e. (10)

Replacing x with 3"x (neN) in (10), the following is obtained:
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(f(3“”x)3f(3"x))<g or D(f(gmx) f(3“x)]<3n+l.

3 +1 ! 3n

f(3n X)

Denoting  f,(x)= f(x), f,(x)= . then D(f,(x), fn,l(x))<3in (neN). From the

completeness of the metric space (XF,D), a mapping T:B— X, with T(x)=Ilimf (x) is

obtained. Moreover, noting that

0

D(f,(x), f(x))< i D(f,(x), f,4(x) < 3£:§ ,

it is known that D(T(x),f(x))ég forall xeB.

It is now demonstrated that T is additive. Via (9), the following is obtained:

(T(x+y+z)2T( Zy]+T(z)]
—I|mD(f(x+y+z)2f( 2yJ+f (z)j

= lim~ D( (3“(x+y+z)),2f(@]+f(3”z)]g!m3in=o.

n—oo 3

Thus,

T(x+y+z):2T(%J +T(2),VX,y,2eB. (12)

Following from Eq (11), it is known that T(0)=0 and 2T (gj:T(x) for all xeB.

Consequently,
2T (%JZT(X+y) 2T(2j+T(y), 2T (%jo(y).

Hence,

D(T(x+y+2), T)+T(y)+T(z))
:D(ZT[X;y)+T(Z) 2T(2)+2T(%j+T(z)J [ T(Xzyj 2T(2j+2T(ZD
—D(ZT(2J+T(y)2T +2T j (T(y)ZT %D:o.

Thus, T is additive.
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Noting that D(T(x), f(x)) Sg for all x e B, the uniqueness of T can be proven by using a

similar approach as that in the proof of Theorem 1.

4. Conclusions

The main objective of this paper was to discuss the Ulam stability of two fuzzy number-valued
functional equations in Banach spaces via the metric defined on a fuzzy number space. The results
made a new a connection between the Ulam stability and fuzzy number-valued functional equations,
which together with the authors’ previous work. In addition, we will work on different type of fuzzy
equations including fuzzy differential equations and higher dimensional fuzzy equations. The work
on the Ulam stability of fuzzy differential equations is now in progress.

Acknowledgements

The authors would like to acknowledge the support of the National Natural Science Foundation
of China under Grant No. 11971343. The authors are grateful to the editor and referees for their
valuable comments which led to the improvement of this paper.
Conflict of interest

The authors declare that they have no conflict of interest.

References

=

S. M. Ulam, Problems in Modern Mathematics, Science Editions, Wiley, New York, 1964.

T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Jpn., 2

(1950), 64-66.

3. J. Brzdek, W. Fechner, M. S. Moslehian, et al. Recent developments of the conditional stability
of the homomorphism equation, Banach J. Math. Anal., 9 (2015), 278-326.

4. J. Brzdek, K. Cieplinski, A fixed point theorem in n-Banach spaces and Ulam stability, J. Math.
Anal. Appl., 470 (2019), 632—646.

5. P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive
mappings, J. Math. Anal. Appl., 184 (1994), 431-436.

6. S. M. Jung, Hyers-Ulam-Rassias stability of functional equations in nonlinear analysis,
optimization and its applications, Springer, New York, 48 (2011).

7. M. S. Moslehian, T. M. Rassias, Stability of functional equations in non-Archimedean spaces,
Appl. Anal. Discrete Math., 1 (2007), 325-334.

8. V. Govindan, S. Murthy, Solution and Hyers-Ulam stability of n-dimensional non-quadratic
functional equation in fuzzy normed space using direct method, Mater. Today: Proc., 16 (2019),
384-391.

9. T. M. Rassias, On a modified Hyers-Ulam sequence, J. Math. Anal. Appl., 158 (1991), 106-113.

10. S. M. Jung, D. Popa, T. M. Rassias, On the stability of the linear functional equation in a single
variable on complete metric groups, J. Global Optim., 59 (2014), 165-171.

11. E. Castillo, M. R. Ruiz-Cobo, Functional equations and modelling in science and engineering,

Marcel Dekker, New York, 1992.

no

AIMS Mathematics Volume 5, Issue 5, 5055-5062.


http://xueshu.baidu.com/s?wd=author:(Janusz%20Brzd%C4%99k)%20&tn=SE_baiduxueshu_c1gjeupa&ie=utf-8&sc_f_para=sc_hilight=person
http://xueshu.baidu.com/s?wd=author:(W%C5%82odzimierz%20Fechner)%20&tn=SE_baiduxueshu_c1gjeupa&ie=utf-8&sc_f_para=sc_hilight=person
http://xueshu.baidu.com/s?wd=author:(Mohammad%20Sal%20Moslehian)%20&tn=SE_baiduxueshu_c1gjeupa&ie=utf-8&sc_f_para=sc_hilight=person
http://xueshu.baidu.com/s?wd=author:(Justyna%20Sikorska)%20&tn=SE_baiduxueshu_c1gjeupa&ie=utf-8&sc_f_para=sc_hilight=person
http://xueshu.baidu.com/s?wd=author:(Janusz%20Brzd%C4%99k)%20&tn=SE_baiduxueshu_c1gjeupa&ie=utf-8&sc_f_para=sc_hilight=person

5062

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

I. K. Chang, G. Han, Fuzzy stability of a class of additive-quadratic functional equations, J.
Comp. Anal. Appl., 23 (2017), 1043-1055.

E. Gordjim, H. Khodaei, M. Kamyar, Stability of Cauchy-Jensen type functional equation in
generalized fuzzy normed spaces, Comput. Math. Appl., 62 (2011), 2950-2960.

A. K. Mirmostafaee, M. Mirzavaziri, M. S. Moslehian, Fuzzy stability of the Jensen functional
equation, Fuzzy Sets Syst., 159 (2008), 730-738.

A. K. Mirmostafaee, M. S. Moslehian, Fuzzy versions of Hyers-Ulam-Rassias theorem, Fuzzy
Sets Syst., 159 (2008), 720-729.

J. R. Wu, Z. Y. Jin, A note on Ulam stability of some fuzzy number-valued functional equations,
Fuzzy Sets Syst., 375 (2019), 191-195.

J. Ban, Ergodic theorems for random compact sets and fuzzy variables in Banach spaces, Fuzzy
Sets Syst., 44 (1991), 71-82.

J. R. Wu, X. N. Gen, The pseudo-convergence of measurable functions on set-valued fuzzy
measure space, Soft Comput., 22 (2018), 4347-4351.

Y. Wu, J. R. Wu, Lusin's theorem for monotone set-valued measures on topological spaces,
Fuzzy sets Syst., 364 (2019), 111-123.

A. Ebadian, I. Nikoufar, T. M. Rassias, et al. Stability of generalized derivations on Hilbert
C*-modules associated with a pexiderized Cauchy-Jensen type functional equation, Acta Math.
Sci., 32 (2012), 1226-1238.

G. Lu, C. Park, Hyers-Ulam stability of additive set-valued functional equations, Appl. Math.
Lett., 24 (2011), 1312-1316.

. © 2020 the Author(s), licensee AIMS Press. This is an open access
MS AIMS Press article distributed under the terms of the Creative Commons
= Attribution License (http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 5, 5055-5062.



