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1. Introduction

Let I C R be an interval. Then a real-valued function /& : I — R is said to be convex (concave) on
the interval [ if the inequality

htk; + (1 — D) < (X)th(ky) + (1 — Hh(ky)

holds for all k1, x, € I and ¢ € [0, 1].

It is well known that convexity (concavity) has wide applications in pure and applied mathematics
[1-12]. The well known Hermite-Hadamard inequality [13-20] for the convex (concave) function
h : I — R can be stated as follows:

for all k;, k; € I with k; # k.

f * hodx < (z)w

Ky — K1 Uiy
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Recently, many generalizations, invariants and extensions have been made for the convexity, for
example, harmonic-convexity [21,22], exponential-convexity [23,24], s-convexity [25,26],
Schur-convexity [27-29], strong convexity [30-33], H, ,-convexity [34-38], generalized convexity
[39], GG- and GA-convexities [40], preinvexity [41] and quasi-convexity [42]. In particular, many
remarkable inequalities can be found in the literature [43-58] via the convexity theory.

Niculescu [59,60] defined the GG- and GA-convex functions as follows.

Definition 1.1. (See [59]) A real-valued function /2 : I — [0, o0) is said to be GG-convex on the interval
I if the inequality
h(Kky™) < hie) (k)™

holds for all k1, k, € I and ¢ € [0, 1].

Definition 1.2. (See [60]) A real-valued function & : I — [0, o0) is said to be GA-convex if the
inequality
h(Kiky™) < thikr) + (1 = Dh(k)

holds for all k1, k, € I and ¢ € [0, 1].

Ardi¢ et al. [61] established several novel inequalities (Theorem 1.1) involving the GG- and GA-
convex functions via an identity (Lemma 1.1) for differentiable functions.

Lemma 1.1. (See [61]) Let «;, k, € (0, 00) with k; < k> and & : [k;, k2] — R be a differentiable function
such that 4" € L([ky, k»]). Then the identity

(k) — KTh(ky) — 2 f "’ xh(x)dx (1.1)

K1

! 1
= (logx, —logn) f (kyn' ™)K (khn')dr + (log n — log k1) f 0 KR (ke
0 0
holds for all 7 € [«y, k2].

Theorem 1.1. (See [61]) Let xy,k, € (0,0) with k; < k, and h : [k;,k2] — R be a differentiable
function such that 4" € L([«y, k»]). Then the following statements are true:
(1) If |A’'(x)| is GG-convex on [ki, k], then the inequality

(1.2)

KEh(ky) — Kh(ky) — 2 f N xh(x)dx

K1

< (log ky = log ML IR (k)| I ()]) + (log 17 — log k) L7 I (i, s 1A (k1))

holds for all € [«y, k2], where L(ky, k2) = (k2 — k1)/(log k» — log ;) is the logarithmic mean of «; and
K.
2)If 9,y > 1 with 1/9 + 1/y = 1 and |h’(x)|” is GG-convex on [k, k»], then the inequalities

(1.3)

K%h(Kg) - K%h(/q) -2 sz xh(x)dx

K1

< (log ky — log (LS’ 7)) (LK (k). W ()7
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+(log — log k(LG . k") (LAl kil (k)P)) 7

K%h(Kz) - K%h(/q) -2 sz xh(x)dx

K1

< (log k, — log ML (k) 1 [ ()7))7
+(log 77 — log k) LTI (I, K7\ (k1))

and

KEh(ky) — Ko h(ky) — 2 f N xh(x)dx

K1

< (log k, — log ML, 1) ™ (LG () s 7 Ihr()7))7
+(log 7 — log k) (L7, €)'~ (LGP IH ()P W (k1))

hold for all n € [kq, k3].
(3) If |/ (x)| is GA-convex on [k, k»], then we have

K%h(Kz) - K%h(/q) -2 sz xh(x)dx

K1

|’ (k2)| |’ (k)

3

|’ ()|
3

< [Kg - L@, Kg)] + (L7, 3) = LG, )] +

for all n € [k, k2]

@ Ifd,y>1withl/9+1/y=1and |k (x)|" is GA-convex on [ki, k»], then one has

KEh(ky) — Ko h(ky) — 2 f "’ xh(x)dx

K1

EGREELE

< (log ks — logm)' ™7 (L(13, 7)) ™ 3

. [W(KZ)V |6 — LaP, )| + I @l [Lep. ) - |}

-1 30 3\\1-2
+(logn —logky) "7 (L(T", k1)) 7 3

K%h(Kz) - K%h(/q) -2 sz xh(x)dx

K1

y-1

1 y=1
(logk, —logn)' ™ 0D gm0 1
<20 p EW "Ll )] Akt

(logn —logk )1‘5 sgep 200 = L
' 97 I L (Ay(1, 1)),

KEh(ky) — K2h(ky) — 2 f - xh(x)dx

K1

1 (Ih’(n)V |77 = LGS )| + I el | LG ) — K%]]’

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)
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' s s W (W)l + @)
< (logk, — logn)'™> (L(Kg“,nfl)) (| (K2)| 2| ()| )

e A A0) i ALY
+(lOg7]—10gK1)lV(L(UVI,K;/I)) ( 7 > 1 ),

K5h(ky) — KTh(ky) — 2 f - xh(x)dx

K1

_1 _1
 (logx, —logn)'™ (logn —logk)' ™

; (Ay (2, + : (Ay (7, k),
Y Y
where
W )l |37 = Lap. )| + o)l | L™, k37) = |
A’}/(K2a 77) =
3
and , X ,
W @l [ = LG )| + I el | LG 1) = 1|
A,(n, k) = .

3

(1.10)

The conformable fractional derivative D,(h)(¢) [62] of order 0 < @ < 1 at ¢t > 0 for a function

h: [0,00) — R is defined by

l-ay\ _
D, (1) = lir% h(t + €t' ™) h(t)’

h is said to be a-fractional differentiable if the conformable fractional derivative D, (h)(¢) exists. The
conformable fractional derivative at O is defined by h%(0) = lim,o- A%(¢). If h; and h, are
a-differentiable at £ > 0, and «;, k2, A, ¢ € R are constants, then the conformable fractional derivative

satisfies the following formulas

d, - d,
- (') = art, () =0,
d, d, d,
41 (k1hi(2) + k2hy (1)) = K d(,t(hl(t)) + K2 d,,t(hZ(t))’
d, d, d,
dt (i (Dhy (1)) = hl(f)@(hz(l)) + h2(t)ﬂ(hl(t)),
dy (hl(t)) @ ®) = (1) 35 (ha(0)
dot \ha(t)) (ha(1))?
and
Do (o)) = By (0) 22 ()
41 (hy(hy = (D) 7= (ha

if h; differentiable at /,(7). Moreover,

dd _ l—ai
d_at(hl(t))—t dt(hl(t))

AIMS Mathematics Volume 5, Issue 5, 5012-5030.



5016

if h, is differentiable.
Let @« € (0,1] and O < k; < k. Then the function % : [k;,k;] — R is said to be a-fractional

integrable on [k, k,] if the integral
KD K2
f h(x)d,x = f h(x)x*'dx

exists and is finite. All a-fractional integrable functions on [k, k»] is denoted by L, ([, k»]). Note that

I ()(s) = I'(s" ') = f S };‘f_ﬁ)dx

K1

for all @ € (0, 1], where the integral is the usual Riemann improper integral.
Recently, the conformable integrals and derivatives have attracted the attention of many researchers.
Anderson [63] established the conformable integral version of the Hermite-Hadamard inequality as

follows:
)
f h(d.x < h(k1) + h(k>)
K1

K~ K 2

if@ € (0,1]and & : [k, k] — R is an a-fractional differentiable function such that D, (k) is increasing.
Moreover, if function /4 is decreasing on [k, k;], then

KD
n (K1 il K2) < f h(x)d, x.
2 K5 — K{ Jx,

2

The main purpose of the article is to establish the conformable fractional integral versions of the
Hermite-Hadamard type inequality for GG- and GA-convex functions.

2. Main results

In order to establish our main results, we need a lemma which we present in this section.

Lemma 2.1. Let «;,k; € (0,00) with x; < k2, @ € (0,1] and & : [k;,k2] — R be an a-fractional
differentiable function on (ki, k») such that D, (h) € L,([«;, k>]). Then the identity

K2
K57 h(ky) — K17 h(k)) — 2 f xh(x)dyx 2.1)

K1

1
= (logkz — logn) f (Ko7' ™Y Do (h) (k' ™)'t
0

1
+(logn — log k) f 'K Do (h) 7'k dt
0
holds for all 7 € [k, k2]
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Proof. Integration by parts, we get

1
I = f (K™ Do) W' '~ ds
0

1
:f(Ktzﬂl_t)zaﬂh'(K;UI_l)df-
0

Let x = k4n'™". Then I can be rewritten as

1 "
[ = ——— f X0 (x)dx
logk, —logn J,

K2
=—— (& —_n% ] 2a-1
logk, — logn [KQh(KZ) nh(n) - 2a fn x h(X)dx]

K
= —— |5 h(kx) — () — 2« f X h(x)d, x| .
logk, —logn "

Similarly, we have

1
L= f 01Kt Do (M)’ { )i~ dt
0

1
e [n"h(n) - Kt -2 [ x“h(x)dax] .
logn — logk @

Multiplying I, by (log x,—logn) and I, by (log n—log 1), then add them we get the desired identity. O

Remark 2.1. Let « = 1. Then identity (2.1) reduces to (1.1).

Theorem 2.1. Let x;,k, € (0,00) with k1 < ko, @ € (0,1], h : [k1,k2] — R be an a-fractional
differentiable function on («, k») such that D,(h) € L,([«1, k>]) and |/’ (x)| be a GG-convex function on
[k1, k2]. Then the inequality

K2
K52 h(Ky) — K3 h(ky) — 2 f X h(x)dyx (2.2)

K1

< (log ky — log LG | (k)] m** ' |W ()
+(logn — log k)LG7™ |1 (I, k3 1 (k1))
holds for all 7 € [«y, k2].

Proof. It follows from the GG-convexity of the function |A’(x)| on the interval [«;, k] and Lemma 2.1
that

K2
K5 h(ky) — K17 h(k)) — 2 f X" h(x)d,x

K1

1
< (logk, — logn) f (kon' ™Y R (kyn')ldr
0
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M%nqufwlﬂﬂmﬁ“wr
qmm4%mfwlﬂwwmmmww

+(logn — 10gl<1)f '~ R (I ()

= (log ky — log LG |l (k)], n** ' 1W (1))
+(logn — log k) LGP [W ()l 13 W (k).

Remark 2.2. Let @ = 1. Then inequality (2.2) reduces to (1.2).

Theorem 2.2. Let k1, k; € (0,00) withk; < kp, 3,y > 1with1/9+1/y=1, € (0,1],h: [«,k] > R
be an a-fractional differentiable function on (i, x;) such that D,(h) € L,([«1,k2]) and |#’'(x)|” be a
GG-convex function on [k, k2]. Then the inequality

K5 h(ky) — K1 h(ky) — 2 f X" h(x)d,x (2.3)

K1

< (log k; — log M)LK D? DN s (LR (k)1 I (p)7)) >
+(log 7 — log k)L 27 kX D05 (LAR (I, 1 (k1))
holds for all 7 € [k, k2].

Proof. From Lemma 2.1, the property of the modulus, GG-convexity of |#’|” and Holder inequality we
clearly see that

K5 h(K) — K1 h(ky) — 2 f X h(x)dyx

K1

1
sa%m—m@qf@w“W“lesw

+(logn — log k) f 'k R (' H\dt

1
Y
<(log/<2—10gn)( f («h “)Q‘””l’dt) ( f |h' (i “)th)
1 3 1 J
+(logn—log/<1)( f (n’x}")@“*”ﬁdt) ( f |h’(n’/<}")|7dt)
0 0

7 ;
< (log k; —logn) ( f (K4 “)(2‘””%) ( f Ih’(Kz)ly’lh’(n)l(l")ydt)
0
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3 1 ;
+(logn - lOgKl)(f 'Ky~ t)a(m)ﬂdf) (f I ()" | (k)| dt
0

= (log ks — log (LK D? D)) s (LR (ko) I ()7

+(log 7 — log k) (L2 ? KX D05 (LA (I, 1 (k)I))7

Remark 2.3. Let @ = 1. Then inequality (2.3) reduces to (1.3).

Theorem 2.3. Let k;,k; € (0,00) withk; < k2, ¥ > 1, @ € (0,1], h : [k, k2] — R be an a-fractional
differentiable function on (k, k») such that D,(h) € L,([«1,>]) and |h’'(x)|” be a GG-convex function
on [k1, k»]. Then the inequality

K5 h(K2) — K1 h(ky) — 20 f X" h(x)d,x (2.4)

K1

< (log &; — log (L™ I ()", 1 VMW ()
+(logn — log k) (LG VW (P, 771 G )I'))7
holds for all 7 € [«y, k2].

Proof. 1t follows from Lemma 2.1 that

K2
K5 h(k) — KEh(ky) — 2 f X h(x)dyx

K1

< (logk; —logn) f (ko' =2 (ko' ~)d

+(logn —log ;) f 'k~ R (g

Let ¥ > 1 such that ' + y~! = 1. Then making use of the Holder integral inequality and the GG-
convexity of |h’]”, we get

K
K5 h(K) — KIh(ky) — 2 f X h(x)dyx

S (10gK2 —logﬂ) (f dt) (f ( t 1 l)(2(1+1))’|h (Kt 1- t)|'ydl)7
+(log - log Kl)( f dr) ( f (R D - ’)th)y

1
1 3 1 y
< (log > ~ log ) ( f dt) ( f (K’znl‘t)(z"“”Ih’(Kz)ly’lh’(n)l(l"”dt)
0 0
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1
+(10gn—lOgKl)(f dt) (f (nt 1- I)(Z(l+l))’|h/(n)|yt|h/(l<l)|(1_t)ydt

= (log k3 — log LK (k) , 12> V7| (7))
+(log 77 — log k)L V"W (P, 2 1 (ky)7)) 7

Remark 2.4. Let @ = 1. Then inequality (2.4) reduces to (1.4).

Theorem 2.4. Let k;,k, € (0,00) with k; < k2, ¥ > 1, @ € (0,1], h : [k, k2] — R be an a-fractional
differentiable function on (x{, k») such that D,(h) € L,([x;,k>]) and |A’(x)|” be a GG-convex function
on [ky, k2]. Then the inequality

15 h(ky) — k1" h(ky) — 2 f N X" h(x)dyx (2.5)

K1

104 Q -1 Q ’ 12 ’ 1
< (log ky — log (L™ 2 D)5 (LS IR (1)l 2 D1 (7))
+(log 1 — log k) )LV, k2N =5 (LG D (I, k2 V1 (k) P))7
holds whenever 1 € [k, k;].

Proof. From the GG-convexity of |A’|”, power mean inequality, the property of the modulus and Lemma
2.1 we clearly see that

K2
K55 h(Ky) — K3 h(Ky) — 2 f X" h(x)dyx

K1

1
< (log k> — logn) f (K5n' > (k' )dt

+(logn — logk) f Y i (o

< (IOgKZ —10g77) (f (Kt 1- t)2a+1dt) (f (Kt 1- t)2a+1|h/(Kt 1— t)P,dt)y

1
+(10gn _ log Kl)(f (UIK}_Z)20+1dt) (f (ntkl t)201+1|h (nt I)l)’dl)
0

1 1—; 1 %
< (log k, — log ) ( f (K;nl—’)M*ldz) ( f (K;nl—f)z‘”l|h’(/<2)|7f|h'(n)|<1-Wdt)
0
1
+(10gn lOgKl)(f (nt 1- t2(t+ldt) (f (nt 1- t2a/+1Ih/(n)lyt|h/(K1)|(1_;)ydt)

a 102 —= 04 ’ o4 ’ 1
= (log k3 — log (LK, 2 D) =5 (LU DI (), 1 VI (I7)) >
a -1 @ ’ a , 1
+(log 17 — log k) (LD, K2 D)= (L@ O (i, 27O (k)))7

O
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Remark 2.5. Let @ = 1. Then inequality (2.5) reduces to (1.5).

Theorem 2.5. Let k1,k, € (0,00) with k1 < k2, @ € (0,1], h : [k1,k2] — R be an a-fractional
differentiable function on (kq, k») such that D,(h) € L,([«;, k»]) and |/’ (x)| be a GA-convex function on
[k1, k2]. Then the inequality

K2
K%ah(Kz)—K%ah(Kl)—2a’ f x*h(x)d,x (2.6)
K1
|h(k)l 20+ 2o+l Da+l W' ()] 2a+1 Do+l 2a+1 Da+l
< oo [ = Lor D] o= (L) = L )]
| (k1) 2a+l 2 +1 2a+1
L2 a _ 2
a1 LT =
holds for each 1 € [«y, k2].
Proof. It follows from the GA-convexity of |4’(x)| and Lemma 2.1 that
K2
K%“h(Kz) - Klah(/q) -2« f xTh(x)d,x
K1
S(logkz—logﬂ)f Kn' > (kyn' )t
+(log7 — log x1) f G2 i el
<(logK2—logn)f Kn' > [t (k)| + (1 = D) ()] dit
+(log 7~ logk) f G2 (1l Gl -+ (1 = D )]
I (k)] 2ot 2a+l | 2o+ | (1) 2a+l e+l 2a+l 2a+1
= o 107 S Lo e |+ = (Lo e = Lag )]
W (k) 2a+1 2o+l 2a+1
|
O

Remark 2.6. Let @ = 1. Then inequality (2.6) becomes (1.6).

Theorem 2.6. Let «;,k, € (0,00) with x; < k2, @ € (0,1], ¥y > 1, h : [k1,k2] = R be an a-fractional
differentiable function on (ki, k») such that D,(h) € L,([«,«>]) and |#’'(x)[” be a GA-convex function
on [ky, k»]. Then the inequality

K5 h(K) — K1 h(ky) — 2 f X h(x)d,x (2.7)

K1

< (log k; — logn)' y(L(K(2a+l), (2a+1)))1_%
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1

|I’l,(K )ly [ 2a+1 L(772a+1, K%{z+1)] + |h/(n)|y [L(r]2a+1’K§(x+l) _ 772(1+1] y
X
2 + 1

_1 N " _1
+(10g77 _ logkl)l V(L(T](Z +]),K(2 +1)))1 y

l

|h/(n)|y [n2a+1 L(K%(H—l) n2¢1+1] + |h'(K1)|7 I:L(K2¢1+l 2a+l) K2a/+1]
X 2 + 1

holds for any n € [k, k2].

Proof. From the GA-convexity of |/’|”, power mean inequality, the property of the modulus and Lemma
2.1, one has

K5 h(Ky) — KIh(ky) — 2 f X h(x)dyx

K1

< (logk, —logn) f (k' =2 I (ko' ~)ldt

+(logn — log k) f Y i (i

1
< (IOgKZ —10g77) (f (Ktznl t)2a+1dt) (f (Ktznl t)2a+1|h/ t 1 t)P/dl)
0

1 -5 :
+<logn—log/<])( f (n’K}")Z““dr) ( f 'k N (' k) ')th)
0

1
Y

1
< (logk; —logn) ( f (K’znl_t)z"”dl) ( f (k' ™2 AR ()P + (1 = )l (I ] d )
0

1 =5/ ol y
+(10g77—10gl<1)(f (U’K}_I)z“”dl) (f 'k AR P + (1 = DI (k)] df)
0 0

= (log k; — logn)' y(L(K(MH)’ (2a+1)))1_%

1

) (|h,(K2)|y [ 2041 _ [ (0], K§a+1)] + IRl [L(n2&+l’K§a+l) _ 772cz+l:|)7

20 + 1

+(10g n- IOg Kl)l_%(L(n(2Q+l), K(1211+1)))1_%

1

[lhr(n)ly [n2(1+1 L(K%a+1) n2(t+1] + |h'(K1)|7 [L(KZQH, 2<1+1) 2(1+1]]
X .

20+ 1

O
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Remark 2.7. Let @ = 1. Then inequality (2.7) reduces to (1.7).

Theorem 2.7. Let k1, k; € (0,00) withk; < kp, 3,y > 1with1/9+1/y=1, € (0,1],h: [«,k] > R
be an a-fractional differentiable function on (i, x») such that D,(h) € L,([«1,k2]) and |h’'(x)]” be a
GA-convex function on [kq, k»]. Then the inequality

K2
K52 h(Ky) — K3 h(ky) — 2 f xh(x)dyx

K1

(2.8)

y—

) _1 1-1 @0t poary \\ 7
< ( 0g Ky ﬂlog n) Y (L (K2 y-1 , n(Y?Q]U)) (Ay(K29 77))%
Y

v-1

1 Yy
(logn —logk )1_? nary  QDGED 1

$E ﬁlg 1 L{n 7 L,k 7 (A, (7, k1))
holds for any 7 € [k, k2], where

|h/(K2)|y [K%’(zaﬂ) - L (777(20[“), K;/(2a/+l)):| + |h'(77)|7 [L (n7(2a+1)’ K;’(2(1+1)) _ ny(zaﬂ)]

A =

e 20+ 1 :
|h/(n)|7’ [n7(20+1) - L (KT(Z(H—I), T])’(201+1))] + |h'(K1)|7 [L(KT(ZCHU, ny(20+1)) _ KT(2a+1):|

) = 2a+ 1

Proof. It follows from Lemma 2.1, the GA-convexity of |i’|”, power mean inequality, Holder integral
inequality and the property of the modulus that

K2
K%“h(Kz) - Kf“h(/q) -2« f x%h(x)d,x

K1

1
< (logk, — logn) f (kon' ™Y A (kyn')ldr
0

+(logn —log ;) fl(ntK{")2a+l|h'(77tl<11_t)|dt
01 &

< (logk, —logn) (fo (ngaﬂ)tn(z(m)(l_t));:lladt)
1 :
0 | %

+(logn —log «y) (fo (n<2a+1)zK§2a+1)(1_,))ﬁdt)

1 ;

X ( fo (n(2a+1)t K§2(t+1)(1—t))19 W (ntK}_t)lydt)

y—

1 Rt
< (log k> — log 1) (f (K;2(1+1)tn(2a+1)(1—t))117dt)
0
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1

1 9
x ( f (2 g DY il (o)l + (1 = 0l (] dt)
0

y-1

+(10gn—10g/<1)(f (2 D 2o D0y 5 ldt)

1

! “m\?
X (f (n(2&+l)tK(120z+1)(1 t)) [tlh/(n)ly +(1 - t)|h'(K1)|y] dt)
0

y-1

1 -1 1-1 =0Qeth o gogen |\ 7
_ (OgK2 ﬁlog 7]) Y (L (K2 y—1 ’]7(7'77)(211))) (Ay(K27 n))%
Y

y-1

1 ryr-1
(logn —logk )1_? g-ea+l)  @=DCerD |\ Ty 1
P (L[ ) v
Y

Remark 2.8. Let @ = 1. Then inequality (2.8) becomes (1.8).

Theorem 2.8. Let x;,k; € (0,00) with k; < k2, ¥y > 1, @ € (0,1], h : [k1,k2] = R be an a-fractional
differentiable function on (ki, k») such that D,(h) € L,([«1,«>]) and |#’'(x)[” be a GA-convex function
on [k1, k2]. Then the inequality

(2.9

K2
15 h(ky) — k1" h(ky) — 2 f X" h(x)d,x

K1

PACIL D Y

1-1
< (log &, — logn)' ™ (L(sz_l s )) (A(H (k)" 1H (I"))

yQa+)  Y2atD

1-1
+(10g77—10gK1)1_;(L(77“,K1 - )) (A (I (I, 11 (k)I))”

holds for any n € [k, k2].

Proof. From Lemma 2.1, the GG-convexity of |#’|”, Holder inequality and the property of the modulus,
we have

K5 h(ky) — KEh(ky) — 2 f X h(x)dyx

K1

1
< (log k> — logn) f (K5n' > (khn' )dt

+(10g7] logkl)f (nt 1- ZZ(H—llh,(ntK}_t)'dl'

< (logk, —logn) ( f (k377" t)2"“dt) ( f I (k' t)lydt)
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+(logn - logm( f (k! f)”“dt) ( f I ('™ t)lydt)

_1
Y

1 }
<<1ogf<2—1ogn)( f (K “)Z““dt) ( f [t/ (k)" + (1 = DI (] dr)
0

=3/ y
+(logn — logm( f (n“”““dt) ( f [tlh’(n)ly+(1—t)lh’(lq)ly]df)
0

yQ2atl) yQa+1)

-2 1
= (log &, — logm)'™7 (L(K/" o )) (AQK (), 10 (7))

yQa+1) Y2at])

1-1
+<logn—logm>1‘5(L(n K )) (AR @) B k)P))7 -

Remark 2.9. Let @ = 1. Then inequality (2.9) leads to (1.9).

Theorem 2.9. Let ki, k, € (0,00) withk; < k2, ¥ > 1, @ € (0,1], h : [k, k2] — R be an a-fractional
differentiable function on (1, k») such that D,(h) € L,([x1, kz]) and |/’ (x)]” be a GA-convex function
on [k1, k»]. Then the inequality

K
K5 h(ky) — KIh(ky) — 20 f X" h(x)d,x (2.10)
1 1
(logk, — logn)' ™7 (logn — log k)™
< BB 708N TR (k) + 228 T (k1)
Y V4l

holds for any 7 € [k, k2], where

<1

’ 2a+1 2a+1 2l
Gl [ = L (37202, G2 )| + W Gl 20720, 20 — e

200+ 1

By(KZa )7) = [

<=

|h/(n)|y [ny(2a+l) _ L(KT(2(1+1),77)/(20+1))] + |]’l,(K )P/ [L( YQ2a+1) ny(2a+1)) _ K?((H—l)]

200 + 1

By(n’ K1) = {

Proof. 1t follows from Lemma 2.1, the GA-convexity of |4’|”, power mean inequality and property of
the modulus that

K
K5 h(K) — KEh(ky) — 2 f X h(x)dyx

K1

< (IOng—IOgn)f (Kt 1-t 2(x+1|h/(Kt 1- t)|dt
+(logn — log k) f 'k~ W (' 7)lde
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1 y
S(IOng—logU)( f ) ( f (o™ i “)Pdr)
0
1 ¥
+(10g77_10g/<1)(f ) (f (nt 1- t2a/+1|h (nt 1-¢ I’}’dl.)
0

1- y Y
<(10g/<z—10g77)( f ) ( f (Ko > ek (k) + (1 = DI ('] d )

1—— 1
+<logn—logkl>( f ) ( f (et [tlh’(n)|7+(1—t)lh’(Kl)Iy]dt)

1 ~1 -5 logn—1 -5
_ (ogko o8 m) B, (s, ) + (logn o8 K1)
Y Y

B)/(na Kl)-

Remark 2.10. Let @ = 1. Then inequality (2.10) reduces to (1.10).
3. Conclusion

We have generalized the Hermite-Hadamard type inequalities for GG- and GA-convex functions
established by Ardi¢, Akdemir and Y1diz in [61] to the conformable fractional integrals. Our ideas and
approach may lead to a lot of follow-up research.
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