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1. Introduction

For any fixed n ∈ N and ζ ∈ C[0,∞), the classical Szász-Mirakyan operators S nζ are defined by

S n(ζ; x) =

∞∑
k=0

sn,k(x)ζ

k

n

 , x ∈ [0,∞) (1.1)

where sn,k(x) = e−nx
(nx)k

k!
are Szász-Mirakyan (Possion) basic functions. Then the classical Szász-

Mirakyan-Kantorovich operators are defined by

Kn(ζ; x) = n
∞∑

k=0

sn,k(x)
∫ k+1

n

k
n

ζ(t)dt. (1.2)
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The above operators can be rewritten as follows:

Kn(ζ; x) =

∞∑
k=0

sn,k(x)
∫ 1

0
ζ

k + t

n

 dt. (1.3)

About contributions on Kantorovich type modification of positive linear operators and many modified
Szász-Mirakyan operators , we refer to the papers [1–16]. Recently, several researchers have studied
the (p, q)-analogues of positive linear operators and discussed many important approximation
properties(see [17–34]). First, we recall some useful concepts and notations about (p, q)-calculus,
which can be found in [35]. For each real number λ, (p, q)-analogue of λ named [λ]p,q is defined by

[λ]p,q =
pλ − qλ

p − q
, p , q.

And for any nonnegative integer s, the (p, q)-integer [s]p,q and (p, q)-factorial [s]p,q! are defined by

[s]p,q = ps−1 + ps−2q + ps−3q2 + · · · + pqs−2 + qs−1 =


ps−qs

p−q , p , q , 1;
sps−1, p = q , 1;
[s]q, p = 1;
s, p = q = 1

and

[s]p,q! =

[1]p,q[2]p,q · · · [s]p,q, s ≥ 1;
1, s = 0.

The (p, q)-analogues of the exponential function named Ep,q(x) are defined by

Ep,q(x) =

∞∑
s=0

q
s(s−1)

2 xs

[s]p,q!
.

Let ζ be an arbitrary function and a ∈ R. The (p, q)-Jackson integral [36] was defined by∫ a

0
ζ(x)dp,qx = (p − q)a

∞∑
i=0

qi

pi+1 ζ

(
qi

pi+1

)
, 0 < q < p ≤ 1. (1.4)

So a definition for (p, q)-Jackson integral on [a, b] is∫ b

a
ζ(x)dp,qx =

∫ b

0
ζ(x)dp,qx −

∫ a

0
ζ(x)dp,qx.

Therefore, we easily know (p, q)-Jackson integral (1.4) is not positive unless it is assumed that ζ is a
nondecreasing function. To solve the problem, T. Acar et al. [25] introduced the new (p, q)-Jackson
integral ∫ b

a
ζ(x)dp,qx = (p − q)(b − a)

∞∑
i=0

qi

pi+1 ζ

(
a + (b − a)

qi

pi+1

)
, 0 < q < p ≤ 1. (1.5)

It is obvious that integral (1.4) and integral (1.5) of ζ on [0, 1] are equivalence.
In [23], T. Acar introduced (p, q)-analogue of Szász-Mirakyan operators (1.1) as follows:
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Definition 1.1. Let 0 < q < p ≤ 1 and n ∈ N and ζ ∈ C[0,∞), (p, q)-Szász-Mirakyan operators can be
defined by

S p,q
n (ζ; x) =

∞∑
k=0

sp,q
n,k (x)ζ

(
[k]p,q

qk−2[n]p,q

)

where sp,q
n,k (x) = 1

Ep,q([n]p,q x)q
k(k−1)

2
[n]k

p,q xk

[k]p,q! named (p, q)-Szász-Mirakyan basis functions.

Meantime, T. Acar established the following Lemma of moments:

Lemma 1.2. [23, Lemma 1-2] Let 0 < q < p ≤ 1, m, n ∈ N, x ∈ [0,∞), we have :

(1). S p,q
n (1; x) = 1;

(2). S p,q
n (t; x) = qx;

(3). S p,q
n (t2; x) = pqx2 +

q2 x
[n]p,q

;

(4). S p,q
n (t3; x) = p3x3 +

x2(p2q+2pq2)
[n]p,q

+
q3 x

[n]2
p,q

;

(5). S p,q
n (t4; x) =

p6

q2 x4 + x3

[n]p,q

p3q(p2+2pq+3q2)
q2 + x2

[n]2
p,q

pq(p2 + 3pq + 3q2) +
q4 x

[n]3
p,q

;

(6). S p,q
n (tm+1; x) =

m∑
i=0

(
m
i

)
xpi

q2i−m−1[n]m−i
p,q

S p,q
n (tm; x).

(p, q)-analogue of the operators (1.2) and their modified operators are discussed and studied in [15,
20,21]. However, we can not find (p, q)-analogue of the operators (1.3) until now. All this achievement
motivates us to construct (p, q)-analogue of the operators (1.3) named modified (p, q)-Szász-Mirakyan-
Kantorovich operators as follows:

Definition 1.3. Let 0 < q < p ≤ 1 and n ∈ N and ζ ∈ C[0,∞), modified (p, q)-Szász-Mirakyan-
Kantorovich operators can be defined by

K p,q
n (ζ; x) =

∞∑
k=0

sp,q
n,k (x)

∫ 1

0
ζ

(
q1−k[k]p,q + t

[n]p,q

)
dp,qt. (1.6)

The aim of the present paper is to construct modified (p, q)-Szász-Mirakyan-Kantorovich operators
based on (p, q)-calculus and discuss their approximation properties.

2. Auxiliary results

To prove our main approximation theorems about the operators (1.6), we need the following lemmas
and corollaries.

Lemma 2.1. The following equality holds for all 0 < q < p ≤ 1, x ∈ [0,∞) and m, n ∈ N

K p,q
n (tm; x) =

m∑
i=0

(
m
i

)
1

[i + 1]p,q[n]i
p,qqm−i S

p,q
n

(
tm−i; x

)
. (2.1)
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Proof. The recurrence formula can be derived by direct computation,

K p,q
n (tm; x) =

∞∑
k=0

sp,q
n,k (x)

∫ 1

0

(
q1−k[k]p,q + t

[n]p,q

)m

dp,qt

=

∞∑
k=0

sp,q
n,k (x)

∫ 1

0

m∑
i=0

(
m
i

)
(q1−k[k]p,q)m−iti

[n]m
p,q

dp,qt

=

∞∑
k=0

sp,q
n,k (x)

m∑
i=0

(
m
i

)
(q1−k[k]p,q)m−i

[n]m
p,q[i + 1]p,q

=

m∑
i=0

(
m
i

)
1

[i + 1]p,q[n]i
p,qqm−i

∞∑
k=0

sp,q
n,k (x)

(
[k]p,q

qk−2[n]p,q

)m−i

=

m∑
i=0

(
m
i

)
1

[i + 1]p,q[n]i
p,qqm−i S

p,q
n

(
tm−i; x

)
.

�

The following Lemma is immediate.

Lemma 2.2. Let 0 < q < p ≤ 1, n ∈ N, x ∈ (0,∞), we have:

(1). K p,q
n (1; x) = 1, K p,q

n (t; x) = x +
1

[n]p,q[2]p,q
;

(2). K p,q
n (t2; x) =

p

q
x2 +

2 + [2]p,q

[2]p,q[n]p,q
x +

1

[3]p,q[n]2
p,q

;

(3). K p,q
n (t3; x) =

p3

q3 x3 +

 p2

q2 +

2 +
3

[2]p,q

 p

q

 x2

[n]p,q
+

1 +
3

[2]p,q
+

3

[3]p,q

 x

[n]2
p,q

+
1

[4][n]3
p,q

;

(4). K p,q
n (t4; x) =

p6

q6 x4 +

 p5

q5 +
2p4

q4 +

3 +
4

[2]p,q

 p3

q3

 x3

[n]p,q

+

 p3

q3 +

3 +
4

[2]p,q

 p2

q2 +

3 +
8

[2]p,q
+

6

[3]p,q

 p

q

 x2

[n]2
p,q

+

1 +
4

[2]p,q
+

6

[3]p,q
+

4

[4]p,q

 x

[n]3
p,q

+
1

[5]p,q[n]4
p,q

.

Corollary 2.3. Using Lemma 2.2, we can easily obtain the following explicit formulas for the first,
second and fourth central moments:

Ap,q
1 (x) :=K p,q

n (t − x; x) =
1

[n]p,q[2]p,q
; (2.2)

Ap,q
2 (x) :=K p,q

n

(
(t − x)2; x

)
=

(
p
q
− 1

)
x2 +

2
[n]p,q[2]p,q

x +
1

[3]p,q[n]2
p,q

; (2.3)

K p,q
n

(
(t − x)4; x

)
=

 p6

q6 −
4p3

q3 +
6p

q
− 3

 x4
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+

 p5

q5 +
2p4

q4 +

3 +
4

[2]p,q

 p3

q3 −
4p2

q2 −

8 +
12

[2]p,q

 p

q
+

8

[2]p,q
+ 6

 x3

[n]p,q
(2.4)

+

 p3

q3 +

3 +
4

[2]p,q

 p2

q2 +

3 +
8

[2]p,q
+

6

[3]p,q

 p

q
− 4 −

12

[2]p,q
−

6

[3]p,q

 x2

[n]2
p,q

+

1 +
4

[2]p,q
+

6

[3]p,q

 x

[n]3
p,q

+
1

[5]p,q[n]4
p,q
.

Corollary 2.4. The sequences (pn), (qn) satisfy 0 < qn < pn ≤ 1 such that pn → 1, qn → 1 and
pn

n → a ∈ [0, 1], qn
n → b ∈ [0, 1], [n]pn,qn → ∞ as n→ ∞, then

lim
n→∞

[n]pn,qn Apn,qn
1 (x) =

1
2

; (2.5)

lim
n→∞

[n]pn,qn Apn,qn
2 (x) = (a − b)x2 + x; (2.6)

lim
n→∞

[n]pn,qnK
p,q
n

(
(t − x)4; x

)
= 0. (2.7)

Proof. The limit equality (2.5) is obvious. Using [n]pn,qn

 pn

qn
− 1

 ∼ [n]pn,qn(pn − qn) ∼ pn
n − qn

n ∼ a− b,

we can easily obtain the limit equality (2.6). Combining with

[n]pn,qn

 p6
n

q6
n
−

4p3
n

q3
n

+
6pn

qn
− 3

 ∼ [n]pn,qn

(
p6

n − 4p3
nq3

n + 6pnq5
n − 3q6

n

)
∼ [n]pn,qn

(
p6

n − q6
n − 4q3

n(p3
n − q3

n) + 6q5
n(pn − qn)

)
∼ [n]pn,qn(pn − qn)([6]pn,qn − 4q3

n[3]pn,qn + 6q5
n)

∼ (a − b)(6 − 12 + 6) = 0

and

p5
n

q5
n

+
2p4

n

q4
n

+

3 +
4

[2]pn,qn

 p3
n

q3
n
−

4p2
n

q2
n
−

8 +
12

[2]pn,qn

 pn

qn
+

8

[2]pn,qn

+ 6 ∼ 8 − 18 + 10 = 0.

We can obtain the limit equality (2.7). �

3. Approximation properties

Let us denote the norm ‖ζ‖ = sup
x∈[0,∞)

|ζ(x)| on CB[0,∞), the class of real valued continuous bounded

functions. For ζ ∈ CB[0,∞) and δ > 0, the s-th order modulus of continuity is defined by ωs(ζ; δ) =

sup
0<h≤δ

sup
t∈[0,∞)

|∆s
hζ(t)|, where ∆h is the forward difference and ∆h

(
∆s−1

h

)
for s ≥ 1. In case s = 1, we

mean the usual modulus of continuity denoted by ω(ζ; δ). Also, Peetre’s K-functional is defined by
K2(ζ; δ) = inf

φ∈W2
{‖ζ − φ‖ + δ‖φ′′‖}, where W2 = {φ ∈ CB[0,∞) : φ′, φ′′ ∈ CB[0,∞)}. By [37, p.177,

Theorem 2.4], there exists an absolute positive C such that K2(ζ; δ2) ≤ Cω2(ζ; δ).
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Theorem 3.1. Let (pn), (qn) be the sequences defined in Corollary 2.4 and ζ ∈ CB[0,∞). Then for all
n ∈ N, there exists an absolute positive C1 = 4C such that∣∣∣K pn,qn

n (ζ; x) − ζ(x)
∣∣∣ ≤ C1ω2

(
ζ;

√
Apn,qn

2 (x) + (Apn,qn
1 (x))2

)
+ ω

(
ζ; Apn,qn

1 (x)
)
.

Proof. We consider the following operators:

H pn,qn
n (ζ; x) = K pn,qn

n (ζ; x) − ζ(Apn,qn
1 (x) + x) + ζ(x), x ∈ [0,∞).

Let x, t ∈ [0,∞) and φ ∈ W2. By Taylor’s expansion formula, we have:

φ(t) = φ(x) + φ′(x)(t − x) +

∫ t

x
φ′′(u)(t − u)du.

ApplyingH pn,qn
n and usingH pn,qn

n (t − x; x) = 0, we can get

H pn,qn
n (φ; x) − φ(x) = H pn,qn

n

(∫ t

x
φ′′(u)(t − u)du; x

)
.

Hence, ∣∣∣H pn,qn
n (φ; x) − φ(x)

∣∣∣
≤ K pn,qn

n

(∣∣∣∣∣∣
∫ t

x
φ′′(u)(t − u)du

∣∣∣∣∣∣ ; x
)

+

∣∣∣∣∣∣∣
∫ x+Apn ,qn

1 (x)

x
φ′′(u)

(
Apn,qn

1 (x) + x − u
)

du

∣∣∣∣∣∣∣
≤ K pn,qn

n

(∫ t

x
|φ′′(u)|(t − u)du; x

)
+

∫ x+Apn ,qn
1 (x)

x
|φ′′(u)|

(
Apn,qn

1 (x) + x − u
)

du

≤ ‖φ′′‖K pn,qn
n

(
(t − x)2; x

)
+ ‖φ′′‖

∫ x+Apn ,qn
1 (x)

x

(
Apn,qn

1 (x) + x − u
)

du

≤
(
Apn,qn

2 (x) + (Apn,qn
1 (x))2

)
‖φ′′‖.

By Lemma 2.2, we can easily obtain |H pn,qn
n (ζ; x)| ≤ ‖ζ‖ for any ζ ∈ CB[0,∞). Hence,∣∣∣K pn,qn

n (ζ; x) − ζ(x)
∣∣∣

=
∣∣∣H pn,qn

n (ζ; x) + ζ(Apn,qn
1 (x) + x) − 2ζ(x)

∣∣∣
≤ |H pn,qn

n (ζ − φ; x) − (ζ − φ)(x)| +
∣∣∣H pn,qn

n (φ; x) − φ(x)
∣∣∣ +

∣∣∣ζ(Apn,qn
1 (x) + x) − ζ(x)

∣∣∣
≤ 4‖ζ − φ‖ +

(
Apn,qn

2 (x) + (Apn,qn
1 (x))2

)
‖φ′′‖ + ω

(
ζ; Apn,qn

1 (x)
)
.

Taking infimum on the right hand side over all φ ∈ W2 and using the property of K-functional, we can
get: ∣∣∣K pn,qn

n (ζ; x) − ζ(x)
∣∣∣ ≤ C1ω2

(
ζ;

√
Apn,qn

2 (x) + (Apn,qn
1 (x))2

)
+ ω

(
ζ; Apn,qn

1 (x)
)
.

This completes the proof of Theorem 3.1. �

Corollary 3.2. Let (pn), (qn) be the sequences defined in Corollary 2.4. Then for any A > 0 and
ζ ∈ CB[0,∞), then the sequence {K pn,qn

n (ζ; x)} converges to ζ uniformly on [0, A].
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Theorem 3.3. Let γ ∈ (0, 1] and D be any subset of the interval [0,∞), if ζ ∈ CB[0,∞) is locally on
Lip(γ), i.e. the condition

|ζ(t) − ζ(x)| ≤ Cζ,γ|t − x|γ, t ∈ D and x ∈ [0,∞) (3.1)

holds, then for each x ∈ [0,∞), we can obtain:∣∣∣K p,q
n (ζ; x) − ζ(x)

∣∣∣ ≤ Cζ,γ

((
Ap,q

2 (x)
) γ

2
+ 2dγ(x; D)

)
where Cζ,γ is a positive constant depending only on γ and ζ and d(x; D) denotes the distance between
x and D defined by

d(x; D) = inf {|t − x| : t ∈ D} .

Proof. Let D be the closure of D. Using the properties of infimum, there is at least a point t0 ∈ D such
that d(x; D) = |x − t0|. By the triangle inequality

|ζ(t) − ζ(x)| ≤ |ζ(t) − ζ(t0)| + |ζ(x) − ζ(t0)|,

we immediately have by (3.1) that∣∣∣K p,q
n (ζ; x) − ζ(x)

∣∣∣ ≤ K p,q
n (|ζ(t) − ζ(t0)|; x) +K p,q

n (|ζ(x) − ζ(t0)|; x)

≤ Cζ,γ{K
p,q
n (|t − t0|

γ; x) + |x − t0|
γ}

≤ Cζ,γ{K
p,q
n (|t − x|γ + |x − t0|

γ; x) + |x − t0|
γ}

= Cζ,γ{K
p,q
n (|t − x|γ; x) + 2|x − t0|

γ}.

Choosing a1 = 2
γ

and a2 = 2
2−γ and using the well-known Hölder inequality, we have:

∣∣∣K p,q
n (ζ; x) − ζ(x)

∣∣∣ ≤ Cζ,γ{
(
K p,q

n (|t − x|a1γ; x)
) 1

a1
(
K p,q

n (1a2; x)
) 1

a2 + 2dγ(x; D)}

≤ Cζ,γ{
(
K p,q

n

(
(t − x)2; x

)) γ
2

+ 2dγ(x; D)}

≤ Cζ,γ

((
Ap,q

2 (x)
) γ

2
+ 2dγ(x; D)

)
.

�

Next, we obtain the local direct estimate of the operators K p,q
n , using the Lipcshitz type maximal

function of the order γ introduced by Lenze [38] as:

ω̃γ(ζ; x) = sup
x,t∈[0,∞),x,t

|ζ(t) − ζ(x)|

|t − x|γ
, x ∈ [0,∞) and γ ∈ (0, 1]. (3.2)

Theorem 3.4. Let ζ ∈ CB[0,∞) and γ ∈ (0, 1]. Then, for all x ∈ [0,∞), we have∣∣∣K p,q
n (ζ; x) − ζ(x)

∣∣∣ ≤ ω̃γ(ζ; x)
(
Ap,q

2 (x)
) γ

2
.
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Proof. From the equation (3.2), we have∣∣∣K p,q
n (ζ; x) − ζ(x)

∣∣∣ ≤ ω̃γ(ζ; x)K p,q
n (|t − x|γ; x) .

Applying the well-known Hölder inequality with a1 = 2
γ

and a2 = 2
2−γ , we can get:∣∣∣K p,q

n (ζ; x) − ζ(x)
∣∣∣ ≤ ω̃γ(ζ; x)

(
K p,q

n

(
(t − x)2; x

)) γ
2

≤ ω̃γ(ζ; x)
(
Ap,q

2 (x)
) γ

2
.

�

We consider the following three weighted spaces of functions which are defined on [0,∞). Let w(x)
be the weighted function and Cζ be a positive constant depending only on the function ζ, we define the
weighted space of functions and weighted modulus of continuity as

1. Bw[0,∞) be the space of function ζ defined on [0,∞) satisfying ζ(x) ≤ Mζw(x) for all x ∈ [0,∞).
2. Cw[0,∞) be the subspace of all continuous functions in Bw[0,∞).

3. C0
w[0,∞) be the subspace of functions ζ ∈ Cw[0,∞), where lim

x→∞

|ζ(x)|

w(x)
is finite and endowed with

the norm ‖ζ‖w(x) = sup
x∈[0,∞)

|ζ(x)|

w(x)
.

4. While w(x) = 1 + x2, we define the weighted modulus of continuity as:

Ω(ζ; δ) = sup
0<t≤δ,x≥0

|ζ(x + t) − ζ(x)|

w(x)w(t)
(3.3)

and have the inequality
Ω(ζ;αδ) ≤ 2(1 + α)(1 + δ2)Ω(ζ; δ) (3.4)

hold, where α > 0 and ζ ∈ C0
w[0,∞)(see [39]). Meantime, for κ > 0, the modulus of continuity of

ζ on [0, κ] is defined by ωκ(ζ; δ) = sup
|t−x|<δ

sup
0≤x,t≤κ

|ζ(t) − ζ(x)|.

Theorem 3.5. Let ζ ∈ Cw[0,∞), 0 < q < p ≤ 1 and ωκ+1(ζ; δ) be its modulus of continuity on the finite
interval [0, κ] ⊂ [0,∞), where κ > 0. Then, for every n ∈ N, we have:

‖K p,q
n (ζ; x) − ζ(x)‖C[0,κ] ≤ Cζ(3 + 2κ2)Ap,q

2 (κ) + 2ωκ+1

(
ζ;

√
Ap,q

2 (κ)
)
.

Proof. For any x ∈ [0, κ] and t > κ + 1, we easily have 1 ≤ (t − κ)2 ≤ (t − x)2. Thus,

|ζ(t) − ζ(x)| ≤ |ζ(t)| + |ζ(x)| ≤ Cζ(2 + t2 + x2)

= Cζ

(
2 + x2 + (t − x + x)2

)
≤ Cζ

(
2 + 2x2 + (t − x)2

)
≤ Cζ(3 + 2x2)(t − x)2 ≤ Cζ(3 + 2κ2)(t − x)2,

(3.5)

and for any x ∈ [0, κ], t ∈ [0, κ + 1] and δ > 0, we have:

|ζ(t) − ζ(x)| ≤ ωκ+1 (|t − x|; x) ≤

1 +
|t − x|

δ

ωκ(ζ; δ). (3.6)
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From (3.5) and (3.6), we can get

|ζ(t) − ζ(x)| ≤ Cζ(3 + 2κ2)(t − x)2 +

1 +
|t − x|

δ

ωκ(ζ; δ).

By Schwarz’s inequality and Corollary 2.4, for any x ∈ [0, κ], we can get

|K p,q
n (ζ; x) − ζ(x)| ≤ K p,q

n (|ζ(t) − ζ(x)|; x)

≤ Cζ(3 + 2κ2)K p,q
n ((t − x)2; x) +K p,q

n

((
1 +
|t − x|
δ

)
; x

)
ωκ+1(ζ; δ)

≤ Cζ(3 + 2κ2)K p,q
n ((t − x)2; x) + ωκ+1(ζ; δ)

(
1 +

1
δ

√
K

p,q
n ((t − x)2; x)

)
≤ Cζ(3 + 2κ2)Ap,q

2 (x) + ωκ+1(ζ; δ)
(
1 +

1
δ

√
Ap,q

2 (x)
)

≤ Cζ(3 + 2κ2)Ap,q
2 (κ) + ωκ+1(ζ; δ)

(
1 +

1
δ

√
Ap,q

2 (κ)
)

By taking δ =

√
Ap,q

2 (κ) and supremum over all x ∈ [0, κ], we accomplish the proof of Theorem 3.5. �

Theorem 3.6. Let ζ ∈ C0
w[0,∞) and the sequences (pn), (qn) satisfy 0 < qn < pn ≤ 1 such that pn → 1,

qn → 1 and pn
n → 1, qn

n → 1, [n]pn,qn → ∞ as n → ∞, then there exists N1 ∈ N+ such that for any
n > N1 and ν > 0, the inequality

sup
x∈[0,∞)

∣∣∣K pn,qn
n (ζ; x) − ζ(x)

∣∣∣
(1 + x2)

5
2 +ν

≤ 48Ω

ζ;
1√

[n]pn,qn


holds.

Proof. For ζ ∈ C0
w[0,∞), from (3.3) and (3.4), we can write:

|ζ(t) − ζ(x)| ≤
(
1 + (t − x)2

)
(1 + x2)Ω (ζ; |t − x|)

≤ 2

1 +
|t − x|

δ

 (1 + δ2)Ω (ζ; δ)
(
1 + (t − x)2

)
(1 + x2)

≤


4(1 + δ2)2(1 + x2)Ω (ζ; δ) , |t − x| ≤ δ,

4(1 + δ2)(1 + x2)Ω (ζ; δ)
|t − x| + |t − x|3

δ
, |t − x| > δ.

(3.7)

Set δ ∈ (0, 1), for all x, t ∈ [0,∞), (3.7) can be rewritten

|ζ(t) − ζ(x)| ≤ 16(1 + x2)Ω (ζ; δ)

1 +
|t − x| + |t − x|3

δ

 . (3.8)

Using (2.6) and (2.7), there exists N1 ∈ N+ such that for any n > N1,

K pn,qn
n ((t − x)2; x) ≤

1
[n]pn,qn

(1 + x2), K pn,qn
n ((t − x)4; x) ≤ (1 + x2)2.
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By Schwarz’s inequality, we can obtain

K pn,qn
n (|t − x|; x) ≤

√
K

pn,qn
n ((t − x)2; x) ≤

√
1 + x2√
[n]pn,qn

(3.9)

and

K pn,qn
n (|t − x|3; x) ≤

√
K

pn,qn
n ((t − x)2; x)

√
K

pn,qn
n ((t − x)4; x) ≤

√
(1 + x2)3√
[n]pn,qn

. (3.10)

Since K pn,qn
n is linear and positive, using (3.8–3.10), we can obtain

∣∣∣K pn,qn
n (ζ; x) − ζ(x)

∣∣∣ ≤ 16(1 + x2)Ω (ζ; δ)

1 +
K

pn,qn
n

(
|t − x| + |t − x|3; x

)
δ


≤ 16(1 + x2)

1 +
2
√

(1 + x2)3

δ
√

[n]pn,qn

 Ω (ζ; δ) .

Choosing δ =
1√

[n]pn,qn

, the conclusion holds. �

Theorem 3.7. Let (pn), (qn) be the sequences defined in Theorem 3.6. Then, for any ζ ∈ C0
w[0,∞), we

have:
lim
n→∞

∥∥∥K pn,qn
n (ζ; x) − ζ

∥∥∥
w(x)

= 0.

Proof. By weighted Korovkin theorem in [40], we see that it is sufficient to verify the following three
conditions

lim
n→∞

∥∥∥K pn,qn
n (tk; x) − xk

∥∥∥
w(x)

= 0, k = 0, 1, 2. (3.11)

Since K pn,qn
n (1; x) = 1, then (3.11) holds true for k = 0. By Lemma 2.2, we can obtain:∥∥∥K pn,qn

n (t; x) − x
∥∥∥

w(x)
= sup

x∈[0,∞)

∣∣∣K pn,qn
n (t; x) − x

∣∣∣
=

1

[n]pn,qn[2]pn,qn

→ 0, n→ ∞,

and ∥∥∥K pn,qn
n (t2; x) − x2

∥∥∥
w(x)

≤ sup
x∈[0,∞)

x2

1 + x2

∣∣∣∣∣∣∣ pn

qn
− 1

∣∣∣∣∣∣∣ + sup
x∈[0,∞)

x

1 + x2

2 + [2]pn,qn

[2]pn,qn[n]pn,qn

+
1

[3]pn,qn[n]2
pn,qn

=

∣∣∣∣∣∣∣ pn

qn
− 1

∣∣∣∣∣∣∣ +
2 + [2]pn,qn

2[2]pn,qn[n]pn,qn

+
1

[3]pn,qn[n]2
pn,qn

→ 0, n→ ∞.

Thus, the proof of Theorem 3.7 is completed. �
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Now, we present a weighted approximation theorem for functions in C0
w[0,∞).

Theorem 3.8. Let (pn), (qn) be the sequences defined in Theorem 3.6. Then, for any ζ ∈ Cw[0,∞) and
ρ > 0, we have:

lim
n→∞

sup
x∈[0,∞)

∣∣∣K pn,qn
n (ζ; x) − ζ(x)

∣∣∣
(1 + x2)1+ρ

= 0.

Proof. Let x0 ∈ (0,∞) be arbitrary but fixed. Then,

sup
x∈[0,∞)

∣∣∣K pn,qn
n (ζ; x) − ζ(x)

∣∣∣
(1 + x2)1+ρ

≤ sup
x∈[0,x0]

∣∣∣K pn,qn
n (ζ; x) − ζ(x)

∣∣∣
(1 + x2)1+ρ

+ sup
x∈(x0,∞)

∣∣∣K pn,qn
n (ζ; x) − ζ(x)

∣∣∣
(1 + x2)1+ρ

≤ ‖K pn,qn
n (ζ; x) − ζ‖C[0,x0] + ‖ζ‖w(x) sup

x∈(x0,∞)

∣∣∣∣K pn,qn
n

(
1 + t2; x

)∣∣∣∣
(1 + x2)1+ρ

+ sup
x∈(x0,∞)

|ζ(x)|

(1 + x2)1+ρ
.

Since |ζ(x)| ≤ Cζ(1 + x2), we have sup
x∈(x0,∞)

|ζ(x)|

(1 + x2)1+ρ
≤

Cζ‖ζ‖w(x)

(1 + x2
0)ρ

. Let ε > 0 be arbitrary, we can choose

x0 to be sufficiently large that
Cζ‖ζ‖w(x)

(1 + x2
0)ρ

<
ε

3
. (3.12)

In view of Lemma 2.2, while x ∈ (x0,∞), we can obtain:

‖ζ‖w(x) lim
n→∞

∣∣∣∣K pn,qn
n

(
1 + t2; x

)∣∣∣∣
(1 + x2)1+ρ

→ 0.

Hence, we can choose N sufficiently large such that for any n > N the inequality

sup
x∈[x0,∞)

‖ζ‖w(x)

∣∣∣∣K pn,qn
n

(
1 + t2; x

)∣∣∣∣
(1 + x2)1+ρ

<
ε

3
. (3.13)

holds. Also, the first term of the above inequality tends to zero by Corollary 3.2, that is

‖K pn,qn
n (ζ; x) − ζ‖C[0,x0] <

ε

3
. (3.14)

Thus, combining (3.12)–(3.14), we obtain the desired result. �

The last result is a Voronovskaja-type asymptotic formula for the operators K pn,qn
n (ζ; x).

Theorem 3.9. Let (pn), (qn) be the sequences defined in Corollary 2.4 and ζ ∈ CB[0,∞). Supposing
that ζ′′(x) exists at a point x ∈ [0,∞), then we can obtain:

lim
n→∞

[n]pn,qn

(
K pn,qn

n (ζ; x) − ζ(x)
)

=
1
2
ζ′(x) +

1
2

(
(a − b)x2 + x

)
ζ′′(x).
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Proof. Using Taylor’s expansion formula, we can obtain:

ζ(t) = ζ(x) + ζ′(x)(t − x) +
1
2
ζ′′(x)(t − x)2 + Θ(t, x)(t − x)2, (3.15)

where Θ(t, x) is the Peano form of the remainder and lim
t→x

Θ(t, x) = 0. Applying K pn,qn
n to the both sides

of (3.15), we have:

[n]pn,qn

(
K pn,qn

n (ζ; x) − ζ(x)
)

= [n]pn,qnζ
′(x)Apn,qn

1 (x)

+
1
2

[n]pn,qnζ
′′(x)Apn,qn

2 (x) + [n]pn,qnK
pn,qn
n

(
Θ(t, x)(t − x)2; x

)
.

By the Schwarz inequality, we have:

K pn,qn
n

(
Θ(t, x)(t − x)2; x

)
≤

√
K

pn,qn
n

(
Θ2(t, x); x

)√
K

pn,qn
n

(
(t − x)4; x

)
. (3.16)

We observe that Θ2(x, x) = 0 and Θ2(·, x) ∈ CB[0,∞). Then, it follows from Corollary 3.2 that

lim
n→∞
K pn,qn

n

(
Θ2(t, x); x

)
= Θ2(x, x) = 0. (3.17)

Hence, from (2.7), (3.16), (3.17), we can obtain:

lim
n→∞

[n]pn,qnK
pn,qn
n

(
Θ(t, x)(t − x)2; x

)
= 0. (3.18)

Combining (2.5), (2.6), (3.18), we obtain the required result. �

4. Better estimates

Motivated by the references [41–43], we will construct a generalization of modified (p, q)-Szász-
Mirakyan-Kantorovich operators by adding a parameter. Let λ > 0, λ-generalization of the operators
given in (1.6) is defined by

K
p,q
n,λ (ζ; x) =

∞∑
k=0

sp,q
n,k (x)

∫ 1

0
ζ

(
q1−k[k]p,q + tλ

[n]p,q

)
dp,qt.

Then, we have

K
p,q
n,λ (1; x) = 1; K p,q

n,λ (t; x) = x +
1

[n]p,q[λ + 1]p,q
;

K
p,q
n,λ (t2; x) =

p
q

x2 +

(
1 +

2
[λ + 1]p,q

)
x

[n]p,q
+

1
[2λ + 1]p,q[n]2

p,q
.

Now, Theorem 3.1 and Theorem 3.9 can be modified as following:

Theorem 4.1. Let (pn), (qn) be the sequences defined in Corollary 2.4 and ζ ∈ CB[0,∞). Then for all
n ∈ N, there exists an absolute positive C1 = 4C such that∣∣∣K pn,qn

n,λ (ζ; x) − ζ(x)
∣∣∣ ≤ C1ω2

ζ;

√(
Apn,qn
λ (x)

)2
+ Bpn,qn

λ (x)

 + ω
(
ζ; Apn,qn

λ (x)
)
,

where Apn,qn
λ (x) := K

pn,qn
n,λ (t − x; x) = 1

[n]pn ,qn [λ+1]pn ,qn
,Bpn,qn

λ (x) := K
pn,qn
n,λ

(
(t − x)2; x

)
=(

pn
qn
− 1

)
x2 + x

[n]pn ,qn
+ 1

[2λ+1]pn ,qn [n]2
pn ,qn

.
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Theorem 4.2. Let (pn), (qn) be the sequences defined in Corollary 2.4, λ > 0 and ζ ∈ CB[0,∞).
Supposing that ζ′′(x) exists at a point x ∈ [0,∞), then we can obtain:

lim
n→∞

[n]pn,qn

(
K

pn,qn
n,λ (ζ; x) − ζ(x)

)
=

1
λ + 1

ζ′(x) +
1
2

(
(a − b)x2 + x

)
ζ′′(x).

The proof of Theorem 4.1 and Theorem 4.2 is on similar lines, thus we omit the details.

5. Conclusions

In this paper, we have constructed modified (p, q)-Szász-Mirakyan-Kantorovich operators via new
method and investigated their approximation properties. We have obtained a rate of convergence,
weighted approximation and Voronovskaya-type theorem for our new operators. Finally, we generalize
the operators by adding a parameter λ.
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