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1. Introduction

For any fixed n € N and ¢ € C[0, 00), the classical Szasz-Mirakyan operators S, are defined by

> k
Sa&s ) = > s | =|,  x€[0,00) (1.1)
k=0 n
(nx)* : . : : :
where s,,(x) = e™™* 0 are Szasz-Mirakyan (Possion) basic functions. Then the classical Szész-
Mirakyan-Kantorovich operators are defined by
00 k+1
K(&:%) =1 ) 5,4(%) f {(ndt. (1.2)
k

k=0 n
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The above operators can be rewritten as follows:

Ku(Zox) = snk<x>f [ )dt (13)
kO

About contributions on Kantorovich type modification of positive linear operators and many modified
Szasz-Mirakyan operators , we refer to the papers [1-16]. Recently, several researchers have studied
the (p,g)-analogues of positive linear operators and discussed many important approximation
properties(see [17-34]). First, we recall some useful concepts and notations about (p, g)-calculus,
which can be found in [35]. For each real number 4, (p, g)-analogue of A named [1],, is defined by

A A
P —q
[/?v]p,q: p_q,Piq

And for any nonnegative integer s, the (p, g)-integer [s],, and (p, ¢)-factorial [s],,! are defined by

5— 5— S— S— 5— sp’ s = 751,
[slpg =P + P 2q+ PP+ 4 pg gt = P PR
[s]gs p=1L
s, p:q:

and

[5],.! = (Upgl2)pg - [s]pg 5215
e 1, s =0.

The (p, g)-analogues of the exponential function named E, ,(x) are defined by

v(v l)

pq(x - Z S]pq

Let £ be an arbitrary function and a € R. The (p, g)-Jackson integral [36] was defined by

f (), x=(p-q)ay. p?ﬂg(p?ﬂ), 0<g<ps<l. (1.4)
0 i=0

So a definition for (p, g)-Jackson integral on [a, b] is

b b a
f {(0)dp 4 x :L {(x)dp,qx—fo {(0)dp 4 x.

Therefore, we easily know (p, g)-Jackson integral (1.4) is not positive unless it is assumed that { is a
nondecreasing function. To solve the problem, T. Acar et al. [25] introduced the new (p, g)-Jackson

integral
b © i
f {0)dpgx = (p—q)b—a) Y. pf.ﬂl 4(
a i=0

It is obvious that integral (1.4) and integral (1.5) of { on [0, 1] are equivalence.
In [23], T. Acar introduced (p, g)-analogue of Szdsz-Mirakyan operators (1.1) as follows:

p(l]+1),0<q<p§l. (1.5)
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Definition 1.1. Let0 < g < p < 1 andn € N and { € C[0, o), (p, q)-Szdsz-Mirakyan operators can be
defined by

[Se]

(k]
A7 x) = P-4 _ g
sten = Zane( )
k(A21> [n]% X

([n] 54 [k]” 1— named (p, q)-Szdsz-Mirakyan basis functions.
Pq Pq

where s (x)

Meantime, T. Acar established the following Lemma of moments:
Lemma 1.2. /23, Lemma 1-2] Let0 < g < p <1, m,n € N, x € [0, 00), we have :

(1). SH(1;x) =1;
(2). SNt x) = gx;

(3). SPUE; x) = pgx* + [Z]x '

2 3
(4). ST x) = p’x® + 2(P’q+2pq’) 4+ L.

[n]]),q [}’l]%,vq ’

6 3402 2 ’
(5). 7% x) = Lot o = PR 4 o pg(p? + 3pg + 37) +

[”]p q qZ

(6). Sﬁ’q(lmﬁ;x) — ;)(m)WSPQ(tm x).

(p, @)-analogue of the operators (1.2) and their modified operators are discussed and studied in [15,
20,21]. However, we can not find (p, g)-analogue of the operators (1.3) until now. All this achievement
motivates us to construct (p, g)-analogue of the operators (1.3) named modified (p, g)-Szasz-Mirakyan-
Kantorovich operators as follows:

Definition 1.3. Let 0 < ¢ < p < 1 and n € N and { € C[0, o), modified (p, q)-Szdsz-Mirakyan-
Kantorovich operators can be defined by

KPasx) = ) shix) f ( Klpg + t) d,t. (1.6)

The aim of the present paper is to construct modified (p, g)-Szasz-Mirakyan-Kantorovich operators
based on (p, g)-calculus and discuss their approximation properties.

2. Auxiliary results

To prove our main approximation theorems about the operators (1.6), we need the following lemmas
and corollaries.

Lemma 2.1. The following equality holds for all0 < g < p <1, x € [0, 00) and m,n € N

P-q (4M. - N m 1 pq [ m—i.
i 3 () @

i=0
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Proof. The recurrence formula can be derived by direct computation,

N q' k], +t
K" x) = }:ng)j‘( [ﬁj )er
, (@' k] gt
) Z ux) Z (z) T

k=0 i=0

0
S S (q" k)™
_ P:q
= Z S,,,k (x) Z ( ; )—[n]”” [i + 1

=0 i=0

0 ]pq )m—i
[+ 1pglnly 4" Z i )( “nlpg

k=0

1

[

1 .

- SPA( x).
[i + 1pqln}, .4 ( )

=~

i

()
[

The following Lemma is immediate.

Lemma 2.2, Let0 <g<p<1,neN, xe (0,00), we have:

1
1. K150 = 1, K0 = 3 ————
(1). K15 %) (60 = 6+ p
p 2+ 12],4 1
2). KU x) = —x2 .
A T TR ET AT
3

p| x? 3 3 X 1
— +[1+ + + ;
[2]174] q] [n]p,q ( [2]p,q [3]p,q] [n]f;,q [4] [n]?,,q
4 pS xS
—+ |3+ =
[2]pq (n],4
p’ 4 3 P x2
+|—+ —+|3+
7 21, [2]pq [3 1oq) ) 013,
4

4 6

X 1
1
+( +[2],,,q+[3],,q 41, )[n],%q Blylnls,

Corollary 2.3. Using Lemma 2.2, we can easily obtain the following explicit formulas for the first,
second and fourth central moments:

X
q
3 2
(3). KD x) = p—3x3+ p_2+ 2+
q q
pS 2 4

q6

6
(4). KPU(t* x) = p—x“ +[

1

API(x) =KPUt - x;x) = ——————; 2.2
T(x) =KDt - x; %) TED (22)

AP () =KD ((t - 0% x) = (3 _ 1) X+ Z ! : (2.3)
2 " q [n]p q [z]p,q [3]p,q [n]lz;,q

6
p° 4p’ Oop
K (t—x)4;x:(——— ——3)
(=05 =| - e 2
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5 4 3 2 3
+ p—5+zi4+[3+i)p—3—4iz—[8+ - )E+ s +6] i (2.4)
¢ g 2l 2la)q " 2l ) 1l
p’ 4 \p? 8 6 \p 12 6 x?
e [3 ’ m) ra [3 2 [3]p,q) PR TR [3]p,q] e,
4 6 X 1
et [S]M] B, " Bl

Corollary 2.4. The sequences (p,), (g,) satisfy 0 < q, < p, < 1 such that p, — 1, q, — 1 and
p,—a€l0,1], g, = bel0,1], [n],, 4 — o0 asn — oo, then

1
lim 1], ,, AT (x) = o (2.5)
lim[n],, ,, A2 (x) = (a — b)x* + x; (2.6)
lim [n],,, 4, K29 (( — ) x) = 0. 2.7)

Proof. The limit equality (2.5) is obvious. Using [n],, 4. [& - 1] ~ [np,4.(Pn—qn) ~ Dy —q, ~a—D>,
q

n

we can easily obtain the limit equality (2.6). Combining with

pS 4p) 6p,
—+

i 3] ~ [1p,q, (PS = 41305 + 6P, — 345)

[n]qun [

~ 1)y, (P2 = 45 = 403D — @) + 6q,(Pa — qn)
~ [1p,q0(Pn = @ )61 .0, — 44231 ,,.4, + 642
~@a-b)(6-12+6)=0

and
> 2pt 4 3 4p? 12 n 8
p_;,+ l:"+ 3+ p—;—%— 8+ Pry +6~8-18+10=0
qn q}’l [2][%!1" qn qn [2][%% qn [z]men
We can obtain the limit equality (2.7). O

3. Approximation properties

Let us denote the norm ||£|| = sup [{(x)] on Cg[0, o), the class of real valued continuous bounded
x€[0,00)

functions. For ¢ € Cp[0, 00) and 6 > 0, the s-th order modulus of continuity is defined by w,({;0) =

sup sup |A7Z(7)|, where A, is the forward difference and A, (AZ‘l) for s > 1. Incase s = 1, we
0<h=6 €[0,00)

mean the usual modulus of continuity denoted by w({; ). Also, Peetre’s K-functional is defined by
Ky(Z56) = ;glv[fz {IIZ = oIl + Sllg” |1}, where W* = {¢ € C5[0,00) : ¢',¢" € Cp[0,0)}. By [37, p.177,

Theorem 2.4], there exists an absolute positive C such that K»(Z; 6%) < Cw,((; ).

AIMS Mathematics Volume 5, Issue 5, 4959-4973.



4964

Theorem 3.1. Let (p,), (q,) be the sequences defined in Corollary 2.4 and { € Cg[0, ). Then for all
n € N, there exists an absolute positive C, = 4C such that

[H7 (€5.0) = 2] < Crn (& A (0 + AT (02 + 0 (A7 ().
Proof. We consider the following operators:
HY 0 (§5x) = K-t (85 %) = LAT () + %) + {(x),  x € [0, 00).
Let x,t € [0, o) and ¢ € W2. By Taylor’s expansion formula, we have:
P(1) = p(x) + @' ()1 — x) + f t ¢" (u)(t — u)du.
Applying H""" and using HY"" (t — x; x) = 0, we can get
H (5 x) — p(x) = H- ( f t ¢” (u)(r — wydu; x).
Hence,
[H (5 ) = $()|

< KPmin ( f ¢" (u)(t — u)du

)+

: x+AP T (x)
< Fprn ( f 6" (w)|(r — w)du; x) + f ¢ )l (AT (x) + x = u) du

X+A[17n,(/n (x)

< 19”17 (& = 0% x) + 119 (A7 (x) + x = u) du

x+A I (x)
f ¢ (u) (AT (x) + x — u) du

< (A7 00 + (A7 (x))°) 1”1
By Lemma 2.2, we can easily obtain [H?""(; x)| < ||]| for any £ € Cg[0, o0). Hence,
|7 (25 ) — ()|
= |HEP= (5.5) + LA (x) + x) — 24 ()|
< HP (& = ¢3x) = (£ = @)D)] + [HI (¢ x) = ¢(x0)| + [CAP (x) + x) = £(x)|
< 4l1Z - ll + (A5 (x) + (AP () Il + w (£: AP (x).

Taking infimum on the right hand side over all ¢ € W? and using the property of K-functional, we can
get:

[H7 (€5.0) = £0)] < Cron (& A (0 + AT (02 + 0 (A7 ().
This completes the proof of Theorem 3.1. O

Corollary 3.2. Let (p,), (q.) be the sequences defined in Corollary 2.4. Then for any A > 0 and
{ € Cg[0, 00), then the sequence {KL"" (¢; x)} converges to ¢ uniformly on [0, A).
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Theorem 3.3. Let y € (0, 1] and D be any subset of the interval [0, o), if { € Cg[0, 00) is locally on
Lip(y), i.e. the condition

1) =L < Cpyplt=x", teD and x¢€[0,00) 3.1

holds, then for each x € [0, 00), we can obtain:

Y
2

K77 (@50 - 2] < Coy ((4590)” + 2075 D)

where C;,, is a positive constant depending only on vy and { and d(x; D) denotes the distance between
x and D defined by

d(x; D) =inf{|t — x| : t € D}.

Proof. Let D be the closure of D. Using the properties of infimum, there is at least a point 7, € D such
that d(x; D) = |x — ty|. By the triangle inequality

£(1) = (0] < 15(0) = £(to)] + 1£(x) = £(20)),

we immediately have by (3.1) that

K295 ) = L00)] < KP4 (L(8) = Lto)ls ) + KL (£(x) = L(do)); x)
< Ce KD (It = 15 %) + |x — 1]}
S CrAKP(t = x” + |x — 10”5 %) + |x — 1]}
= Ce AKP (It = x5 x) + 21x — 1]}

Choosing a; = % and a, = Z%Y and using the well-known Holder inequality, we have:
7609 (¢30) = 200 < Copd (K (I = 2175 00)77 (K (1% 30)7 + 24 (x; D))
= Cé,y{(«f’q ((t - %)% JC))7 + 2d”(x; D)}
<c,, ((Ag"I(x))f L2 (x; D)).
o

Next, we obtain the local direct estimate of the operators K"/, using the Lipcshitz type maximal
function of the order y introduced by Lenze [38] as:

b= sy O

sup i x€[0,00) and vy e(0,1]. (3.2)
x,t€[0,00),x#t -

Theorem 3.4. Let { € Cp[0, 00) and y € (0, 1]. Then, for all x € [0, 00), we have

Y
2

KD (&5 x) = L] < @& 2) (A5())°
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Proof. From the equation (3.2), we have

524 (&) = £00] < (& 0K (It = o5 0.

Applying the well-known Holder inequality with a; = % and a; = ﬁ, we can get:

SIS

[0 (500 = 50 < @630 (K (11 = 7% )
< @y 0 (AL)

O

We consider the following three weighted spaces of functions which are defined on [0, o). Let w(x)
be the weighted function and C be a positive constant depending only on the function , we define the
weighted space of functions and weighted modulus of continuity as

1.
2.

3.

B,,[0, o) be the space of function { defined on [0, o) satisfying {(x) < M,w(x) for all x € [0, c0).
C,,[0, 00) be the subspace of all continuous functions in B,,[0, o).

is finite and endowed with

C?V[O, o0) be the subspace of functions ¢ € C,,[0, c0), where lim

x—c0 W(X
14€9]
the norm ||{||,,x) = sup .
xe[0,00) W(X)

While w(x) = 1 + x2, we define the weighted modulus of continuity as:
1£(x + 1) = ()|

Q(:0) = 33
(G0 = S oW (53

and have the inequality
Q(; ad) < 2(1 + a)(1 + 6L 6) (3.4)

hold, where @ > 0 and ¢ € C?V[O, oo)(see [39]). Meantime, for k > 0, the modulus of continuity of
£ on [0, «] is defined by w,({;0) = sup sup |{(t) — (x).

|t—x|<8 0<x,t<k

Theorem 3.5. Let { € C,,[0,0), 0 < g < p <1 and wy+1({; 9) be its modulus of continuity on the finite
interval [0, k] C [0, 00), where k > 0. Then, for every n € N, we have:

1K (23 3%) = £l < Co(3 + 2KDAL(K) + 2w, (g; \/AS’Q(K)) .

Proof. For any x € [0,«] and t > k + 1, we easily have 1 < (¢ — x)* < (t — x)*. Thus,

(6) = 0| < KO+ 1] < C2+ 7 + x%)
=C 2+ +(t—x+x)) < C (24227 + (1 - x)?) (3.5)
< Cr(3+ 23t — x)* < C,(3+263)(t — x)°,

and for any x € [0,«],t € [0,k + 1] and 6 > 0O, we have:

|t — x|

1£(1) = £ < Wi (1 = XI5 %) < (1 + ]wk(é; 9). (3.6)
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From (3.5) and (3.6), we can get

|t — x|

(D) = L] < C,(3 +23)(t = x)* + (1 + ]wk(é“; 9).

By Schwarz’s inequality and Corollary 2.4, for any x € [0, k], we can get
17 1(Ls %) = S0l < K15 (0) — (s x)

<C/(3+ 2K2)7<,f’q((t - 0% x) + K ((1 + 1=

) ;x) Wes1(450)

< CeB + 2Kt = %2 + W (&3 6) (1 + % \/%f (=2 x))
< C(3 + 2A)AU(X) + et (L5 6) (1 + % \ /Ag’q(x))

< C(3 + 2)ALUK) + W1 (£; 6) (1 + % . /Ag’ﬂ(K))

By taking § = |/A2(k) and supremum over all x € [0, k], we accomplish the proof of Theorem 3.5. O

Theorem 3.6. Let £ € C°[0, o) and the sequences (p,), (¢,) satisfy 0 < g, < p, < 1 such that p, — 1,

gn = land p) — 1, ¢, — 1, [n],,,, — o asn — oo, then there exists N; € N, such that for any
n > Ny and v > 0, the inequality

K (L5 x) = ()|
sup

wel0o0) (14 x2)3

< 48Q ({ ; —[n] ]
Pnstin

holds.
Proof. For ¢ € C?[0, ), from (3.3) and (3.4), we can write:

(6 = 0ol < (1+ (6 = 07) (1 + QU It = x)

< 2[1 + i x'](l + QL) (1+ (= 07) (1 +x)
(3.7)
41 + 621 + xHQ(Z; ), It — x| <6,
< 6 — x| + |t — xP
4(1 + 6%)(1 +x2)Q(§’;5) 5 , t—x| > 0.
Set§ € (0, 1), for all x,t € [0, ), (3.7) can be rewritten
) |t — x| + |t — x°
(1) — £(x)] < 16(1 + x)HQ;0) |1 + 5 ) (3.8)

Using (2.6) and (2.7), there exists N; € N, such that for any n > Ny,

K (1 = )% x) <

(1 +x%), Kot —x)*x) < (1 + x5
[n an(In
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By Schwarz’s inequality, we can obtain

V1 + x2

Kt s ) < KD 0% ) € —— (3.9)
[n]pn’qn
and
(1+x2)3
Krrin(|t — x5 x) < \/7(,{’""’"(0 — )% %) K (= 0t x) < T (3.10)
n Pnsqn

Since K" is linear and positive, using (3.8-3.10), we can obtain

GCPmn (It — x|+ |t — x%; x))
o)

[ (£ 2) = L] < 16(1 + 31 (L3 6) [1 +

2 JI T 27
1+6(L]Q(§;5).

)
Vinlp, g,

< 16(1 + x?)

Choosing 6 = ———, the conclusion holds. m]
V [n]pn,Qn

Theorem 3.7. Let (p,), (g.) be the sequences defined in Theorem 3.6. Then, for any { € C?V[O, ), we
have:

tim [[767(¢:.x) = ], = 0.

Proof. By weighted Korovkin theorem in [40], we see that it is sufficient to verify the following three
conditions

lim || (4500 = 2| =0, k=0,1,2. (3.11)

wx)

Since K" (1; x) = 1, then (3.11) holds true for k = 0. By Lemma 2.2, we can obtain:

||7<‘fmqn(t; x) — x”W(x) = x:{t;{:;) |‘7<,fn,qn(t; x) — x|

1
T, T

and

i -,

< sup al Pr_ |+ sup ¥ 2+ Bl :

T xel0eo) 1+ X2 gy w00y 1+ X2 2], 0[], g,  [B1p,q(n)3

e ‘+ 2+ 2, 1

qn 2021y, g, prg,  [Blp,.q, [”]%;,,,qn

-0, n-o oo

Thus the proof of Theorem 3.7 is completed. O
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Now, we present a weighted approximation theorem for functions in C2[0, o).

Theorem 3.8. Let (p,), (g,) be the sequences defined in Theorem 3.6. Then, for any { € C,,[0, o) and
o > 0, we have:

lim sup |f}(,f"’q"(§; o) - {(x)| =0

1o ey (1 + X2

Proof. Let x( € (0, 00) be arbitrary but fixed. Then,
[ 7C" (¢5 %) = £

sup

x€[0,00) (1 + x2)1+,0
C K¢ %) = ()| L w K¢ %) = ()]
S o T A+ T A+

7{5;1»%1 (1 + tz; x)'
< NKE-(Z; x) = Llero.xe + L] su
n (g ) 4 [0,x0] 4 w(x) xe(xol,)oo) (1+ x2)1+p

. L)
u _—
ety (1L + )1

£ (0l Celillwix
Since [£(x)| < C,(1+x%), we have sup ¢ < £ lhve

s < - Let € > 0 be arbitrary, we can choose
x€(xp,00) (1 + X ) P (1 + xo)p

Xo to be sufficiently large that
Clldlhvey €
Clclny € (3.12)
(1+ x%)ﬂ 3

In view of Lemma 2.2, while x € (xp, o), we can obtain:

‘7(5"”” (1 + tz;x)‘

Aoy 0

11l }1_{(1)10
Hence, we can choose N sufficiently large such that for any n > N the inequality

e (1) e

xes[ipm) 1l TS 3 (3.13)

holds. Also, the first term of the above inequality tends to zero by Corollary 3.2, that is
19677 3) = Ll < 5 (3.14)
Thus, combining (3.12)—(3.14), we obtain the desired result. O

The last result is a Voronovskaja-type asymptotic formula for the operators K2 (; x).

Theorem 3.9. Let (p,), (q,) be the sequences defined in Corollary 2.4 and { € Cgl0, o). Supposing
that "' (x) exists at a point x € [0, 00), then we can obtain:

1 1
lim [n],,, g, (7 (Z5 %) = £(x)) = ¢ "(x) + 3 ((a - b)xX* + x) " (x).
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Proof. Using Taylor’s expansion formula, we can obtain:

1
{0 =)+ (00— x) + 5("(96)0 = x)’ + 01, 0)(r - ), (3.15)

where O(t, x) is the Peano form of the remainder and lim @(z, x) = 0. Applying K" to the both sides
t—x
of (3.15), we have:

(1] g (KE9(L %) = £()) = (1], 4,8 (DA] " (x)
1
43 11),0, 8" (WAL () + (1], 0, K (O, 201 = 0 x).

By the Schwarz inequality, we have:

GC P (G)(t, x)(t — x)%; x) < \/7(5”"]” (®2(1, x); x) \/7(,{’"”” ((r = x)*; x). (3.16)
We observe that ®2(x, x) = 0 and ©%(-, x) € C[0, o). Then, it follows from Corollary 3.2 that
lim (©%(t,%): x) = ©(x, x) = 0. (3.17)
Hence, from (2.7), (3.16), (3.17), we can obtain:
lim [n],, ¢, K" (O, 1)t - % x) = 0. (3.18)
Combining (2.5), (2.6), (3.18), we obtain the required result. O

4. Better estimates

Motivated by the references [41-43], we will construct a generalization of modified (p, g)-Szész-
Mirakyan-Kantorovich operators by adding a parameter. Let A > 0, A-generalization of the operators
given in (1.6) is defined by

_ x)_ rags )f ( q'" k[k],,q” )dp’qt.
Then, we have
KoL) = 1; Kl 0) = x+ m
KU x) = =x" + (1 7 +21]M) [ni),q o 1]1,,,q[n]§,,q'

Now, Theorem 3.1 and Theorem 3.9 can be modified as following:

Theorem 4.1. Let (p,), (g,) be the sequences defined in Corollary 2.4 and { € Cg[0, 00). Then for all
n € N, there exists an absolute positive C; = 4C such that

|77 (62 = L] < Croo (g; \/ (A7 o) + B <x>] +o(&Ar T w),

Pn-4n . Pnsqn . Pr-qn . Pn-4n 2. —
where A/l (.X') = 7(n,/l ([ - X .X') m B (X) = 7(}1’/1 ((l - X) ; .X') =
Pn 2 X 1
(q” 1 ) * + [nll’n-qn + [Z/H']]IJnﬂH [”]127n,Qn ’
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Theorem 4.2. Let (p,), (g.) be the sequences defined in Corollary 2.4, A > 0 and { € Cpl0, ).
Supposing that "' (x) exists at a point x € [0, 00), then we can obtain:

1 1
. Pn-n [ #. _ ’ 2 77
lim(nl,, g, (5 (¢22) = £@) = 500 + 5 (@ = ) + ) 7 ().
The proof of Theorem 4.1 and Theorem 4.2 is on similar lines, thus we omit the details.

5. Conclusions

In this paper, we have constructed modified (p, g)-Szasz-Mirakyan-Kantorovich operators via new
method and investigated their approximation properties. We have obtained a rate of convergence,
weighted approximation and Voronovskaya-type theorem for our new operators. Finally, we generalize
the operators by adding a parameter A.
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