AIMS Mathematics, 5(5): 4734-4753.
AIMS Mathematics DOI: 10.3934/math.2020303

Received: 18 March 2020

Accepted: 11 May 2020

Published: 29 May 2020
http://www.aimspress.com/journal/Math

Research article

A dynamic model of hepatitis B virus with drug-resistant treatment

Dong-Mei Li* and Bing Chai
College of Science, Harbin University of Science and Technology, Harbin 150080, China
* Correspondence: Email: dmli_2013@126.com; Tel: +8615004650372.

Abstract: In this paper, the problem of reducing the effectiveness of drug resistance treatment due to
mutation of hepatitis B virus is investigated, a model of hepatitis B virus with drug resistance
treatment is established, and the existence conditions of four equilibrium points in the model are
provided. The effect of drug resistance caused by virus mutation on drug treatment is simulated. It is
found that drug efficacy decreases with the increase in mutation rate. Without considering the value
of mutation rate, the continuous usage of drugs can meet the clinical treatment standard, while
stopping treatment will cause the virus to rebound.
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1. Introduction

Viral hepatitis B is a kind of liver disease caused by a virus infection, which is called hepatitis B
for short. According to the World Health Organization (WHQO), about 350 million people in the world
suffer from chronic hepatitis B and C, of which nearly 100 million are Chinese. Hepatitis B is one of
the major infectious diseases under control in China.

At present, the first choice for hepatitis B treatment is nucleotide drugs. Clinical statistics show
that drug resistance develops after long-term use [1]. Boglione and Lucio et al. analyzed the blood
drug concentration and HBV DNA clinical data of 40 patients taking entecavir (ETV), and found that
with the increase of blood drug concentration, the decline rate of HBV DNA slowed down, and the
two showed a negative correlation, which provided a scientific basis for the rational selection of
treatment regimen for viral infection [2]. In [3], by studying the mechanism of HBV mutation and
the resistance of several nucleotide drugs, only when the mutation degree was high, the mutant strain
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would greatly reduce the sensitivity to drugs, which provided a new idea for the study of the
treatment scheme of drug-resistant viruses. Mao Richeng et al. collected the clinical data from
lamivudine-resistant hepatitis B patients during entecavir monotherapy, and detected the proportion
and dynamic changes of HBV DNA resistant strains. They found that entecavir resistance was
obtained in long-term entecavir monotherapy and drug-resistant strains could disappear when the
treatment with entecavir was continued. This research work provided a theoretical basis for the
mechanism study of treatment of drug-resistant hepatitis B virus [4]. It is of practical significance to
further analyze the influence of drug resistance on virus control by using the dynamics model of the
hepatitis B virus to study the law of hepatitis B transmission. Bonhoeffer et al. established a dynamic
model of the drug-resistant virus according to the mechanism of antiviral treatment of HIV or HBV,
and studied the dynamic change of virus population. They found that drug resistance would change
the treatment effect, and concluded that the treatment had a certain impact on the control of hepatitis
B in a certain period of time [5]. Zhang et al. established an HBV model with anti-drug resistance
under intermittent treatment by studying the dynamic characteristics of HBV under the conventional
hepatitis B treatment scheme, analyzed the change rule of HBV, and proved the effectiveness of
intermittent antiviral treatment [6]. Wang et al. considered the antiviral treatment with the
combination of reverse transcriptase inhibitors and protease inhibitors, and established a virus
dynamics model with the general form of target cell density, drug resistance and intracellular delay
incorporating antiretroviral therapy. They proved the global asymptotic stability of the disease-free
and drug-resistant steady states, and simulated the impact of target cells and delayed replication of
cells on HIV control. Their results provided a theoretical basis for the use of combination
antiretroviral therapy [7]. In this paper, the drug's effectiveness is reduced due to the development of
drug resistance, and a dynamic model of hepatitis B virus with drug resistance and drug treatment is
established. The existence and stability of the equilibrium point are discussed. Numerical simulation
proves the rationality of the model. We analyze the effect of drug efficacy and drug resistance on the
control of hepatitis B, and give suggestions on the treatment plan of hepatitis B in theory.

2. Dynamic model of hepatitis B virus with drug-resistant treatment

Clinically, different doses of drugs are used to treat HBV for hepatitis B patients. The
experimental data are shown in Table 1.

Table 1. The dose of entecavir and mean logso reduction in HBV DNA.

The dose of entecavir (mg) 0.05 0.1 0.5 1

Mean logjo reduction in HBV DNA(copies/ml) 2.21 2.29 2.81 2.55

We find that with the increase of drug doses, the number of HBV DNA in the body of hepatitis B
patients does not decrease rapidly, indicating that the efficacy does not play a role in inhibiting HBV with
the increase of drug doses [8]. The plasma concentrations in patients are inversely related to HBV DNA
decrease. It can be considered that the rate of drug clearance of HBV is related to the average steady-state
plasma concentration C,, of nucleoside drugs, which is recordedas f(C,) [2].

In [9], drug-resistant strains of hepatitis B patients with HBV DNA positive after lamivudine treatment
were monitored. The statistical data are shown in Table 2, and the trend chart is shown in Figure 1.
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Table 2. Mutation rate and duration of lamivudine treatment.

The number of  The number of

The number of The number of cases with
Treatment  Thetotal cases where cases where the . .
- . ) . cases where the viral mutations as a
time number the mutation mutation rate is ) . .
. mutation rate is proportion of the total
(month)  of cases rate is less than  between 10%
greater than 50%  number of observed cases
10% and 50%
2 (Mutation rates
are 80% and
<6 15 0 0 0.13
100%,
respectively)
6-12 42 4 12 7 0.55
12-24 56 3 8 24 0.63
52 (The mutation
>24 57 0 5 rates are all 1
100%)

== The number of cases where the mutation rate is less than 10%
== The number of cases where the mutation rate is between 10% and 50%

60 The number of cases where the mutation rate is greater than 50%
50
40
30
20
10 / o
0 —_— —
<6 6-12 12-24 >24

The number of cases

Treatment time (month)

Figure 1. Relationship between mutation rate and treatment time of lamivudine.

The results in Table 2 and Figure 1 show that the mutation rate increases with the extension of
the duration of drug treatment and reaches 100%. The mutation rate is considered as an increasing
function of treatment time. Therefore, with the increase of treatment time, the mutation rate gradually
increases from O to 1.

Patients who take nucleosides for a long time will produce mutant strains in the body. The
mutant strains reduce the interaction space with the drug by changing their own molecular structure,
so as to reduce the inhibition effect of the drug on them [3]. The results of the study indicate that the
susceptibility to drugs will be greatly reduced when the drug-resistant mutations occur
simultaneously in different locations of the HBV genome [3]. Moreover, drug-resistant mutations
increase as a result of drug screening, which will lead to the decrease of drug inhibition. This means
that the mutation rate increases and the inhibitory effect of the drug is weakened. Thus, the inhibition
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rate of the drug to the resistant virus is related to the mutation rate U of the virus, which is recorded
as A(u).We can assume S(u)=1-u.

Anti-HBV drugs are targeted at the virus in the infected cells, and they play the antiviral effect
in a single target to different degrees, but they have a high ability to screen drug-resistant virus [10].
These drug-resistant viruses are present in drug-resistant infected hepatocytes and rapidly replicate to
produce new drug-resistant HBV. The number of drug-resistant HBV produced from infectious
hepatocyte with drug-sensitive HBV due to the lack of proofreading activity of reverse transcriptase
is relatively small and can be ignored. Therefore, it is believed that drug-sensitive HBV and
drug-resistant HBV are produced from drug-sensitive infected hepatocytes and drug-resistant
infected hepatocytes respectively.

According to the above analysis, the following dynamic model of HBV with drug resistance is
established

T'(t)=2- KV, (OT () - KV, ()T () —aT (t)

T.(t) = L-Uu)K NV, (OT (t) — T, (t)

V,(t) = NaT, (t) - 8V, (t) - f (Cy, )V, (1)
T/ (t) = uK V, ()T (t) + KV, ()T (t) —aT, ()

Vi (t) = N.aT, () - V. () - B(u) F (C\ )V,

Here T, T,, V,, T,and V, respectively represent the number of uninfected hepatocytes at

time t, the number of hepatocytes infected with drug-sensitive HBV, the number of drug-sensitive
HBYV, the number of hepatocytes infected with drug-resistant HBV, and the number of drug-resistant
HBV; A is the growth rate of uninfected hepatocytes; « and ¢ are the death rates of hepatocytes
and viruses; K, and K, respectively denote the infection rate of drug-sensitive HBV and

drug-resistant HBV on uninfected hepatocytes; N, and N, respectively denote the total number of

viruses produced by drug-sensitive infected hepatocytes and drug-resistant infected hepatocytes
during their life cycle; The mutation rate between drug-sensitive hepatocytes and drug-resistant
hepatocytes is given by u; f(C,) is the rate at which drug therapy causes the decrease of HBV;

C, denotes denotes the average steady-state plasma concentration of nucleoside drugs in a patient;
S(u) denotes the inhibition rate of drug therapy on drug-resistant HBV; All parameters are positive.
Suppose that f(C,) is a bounded function. The higher the mutation rate, the lower the inhibition
rate of drug to the drug-resistant virus. Suppose S(u)=1-u.

Let N=T+T, +ivs +T, +ivr
2N 2N

Calculating the derivative of N, we get
N'<A-mN

where m= min{% , 0+ L) f(C, )}. Thus, forany &£>0,let M = % + & . The final feasible region

of model (1) is

AIMS Mathematics Volume 5, Issue 5, 4734-4753.



4738

P T VAT V) 0ST 4T, =V, 4T, 4+ —V <M
2N 2N

S r

3. Existence of equilibrium point

The equilibrium point of model (1) satisfies the following system of equations

A=KVT-KV.T—al =0

1-u)KV.T —al, =0

N.al, -V, — f(Cy )V, =0 )
UKV.T +K VT —aT, =0

N,aT, -V, — Bf(C V., =0

From the first, the second and the fourth equations in formula (2), we get

T :i_Ts _Tr (3)
a

From the third and the fifth equations in formula (2), we get

_@HTCINV, ¢ G+ AHCOV,

T 4
° N.a N,a )
Substituting the first equation in formula (4) into the second equation in formula (2), we get
VS((l—u)KST —%jzo 5)
et _ANK@-u) o ANK, )

Tale+1(Cy) " a(d+A(Cy)
The types of equilibrium points are as follows:

(1) When V, =V, =0, from formula (3) and formula (4), we get the disease-free equilibrium
point E, =(T,,0,0,0,0), where T,=A4/«.
(2) When V, =0, from the first equation of formula (5) and formula (2), we get
A

——a
704 tC) A _OHTCIN, T T ggy
KN, (1-u) oR, N K. K

S S

(3) When V, =0, from the fourth equation in formula (3) and formula (2), we get

2
——a

pSHACY) _GHACON, T
KN, N,a K

(04
- (R, ®)

r r

(4) When V-V, =0, from formula (4) and formula (5), we get
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1., R
AQ-u)-—)A-25)
T_0+fC) _ A o R R ©

KN, @-u) oR, a(u+(1—u)(1—§r))

S

—UTS ) VS :—Nsa TS’ VI’ = Nra r
(1—U)(1—§r) o+ f(CN) 5+,Bf(CN)

S

TI' ==

According to the above analysis, we have established the following theorem:

Theorem 1. (1) Model (1) has a disease-free equilibrium point E, =(T,,0,0,0,0).

(2)If R,>1 and R <1, there exists a drug-sensitive type virus equilibrium point
E, =(T,T,,V,,0,0) inmodel (1), where T,,T,,V, satisfy Eq7.

3)If Ry<1 and R >1, there exists a drug-resistance type virus equilibrium point
E, =(T,,0,0,T,,,V,,) inmodel (1), where T,,T,,,V,, satisfy Eq 8.

41t R >R and R, >1 , there exists a double virus equilibrium point
E'=(T",T.,V.,T,,V.) inmodel (1), where T ,T.,V., TV, satisfy Eq 9.

Note: when u=0, E~ degenerates to the boundary equilibrium point E,.

4. Stability analysis of equilibrium

Theorem 2. If R, <1-u and R, <1, E, is globally asymptotically stable; If R, >1 and
R, >1, E, isunstable.
Proof. Define the Lyapunov function

KsTO V T KrTO

L0:Ts+— e
o+ f(Cy) o+ pf(Cy)

Calculating the derivative of L, we get

KT
L) = (A-u)KV.T —aT,)+ ——2(N,aT, =V, — f (Cy V. ) + (UK VT
0 (( ) s's s) 5+f(CN)( S S S (N) s) ( s's
KT,
+K VT —aT.)+——0 (N,aT, =&V, — B (C,)V.)
o+ pf(Cy)
<KV.T, —aT, +aloNs0Ts _py1 v T, 4 StoNeaTe ey 7
5+1(C,) C+p(Cy)
— (R _)oT +(R ~D)aT,
1-u

If Ry<l-u and R, <1, then Lj<O0. In particular, L; =0 only if T, =T, =0. According
to the LaSalle's invariant principle [11], E, is the global asymptotic stable point of model (1).
The characteristic equation corresponding to model (1) is
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f(1)=(~a—-A)(L+ai+a,)(1+ba+b)
where
a =a+6+pf(Cy) a,=a(s+/(Cy))A-R)
b=a+5+f(Cy), b, =a(d+ f(Cy))A-R,)

If R,>1 or R >1, then a,<0 or b,<0. Hence, f(A) has positive eigenvalue and E, is
unstable.

Theorem 3. If R, >1 and R, <1, E, isglobally asymptotically stable.

Proof. From the first equation of model (1), it is easy to obtain T <T,. If there is no drug

resistance, then u =0. The comparison equations corresponding to the fourth and fifth equations of
model (1) are

{Tr =KV.T,—aT, 10)

Vr’ = NraTr _é\/r —ﬂf (CN )Vr

It can be obtained that (0,0) is the equilibrium point of Eq 10, and its corresponding
determinant and trace of the coefficient matrix are
|J|=a(5+,8f(CN))(l—Rr), trd =—a—-0-pf(Cy)
When R <1, [J]<0 and trJ <0. Therefore, (0,0) is the stable equilibrium point of
model (10). The corresponding limit equation [12] of model (1) is

T'=A—aT —KV.T
T, =KVT —aT; (12)
Vs, = NsaTs —5\/5 —f (CN )Vs

Introducing a function g(X)=x-1-Inx>0(x>0), g(x)=0 onlyif x=1.
Define the Lyapunov function

T T, V, V
L =T,9(=)+T,0(=—)+=Lg(—
s 19(T1) slg(TSl) ng(Vsl)
Calculating the derivative of L, we get

L' =A—aT —z-%+ KV.T, +aT, —KV.T -%+0{Tsl

s (12)
_o+f (CN)VS T, -\ﬁ+ o+ f (CN)V51
NS VS NS
According to Eq 7, when u=0,
A=KV T +al,alg =KV T, NoaT = (6 + F(Cy))Vy (13)
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Substituting Eq 13 into Eq 12, we get

_ 2
Ls’ = _M _ stslTl (L + VSlTS + VSTTsl _ 3)
T T Tslvs TlvslTs
V.TT

a(T _T1)2 T V,T. 1
2V Y _KkV.T 1 s's s' s
P KT 0GR + 06 )

Thus, L'<0. L' =0only if LV ViTTy 1. According to the LaSalle's invariant
us, L’<0. L' = if 2=—S5=-_5 sl_1 | invari
) ° y T Tslvs TlelTs g

principle, E is the global asymptotic stable point of model (1).

Theorem 4. If R, <(-u)R, and R, >1, E, isglobally asymptotically stable.
Proof. Define the Lyapunov function

L =T 04T, 452y 4T, g1y + 2z _g( Ve
T, i) T, CrAC) V,

Calculating the derivative of L., we get

Ll = (1—TT—?-)(1— KV.T —KV,T —aT)—(A-Uu)KV.T —aT,)

KT, T
+—=2 (N.aT, -6V, - f(C V) +(1-L2)UKV.T+KV.T —aT 14
5+f(CN)( S S S ( N) s) ( Tr )( s's rer ) ( )
KT,

Vr2 _ —
o g (G 4V T =M LGV,

From formula (8), there are equations at E,
A=KV, T, +al,, al, =KV, T,, (5+8(Cy)V..=N,aT, (15)

Substituting formula (15) into formula (14), we get

_ 2
TG Ul FYASPAL S\ FLIPRIOY LS.\ TAF IR, PPV §
T 5+1(Cy) 5+ (Cy) T
oy KN T Ve, gy 1 ik 12
T, 5+M(Cy) Y, T,
_ 2
S o) R gy ik 2
T (1-u)R, T,
T VTT TV
—KV.T _2+ r-'r2 + r'r2
Vr2 2(g(T) g(VrszTr) g(TrZVr))

T, VTT. TV
When R.<(-u)R , L'<O.L' =0 only if 2=—"-"2=""2-1 and T.=V.=0.
S <( u) r r r y I T Vr2T2Tr Trzvr S S

According to the LaSalle's invariant principle, E, is the global asymptotic stable point of the model (1).
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Consider differential equation

X'= f(X) (16)

where f(x)eR" is a C' function and DcR" is a simply connected open set. Let Xx(t,x,)
denote the solution of Eq 16 with the initial condition x(0, X,) = X, . We assume:
(H1) There exists a compact absorbing set K< D;
(H2) The system (16) has a unique equilibrium point X inD.
Lemma 1. [13] Assume that (H1) and (H2) hold and there are a Lyapunov function L(X), a

bounded function G(x), and positive constants a,, g and a, such that

(1) afx]<L<a,lX,

) L'(X)<(G'(xX)-g)L(x) »
then the equilibrium point X of model (16) is globally asymptotically stable.

Theorem 5. If R, >R, >1, model (1) is uniformly persistent.

Proof. When R, >R, >1, there are only two equilibrium points E, and E" in model (1).
According to Theorem 2, E, is unstable. Only the track with an initial value on the T axis
approach E, along the T axis, and the other tracks will move away from E,. So {EO} is the

largest compact invariant set on or . There is a constant a, and the solutions of model (1) starting
from the interior of I" satisfy the following conditions

lim sup max{T,T,,V,,T..V.}>a

(o]

Therefore, the solutions of model (1) will not run out of a1, This shows that W*({E,)I T = ¢,
where We({E, ) ={(T,T..V,,T,.V.) e, o(T,T,,V,,T,,V,) c {E, }}.

Thus, when R, >R, >1, model (1) is uniformly persistent [14].

Adding the first, the second, and the fourth equations in model (1), we get

T +T/+T/ =2—a(T +T,+T,)

From the limit theory, we get T +T,+T, = 4 approximately. Reducing the dimension of
(04
model (1), we get

T'(t) =A-KV,(OT () - KV, (OT () -aT ()
T (1) = A-u)KV,(OT (1) - aT, (1)
V/(t) = N aT, (t) — 6V, (t) — f(C )V, (17)

Vi) = Nra(g—T(t)—Ts (0) -V, () - & (Cy )V,

Same as the method of formula (2), find the positive equilibrium point of model (17) as follows
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1., R
i(l—u)(l—R*)(l—E)

Te = —R’ Tse = s s
s a(u+(1—u)( —Er]
° 18
1 (18)
Vse = é‘af—sCTse’ Vre = >
+1HC) RrK{u+(1—u)(1—|:f)J
Model (17) has a positive equilibrium point E, =(T,,T.,V.,V,.), where T,T.,V,.,V,.
satisfy Eq 18.
At this time, we get
Tre = i_Te _Tse = UTse R (19)
“ A-ue-2

By comparing formula (9), formula (18) and formula (19), we know that E* and E, are the
same point. To prove that E” is stable, we just have to prove that E_ is stable.

Theorem 6. If R, >R >1, E_ isglobally asymptotically stable.

Proof. Letx=(T,T,,V,,V,), the Jacobian matrix of model (17) is

~KV,-KV.—a 0 —-KT KT
1-u)K .V - 1-u)KT 0
300 = A-u)K,V, a 1-u)K,
0 oN, —(5+f(Cy)) 0
—aN, —oN, 0 —(6+ B (Cy))

According to the method in [13], the third additive compound matrix can be calculated as follows:

A, O 0 KT
0 A, @Q-uKT KT
W=l N o A, 0
r S 3

—aN, 0 (@1-uKYV, A,

where
A, =—KV,-KV, -2a—(6+ f(Cy)), A, =—KV,—KV, —2a—(5+ f (Cy))
Ay =—KN, — KV, —a~(5+ f(Cy)~(6+ 4 (Cy))
Ay =—a—(6+1(Cy))-(6+4(Cy))

and the associated linear compound system is
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X'=A,X —K,TW
Y =AY +(1-u)KTZ +KTW 20)
Z'=aN,X +aN.Y + A, Z

W'=—aN, X +(1-U)KV,Z + AW

Choose a Lyapunov function
V =max(V,,V,,V,,V,)
where
V, =V, |X|\V, =V, Y|V, =T |Z|V, =TW|

It is known from Theorem 5 that model (17) is uniformly persistent. There exist two positive

constants C, and C, such that
C(X[+[Y|+|Z|+W|) <V <c,(X|+|Y|+]Z]|+W]
Next, we calculate the right derivative of Vv along the trajectory of the compound system (20).

We will separate the discussion for the several cases below.
Case [: V=V, then V,,V,,V,<V, and

D.V, =V,D,|X|+V/|X|

KrTNv\)

v/
—Vr\X\(\T+ AL+ X

=Vr><(x—f,— KV, - KV, —2a-(5+ f(CN))+—KVI(M/)

sva(x—f—sts—za—(m £(Cy))

r

(21)

<V X|CE-2a -0+ (C,)

r

gVr‘x‘(Gl'_gl)
where G, =InV,, g,=2a+C+ f(C,)
Case II: V =V, then V,,V,,V, <V, and
D.V, =VY|+V,D,]Y|

VY|4V, (Y |+ Q- U)K T[Z]+ K TW))
), AWKV,
T

VI KY, ~2a-(+ 41 (C) )

P 22
SV K Y, —a (G A C)) “

S S

VY| + 2 a6+ A (C))

S

=VS|Y|(G; - gz)
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where G, =InV,+InT,, g,=a+5+ 5 (Cy)
Case III: V =V,, then V,,V,,V, <V, and
DV, =T.|Z|+T,D,|Z|
oN, T, oNT,
+

TV
ST+ S A
MR VARV AN, (23)
STSIZI(T—S+\75—\7r+A33+(5+f(CN))—(5+ﬂf(CN))+ V. )
! VI V(
=T|Z|(=+5 -+ f(T,T,\V..V
s| |(TS +VS Vr+ (T, s? Vg r))
where
AN,
f(T,T,V,,\V,)=A,+(0+ T(Cy))—(0+ S (Cy)) + v (24)

r

— KV, KV, —a—2(6+ﬁf(CN))+/1\L\lr

r

From Eq 17, we get
_aNSTS:\£+5+f(CN), MS—\A+1N'—
\Y V. Vv,

S S r r

6+ (Cy))

Because of model (1) is uniformly persistent, the proper lower bound is chosen so that the
polynomial function f(T,T,,V,,V,) take negative values. In other words, there exists a positive

constant m such that f(T,T,,V,,V,)<-m.
Substituting Eq 24 into Eq 23 yields

D.V; <V, (G} —m) (25)

where G; =InT,+InV,-InV,.
Case IV: V =V, then V,,V,,V, <V, and

DV, =T'W|+TD,W|

ST[VV|(T?+ A, + oN, T | (L-uwK

V. T,
T VN (26)
ST[\IV|(?+A44+T—S+a——r+ v L —(5+pF(Cy))

S r

Al
)

S

Tl T! V!
=V, (—+ -S4 f(T,T,,V,,V.
4(T TV (T )

r

N,
v

r

where FT TV Vo) = Ay +at+—=—(5+ 1 (Cy))

-+ f(cN)>—2(5+ﬂr(CN»+lVNf

(27)

r
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From Eq 17, we get

Q-WKVT T aNT _ VN,

) =

a p—
T T V. V.oV

S S r r

6+ (Cy))

In a way similar to Case III, we can obtain the estimates f (T,T,,V,,V,) <-m.
Substituting Eq 27 into Eq 26 yields

D.V, <V,(G,—m) (28)

where G, =InT +InT,—InV,.
From Eqgs 21, 22, 25 and 28, we get

D,V <(G'—g)\V

where G =max{G,,G,,G,,G,}, g =min{g,, g,,m}
From Lemma 1, the positive equilibrium point of model (1) is the global asymptotic stability point.

5. Numerical simulation
5.1. Numerical simulation of no drug resistance
5.1.1. Parameter selection
(1) Some fixed parameters in model (1) are derived from [15], as shown in Table 3:

Table 3. Values of some parameters.

symbol instructions Value Value
the growth rate of uninfected

A J 2527x10° day (i)™
hepatocytes

a the death rate of hepatocytes 0.012 day™

S the death rate of viruses 0.67 day™
the infection rate of sensitive HBV

K, _ 8x10°® day*(ml)™*
on uninfected hepatocytes 3810 y-(mb
the infection rate of drug-resistant

K, _ g 1.2x10° day*(ml)*
HBV on uninfected hepatocytes
the total number of viruses produced

N, by sensitive infected hepatocytes 2 —

during their life cycle
the total number of viruses produced

N, by drug-resistant hepatocytes during 2 —
their life cycle

AIMS Mathematics Volume 5, Issue 5, 4734-4753.
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(2) Estimate of f(C,)

The parameter f(C,) is related to the efficacy of the selected therapeutic agent. In this paper,
f(C, ) is estimated based on the data from hepatitis B patients treated with entecavir (ETV). In [2],

the steady-state blood concentration and HBV DNA level of 40 hepatitis B patients receiving ETV
treatment of 0.5mg/day were given. By using the numerical approximation algorithm, we get

C
f(Cy)=—"T—= 2
() C,, —0.4000 (29)

5.1.2. Numerical simulation of HBV under drug therapy

In order to further verify the simulation effect of model (1), the data of actual clinical treatment
cases are selected for comparative analysis. Zhou Hongping et al. reported the experimental
monitoring data of 194 patients with chronic hepatitis B taking ETV 0.5mg/day for antiviral therapy,
and provided the logarithm values of HBV DNA before and after treatment at 4, 12, 24, 48 and 72
weeks, respectively [16], as shown in Table 4. According to the method in [17], the average
steady-state blood drug concentration of ETV per unit time can be calculated as C, =0.42 ng/ml.
Assuming that there are no drug-resistant cells and viruses at the beginning and during the treatment,
we know that u =0, which implies that g =1. Considering the limit Eq 11, we substitute the
parameter values in Table 3 and Eq 29 into model (11) for numerical simulation. The initial value is
selected as follows

T(0)=1.675x10", T.(0)=2.79x10°, V,(0) =10’ (30)

The obtained simulation data and simulation curves are shown in Table 4 and Figure 2:

Table 4. Logarithms of HBV DNA at 4, 12, 24, 48 and 72 weeks before and after
treatment (log10 copies/ml).

HBV Before treatment 4 weeks 12 weeks 24 weeks 48 weeks 72 weeks
Clinical data 6.99 471 4,25 3.96 3.84 3.39
Simulation data 7.00 5.05 4,76 4.34 3.59 2.64

Before treatment, the basic reproduction numbers can be calculated as R, =2.389 and

R, =0.754 . After treatment, the basic reproduction numbers are R, =0.074 and R, =0.023. Then
we know from Theorem 2 that E, is the global asymptotic stable point, which means the number

of viruses will continue to decline after 72 weeks of treatment. The virus will be eliminated if the
treatment lasts longer, which is consistent with Figure 2.

Figure 2 shows that from the start of treatment to 4 weeks of treatment, the number of
drug-sensitive HBV decreases rapidly and then slowly after the first week. Clinical data shows that
the difference between the number of HBV DNA after 4 weeks of ETV treatment and that before
treatment is 2.28log10 copies/ml. The difference of HBV DNA quantity between 12 weeks and 24
weeks is 0.29log10 copies/ml, and there is small change of HBV DNA quantity between 12 weeks
and 24 weeks. It can be seen that the simulated curve is consistent with the change of the actual HBV
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DNA quantity. According to the data in Table 4, it can be calculated that the standard error is 0.4368,
so the simulated value is close to the actual value. The parameters of model (11) are selected
reasonably and the simulation results are feasible.

drug-sensitive viruses
=
o

10 r r r r r
028 84 168 336 504 1008 1200
t (day)

Figure 2. Simulations of 72 weeks of continuous treatment.
*Note: Solid line: the dynamic route of the model (11). Dots: the clinical data.

5.2. Numerical simulation of occurrence of drug resistance

The experiment in [3] shows that HBV mutations can change the effectiveness of HBV
treatment. The effects of HBV mutation rate U on the time required for HBV to reach the expected
standard after treatment and the possibility of HBV rebound after stopping treatment are analyzed by
numerical simulation.

5.2.1.  Effect of time required for HBV clearance to reach 1 copies/mi

Clinically, we call HBV DNA-negative when the number of HBV is lower than 10° copies/ml.
At this time, HBV DNA cannot be detected by PCR, which means that HBV DNA is lower than the
detection limit [18]. However, in practical treatment, when the monitoring of HBV DNA is below
the lower detection limit, the drug is not stopped immediately for most of the cases. Instead, the liver
function is further checked and the HBV DNA is continuously monitored multiple times to check
whether it is still lower than the lower detection limit. Since it is takes a long time to completely
eliminate HBV through treatment [19], the treatment is stopped when the number of viruses reaches
1 copies/ml, and the effects of different mutation rates on the course of virus clearance are compared
through numerical simulation.

It is assumed that the patient has drug-resistant cells and viruses in the body before treatment,
and the initial values are set as:

T(0)=1.9x10", T,(0)=2.79x10°, T,(0)=2.79x10’
V,(0)=10", V.(0)=10°

The parameters in model (1) are the same as those in Table 3. At this point, let K, =1.9x10°.
When the values of u and p are different, R, and R, can be calculated according to

formula (6), as shown in Table 5.
It can be seen from Table 5 that the basic reproduction number is less than 1 under drug
treatment and it is not affected by the value of mutation rate. From Theorem 2, the solutions of the

S
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model in the above three cases tend to be the disease-free equilibrium point. The simulation results
are shown in Figure 3(a)—(c):

Table 5. U, 3, the corresponding basic reproduction number and HBV change image.

Corresponding images of

Serial number u B R, R,
HBV changes
Case 1l 0.1 0.9 0.066 0.041 Figure 3(a)
Case 2 0.5 0.5 0.037 0.072 Figure 3(b)
Case 3 0.9 0.1 0.007 0.289 Figure 3(c)
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Figure 3. Simulation of continuous treatment for 5 years. (a) U=0.1 (b) u=0.5 (¢) u=0.9,
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As can be seen in Figure 3(a), when u=0.1, the mutation rate is low. The decline rate of the
number of drug-sensitive HBV and drug-resistant HBV is similar, and it will take 3.04 years and
2.94 vyears respectively to reach 1copies/ml. In Figure 3(b), when u=0.5, the mutation rate is
relatively high, the decline rate of drug-sensitive HBV is faster than that of drug-resistant HBV, and
it will take 2.97 years and 3.18 years to reach 1 copies/ml respectively. In Figure 3(c), when
u = 0.9, the mutation rate is high, the decline rate of drug-sensitive HBV is much faster than that of
drug-resistant HBV, and it will take 2.90 years and 4.45 years to reach 1 copies/ml respectively. As
can be seen from Figure 3(b),(c), with the increase of mutation rate, the time to clear drug-sensitive
HBV is shortened. Although the time to clear drug-resistant HBV will be prolonged, HBV will be
cleared in general. The simulation results prove the research results of Mao Richeng et al. [4], and
Theorem 2 is verified. After the emergence of entecavir resistance, continued entecavir treatment can
clear the drug-resistant virus, although the treatment time is longer.

5.2.2.  Effect of mutation rate on HBV rebound after drug withdrawal

Model (1) is employed to numerically simulate the changes of drug-sensitive HBV and
drug-resistant HBV after drug withdrawal. It is also used to analyze the possibility of HBV rebound.
The model parameters and initial values are the same as those in section 5.2.1, and model (1) is
simulated. After the treatment is stopped, model (1) is converted to the model as follows

T'{t)=A-KV,OT{)-KV, ()T () —aT (1)
T.(1) =A-u)KV,(O)T (t) —aT, (1)

V/(t) = N aT, (1) — oV (t)

T/(t) =uK NV, ()T )+ KV, ()T (t) —aT, (1)
V/(t) = N,aT, (t) -0V, (1)

The simulation results are shown in Figure 4(a)—(c).

o

=
o

=
o
o
T

=
(=]
N
T

drug-sensitive and drug-resistant viruses
T
o
T

r r r r r r

500 1000 1500 2000 2500 3000 3500 4000
t (day)

=
o
=)
o

(@)

AIMS Mathematics Volume 5, Issue 5, 4734-4753.



4751

8
10 T T 13 T T T T

drug-sensitive and drug-resistant viruses

500 1000 1500 2000 2500 3000 3500 4000
t (day)

(b)
10 : : : : :
wn
Q
4
£ 10° |- .
z
©
o
& 10° .
(o))
>
5
°
S 10k .
(o]
=
2
2 10" | i
2
S
0
10 r r r r
0 1000 2000 3000 4000 5000 6000
t (day)
(c)

Figure 4. Virus decline in response to drug treatment and relapse after stopping the treatment
Red line: the dynamic route of the number of drug-sensitive viruses. Blue line: the dynamic
route of the number of drug-resistant viruses. (a)u =0.1, (b)u=0.5, (C)u=0.9.

As can be seen in Figure 4(a), if the mutation rate is low and the drug is stopped when the
number of HBV DNA drops to the normal range, the drug-sensitive HBV and the drug-resistant

HBV will rebound rapidly at the same rate, and finally, exceed the detection limit (103copies/ml).
The results of Figure 4(b) show that when the mutation rate is relatively high, the rebound speed of
drug-resistant HBV is faster than that of drug-sensitive HBV, and finally it will exceed the
detection limit. Figure 4(c) shows that when the mutation rate is high, the drug-sensitive HBV will
rebound rapidly and then decrease. Although the rebound rate of drug-resistant HBV is slow, the
number of drug-resistant HBV will eventually exceed the detection limit. According to the
comparison in Figure 4(a)—4(c), the virus will rebound after drug withdrawal. Meanwhile, different
mutation rates lead to different time period for the virus to exceed the threshold.
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6. Conclusions

In this paper, an HBV model with drug resistance and drug treatment was established. The
threshold values of disease-free equilibrium, drug-sensitive type virus equilibrium, drug-resistance
type virus equilibrium and double virus equilibrium stability were given. The number of
drug-sensitive viruses in patients treated for 72 weeks was simulated, and the simulation results were
consistent with clinical data, which verifies the rationality of model (1). According to the degree of
drug resistance, the dynamic characteristics of the virus after stopping treatment when the number of

HBV DNA is below the lower limit of detection (103 copies/ml) were simulated. The research results
had the following recommendations for the treatment of hepatitis B patients:

1. When the degree of virus resistance in the patient's body is high, a combined drug regimen
can be appropriately adopted. At present, adefovir dipivoxil combined with entecavir in the treatment
of lamivudine resistance has been studied in China [20,21]. Combined medicine can not only reduce
the mutation rate of lamivudine resistance, but also increase the inhibition rate of the drug to the
virus, so as to shorten the time of clearing resistant HBV.

2. Even if the number of HBV DNA in patients is lower than the detection limit, no matter
whether the level of drug resistance, stopping treatment immediately will cause virus rebound. In
order to clear more virus and prevent the virus from rebounding, 1-3 years of consolidation therapy
IS recommended.
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