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1. Introduction
The inequalities discovered by C. Hermite and J. Hadamard for convex functions are considerable

significant in the literature (see, e.g., [9], [18], [27, p.137]). These inequalities state thatif f : I —» R
is a convex function on the interval / of real numbers and a, b € I with a < b, then

b
f(“b) < Lff(x)dx SRACAFAC) (1.1)
b-a 2

2

Both inequalities hold in the reversed direction if f is concave.

The Hermite-Hadamard inequality,which is the first fundamental result for convex mappings with
a natural geometrical interpretation and many applications, has drawn attention much interest in
elementary mathematics. A number of mathematicians have devoted their efforts.

The most well-known inequalities related to the integral mean of a convex function are the Hermite
Hadamard inequalities or its weighted versions, the so-called Hermite-Hadamard-Fejér inequalities.
In [17], Fejer gave a weighted generalization of the inequalities (1.1) as the following:
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Theorem 1. f : [a,b] — R, be a convex function, then the inequality

b b b
f(‘”b) f ¢(x)dx < f fogodx < TOETD) f ¢(x)dx (12)

2

a

holds, where g : [a,b] — R is nonnegative, integrable, and symmetric about x = % (ie. glx) =
gla+b—-x)).

In this paper we will establish some new Fejér type inequalities for the new concept of co-ordinated
hyperbolic p-convex functions.

The overall structure of the paper takes the form of four sections including introduction. The paper
is organized as follows: we first give the definition of co-ordinated convex functions, the definition of
fractional integrals and related Hermite-Hadamard inequality in Section 1. We also recall the concept
of hyperbolic p-convex functions and co-ordinated hyperbolic p-convex functions introduced by
Ozcelik et. al in [23]. Moreover, we give a lemma and a theorem which will be frequently used in the
next section. Some Hermite-Hadamard-Fejer type inequalities for co-ordinated hyperbolic p-convex
functions are obtained and some special cases of the results are also given in Section 2. Then, we also
apply the inequalities obtained in Section 2 to establish some fractional Fejer type inequalities in
Section 3. Finally, in Section 4, some conclusions and further directions of research are discussed.

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1. A function f : A := [a,b] X [c,d] — R is called co-ordinated convex on A, for all
(x,u),(y,v) € Aandt,s € [0, 1], if it satisfies the following inequality:

ftx+ A=)y, su+(1-1s5)v)
(1.3)
< tsfou)+ (1 =) f(x,v)+s(1 =0 f(y,u) + (1 —6)(1 —5)f(y, V).

The mapping f is a co-ordinated concave on A if the inequality (1.3) holds in reversed direction for
all 7, s € [0, 1] and (x, u), (y,v) € A.

In [11], Dragomir proved the following inequalities which is Hermite-Hadamard type inequalities
for co-ordinated convex functions on the rectangle from the plane R.

Theorem 2. Suppose that f : A := [a,b] X [c,d] — R is co-ordinated convex, then we have the
following inequalities:

b d
a+b c+d 1 1 c+d a+b
f<2’2)s§[b-aff<x’z) e (5o
b= a)(d C)fff(x y)dydx (1.4)

< [b— ff(x c)dx+—ff(x d)dx
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d d
1 1
+ Eff(%ﬁ@*‘mff(&)’)@

fla,0) + f(a,d) + f(b,c) + f(b,d)

1 .
The above inequalities are sharp. The inequalities in (1.4) hold in reverse direction if the mapping f
is a co-ordinated concave mapping.

<

Over the years, the numerous studies have focused on to establish generalization of the inequality
(1.1) and (1.4). For some of them, please see ( [1-8], [19-26], [28-36]).

Definition 2. [29] Let f € L, (A).The Riemann-Lioville integrals Jof ., J*"  +J**

ard— Ty ., and ]Zfd_of
order a, 8 > 0 with a,c > 0 are defined by

Jel  f(xy)

x y
mff<x—t>“-1@—sf-lfa,s)dsdt, x>a,y>c

I f(xy)

X d
m ff(x =0 =V f e s)dsdr, x> a,y>d,
a 'y

by
1
Py = r@T® f f (t—x)"""(y— s f(t,8)dsdt, x<b,y>c,

b d
1
I f(xy) r@T® f f (t—x) """ (s =y f(t,5)dsdt, x<b, y<d,
x oy

respectively. Here, I is the Gamma funtion,

T fey) = T fey) = )0 fey) = 1) f(x.y)

and
x Yy
I fey) = f f £(t,5)dsdt.

First, we give the definition of hyperbolic p-convex functions and some related inequalities. Then
we define the co-ordinated hyperbolic p-convex functions.

Definition 3. [710] A function f : I — R is said to be hyperbolic p-convex, if for any arbitrary closed
subinterval [a, b) of I such that we have

sinh [p (b — x)] sinh [p (x — a)]
fo) < mf(a) + mf(b) (L.5)

forall x € [a,b]. If we take x = (1 —t)a + tb,t € [0, 1] in (1.5), then the condition (1.5) becomes
sinh [p (1 —1) (b —a)] sinh [pt (b — a)]

fA-ta+1b) < sinh [p (b — )] sinh [p (b - a)]

fla) +

f(b). (1.6)
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If the inequality (1.5) holds with ”>", then the function will be called hyperbolic p-concave on 1.
The following Hermite-Hadamard inequality for hyperbolic p-convex function is proved by
Dragomir in [10].

Theorem 3. Suppose that f : I — R is hyperbolic p-convex on I. Then for any a,b € I, we have

b
%f(a+b)sinh[p(b_a)] Sff(x)dxs Mtanh[p(b_a)]. (L.7)
P 2 p 2

2

Moreover in [12], Dragomir prove the following Hermite Hadamard-Fejer type inequalities for
hyperbolic p-convex functions.

Theorem 4. Assume that the function f : I — R is hyperbolic p-convex on I and a,b € 1. Assume also
that p : [a,b] — R is a positive, symmetric and integrable function on [a, b], then we have

b
f(a ; b) fcosh [p (x - #)] p(x)dx

a

b

< f F)p(x)dx (1.8)
b

< w sech [p (b2— a)] fcosh [p (x _4 ; b)] p(x)dx.

For the other inequalities for hyperbolic p-convex functions, please refer to ( [12—15]).
Now we give the definition of co-ordinated hyperbolic p-convex functions.

Definition 4. [23] A function f : A — R is said to co-ordinated hyperbolic p-convex on A, if the
inequality

sinh [p; (b — x)] sinh [, (d — y)] sinh [p; (b — x)] sinh [p, (y — ¢)]

Fa) < G =) sinh[p@=o]’ @ Sinh{p, b —a)] sinb [p, d =0 “ 9
(1.9)
sinh [p; (x — a)] sinh [p, (d — y)] sinh [p1 (x — a)] sinh [p, (y — ¢)]
sinh [p; (b — a)] sinh [p; (d - C)]f(b, . sinh [p1 (b — a)] sinh [p> (d — ©)] 16
holds.

If the inequality (1.9) holds with ”>", then the function will be called co-ordinated hyperbolic
p-concave on A.

Ifwetake x = (1 —fHa+thbandy = (1 — s)c + sd for t, s, € [0, 1], then the inequality (1.9) can be
written as

f((1=ta+1th,(1—s)c+ sd)
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sinh [p; (1 — 1) (b — a)] sinh [, (1 — 5) (d — y)]
sinh [p; (b — a)] sinh [p, (d - ¢)] f@.e) (119
sinh [p; (1 — 1) (b — a)] sinh [p,s (d — y)] J
sinh [p; (b — a)] sinh [p, (d — ¢)] Ja.d)

,Sinh [pi7(b — )] sinh [y (1 - ) (d — y)]
sinh [p; (b—a)]  sinh[p,(d - ¢)]
sinh [p; (b — a)] sinh [p,s (d — y)]

T inh[p (b—a)] sinh [y @ =o)] | & D"

f(b,c)

Now we give the following useful lemma:

Lemma 1. [23]If f : A = [a,b] X [c,d] — R is co-ordinated p-convex function on A, then we have
the following inequality

b d b d
cosh[pl(x—%)]cosh pz(y—c; )f(a-zF ,c; )
< L—lt[f(x,y)+f(x,c+d—y)+f(a+b—x,y)+f(a+b—x,c+d—y)] (1.11)
L [@O) * fad)+ fb,e) + f(b,d)eoshlpn (x = %5¢)] cosh oz [y - <)

4 cosh [p ‘(l;_“)] cosh [p Z(Z_C)]

forall (x,y) € A.

2. Fejer type inequalities for co-ordinated hyperbolic p-convex functions

Theorem 5. Let p : A — R be a positive, integrable and symmetric about % and %’. Let, f : A >R

be a co-ordinated hyperbolic p-convex functions on A. We have the following Hermite-Hadamard-Fejer
type inequalities:

b d
b d b d
f(a ; , ¢ ; )ffcosh [pl (x - %)] cosh [pz (y - %)] p(x,y)dydx

b d
f f f(x, y)p(x, y)dydx 2.1)

fla,c) + f(a,d) + f(b,c) + f(b,d)
4 cosh [p—l (g_”)] cosh [p_g(g—c)]

b d
X ffcosh [pl (x — #)] cosh [pz (y — %l)] p(x,y)dydx.
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Proof. Multiplying the inequality (1.11) by p(x, y) > 0 and then integrating with respect to (x,y) on A,

we obtain
b d A b d
f(a ; , ¢ ; ) ffcosh [pl (x - %)] cosh [pz (y - %)] p(x,y)dydx

b d
1
< 7 ff[f(x,y) + f(x,c+d=y)+ fla+b-x,y)+ fla+b—x,c+d—-y)] p(x,y)dydx
(2.2)
< fla,c)+ fa,d) + f(b,c) + f(b,d)
B 4 cosh [p—‘ (g_“)] cosh [p—Z(g_c)]
b d ) p
X f fcosh [pl (x - %)] cosh [pz (y - %)] p(x, y)dydx
Since p is symmetric about 2 and <%, one can show that
b d b d
fff(x, c+d-ypx,ydydx = fff(a + b — x,y)p(x,y)dydx
b d
= fff(a +b—-x,c+d-y)p(x,y)dydx
b d
= f f fx,y)p(x, y)dydx.
This completes the proof. O

Remark 1. If we choose p(x,y) = 1 in Theorem 5 , then we have the following the inequality

4 sinh [pl b - a)] <inh [p2 (d- c)]f(a + b, c+ d)
P12 2 2 2 2

b d
f f Fx,y)dydx

fla,c) + f(a,d) + f(b,c) + f(D,d) tanh [pl (b- a)] tanh [Pz (d - C)]
P1P2 2 2

IA

which is proved by Ozgelik et. al in [23].
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Corollary 1. Suppose that all assumptions of Theorem 5 are satisfied. Then we have the following
inequality,

b d
a+b c+d
f( 5 "o )ffw(x,y)dydx
b d ]
fff(xa)’)W(XaY)SeCh[Pl(X—a;b) SeCh[pz( —C;d)
b

g fla,¢) + f(a,d) Zf(b, )+ f(b,d) sech o1 (b2 a)] [Pz (d—c)]ffw(x y) dydx.

IA

dydx (2.3)

Proof. Let us define the function p(x, y) by

p(x,y) .
cosh [p1 (x - “*b)] cosh [pz (y — %l)]

w(x,y) =

Clearly, w(x.y) is a a positive, integrable and symmetric about “zﬂ and %’. If we apply Theorem 5 for
the function w(x, y) then we establish the desired inequality (2.3). |

Remark 2. If we choose w(x,y) = 1 for all (x,y) €A in Corollary 1, then we have the following the
inequality

272

b d
1 b d
< Gaaa | [l el - 5)

L J@o+ f(a,d);rf(b,c‘) + f(b,d) Sech[pl (b2— a)] sech [pz (612— 0)].

(a+b c+d)

dydx (2.4

which is proved by Ozgelik et. al in [23].

Theorem 6. Let p : A — R be a positive, integrable and symmetric about % and %i. Letf:A—>R
be a co-ordinated hyperbolic p-convex on A, then we have the following Hermite-Hadamard-Fejer type

inequalities
b d L b d
525 ) f f cosh [Pl( a; )] cosh [pz (y— %)] p(x, y)dydx
. (b d p 4
c+ c+
< = -
) fff(xa 5 cosh [}02( > )] p(x,y)dydx
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b d
+ fff(a;b’y) cosh [,01 (x— #)] p(x, y)dydx
ba dc
f f JFCe,y)p(x, y)dydx (2.5)

% lsech [%] ff f(x,¢)+ f(x,d)] cosh [pz (y - L)] p(x,y)dydx

b b
P ( 5 a)] ff[f(a’ y) + f(b, y)] cosh [pl (x - %)] P(x»y)dydx}

fla,c)+ f(b,c) + f(a,d) + f(D,d) [Pl (b—a)} [pz(d—C)]
sech T sech|————=

IA

IA

+ sech

IA

4 2

b
a+b

xffcosh [pl (x— T)

Proof. Since f is co-ordinated hyperbolic p-convex on A, if we define the mappings f; : [¢,d] — R,

i) = f(x,y) and p, : [c,d] = R, p,(y) = p(x,y), then f.(y) is hyperbolic p-convex on [c,d] and
px(y) is positive, integrable and symmetric about ”7" for all x € [a, b]. If we apply the inequality (1.8)
for the hyperbolic p-convex function f,(y), then we have

d
d d
A5 [Leomerr- 5]

c+d
cosh [pz (y - T)] p(x, y)dydx.

p<(y)dy
< f FOIP)dy 0
¢ d
< w [pz (d_c)] f cosh lpz( Zd)]px(y)dy

That is,

d

f(x, = d) f cosh [Pz (y - %l)] p(x,y)dy

c

< f Fryp(xy)dy @7
d
BRE c)erf(x, d) [pz d —C>] f cosh [pz (y— %Z)] p(x, y)dy.

AIMS Mathematics Volume 5, Issue 5, 4681-4701.



4689

Integrating the inequality (2.7) with respect to x from a to b, we obtain

[ ol

f f f(x, y)p(x, y)dydx (2.8)

b d
5 [ [ e+ sea SeCh[W]COSh[Pz( —C;d)]p(x,y)dydx.

Similarly, as f is co-ordinated hyperbolic p-convex on A, if we define the mappings f, : [a,b] — R,
() = f(x,y) and p, : [a,b] — R, py(x) = p(x,y), then f,(x) is hyperbolic p-convex on [a, b] and
Dy(x) is positive, integrable and symmetric about “;h for all y € [c, d] . Utilizing the inequality (1.8) for

the hyperbolic p-convex function f;(x), then we obtain the inequality

b
5 (a ; b) fcosh [pl (x _4 ; b)] py(x)dx

a

) cosh [Pz (y - %Z)] p(x, y)dydx

IA

IA

IA

f S 0)py(x)dx (2.9)

b
TR fcosh[pl( 20 e

1.€.

b

f(a;b,y)fcosh [pl (x— #)]p(x,y)dx

a

IA

f fCy)p(x, y)dx (2.10)

b
< fenrioy,,, [W ] [ o [pl (x _ #)] plx.y)d.

a

Integrating the inequality (2.10) with respect to y on [c, d], we get
b d
a
[

AIMS Mathematics Volume 5, Issue 5, 4681-4701.
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IA

f f SO, y)p(x, y)dydx (2.11)

IA

b d
% f f [f(@y) + fb,y)] sech[@}cosh [pl (x—#)] p(x, y)dydx.

Summing the inequalities (2.8) and (2.11), we obtain the second and third inequalities in (2.5).
Since f (”;b,y) is hyperbolic p-convex on [c,d] and p,(y) is positive, integrable and symmetric
about ¢ ”" , using the first inequality in (1.8), we have

d
b d d
f(“; = ) f cosh[pz(y—%)]pu,y)dy
d C
ff(a+
a+b

Multiplying the inequality (2.12) by cosh [pl (x — 7)] and integrating resulting inequality with
respect to x on [a, b], we get

f(a;b c+d)ffcosh[p2(y—%)]cosh[pl (x—%b)] (x, y)dydx

[ fofest ol

Since f ( ‘+d) is hyperbolic p-convex on [a, b] and py(x) is positive, integrable and symmetric about
a+b

,y) p(x, y)dy. (2.12)

b )] p(x, y)dydx. (2.13)

, utilizing the first inequality in (1.8), we have the following inequality

b
b c+d b
f(a; ,C; )fcosh[pl (x—%)]p(x,y)dx (2.14)
b
d
f f(x,c2 )p(x,y>dx.

c+d

Multiplying the inequality (2.14) by cosh [pg( - —)] and integrating resulting inequality with
respect to y on [c,d], we get

bod
f(a th et d) ffcosh [pl (x - #)] cosh [pz( - #)] p(x,y)dydx  (2.15)

AIMS Mathematics Volume 5, Issue 5, 4681-4701.




4691

b d
[

From the inequalities (2.13) and (2.15), we obtain the first inequality in (2.5).

For the proof of last inequality in (2.5), using the second inequality in (1.8) for the hyperbolic

p-convex functions f(x,c) and f(x,d) on [a, b] and for the symmetric function p,(x), we obtain the
inequalities

d) cosh [pg (y - %1)] p(x, y)dydx.

f J(x, e)p(x, y)dx (2.16)

b
f(a,c) ;— f(b, C) [,01 (b - Cl)] chSh [Pl (x _ %b)] p(x, y)dx

and

f fx, d)p(x,y)dx (2.17)

b
fad oD ), [f@] [ cosn [pl (x - #)] plx.y)dx.

a

If we multiply the inequalities (2.16) and (2.17) by sech [”MT_‘)] cosh [p2 ( - ﬂ)] and integrating the
resulting inequalities on [c, d], then we have

b d
fff(x, c)sech [W] cosh [pz (y _¢ ; d)] p(x,y)dydx

< fla,c)+ f(b,c) sech [P] (b - a)] sech [,02 (d - C)] (2.18)
2 2 2
b d
+b +d
X ffcosh [pl (x — T)] cosh [pz( 5 )l p(x,y)dydx
and
b d

f f F(x, d)sec h [’#] cosh [pz (y - %i)] (%, y)dydox

 fad J2r fe.d ., [pl (bz_ a)] sec [Pz (dz_ C)] (2.19)

b d
X ffcosh [pl (x — %b)] cosh [pz( — %1)] p(x,y)dydx.

AIMS Mathematics Volume 5, Issue 5, 4681-4701.
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Similarly, applying the second inequality in (1.8) for the hyperbolic p-convex functions f(a,y) and
f(b,y) on [c,d] and for the symmetric function p,(y), we have

f f(a,y)p(x,y)dy (2.20)
g f(a,c)‘;f(d, d) [pz (d—c)] fdcosh [pz (y_ 2d)] s
and
f f,y)p(x,y)dy (2.21)

d

< f(b,c);rf(b,d) sech[pZ(dz_C)]fCOSh[pz(y_

d
T)} p(x, y)dy.

c

Multiplying the inequalities (2.20) and (2.21) by sech [’@] cosh [p1 (x - ﬂ)] and integrating the
resulting inequalities on [a, b], then we have

b d
fff(a,y) sec h [@] cosh [pl (x _4 ; b)] p(x,y)dydx

fla,c) + f(a,d) Sech[pz (dz_ C)] Sech[pl G a)]

< : 7 (2.22)

b d
X f fcosh [pz( d)] cosh [p1 (x _4 ; b)] p(x,y)dydx

and

b d
fff(b, y)sech [@] cosh [p1 (x - #)] p(x,y)dydx

. [0 ; fo.d) [Pz (d2 - c)] ech [w] (2.23)

b d
X f fcosh [pz (y - #)] cosh [pl (x - #)] p(x, y)dydx.

Summing the inequalities (2.18), (2.19), (2.22) and (2.23), we establish the last inequality in (2.5).
This completes the proof. O

AIMS Mathematics Volume 5, Issue 5, 4681-4701.
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Remark 3. If we choose p(x,y) = 1 in Theorem 6, then we have

4 | |prb-a)| . |p2(d—-c) a+b c+d
el
d b
< lsinh[m]ff(a+b,y)dy+lsinh[m]ff(x,c+d
P 2 ) 2 P2 2
b d
< fff(x,y)dydx
b
< = ltanhlm]f[f(x,c)+f(x,d)]dx
2 P2 2

d

1 b—
+p_1 tanh [ly] f Lf (a,y) + f (b,y)] dy

c

IA

tanh[pl (b_a):|tanh [pz (d_c):| f(a,C)+f(a,d)+f(b,C)+f(b,d)
2 2 pP1P2

which is proved by Ozgelik et. al in [23].

Remark 4. Choosing p1 = p, = 0 in Theorem 6, we obtain

b d
a+b c+d
(5257 [ [ pdsas
1 b d a C
o [l

b

d
f f f,y)p(x, y)dydx

a

IA

c+d a+b
7 )+f ( > ,y)]p(x,y)dydx

IA

IA

b d
1
I f f [f(x,0) + fx,d) + f(a,y) + f(b, )] p(x, y)dydx

IA

b d
f(a,c)+ f(a,d) Z f(b,c) + f(b,d) ffp(x,y)dydx.

which is proved by Budak and Sarikaya in [5].

(2.24)
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Corollary 2. Let g,

: la,b] — R and g,

: [e,d] — R be two positive, integrable and symmetric about

‘”b and <4 C+d , respectively. If we choose p(x,y) = g‘(x)gzw for all (x,y) € A in Theorem 6, then we have

IA

IA

IA

where

b
b
Gy :fcosh[p] (x—a;

Remark 5. If we choose p,

IA

IA

IA

<

a+b c+d
2 7 2

Glff(

c+

1 pad-c
4lsech[ >

+ sech

p1(b - a)]

fla,c) + f(b,c) + f(a, d)+f(b d)

)gl(x)dx+—ff(

f [f(a.y) + f (b, y)] 82(»)dy

4

a

f

a+b c+d
2 72

1 b
c—lff(’“
b d

c+

N =
r .

b
1

4|6,

a

fla,c) + fla,d) + f(b,c) + f(b,d)
4

which is proved by Farid et al. in [16].

AIMS Mathematics

ch[pl(b_a)

d
d
)] g1(x)dx and G, = fcosh [pz (y _< -'2_

d
d 1 a+b
> )gl(x)dx+G—2ff( 5

1 1
f[f(x ¢) + f(x,d)] g1(x)dx + G—f[f(a, y) + f(b,y)] g2()dy

) &:(y)dy

(2.25)

b
1
)] G—lf[f(x,c) + f(x,d)] g1(x)dx

2 2

sech [’0—2 - c)]

)] g2(y)dy.

c

= p, = 0in Corollary 2, then we have

y) g2(y)dy

d

c
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3. Fractional inequalities for co-ordinated hyperbolic p-convex functions
In this section we obtain some fractional Hermite-Hadamard an Fejer type inequalities for
co-ordinated hyperbolic p-convex functions.

Theorem 7. If f : A — R is a co-ordinated hyperbolic p-convex functions on A, then we have the
following Hermite-Hadamard and Fejer type inequalities,

(a+b c+d

TR )H(mﬁ)

IA

[Jalenfb.d) + T2 _f(b.o) + TP fla.d) + TP, f(a.c)|

fla.0) + fla.d) + f(b.0) + f(b.d) [m (bz_ a)] sech [Pz (d-o¢)

) > ]H(a,ﬁ)

where

b d
Haw = rorg | [l (- 50 el -5

x|(b =27 d =y + (b= 0" (v = )
+(x—a) ' d-yW '+ (x—a) Ny - c)ﬂ_l] dydx.

Proof. If we apply Theorem 5 for the symmetric function

1 a—1 —~1 a—1 ~1
TaT@ ¢~ 9@+ -9 - of

+ (- Nd -y + - - o,
then we get the following inequality

a+b c+d
2 72

p(x,y) =

)H (a.)

b d
1 a-1 ~1 a-1 -1
—r(a)r(ﬁ)fff(x,y)[(b—x) d=y/"+ -0 -cf

+x—-a) ' d- YW+ x-a)(y - C)B_l] dydx

fla,0) + f(a,d) Z /,0) + [(b,d) sec h [#] sech [@] H(a,p).

From the definition of the double fractional integrals we have
b d
1
- b — a-1 d— —l_l_ b — a-1 _ -1
F(a)F(ﬁ)fff(x’y)[( X Nd =y -y o)
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+ (=) d -y + (- a7 (v - of | dydx
[Jelos fb.d) + I2E_f (b o) + )P fla.d) + TP, fla.c)|

which completes the proof. O

Remark 6. If we choose p; = p, = 0 in Theorem 7, then we have the following fractional Hermite-
Hadamard inequality,

f(a+b c+d)

272

F'a+ DB+ . o . .
b=y o eSO+ T B0+ T fad + T fao)]

fla,c) + f(a,d) + f(b,c) + f(b,d)
a 4

which was proved by Sarikaya in [29, Theorem 4].
Remark 7. If we choose a = B =1 in Theorem 7, then we have

H(11) = 22 sinh(’ol(b_a))sinh(w).
P102 2 2

Thus, we get the following Hermite-Hadamard inequality,

4 a+b c+d\ . [(pib—a)\ . (p(d-c)
ol e Rl ey

b d
< fff(x,y)dydx

f(a,C)+f(a,d)+f(b,C)+f(b,d)t [,01 (b—él)] [Pz(d—c)]
anh | ——— [tanh | =——=
P1P2 2

which is proved by Ozgelik et al. in [23].

Theorem 8. Let p : A — R be a positive, integrable and symmetric about % and %l Iff:A—>R
is a co-ordinated hyperbolic p-convex functions on A, then we have the following Hermite-Hadamard-
Fejer type inequalities,

a+b c+d
2 72

)Hp(a,ﬂ)

< I by + I (fp) b0y + T2, (fp) @ d) + T2 (fp) (a.c)

fla, o) + fa,d) + f(b,c) + f(D,d) [pl (b—a)] [pz(d—C)
sech - — sech|——

- 4 2 ] HP(a’ﬂ)
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where

b d
i) = rorg | [ oo p(T)]h[p(yz )

x|b =2 d =y + b -0 - o
+ (x =) d =y + (x— )" (v - o plx, y)dydx.

Proof. Let us define the function k(x, y) by

p(x,y) o=l g gl NS A |
T@r@ ¢~ 9 @ +C-9"p-cf

+ (- A=y + - -,

k(x,y)

Clearly, k(x.y) is a a positive, integrable and symmetric about ‘”b and %’. If we apply Theorem 5 for
the function k(x, y) then we obtain,

a+b c+d
2 72

)Hp(a’ﬁ)
1 a- - a— _
- mfff(x’y)p(x’y)[(b—x) Nd= )+ -0 = o

+x-—a)" ' d- YW+ x-a)'(y - c)ﬁ_l] dydx

fla, o) + fa,d) + f(b,c) + f(D,d)
4 cosh [‘—"(Z_“)] cosh [‘”—2(‘;—")]

H,(a,p).

From the definition of the double fractional integrals we have

d
1 a—1 —1 a—1 —-1
FOTH fff(m)[(b—x) d=yP + (b -0y - of

+ (x= @) d =y + (x = @) v = | plx, y)dydx

[Jelee UP) o)+ T2E,(fp) (b, 0) + T2 (fp) (@, d) + T2, (fp) (a,0)|.

This completes the proof. O

Remark 8. If we choose p1 = p> = 0 in Theorem 8, then we have the following fractional Hermite-
Hadamard inequality,

a+b c+d
i

5 )[ Tilerp(b.d) + T3, p(b.c) + T7, pla.d) + T%,,_pla.c)]
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728, (1P ) + T2 (fp) (b0 + T (Fp) (a.d) + TP, (fp)(a.c)]

IA

fla,0) + f(a,d) + f(b,c) + f(b,d)
- 4
which is proved by Yaldiz et all in [34].

[Jeep®.d) + J28 _p(b,0) + I3 pla.d) + J}%,_pla,c)|

Remark 9. If we choose a = B =1 in Theorem 8, then we have Theorem 8 reduces to Theorem 5.

Theorem 9. If f : A — R is a co-ordinated hyperbolic p-convex functions on A. Then we have the
following Hermite-Hadamard type inequalities for fractional integrals,

b c+d
(“; = )Hl(a )
Rt I
+f( s b) - J'j_f(c, = b)H3(a>]
< [JLf.dy+ IS8, fboo)+ I fla.d) + TP, fla.c)] 3.1)
<1sechp2(d N (b, e+ I fb,dy + J° JY f(a,d)) H
= 4 C) + +f( s ) + b—f(a9 C) + b_f(a’ )) Z(B)
+sech @] (2, fla.d)+ J2, f(b.d) + Jo_f(a.c) + Ji_f(b,c)) H3(oz)]
< fla,0)+ f(b,c) Zf(a,d) + f(b,d) sech [pl (bz_ a)] sech [,02 (dz_ C)] Hy(a. )
where
1 L b d
Hi(a,B) = —F(a)F(,B) ffcosh 01 (x— %)] cosh [pz (y— c; )
x| =27 d =y + (b -0y = )
+ (- ' d- YW+ x-a) T (y - c)B_l] dydx,
L d
1) = r 5 f cosh [Pz (y - C; ) (@ =y + =y ay
and

a+b

cosh [p1 (x - )] |0 - 0" + (x - dx.

%w

1
Hi(a, ) = 1"—
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Proof. 1f we apply Theorem 6 for the symmetric function

1
P = Fr)|

(b =0 d =y + -0 -

+ (- Nd -y + (- - o,

then we get the following inequality

a+b c+d
2 72

[ b
I

d
1 a+
*r—wff(z

)H1(Oz,,6’)

IA

c+d
2

| =

IA

b
Jﬂu—ﬂ“+@—wﬁ1@}ﬁm>

)M—m“+u—w“pq&w)

b d
; _ a1l _ 1 el 1
T(@)T (P f f N[ -0 d =y + (b -0y - cf

+(x—a)i(d- y)ﬂ_1 +(x — a)“_l(y — c)ﬁ_l] dydx

IA

1 pd-oll 1
1 lsech[ > A [F(a)

P (b—a)]

+ h
sec 5

1
')
fla,c) + f(b,c) + f(a,d) + f(b,d) ‘e

4

IA

This completes the proof.

Remark 10. Under assumptions of Theorem 9 with «a
inequalities (2.24) proved by Ozcelik et. al in [23].

Remark 11. Under assumptions of Theorem 9 with p,
inequalities proved by Sarikaya in [29, Theorem 4]

4. Conclusions

b
f [f(@.y) + FB.»]|d = y) " + - cf ] dx] Hy(@)

ch[@] sech

b
f [f(x.0) + fd)] [0 - 07" + (x - a) '] dx] Hy(B)

p2(d—c)
2

]H1(6¥,,3)-
m]

ﬁ:

1, the inequalities (3.1) reduce to

p2 = 0, the inequalities (3.1) reduce to

In this paper, we establish some Fejer type inequalities for co-ordinated hyperbolic p-convex
functions. By using these inequalities we present some inequalities for Riemann-Liouville fractional
integrals. In the future works, authors can prove similar inequalities for other fractional integrals.
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