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1. Introduction and preliminaries

Let I C R be an interval. Then a real-valued function X : I — R is said to be convex if the inequality

X((1 = )x + py) < (1 = ()X (x) + pX(y)

holds for all x,y € I and u € [0, 1].
It is well-known that convexity has wild applications in pure and applied mathematics [1-8]. In
particular, many remarkable inequalities can be found in the literature [9-20] via the convexity theory.
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Recently, the generalizations, extensions and variants for the convexity have attracted the attentions of
many researchers [21-25].

Iscan [26] introduced the class of reciprocal convex functions as follows.

A real-vauled function X : I C (0, 0) — R is said to be reciprocal convex if the inequality

X(L) < pX() + (1 - X()
(1 = px + py
holds for all x,y € I and u € [0, 1].

In [27], Noor et al. introduced and discussed the class of reciprocal p-convex functions. Later, Noor
et al. [28] extended the class of reciprocal convex functions on coordinates and introduced the class of
2D reciprocal convex functions.

Let Q = [a,b] X [c,d] C (0, %) X (0, 00). Then a real-valued function X : Q — R is said to be 2D
reciprocal convex if the inequality

/\’( xy uw )
ux+ (1 =y ru+(1-w
< puAX(y,w) + u(l = DX, u) + (1 — wAX(x,w) + (1 —w)(1 — VDX (x, u)

holds for all x,y € [a, b], u,w € [c,d] and u, A € [0, 1].

Very recently, Awan et al. [29] gave the definition of approximately reciprocal p-convex functions
depending on a metric function.

It is well-known that the classical Hermite-Hadamard inequality [30-35] is one of the most famous
and important inequalities in convexity theory, which can be stated as follows.

The double inequality

b
a+b 1 fla) + f(b)
f( > )Smff(x)dxs 7
holds for all a,b € I witha # b if f : I — R is a convex function.

In the past half century, many researchers have devoted themselves to the generalizations,
improvements and variants of the Hermite-Hadamard inequality. For example, Dragomir [36]
obtained a two dimensional version of the Hermite-Hadamard inequality using the coordinated
convex functions, Budak et al. [37] provided a two dimensional extension of the Hermite-Hadamard
inequality by use of coordinated trigonometrically p-convex functions, iscan [26] derived a new
variant of the Hermite-Hadamard inequality by using the class of reciprocal convex functions, Noor et
al. [27] obtained a generalized version of the Hermite-Hadamard inequality via the reciprocal
p-convex functions, and Noor et al. [28] establshed a 2D version of the Hermite-Hadamard inequality
using 2D reciprocal convex functions.

The main purpose of the article is to introduce the 2D approximately reciprocal p-convex
functions, discuss how this class of functions unifies several other unrelated classes of reciprocal
convex functions by considering some suitable choices of the given function A(-,-) and the real
function p(-), derive several new refinements of the Hermite-Hadamard like inequalities involving 2D
approximately reciprocal p-convex functions, and discuss the special cases of the main obtained
results.
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2. Definition of 2D approximately reciprocal p-convex function and its special cases

In this section, we provide the definition of the class of 2D approximately reciprocal p-convex
functions, and discuss its special cases.

Definition 2.1. Let Q = [a,b] X [c,d] C (0, 00) X (0, 00). Then a real-valued function X : Q — R is
said to be a 2D approximately reciprocal p-convex function if the inequality

X Xy uw
ux+ (1 =y ru+(1-w

< p(P(DX(y, w) + p()p(l — DX (y, u)
+o(1 = (DX (x, w) + p(1 — wp(l = DX(x, u) + Alx, y) + A(u, w),
holds for x,y € [a, b], u,w € [c,d] and u, A € [0, 1].

Next, We discuss some special cases of Definition 2.1.
L If we take A(x,y) = e(|lx™' — y7!|])” and A(u,w) = €(|lu~! — w!||)” for some e € Randy > 1 in
Definition 2.1, then we have a new definition of “y-paraharmonic p-convex function of higher order”.

Definition 2.2. Let Q = [a,b] X [c,d] C (0, 00) X (0, 00). Then a real-valued function X : Q — R is
said to be a 2D y-paraharmonic p-convex function of higher order if the inequality

X Xy uw
ux+ (1 =y ru+(1-w

< p(p(DX(y, w) + p(p(l — DX(y, u)

+p(1 = (DX (x, w) + p(1 = (1 = DX (x,u) + e(llx™ =y ) + e(lu™ —w'])”
takes place for all x,y € [a, b], u,w € [c,d] and u, A € [0, 1].

IL. If we take A(x,y) = e(]lx™' —y7!||) and A(u, w) = e(|lu~' — w™!||) for some € € R in Definition 2.1,
then we obtain a new definition of “e-paraharmonic p-convex function”.

Definition 2.3. Let Q = [a, b] X [¢,d] C (0, o0) X (0, 00). Then a function X : Q — R is said to be a 2D
e-paraharmonic p-convex function if

X xy uw )
ux+ (1 =y ru+(1-w
< p(p(DX(y, w) + p(p(l — DX(y, u) + p(1 — wp(DX(x, w) + p(1 — wp(l — DX(x, u)
+e(lx™ =yl + el = w)
whenever x,y € [a, b], u,w € [c¢,d] and u, A € [0, 1].
III. If we take

o1\
A(x,y) = = (7 (1 = ) + p(1 —/1)”)('} y )

and .
Alu,w) = —u(A°(1 =) + A1 - /l)")('; - )
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in Definition 2.1, then we get a new definition of 2D reciprocal strong p-convex function of higher
order.

Definition 2.4. Let Q = [a,b] X [c,d] C (0, 00) X (0, ). Then a real-valued function X : Q — R is
said to be a 2D reciprocal strong p-convex function of higher order if the inequality

X xy uw
ux+ (1 =y ru+(1-w
< p(p(DX(y, w) + p(p(l = DX (y, u) + p(1 — p(DX(x, w) + p(1 — p(1 — HX(x, u)

1 1 7
—uWWl—m+uﬂ—uf)U;—§ ),

v 1 1
)—u@%l—b+ﬂﬂ—@ﬂm;—;

is valid for all x,y € [a,b], u,w € [c,d] and u, A € [0, 1].
IV. If we take o = 2 in Definition 2.4, then

)2
)2
and we have the definition of 2D reciprocal strong p-convex function.

Definition 2.5. Let Q = [a,b] X [c,d] C (0, 00) X (0, 00). Then a real-valued function X : Q — R is
said to be a 2D reciprocal strong p-convex function if the inequality

N%W=#wﬂ—mwi_§

A, w) = —pa(1 - A)(Hi _ %

X xy uw
ux+ (1 =y ru+(1-w

< p(WP(DX(y, w) + p()p(1 — DXy, u) + p(1 — wp(DX(x, w) + p(1 = wp(1 — DX (x, u)
)2

2
V. If we take ACx, y) = pu(1—p) (£ = 1) and A, w) = pa(1-2) (1 - 37)2 for some y > 0 in Definition

2.1, then we obtain the definition of 2D reciprocal relaxed p-convex function.

Definition 2.6. Let Q = [a,b] X [c,d] C (0, 00) X (0, ). Then a real-valued function X : Q — R is
said to be a 2D reciprocal relaxed p-convex function if

#WU—MOE—i){#MU—@wi—i

holds for x,y € [a, b], u,w € [c,d] and u, A € [0, 1].

X Xy uw
ux+ (1 =y ru+(1-w

< p(p(DX(y, w) + p(p(l — DXy, u) + p(1 — wWp(DX(x, w) + p(1 — wp(l — DX(x, u)
11y 11y
+pp(l —,U)(— - —) + pA(l - ﬂ)(— - —)
X oy u w
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whenever x,y € [a, b], u,w € [c,d] and u, A € [0, 1].
VL If we take A(x,y) = —(1—42) () and A, w) = ~A(1 = 1) () in Definition 2.1, then we have

x=y
a new definition of 2D strongly F reciprocal p-convex function.
Definition 2.7. Let Q = [a, b] X [c,d] C (0, 00) X (0, 00). Then a real-valued function X : Q — R is

said to be a 2D strongly F reciprocal p-convex function if the inequality

X Xy uw
ux+ (1 =)y’ ru+(1-w
< p(WP(DX(y, w) + p()p(1 — DXy, u) + p(1 — wp(DX(x, w) + p(1 = wp(1 — DX (x, u)

2 2
X uw
—u(l—m(—y) a0 -2
X—y u—w

holds for all x,y € [a,b], u,w € [c,d] and u, A € [0, 1].

Remark 2.8. It is pertinent to mention here that we can recapture other new classes of reciprocal
convexity from Definition 2.1 by considering suitable choices of function p(-). For example, if we take
p(u) = pf and p(4) = A° in Definition 2.1, then we have the class of Breckner type 2D approximately
reciprocal s-convex functions; if we take p(u) = u=* and p(1) = A7° in Definition 2.1, then we get the
class of Godunova-Levin type 2D approximately reciprocal s-convex functions; if we take p(u) = 1
and p(1) = 1 in Definition 2.1, then we obtain the class of 2D approximately reciprocal P-convex
functions. Moreover, if we choose suitable function A(-, -) in these discussed classes, then we also can
get new refinements of reciprocal convexity, we left the details to the interested readers.

3. New variant of the Hermite-Hadamard inequality

In this section, we derive a new variant of the Hermite-Hadamard inequality using the class of 2D
approximately reciprocal p-convex functions.

Theorem 3.1. Let X : Q = [a, b] X [¢,d] — R be an integrable 2D approximately reciprocal p-convex
function. Then we have the Hermite-Hadamard type inequality as follows

b

1 ( 2ab  2cd ) ab fA(X, (@' +b7' - x_])_l)dx

40*(3)

a+b c+d] b-a x2

a

d-c u?
C

cd fdA(u, (c'+d ' =uH™h ]
- du

b

d
ab cd X(x,u)
= (b—a)(d—c)f x*u? dudx

a Cc

1 1

<[X(a,c)+ X(a,d) + X(b,c) + X(b,d)] ffp(u)p(/l)dyd/l + A(a, b) + A(c, d).

0 0
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Proof. It follows from the 2D approximately reciprocal p-convexity of X that

2ab  2cd
X|——, ——
(a+b c+d)

1 ab cd ab cd
=P (2)[X(ta +(—wb’ re+(1 —/l)d) +X(ta +(—wb’ rd +(1 —/l)c)

X ab cd X ab cd
th+ (1 —-wa rc+(1-2A)d th+ (1 —wa rd+(1-A)c

A ab ab LA cd cd
ta+ (1 —wb’ (1 —pa+tb re+(1=20d (1 =Dc+rd)]
Integrating above inequality with respect to (u, 4) on [0, 1] X [0, 1] leads to
b

R LS |
X(Zab ZCd)_ ab fA(x,(a +b X)) )dx

a+b c+d] b-a x2

a

cd f‘A(u ,(c7! +dl uH™h }
du
“d-c
b

ab cd X(x u)
= (b—a)(d—c)f x2u? dudx.

a Cc

1
e

Similarly, we have

X ( ab ’ cd )
ta+ (1 —wb re+ (1 —-d
< p(p(DX (D, d) + pp(l = VXD, ¢) + p(1 — p(DX(a, d)
+o(1 — wp(1 — VX(a,c) + Ala, b) + Alc, d).
Integrating both sides of the above inequality with respect to (i, 4) on [0, 1] X [0, 1], we get
b d

ab cd X(x,u)
(b—a)(d—c)f x*u? dudx

a Cc

< (X(a, ) + X(a,d) + X(b, ¢) + X(b, d)) f f o(P(D)dudA + Ada, b) + Alc, d).

This completes the proof.

O
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4. Applications of Theorem 3.1

In this section, we present some applications of Theorem 3.1.
L If p(u) = p and p(1d) = A, then Theorem 3.1 leads to Corollary 4.1.

Corollary 4.1. Let X : Q = [a,b] X [c,d] — R be an integrable 2D approximately reciprocal convex
function. Then one has

b
I B T
X( 2ab ZCd)_ ab fA(x,(a +b x7) )dx

a+b c+d] b-a x2

a

d
cd fA(u, (c'+d ' —uH™h
du

d-c u?

(527 )f f

< [X(a,c)+ X(a,d)+ X(b,c) + X(b, d)]
- 4

+ A(a, b) + A(c, d).

IL If p(u) = ¢* and p(d) = A, then Theorem 3.1 becomes Corollary 4.2.

Corollary 4.2. Let X : Q = [a,b] X [c,d] — R be an integrable Breckner type 2D approximately
reciprocal s-convex function. Then

b
1 % 2ab  2cd B ab fA(x,(a‘1 +b7! —x‘l)‘l)d
41-s a+b ' c+d] b-a x2 o
d
B cd fA(u,(c‘1+d‘1—u‘1)‘1)d
d—-c u? .
ab cd X(x u)
S(b—a)(d—c)‘[ Xu? dudx
X(a c)+ X(a,d)+ X(b,c) + X(b,d)

+ Ala, b) + Alc,d).
TP (a,b) + Alc, d)
I If p(u) = p* and p(1) = A~°, then Theorem 3.1 reduces to Corollary 4.3.

Corollary 4.3. Let X : Q = [a,b] X [c,d] — R be an integrable Godunova-Levin type 2D
approximately reciprocal s-convex function. Then we get

1
4s+1

b
N S
X( 2ab 2cd)_ ab fA(x,(a +b x) )dx

a+b c+d] b-a x2
a
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d-c u?
C

cd fdA(u, (c'+d ' =uH™h }
- du

b d

ab cd X(x,u)
= (b—a)(d—c)f xu? dudx

a

. XM@.0) + X, g>_+ S?;(b V+Xbd) |\ ab)+ Ae. ).

IV. If p(u) = p(1) = 1, then Theorem 3.1 leads to Corollary 4.4.

Corollary 4.4. Let X : Q = [a,b] X [c,d] — R be an integrable 2D approximately reciprocal P-convex
function. Then one has

b
X 2ab  2cd ab fA(x,(a‘1+b_1—x_l)_l)d
s — X
a+b c+d b—a x2

a

1
4

d-c u?
C

cd j‘A(u, (c'+d ' =uH™h }
- du

b d

ab cd X(x,u)
= (b—a)(d—c)f x*u? dudx

< [X(a,c) + X(a,d) + X(b,c) + X(b,d)] + A(a, b) + Alc, d).

Corollary 4.5. Let X : Q = [a, b] X[c,d] — R be an integrable 2D reciprocal strong p-convex function
of higher order. Then we obtain the inequality

V. If we take

11
A(a,b) = —pu(u”(1 = p) + pu(1 —#)U)(HZ b

b
and

Delta(c,d) = —pu(A7(1 = 1) + A(1 - /l)‘T( i (11

for some p > 0, then Theorem 3.1 reduces to Corollary 4.5.

1 X 2ab  2cd N u ‘b—a”_l_”d—c”
4p2(%) a+b’ c+d] 279(c+ D |l ab dc
b d b dX( )
a c X, u
< "~ dud
_(b—a)(d—c)f 2

a Cc

AIMS Mathematics Volume 5, Issue 5, 4662-4680.
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11
<(X(a,c) + X(a,d) + X(b,c) + X(b,d)) f fp(y)p(/l)dpd/l
0 0

Corollary 4.6. Let X : Q = [a, b]X[c,d] — R be an integrable 2D reciprocal strong p-convex function.

Then one has 5 5
1 2 2 —
X( ab ’ cd )+ 14 ‘ N Hd c
4p2(%) a+b c+d] 12 dc

b

d
ab cd X(x,u)
(b—a)(d—c)f x*u? dudx

a Cc

[oa

1 1

+
c d

I 1

a b

M
(c+ D(oc+2)

VL. If we take o = 2. Then Corollary 4.5 becomes Corollary 4.6.

b-a
ab

IA

1 1
< (X(a,c) + X(a,d) + X(b, ¢) + X(b, d)) f f o(p(D)dudA
0 0

5 |

5. Bounds pertaining to trapezium like inequality using partial differentiable 2D approximately
reciprocal p-convex functions

2

1 1
a b

I 1

c d

In this section, we present some bounds pertaining to trapezium like inequality using partial
differentiable 2D approximately reciprocal p-convex functions. The following auxiliary result will
play significant role in our Theorem 5.2.

Lemma 5.1. (See [28]) Let X : Q = [a,b] X [c,d] € (0,00) X (0,00) — R be a partial differential

function on Q such that (;9/% € L(Q). Then

X(a,b,c,d, x,y: Q)

B ab(b—a)cd(d—c)jfl( 1 —2u )( 1-21 )
B 4 (th+ (1 = wa)? |\ (rd + (1 = D)c)?
0 0

» 0’°X ab cd
00u\th + (1 —wa’ rd + (1 — A)c

) dAdu,

where
X(a,b,c,d, x,y : Q)

X(a,c)+ X(b,c) + X(a,d) + X(b,d) 1[ ab [th(x,c) f‘X(x,d)
= dx + dx]
b-a x2 2

X

4 2
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d d
cd X(a, u) X(b,u) abcd X(x, u)
+[d - c[f u? due + f u? du” (b —a)(d-rc) ff x2u2

In order to obtain our results we need the gamma function I' [38,39], beta function B [40] and
Gaussian hypergeometric functions ,.%#; [41,42], which are defined by

F(x) = f ey,
0

_ F()Ir'(y) _ ! x—1 —1
B(x,y)—r(x+y) —fou (1 —p)y™ du

and 1
1
Fi(x,y;6,0) = ———— A - (1 -z,
271X, Y5 ¢32) B(y,c_y)fou (I =™ (A -z)"du

respectively.

Theorem 5.2 Let p,g > 1 with 1/p+1/g=1,and X : Q = [a, b]X[C,d]Q(O,w)X(O,m)—)Rbea

partial differentiable function on Q such that —- PX Li(Q) and |

udd

9 ' is a 2D approximately reciprocal

p-convex function. Then we have
|X(a,b,c,d, x,y: Q)

ab(b a)cd(d — ¢)
4(p + 1)P

2 q

0A0u

[gol(a, b,c,d: Q) (b,d)

q
+ ¢s(a,b,c,d : Q)

2 q

X

0-X
+¢a(a, b, c,d : Q) (a,d) FYER

0A0u

=5 (b, 0)

1

q q
+ ¢s(a,b,c,d : Q)+ ¢ela,b,c,d : Q)] ,

0’ X
+@q(a, b, c,d : Q)‘a/ldu

(a,c)

where

p() p() dudi,

¢1(a,b,c,d; Q) = | (th + (1 - yay | | (rd + (1 = A)c)™ |

p(l — ) o) duudi,

olab 6 ED= | G (= pa || d+ (- Do

P) p(l =2 duda,

¢3(a,b,c,d; Q) = | (tb + (1 = wa)™ | [ (rd + (1 = A)c)

p(l—w | pd-2 —d,ud/l

¢a(a,b,c,d; Q) = [ (tb + (1 = wa) || (rd + (1 = 2)c)™ |

S e et et
O%‘_ og{_ O%f o%‘_
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1 _
(rd + (1 — D)) | d“dﬂ]

1 1
¢s(a,b,c,d; Q) = A(a,b) (f f (th+ (1 - /,1)(,1)24]
0 0

= A(a, b) ([a‘zq 23?1 (Zq, 1, 2, 1- é)] [C_Zq 2321 (Zq, 1, 2, 1- g) )
a C
11 | )
sola, by, d: Q) = Ale,d) [ f f dud/l]
0 O

(rd + (1 — A)c)* |
. o\|[ -, b
= A, d)||a ,.7, 2(],1,2,1—; a 1,7 2q,1,2,1—5 )

Proof. It follows from Lemma 5.1, Holder inequality and the 2D approximately reciprocal p-convexity
| that

and

b+ (1 —maw]

'aw
|X(a7 b’ c, d7 X,y : Q)l

_|ab(b — a)cd(d — ¢) ~ 1 -2u 1-24
B 4 f f (th + (1 — wa)? |\ (rd + (1 — D)c)?
0 0

o *X
0A0u

ab cd
th+ (1 —wa rd+(1-2)c)

] d/ldy‘

1 1
< PO Oedd=9 f f [I(1 = 242)(1 — 2)Pdadu]?
0 0

ai

o ’*X
0A0u

ab(b a)cd(d — c)( fl‘f]
ap+nr S
q
+ p(1 = wp()

1
b + (1 — wa)*a (rd + (1 — 2)c)* |

)
Q=

ab cd 4
th+ (1 —wa rd+ (1 - A)c

dAdu

1
(th+(1— u)a)zq] (rd + (1 - /l)c)z‘l]

2 q 2 q

’X 0°X
EYEn +p(wpl =) (b, )

X
a2 EYEN

00u

(b,d)

X|pp(l)

2 q

+p(1 = p(l = ) PYER

(a c)| +Aa,b) + Alc, d)]d/ldu)q.

This completes the proof. O

AIMS Mathematics Volume 5, Issue 5, 4662—-4680.



4673

L. If we take p(u) = p and p(1) = A, then Theorem 5.2 leads to Corollary 5.3.

Corollary 5.3. Let p,g > 1 with 1/p+1/qg = 1 andX :Q =la,b] X[c,d] € (0,00) % (0,00) > Rbea
partial differentiable function on Q such that £ ol 9 5 € L1(Q) and | 59/1;( ' is a 2D approximately reciprocal
convex function. Then one has

|X(a,b,c,d, x,y : Q)

b(b - 2 !
“(“WMCWWM@mm X ba)
4(p + 1)» 0A0u

X e 92X e
: :Q N :Q
+‘102(a’b’c7d )a/lal,l(a’d) +‘)03(a’bacad )8/1(9 (b C)

1
2

+gs(a,b,c,d - Q) +ge(a,b,c,d: Q)] ;

. 0°X
+¢,(a,b,c,d : Q) PYER

1 1
wnedo= [ [|o o]
0 0

-2q b -2q
- l% 7 (Zq, 2,3,1- —)] l% T (2q,2 3,1 —)
a

(a, C)

where

dud

(rd + (1 A)c)4

¢3(a,b,c,d; Q) = dud

1 1
(I -
wy(a,b,c,d; Q) ff b+ (1 —,u)a)z‘f] (rd+(1 )e)X dud
0 0
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2 a 2
1
/

S

U
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-2q b -2
- [“T 7 (Zq, 2,3,1- —)] [CT T (2q, 1,3,1- —)
a
1
of

-2q b -2
- [“T 7 (2q, 1,3,1 - 5)] [CT ) (2q,1 3,1 —)

and ¢s(a, b, c,d; Q) and ¢gs(a, b, ¢, d; Q) are given in Theorem 5.2.

I-2

% Q) =
904(a,b,c’d, ) (rd + (1 = D))

dud

o%_

(I =p)
(th + (1 = wa)*

o
|
o
|
=
|
o
|

II. Let p(u) = p° and p(1) = A°. Then Theorem 5.2 reduces to Corollary 5.4.
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Corollary 54. Let p,g > 1 with 1/p+1/g =1,and X : Q = [a,b] X [c, d] C (0,00) X (0,00) - R
be a partial differentiable function on Q such that fﬂg; € Li(Q) and ‘9 Y is a Breckner type 2D
approximately reciprocal s-convex function. Then

|X(a,b,c,d,x,y : Q)]

b(b — a)ed(d — ‘
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0Adu
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q
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q
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/lS
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S S
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-2 b\|[ ¢ d
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-4 2 #1(2¢, s+ 1, s +2,1 — — ¢ 2 F1(2q,1,s+2,1 ——|],
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1
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-2 b\|[ ¢ d
L2215+ 2,1 = 2| = o (2g, 1, s + 2,1 = £,
s+ 1 allls+1 c

and ¢s(a, b, ¢, d; Q) and ¢g4(a, b, ¢, d; Q) are given in Theorem 5.2.

¢, (a,b,c,d; Q)

o%’_

(1 —p) H a-a

b+ (1 —ays || (rd + (1 - A)c)Zq] dudd

III. If we take p(u) = ¥ and p(1) = 4177, then Theorem 5.2 becomes Corollary 5.5.
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Corollary 5.5. Let p,g > 1 with 1/p+1/g=1,and X : Q = [a, b]x[c d] C (0, c0) X (0, %) — R be

a partial differentiable function on € such that fﬂg‘; € L1(Q) and '

approximately reciprocal s-convex function. Then we obtain

a9, is a Godunova-Levin type 2D

q

’X
00u

b(b — a)cd(d —
X be.d xy: Q) < L&D cﬂﬁﬂabmﬂzﬂ>

4(p + 1)r
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q
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2 2 q
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1

q q
+ ¢s(a,b,c,d : Q) + ¢e(a,b,c,d : Q)] ,

2

0A0u

1 1
arawnete= [ f|o i)
0 0

~2q b -2q d
:[1“ zﬂ](zq,l—s,z 1--)”10 2%(261,1—s,2—s,1——)],
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(tb + (1 — way

_Zq b —2q d
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-5 a 1—3s c

d-4- ]d,ud/l
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/l—S
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] dudaAa

/l—S

***(a b C, d Q) (}"d+ (1 _ /l)C)Zq
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O%H

*kk b Q —
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0 0

_Zq b —2q d
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- allll-s c

and ¢s(a, b, c,d; Q) and ¢g(a, b, ¢, d; Q) are given in Theorem 5.2.
IV. Let p(1) = p(4) = 1. Then Theorem 5.2 leads to Corollary 5.6.
Corollary 5.6. Let p,g > 1 with1/p+1/g=1,and X : Q = [a, b] >< [c,d] € (0, 0)x (0,0) > Rbea

partial differentiable function on €2 such that 96 g; € L(QQ) and |

a-n—
(rd + (1 — A)c)*

d-p=
(tb + (1 — way

] duda

a0, is a 2D approximately reciprocal

P-convex function. Then we have
|X(a,b,c,d, x,y : Q)|
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_ _ a2
- ab(b a)cd(cf C)[(,D(a,b,c,d:Q)]q[ 0*°X (b,d)q
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for some p > 0. Then Theorem 5.2 reduces to Corollary 5.7.

Corollary 5.7. Let p,g > 1 with 1/p+1/g =1,and X : Q = [a,b] X [c d] C (0,00) X (0,00) > R
be a partial differentiable function on Q such that 66 33 e Li(Q) and ‘ o

p-convex function of higher order. Then one has
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VL. If we take o = 2, then Corollary 5.7 becomes Corollary 5.8.
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