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Abstract: In this paper, we consider the instability of standing waves for an inhomogeneous Gross-
Pitaevskii equation

iy, + Ay — @x*y + Xy = 0.

This equation arises in the description of nonlinear waves such as propagation of a laser beam in the
optical fiber. We firstly proved that there exists w,. > 0 such that for all w > w,, the standing wave
Y(t, x) = €“'u,(x) is unstable. Then, we deduce that if 835 ,(u))|1=; < O, the ground state standing
wave e“'u,,(x) is strongly unstable by blow-up, where u!(x) = A2 u,(Ax) and S, is the action. This
result is a complement to the partial result of Ardila and Dinh (Z. Angew. Math. Phys. 2020), where

the strong instability of standing waves has been studied under a different assumption.
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1. Introduction

In this paper, we consider the following inhomogeneous Gross-Pitaevskii equation
{ W, + A — a®|xPy + X lPy = 0, (t,x) € [0,T*) x RV, (1.1)

¥(0, x) = ¥o(x),

where ¢ : [0,7*) x RY — C is a complex valued function, ¢y € X, T* € (0, 0], b € (0,min{2, N}),

p € (0, %). Thus, the Cauchy problem (1.1) is local well-posedness in the energy space X, where X

is defined by

Y= {u el? Vuel’®and Ix?|u(x)]Pdx < oo}

RN


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2020295

4597

with the norm
2 2 2 2 2
lleells: = [[Vall7, + [lul;> +f ||| ()" dx.
RN

When w € (=N, o0), we notice that

j=N j=N
N f RIEREEEDY f XD dx <2 ) ol el e,
R: j=1 VR j=1

there exist positive constants C;(w) and C,(w) such that
Ci(w)llully < IVull}, + wllull}, + @® | [xPlu(x)Pdx < Co(w)llully
L L N
R

for all u € X.

(1.2)

The inhomogeneous Gross-Pitaevskii equation (1.1) arises naturally in nonlinear optics for the
propagation of laser beams. (1.1) also appears in Bose-Einstein condensation, where the harmonic
potential |x|> may model a confining magnetic potential. The nonlinearity |x|~?|y/|"ys describes the
propagation of waves in the inhomogeneous medium, see [1-3] for the related physical backgrounds.

Recently, this type of equations has been studied extensively in [4—-14]. Eq (1.1) enjoys a class

of special solutions, which are called standing waves, namely solutions of the form '’

w € Ris a frequency and u,, € X is a nontrivial solution to the elliptic equation
= Auy, + wu, + @y, — X luyu, = 0.

Note that (1.3) can be written as S (u,) = 0, where

1 w az 1 ~

is the action functional. We also define the following functionals

Ko@) := 0,8 ()= = Vully, + wllull7, + a® f |l |ueCx) Pelx — f X~ (01" 2 dx,
RN

RN

Q) = 88 o(uHa=1 = IVull}, — @ f el P x — —— f x| ()P dx,
RN P + 2 RN
where a = % + b and ut(x) := /l%u(/lx). The ground state for (1.3) is defined by
Go=1{up, € Ay: Su(uw) <Su(v) forallv, € A}

where
Ay =1{v, €2\ {0} : S,(v,) =0}

is the set of all nontrivial solutions for (1.3).
We firstly recall the definitions of stability and instability of standing waves, see [15].

Definition 1.1. Let (2, x) = €“'u,,(x) be a standing wave solution of (1.1).

u,(x), where

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)
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1. The solution y(t,x) = e“u,(x) is said to be orbitally stable if, for any & > 0, there exists 6 > 0
such that for any initial data W satisfying ||y — u,|ls < 9, then the corresponding solution y(t) of
(1.1) exists globally in time and satisfies

sup inf [[y(?) — eu,|ls < €.

>0 OeR

2. The solution y(t, x) = €“'u,(x) is said to be unstable if Y(t, x) = e“'u,(x) is not stable.

3. The solution y(t,x) = e“'u,(x) is said to strongly unstable if for any & > 0, there exists Yy € T
such that Yo — uylls < &, and the corresponding solution Y (t) of (1.1) blows up in finite time.

Next, we recall some known instability results for nonlinear Schrddinger equations. The strong
instability was first studied by Berestycki and Cazenave, see [15]. Later, Le Coz in [16] gave an
alternative, simple proof of the classical result of Berestycki and Cazenave. The key point is to establish
the finite time blow-up by using the variational characterization of ground states as minimizers of the
action functional and the virial identity. More precisely, based on the variational characterization of
ground states on the Pohozaev manifold N := {v € H!, Q(v) = 0} or the Nehari manifold, ones can
obtain the key estimate Q(¥(r)) < 2(S ,(¥o) — S w(u,)), where u,, is the ground state solution. Then, it
follows from the virial identity and the choice of initial data ¢, that

2

pre f Pl (e, x)Pdx = 8QW (1) < 16(S (o) — S (1)) < 0.
RN

This implies that the solution () blows up in a finite time. Thus, ones can prove the strong
instability of ground state standing waves, see, e.g., [15-33].

For the nonlinear Schrodinger equation with a harmonic potential, i.e., b = 0 in (1.1), by
constructing the cross-invariant manifolds of the evolution flow and defining the cross-invariant
variational problems, Zhang in [32] studied the sharp threshold of global existence and blow-up, and
proved the strong instability of standing waves. Recently, by using the idea of Zhang in [32], Ardila
and Dinh in [34] studied the strong instability of standing waves of (1.1). More precisely, when

% <p< %, defining the following variational problems
dw) =inf{S,(v): veZ\{0}, K,(v) =0} (1.8)
and

m(w) = inf{S,(u) : u, € Z2\{0}, O(m) = 0 and K ,(u) < 0},

Ardila and Dinh in [34] obtained some sharp thresholds of global existence and blow-up. Under the
assumption d(w) < m(w), they proved that the standing wave e*“'u,,(x) is strongly unstable. However,
this assumption is still vague. It is hard to determine for which w, d(w) < m(w) is true, see also Remark
5.11n [32].

Motivated by this work, we will further study the strong instability of standing waves of (1.1) from
a different perspective. Let u € X, we define

A2 w
fQ) =S ,w") = 7||VM||iz + Ellulliz

21—2 /la/
2 P uodx —

+
2 RN p+2

f x| 72 u(x)|Pdx. (1.9)
RN
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It is obvious that f(1) — +o0, as 4 — 0". Thus, there is no maximum point of f(4) on (0, o). It is
hard to establish the variational characterization of ground states in the Pohozaev manifold NV. On the
other hand, we define

A2 wA?
S1() =S8 ,(Au) = EIIVMIIEQ + TIIMIIiz

292 +2
S8 [ tucopdx - 2 [ ucop s
2 RN p+ 2 RN

It is obvious that equation f](1) = 0 has unique solution 4y > 0, and f;(4) has the unique maximum
point on (0, o). Based on this fact, ones can easily obtain the variational characterization of ground
states in the Nehari manifold by using the compact embedding ¥ <— L7 with ¢ € [2,2%). But it is
difficult to obtain the key estimate Q(¥/(¢)) < 2(S o, (¥o) — S w(Uy))-

Since there is no any maximum of function f(A1) on (0, o), we assume that 4 = 1 is the local
maximum point of f(4), i.e., 835 , ()21 < 0. In this assumption, we will study the strong instability
of standing waves of (1.1). Moreover, we obtain that there exists w, > 0 such that for all w > w., the
standing wave y(t, x) = e*“'u,,(x) is unstable.

Firstly, we establish the variational characterization of the ground states of (1.3). To this aim, we
recall the existence of minimizing problem (1.8) established by Ardila and Dinh in [34].

Lemma 1.2. Leta > 0, N > 1,0 < b < min{2,N}, 0 < p < 32, w > —aN. Then d(w) > 0
and d(w) is attained by a function which is a solution to the elliptic equation (1.3). Moreover, every

minimizer is the form eu, where u € X is a real-valued, positive and spherically symmetric function.

Since the embedding £ — L7 with g € [2,2%) is compact, this result can be easily proved by (1.2).
Based on this existence result, we can easily obtain the following variational characterization of the
ground states to (1.3). So we omit the proof.

Theorem 1.3. Let N > 1,0 < b < min{2, N}, w > —aN, 0 < p < 322, Then u,, € G,, if and only if
u,, solves the minimizing problem (1.8).

Based on this variational characterization of the ground states, we can obtain the key estimate
QW (1) < 2(S (o) — Sw(u,,)) under the assumption 935 ,(u?),=1 < 0. Therefore, we can obtain the
following instability and strong instability of standing waves of (1.1).

Theorem 1.4. Let N > 1, 0 < b < min{2, N}, % <p< %. Assume that u,, is the ground state
related to (1.3). Then, there exists w, > 0 such that for all w > w.,, the standing wave y(t, x) = €“'u,,(x)

is unstable.

Theorem 1.5. Let N > 1,0 < b < min{2, N}, w > 0, % <p< %. Assume that u,, is the ground
state related to (1.3) and 8%5 wW)1=1 < 0. Then the standing wave y(t,x) = €“'u,(x) is strongly

unstable by blow-up.
Combining this theorem and Lemma 3.5, we can easily obtain the following corollary.

Corollary 1.6. Let N > 1, 0 < b < min{2,N}, w > 0, 4%2[’ <p< %. Assume that u,, is the
ground state related to (1.3). Then, there exists w, > 0 such that for any w > w., the standing wave

Y(t, x) = e“'u,(x) is strongly unstable by blow-up.
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Remark. Ardila and Dinh in [34] proved the standing wave ¢“'u,(x) is strongly unstable under
the assumption d(w) < m(w). However, it is hard to determine for which w, d(w) < m(w) is true,
see also Remark 5.1 in [32]. In this corollary, when w is large, we prove that the standing wave
W(t, x) = e“'u,(x) is strongly unstable by blow-up.

This paper is organized as follows: in Section 2, we will collect some preliminaries such as the local
well-posedness of (1.1), the virial identity to (1.1), Pohozaev’s identities related to (1.3). In section
3, we will prove the instability of the standing wave e*“'u,(x). In section 4, we will prove the strong
instability of the standing wave e*'u,,(x).

2. Preliminaries

In this section, we recall some useful results. Firstly, we recall the following local well-posedness
result for (1.1). By a similar argument as that in [15, Theorem 9.2.6], we can estabilish the following
local well-posedness result for (1.1).

Lemma 2.1. Let N > 1, 0 < b < min{2,N}, 0 < p < %, and Yy € X. Then, there exists
T = T(|lWolly) such that (1.1) admits a unique solution € C([0,T),X). Assume that [0,T") is the
maximal time interval of solution y(t). If T* < oo, then ||y(t)|ls — oo ast T T*. Moreover, the solution
Y(t) depends continuously on initial data , and satisfies the following mass and energy conservation

laws

M) = | W, 0Pdx = M@o), 2.1)
RN

EW (1) = E(Yo), (2.2)
forallt € [0,T"), where

2
o =5 [ Weeabacs S [ pPweofd- — [ atueortas @3
RN RN p + 2 RN

In order to study the strong instability of standing waves, we need to prove the existence of blow-up
solutions. In order to study the strong instability of standing waves, we need to prove the existence of
blow-up solutions. Following the classical convexity method of Glassey, by some formal computations
which are made rigorously in [15]), we can obtain the following lemma.

Lemma2.2. LetN > 1,0 <b <min{2,N},0 < p < ‘jv_—_zé’. Assume that o € X :={v € H' and |x|v €

L?} and ¢ € C([0,T*), ) is the corresponding solution of (1.1). Then, y(t) € X for all t € [0,T*) and

the function J(t) belongs to C*[0, T*), where J(t) = fRN x|y (2, x)|>dx. Furthermore, we have

2

d_z f Pt DPdx = 16E@ () + P = 20) f VyPdx — 16a°J(t) = 8QW(1),  (2.4)
dr? Jen p+2 RV

forallt € [0,T"), where Q(u) is defined by (1.6).

Next, we recall the following Pohozaev’s identities related to (1.3), see [34, Lemma 5.1].

Lemma 2.3. [34, Lemma 5.1] If u € X and satisfies equation (1.3), then the following properties
hold:

IVull?, + wllull2, + f W()lu(x)Pdx — f ) x|~ Ju(x)l"*dx = 0, (2.5)
RN R:
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and

N-2 N N+2 N-b
2, + S, + 252 f WOl Rdx - ~— f M 2dx = 0. (2.6)
2 2 RN P +2 RN

Lemma 2.4. [35, Theorem 1.2] Let 0 < p < &2 andO < b <min{2, N}. Then, for all u € H',

Np+h +2 Np+2b

i Xl dx < CoplVull 7 llull} ; (2.7)
R
where the best constant C,,, is given by
4—(Np+2b)
_( Np+2b ) s 2(p+2)
P \2(p+2) - (Np +2b) (Np +2b)QII7,

where Q is the ground state of the elliptic eqation
—-AQ + Q- x7"10I"Q = 0.

Moreover, the following Pohozaev’s identities hold true:

Np +2b |X|_b|Q|p+2dx= Np +2b

2 _
VOl = 2p+2) Jen 2(p+2)— (Np +2b)

[te]l% (2.8)

3. Non-linear instability

In this section, we will prove Theorem 1.4. Based on the variational characterization of the ground
states, we can obtain the following result.

Lemma 3.1. Let N > 1, 0 < b < min{2, N}, w > —aN, % <p< %, u,, be the ground state
related to (1.3). Assume that v € X, and fRN x| v(x)|P2dx = fRN x| 2w, (X)|PH2dx, then S ,(u,) <

So).

Proof. Firstly, we notice that S ,,(v) can be written as

S, (V) = —K (V) + (pp+ 5 fR o

By the variational characterization of ground state u,,, we have

a ::inf{z( - f Xl 2dx, v e E\(O), wa):O}.

|72 |1, (x)|P*2dx. We set

This implies that d, = S (u,,) = ﬁ v X

d, = inf{z(pp+ > s x| v(x)[P2dx, v € Z\{0}, K,(v) < 0} .
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Since it is clear that d, < d;, we show d; < d,. For any v € X\{0} satisfying K, (v) < 0, there exists
o € (0, 1) such that K, (uov) = 0. Thus, we have

4 -b +2 P -b +2
| x| |uov(X)|)P T dx < f |x|?v(x)[P dx.
fRN K 2(p+2) Ja

2(p+2)

d, <

Hence, we have d; < d,.
Finally, we define

ds ::inf{S(v), v € 2\{0}, f x| PP dx = f le_hluw(x)|p+2dx}.

R R

Since d; < S(u,), it suffices to prove ds > S(u,). By di = d,, for any v € X\{0} satisfying
fRN x|~ v(x)|P2dx = fRN x| 78 |u, (x)|P+2dx, we have K,,(v) > 0. Thus, we have

p -b +2 _
S) > 2 +2) fRN x| v(x)|Pdx =

-b +2 _
2 +2) fRN X7 ey (O dx = S (ue,)-

Therefore, we obtain d; > S (u,,). This complete the proof. O

In order to study the instability, for any u,, € X and € > 0, we define

Us(u,) :={veX: inf|v-e?u,ls < &.
0eR

Lemma 3.2. Let N > 1, 0 < b < min{2, N}, w > —aN, 4%2[’ <p< %. Assume that u,, € G, and
S ,(ul)az1 < 0. Then there exist €,6 > 0, and a mapping

A: Usuy) > (1 -g1+¢)
such that K,(v*")) = 0 for any v € Uy(u,).

Proof. Let
F(v, ) = K,(v").

Since u,, is a minimizer of S ,(v) constrained on the manifold N := {v € Z\{0}, K, (v) = 0}, then
(S7(up)w,w) 20, for (uy,wy=0. 3.1

Next, since
(S (uy),m) =0, forallneX,
then
<S;:(Mw)6/luf)h:1, 51Mf,|/1:1> = 5i5w(llf))|1:1 < 0. (3.2)
Combining (3.1) and (3.2), we have (awih:l ,u,) # 0 and so

O1F (1), 1) = 01K ()21 = (K. (1s,), 011 |a=1) # O.

Thanks to 0,F (u,, 1) = K,(u,) = 0, applying the implicit function theorem, there exist £, > 0, and a
mapping
A Uguy) > (1 -¢g1+¢)

such that K,(v!")) = 0 for all v € U,(u,). This completes the proof. o
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Lemma 3.3. Let N > 1, 0 < b < min{2, N}, w > 0, ‘% <p< %. Assume that u, € G, and

6%Sw(ufo)|ﬁ:1 < 0. Then there exist &, 69 > 0 such that, for any v € Ug (u,)

S w(ty) < S,() + (Av) = DO®W),
Jor some A(v) € (1 — g, 1 + 9y).

Proof. Since 838 ,(u})l,=1 < 0 and 855 ,(v!) is continuous in A and v, we know that there exists &, 5y >
0 such that 35S ,(v!) < O for any A € (1 -8y, 1+6) and v € U, (u,). Noticing that 9,5 ,(v")laz1 = Q(v),
applying the Taylor expansion for the function S ,(v!) at A = 1, we have

SoH <SS, +A=1DOW), A€ (1360, 1+8), ve Ug(uy). (3.3)

By Lemma 3.2, we choose gy < € and ¢y < d, then there exists A(v) € (1 — dp, 1 + dy) such that
K,(v'¥) = 0 for all v € U, (u,). Therefore, we have S,('") > S ,(u,). This, together with (3.3)
implies that

S w(ty) < S,() + (Av) — DO®W),

for some A(v) € (1 — 6y, 1 + ). O

Letu, € G,,, we define
Cw = {V € Uso(ua)); Sw(v) < Sw(ua))’ Q(V) < 0}’

and
T (o) = sup{T; (1) € Ugy(uy), t€[0,T)},

where /(¢) is a solution of (1.1) with initial data ,. Then, we have the following lemma.

Lemma 3.4. Let N > 1, 0 < b < min{2, N}, w > —aN, ‘% <p< %. Assume that u,, € G, and

&S ,(ul)az1 < 0. Then, for any g € C.,, there exists 5 = 5;(yo) > 0 such that Q( (1)) < =6, for all
t € [0, T (o))

Proof. Letyy € C,, and 61 = S ,(u,) — S (o) > 0. We deduce from Lemma 3.3 that
So(Uy) < SuW @) + (AW(D) — DOW(®) = S u(Wo) + (AW (@) — DOW()),

which implies
0 <61 < AW@®) - DHOW®), 0<1t<T(o). (3.4)
Thus, Q((t)) # 0. Due to ¢, € C,, then Q(y) < 0. It follows from the continuity of Q((¢)) that

OW(t) <0, for0<t<T(Wy).

Thus, A((1)) € (1 = 6y, 1). Combining (3.4), we have

1 01
QW) < W < —6—0, for 0 <t <T(@y).
Thus, Q/(1) < 6, with 6, = =&, for 0 < 7 < T (o). O
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Lemma 3.5. Let N > 1, 0 < b < min{2, N}, w > —aN, 4_—N2b <p< %. Assume that u, € G,.

Then, there exists w. > 0 such that 83S ,(u),=1 < 0 for all w > w..

Proof. Letu, € G, f(4) be defined by (1.9), it follows from Lemma 2.3 that Q(u,,) = 0, i.e., f’(1) = 0.
We consequently obtain

-2
(1) = 4a2f |x|2|uw(x)|2dx — Mf |x|_b|uw(x)|p+2dx.
RN p + 2 RN

Thus, 835 ,(u)a=1 < 0 if and only if

a* fRN |l o4, ()| >l x < ala—2)
Joow Xl (x)[P+2dx — 4(p +2)°

So it is sufficient to prove that
@ [ IxPlug(x)Pdx

oo [ Xl (x)P+2dx

2-b - .
Let u,(x) = w? i1,,( Vwx), then i1, satisfies
—Aily, + i, + a0 x|, — x| i, = 0.
Since
2 2 2 2 21~ 2
@ [ WPlug(Pdx @ o 1Pl (0)Pdx

—w ~ ,
Jow 1Pl ()12 x Jow 1Pl ()l 2dx

it is sufficient to prove that

2 21 2

@ [ 1xPlit,(x)Pdx
lim w2 = =
weo [P, ()P 2dx

Let V € H' \ {0} be a ground state solution to the elliptic problem

AV +V —|x|VIPV = 0,

then
So(V) = infiSo(v), ve H'\ (0}, Ko(v) =0},
where
Sov) = SIVIE: + M - ]ﬁ fR o,
and
Ro(v) = IV + IR - fR W (3.5)

Then, by a similar argument as that in Lemma 3.1, we have
f IV ()P 2dx = inf { f vl 2dx, ve H' \ {0}, Ko(v) < 0}, (3.6)
RV RV
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and

f x| )it (x)|P2dx = inf { f IX|P ()P 2dx, veZ\{0}, K,(v)< o}, (3.7)
RN RN

where
~ 2 2 -2 2 -b 2
K,(v) = IVl + IVl + o™ lxvll;, — f X7 ()P dx.
RN

In addition, we infer from K,(V) = O that for A > 1
K, (aV) = 2° ((1 - ﬂ”)f X IV (0l dx + w_ZIIVIIiz)-
RN
Then, for any 4 > 1, there exists w(A) such that K, (AV) < 0. This and (3.7) imply that
f x| i, ()P dx < AP+ f IX["? |V (x)|P*dx. (3.8)
RN RN
On the other hand, we deduce from K,,(ii,,) = O that
Ko(Aii,) = 2 ((1 - ") f || i, ()P x — wzllxﬁwlliz)-
RN

Then, for any A > 1, Ky(2ii,,) < 0. We consequently deduce from (3.6) and (3.8) that for any w > w(A),

AP+ f I Plit, (0P 2dx < | IXTPIV)PRdx < AP P, ()P d .
RN RN RN
This implies
lim f x| i1, ()P 2dx = f x| 2|V ()P dx. (3.9)
wW—00 RN ]RN

Notice that
KoAity) = AV + Ll |l = A7 f x|l (0 dx,
RN

there exists A(w) > 0 such that Ky(A(w)ii,,) = 0. This and (3.6) yield that

f IV )PP dx < Aw)? f |l ™l ()17 dx.
RV RN
This implies that lim inf,,_,., A(w) > 1 and

lim inf Ko(ii,,) = lim inf(A(w)” — 1) f x|t (x)[P2dx = 0. (3.10)
wW—0 wW—00 RN

On the other hand, we deduce from K,,(ii,,)) = 0 that K(ii,)) < 0. This implies that

lim sup Ko(it,) < 0.

w—©0

Combining this and (3.10), it follows that

0 < liminf Ky(ii,,) < lim sup Ko(ii,) < 0.

wW—00
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This implies that lim,,_,c Ko(ii,) = 0. We consequently obtain that
w_ZHXIzw”iz = _kO(ﬁw) + f(w(aw) = _f(O(ﬁw) -0,
as w — oo. Thus, we see from (3.9) that

2 215 2

@ [ 1xPlit,(x)Pdx
lim w2 = =
woeo [l ()P 2dx

This completes the proof. O

Proof of Theorem 1.4. Let (1) be defined by (1.9), then

., _ a(a —1)292 ~
) = IVu,ll7, + 317%* f x|, () Pdx — ———— f ||, (X7 dx
RN p + 2 RN

< f(1) = 838 wWlla=1 <0,
for all 2 > 1. This, together with Lemma 2.3 implies that
Q) = Af'() < f'(1) = Quy) = 0,
and
S w(ity) < S o(tto),

for all A > 1. On the other hand, it follows from Brezis-Lieb’s lemma that ui — u, as A — 1. Thus,
for any £ > 0, there exists Ay > 1 such that ko — u,ls < &.

Next, let ¢y = u, then Yo € Ug(uy), SoWo) < S,(u,) and Qg) < 0. Thus, ¥y € C, and there
exists 0, = 0,(¥g) > 0 such that Q(y(r)) < —o, for all ¢t € [0, T(¥y)). Then, we deduce from Lemma
2.2 that

J(t) = 80W(1) < -85, <0,

for all 7 € [0, T ()). If *'u,, is orbitally stable, then T () = +oo and Q(¥(¢)) < —6, for all ¢ € [0, o).
This implies that J(#) becomes negative for long time. This is an contradiction. Moreover, applying
Lemma 3.5, there exists w, > 0 such that 6§Sw(uf))|ﬁ:1 < 0 for all w > w,. Thus, when w > w., the
standing wave e“'u,, is unstable.

4. Strong instability

In this section, we will prove Theorem 1.5. To this end, we firstly establish the following key
estimate.

Lemma 4.1. Let N > 1,0 < b < min{2, N}, w > 0, ‘% <p< %. Assume that u, € G, and

&S ,(ul)az1 < 0. Suppose further that v € £\{0} such that
IVIlz2 = luollz, Ko(v) <0, OW) <0.

Then it holds that
0) <2(§,(v) = Su(w). 4.1)
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Remark. It is easy to see from Lemma 4.1 that for u,, € G, satisfying 35 ,(u})|,=1 <0,
v e Z\{0} ¢ [Vl = lluwllrz, S w(v) < Sole), Ku(v) <0, Q(v) =0} =0, (4.2)

Indeed, if there exists v € X\{0} satisfying ||V||;2 = |luwllr2, So(v) < So(u,), Ko(v) < 0and Q(v) = 0,
then by this lemma,

0=0) <2(Su(v) = Su(u,)) <0

which is a contradiction.

Proof. If K, (v) = 0, we infer from Theorem 1.3 and Q(v) < O that

1
Solty) = 5u(v) < §u(v) = 700),

which is the desired estimate (4.1).
When K, (v) < 0, we notice that

K, := 2V, + wlvlly, + 7% f e v(x)Pdx = A f x|~ ol dx.
RN RN

Since lim,_o K,(v") = w|pll7, > 0 and K,(v) < 0, there exists 49 € (0, 1) such that K,(v*) = 0.
Applying Theorem 1.3, it follows that

f ol ()P dx = 8 () < S (V)

2(p +2)
p —bp, A +2 pAy b +2
= X[ olPdx = x| " v(x)|P “d x.
2(p+2) Jpy 2(p+2)

When fRN [x?[v(x)|Pdx > fRN |x?|u,, (x)[*dx, it follows from Q(u,,) = O that

1
Sw(uw) = Sw(u) - _Q(uw)
-2
( +2)

IIML.)IILz +a f ol ()P x + f x|~ g, ()| x

()17 dx

< b, +a f fordr s 3 22)
= 5,0 - 500),

which is the desired estimate (4.1).
When [, [xPv(x)Pdx < [y [xlu,(x)Pdx, we define

/12
fi) 1 =8,0") - 7 20)

209-2 2 2 @
w, 5, a(d +/l)f ) ) ad” =21 f b o

= — - dx + ————— P2 dx.
> [vIl7> > » |x["[v(x)["dx 2 +2) Jon X[ v(ol" “dx
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If f1(1o) < fi(1), then we deduce from Theorem 1.3 and Q(v) < O that

2
S () < S ,(01°) <8 ,() ~ %Q(V) <Suv) - %Q(V),

which is the desired estimate (4.1).
In what follows, we will prove f(4y) < fi(1), which is equivalent to

) ) -2- a//l2 + 2/18 b 5
a? |x|“v(x)|"dx < > lx| = ()P dx. 4.3)
RN ( + 2)(/1_ + /l 2) RN
In views of (1.9), the condition 8%S ,,(u")|,=1 < 0 is equivalent to
-1
2. + 30 [ 1Pl ofdx - 28D [yt 2 < 0, (4.4)
RN p RN

Combining (4.4) and Q(u,,) = 0, we can obtain that

2 _
4a° f [xPv(x)Pdx < 4a? f x|, (2)|Pdx < i i f x| |u,, ()P 2d x
RN + 2 RN

-2
L2 “waw%mW%x
p+2

This, together with (4.3), it suffices to show that

(@? - 2a) Ay - a-2-— a/l(z) + 245

< . 4.5
4(p+2) (p+ 2)(/162 + /lg -2) (+3)
Let @ = 28, then (4.5) is equivalent to
2
- B) B

AP -BR+B-1> ® > P, - P 7 e

Let 1
hQ) = -Br+p—-1- E(/32 -BA-1D2PF a>o.
From the Taylor expansion of A? at A = 1, there exists & € (42, 1) such that
Due to 8 > 1 and & € (12, 1), it follows that
/léﬁ_z <& <2

Thus, we have h(1y) > 0. This implies that (4.5) holds. This completes the proof. O

Based on this lemma, we define an invariant set 8B, under the flow of (1.1).
B, ={v e 2\{0}; Su(v) < Su(uw), M2 = lluullz2, Ko(v) <0, O(v) <0}
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Lemma 4.2. Let N > 1,0 < b < min{2, N}, w > 0, ‘% <p< %. Assume that u, € G, and

&S Wzt < 0. Then, the set B, is invariant under the flow of (1.1), that is, if Yo € B,, then the
solution Y(t) to (1.1) with initial data ¥ belongs to B,,.

Proof. Lety, € 8B, it follows from Lemma 2.1 that there exists a unique solution ¥ € C([0,7%), X). By
the conservations of mass and energy, we have S, ((7)) = S,(¥o) < So(u,) and YOl = [Yollz =
|luy|lz2 for any ¢ € [0, 7). In addition, by the continuity of the function # — K, (¥(¢)) and Theorem
1.3, if there exists 7y € [0,7T") such that K, (¥ (%)) = 0, then S ,(u,) < S,W(t)), which contradicts
with S, (u,) > S,(W(?)) for all ¢ € [0, T*). Therefore, the solution ¥ (¢) satisfies K, (¥(t)) < O for all
tel0,T).

Finally, we prove that if Q(yo) < 0, then Q¥ (¢)) < O for all r € [0,T*). Let us prove this by
contradiction. If not, there exists 7y € [0, T*) such that Q((#)) = 0. Applying Lemma 4.1, we have

1
Soltn) = 8 o(W(t0)) = 7QW(10)) = S u(¥(t0)), (4.6)

which is a contradiction with S ,(u,) > S ,(¥(?)) for all t € [0, T*). This ends the proof. O

Lemma 4.3. Let N > 1,0 < b < min{2, N}, w > 0, ‘% <p< %. Assume that u, € G, and
&S W)zt < 0. Then, ul, € B, for any A > 1.

Proof. Firstly, it easily follows that
gl = gl 2

Next, we define

8 = Ko(uy) = XlIVuuliz + wlluul, + A f Pl (0 dx = A" f X ()12 dx.
RN RN

Thus, it follows from the assumption

ala—1) _
038 wWor = 2(IVull?, + 3azf | e, (X)dx — —f |4l (x)P 2 x < O
RN P + 2 RN

that

g’ =2|Vu, i}, + 617’ f XU (X)Pdx — a(a — 1)1 f x|ty (x)[7H2dx < O
RN R

N

for any A > 1. This, together with Pohozaev identity related to (1.3), implies that
g < g (1) =2/Vu,ll;, - Zazf el () dx — af ol g, (0)|7*2dx < 0.
RN RV

We consequently obtain that K, («)) < 0 for any A > 1.
Let f(A) be defined by (1.9), then

— 1)ae?
£ = Vil + 30 f Pl ()P — 2= DA f Pl (O 2 dx
RN p + 2 RN

< (1) = BS w(uy)hzr <0,
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for all 4 > 1. This, together with Pohozaev identity related to (1.3), implies that

Ouy) _ ., ,
— SO <fD)=0u) =0,
and
Soy) <8 (1),
for any A > 1. Thus, u! € B, for any A > 1. This finishes the proof. O

Proof of Theorem 1.5. Let w > 0 and u,, be the ground state related to (1.3). By Lemma 4.3, we
have u! € B,. Let y* € C([0,T*), %) be the solution of (1.1) with the initial data u!, then y(¢) € B,
for all t € [0, T*). Thus, by a classical argument, it follows that * € ¥ and

d2
ﬁllxlﬂl(t)lliz =80 (1) < 16(S (uy) — S (uy)) < 0,

for all ¢ € [0, T*). This implies that the solution * of (1.1) with the initial data ufa blows up in finite
time. Hence, the result follows, since uf) —u,as A} 1.

5. Conclusions

In this paper, we consider the instability of standing waves for an inhomogeneous Gross-Pitaevskii
equation (1.1). We firstly proved that there exists w. > 0 such that for all w > w., the ground state
standing wave ¥(t, x) = ¢“'u,(x) is unstable. Then, we deduce that if 6ﬁSw(ufJ)| 2=1 < 0, the ground
state standing wave e“'u,,(x) is strongly unstable by blow-up. This result is a complement to the partial
result of Ardila and Dinh in [34].
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