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Abstract: This paper deals with following Kirchhoff-type system with critical growth

—(a+b fR3 [VulPdx)Au + V(x)u + ¢lulP~>u = |ul*u + uf(u), x€R3,
(=A)"P¢ = llul?, x € R?,

where a,u > 0, b,l > 0, @ € (0,3), p € [2,3) and ¢|u|’%u is a Hartree-type nonlinearity. By the
minimization argument on the nodal Nehari manifold and the quantitative deformation lemma, we
prove that the above system has a least energy nodal solution. Our result improve and generalize some
interesting results which were obtained in subcritical case.
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1. Introduction and main result

In this article, we are interested in the least energy nodal solution for the following Kirchhoff-type
system

—(a+b fR3 [VulPdx)Au + V(x)u + ¢lulP~>u = |ul*u + uf(u), x€R3, (L.1)
(=A)"¢ = llul’, x € R?, '
where a,u > 0, b,l > 0, € (0,3), p € [2,3) and gblul”‘zu is a Hartree-type nonlinearity (in fact,
¢ = I = |u|”, where I is the Riesz potential defined by (1.10)), (-=A)*/? is the fractional Laplacian. The

potential function V € C(R*,R,) and function f € C'(R, R) satisfy the following hypotheses:

(V) forevery M > 0, the set Vj; := {x € R? : V(x) < M} has a finite Lebesgue measure, i.e.m(V) < oo;
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(fi) limy o A2 = 0;
(f») there exist ¢ € (2p,6) and C > 0 such that |f'(r)] < C(1 + |¢/772) for all t € R;

(f3) f;@l is strictly increasing for ¢ > 0 and is strictly decreasing for # < 0.

In the past decades, many mathematicians pay their much attention to nonlocal problems. The
appearance of nonlocal terms in the equations not only marks its importance in many physical
applications but also causes some difficulties and challenges from a mathematical point of view.
Certainly, this fact makes the study of nonlocal problems particularly interesting. The following
Schrédinger-Poisson system is a typical nonlocal problem

—_ = i 3
{ Au+V(u+ ¢u = f(u), inR’, (1.2)

—A$ = 12, in R3.

Recently, many authors have been devoted to the study for system (1.2) or similar problems.
Especially on nodal solutions to problems like (1.2), and indeed some interesting results were
obtained, see for examples, [1-14] and the references therein. In fact, there are very few results about
nodal solutions to Schrodinger-Poisson system with critical growth. In [14], Zhong and Tang [14]
considered the existence of ground state nodal solution for following system with critical growth

{ Au+u+ k(x)pu = Jul'u + Af()u, xeR’, (1.3)

-A¢ = k(x0)u?, xeR3,

where k, f > 0, 0 < A4 < 4;( where A, is the first eigenvalue of the problem —Au + u = Af(x)u in
H'(R?)). However, if k(x) = 1, their methods seems not valid because their results depends on the case
k € LP(R?) N L=(R?) for some p € [2, o).

In [11], Wang, Zhang ang Guan considered the existence of least energy nodal solution for following
system with critical growth

(1.4)

—Au+ V(x)u+ ¢u = lul*u+ Af(u), xeR3,
~A¢ = u?, x eR3.

Via the constraint variational method and quantitative deformation lemma, they obtained the existence
and asymptotic behavior of least energy nodal solution for system (1.4).
As another typical nonlocal problem, the following Kirchhoff-type equation

—(a+b f IVulPdx)Au + V(x)u = f(u), x € R3, (1.5)
R3

has also aroused many mathematicians’s wide concern. Especially, There are many papers about nodal
solutions to problems like (1.5) [15-32]. However, to the best of our knowledge, the most results seem
to be obtained in the subcritical case. It is noticed that the second author [27] considered the least
energy nodal solution for following Kirchhoff equation with critical growth

{ (@+0b [ IVuPdx)Au = |ul*u + Af (x,u), x€Q, 1.6)

u=0, xeoQ,

AIMS Mathematics Volume 5, Issue 5, 4494-4511.



4496

where Q C R? is a bounded domain with a smooth boundary dQ, A,a,b > 0. By using the constraint
variational method and quantitative deformation lemma, the author studied the existence and energy
characteristics of least energy nodal solution to Eq 1.6.

In [32], Zhao and Liu studied the following Kirchhoff equation with critical growth

{ —(a+b fR3 \VulPdx)Au + V(x)u = u’ + plulf>u, x € R3, (1.7)

u(x) — 0, as |x| —» oo,

where a,b,u > 0,5 < g < 6 are constants and V is a radial function and is bounded from below by a
positive constant. By using the truncation method, they proved that, for any given positive integer k,
the problem has a radial solution with k nodal domains exactly.
When a = 2, system (1.1) is related to following system
{ —(a+ be3 \VulPdx)Au + V(x)u + pu = f(u), inR>, (1.8)

where a, b are positive constants. Since there are both nonlocal operator and nonlocal nonlinear term,
the study of system (1.7) become more complicated. In recent years, there are some scholars began to
show interest to problem like (1.7), see [33—44] and references therein. However, to our best
knowledge, few papers considered nodal solutions to problem like (1.7). Via gluing the function
methods, Deng and Yang [34] studied the nodal solutions for system (1.8) with
f(u) = |ulP~%u, p € (4,6). In [39], Wang, Li and Hao studied the existence and the asymptotic behavior
of least energy nodal solution for system (1.8) by using the constraint variation methods.

Recently, in order to research uniformly Kirchhoff-type equation and Schrodinger-Poisson system,
Li, Gao and Zhu [45] considered the following Kirchhoff-type system

(1.9)

—(a+b fR3 \Vul?dx)Au + AV(x)u + ¢plulP>u = f(u), x € R3,
(—A)*2¢ = llul’, xeR’,

where a > 0, b,l > 0, @ € (0,3) and p € [2,3 + a). More precisely, they studied the existence and
asymptotic behavior of least energy nodal solution for system (1.9).

Inspired by the works mentioned above, especially by [11,27,45], in this paper, we investigate the
existence of the least energy nodal solution to Kirchhoff-type system (1.1).

Before presenting our main results, we denote L'(R*) the Lebesgue space with the norm |ul, :=
(fR3 lul'dx)7, 1 < r < oo. Let D'2(R3) = {u € LS(R?) : Vu € L*(R®)} be a Hilbert space with the inner
product and corresponding norm

o= [ Vu- ey = ([ Fufdo.
R R3
Denote E := H}(R%) is given Hilbert space
H}(R?) = {u € D"*(R) : f Vitdx < o},
R3
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by equipped with the inner product and norm
(u,v) = f (Vu - Vv + Vuv)dx, ||ull = ( f (Vul + Vi)dx)?.
R3 R3

Under the condition (V), according to Remark 3.5 of [46], the embedding E < L"(R?) is continuous
for each r € [2, 6], and is compact for each r € 2, 6).

It follows from the second equation (—A)*?¢ = I|lul’ of system (1.1) that the unique solution is
¢ = I = |u|’, where I is the Riesz potential defined by

_TB-o/2) 1

= a2y e € R*\{0} (1.10)

I(x)

and = is the convolution of two functions in R3. Hence, system (1.1) can also be rewritten as a Hartree-
type equation

—(a+b f \VulPdx)Au + V()u + I [ul”)|ul’>u = f(u), inR>. (1.11)
R3

So, the energy functional associated with system (1.1) is defined by

1 b [ 1
Ju(w) = = |lull® + —(f IVuldx)” + — f (1 * |ul?)ulPdx —,Uf F(uwdx — - f ul’dx,
2 4 R3 2p R3 R3 6 R3

forany u € E.
Moreover, under our conditions, J,(u) belongs to C ! and the Fréchet derivative of J(u) s

(J;(u), V) = af (Vu - Vv + Vuv)dx + b(f |Vu|2dx)(f Vu - Vvdx)
R3 R3 R3

+ lf (I * |ulP)|ul”>uvdx — ,uf f(u)yvdx — f |u|* uvdx
R3 R3 R3
for any u,v € E.

The weak solution of system (1.1) is the critical point of the functional J,(u). Furthermore, if
u € E is a weak solution of system (1.1) with u* # 0, then we say that u is a nodal solution of
system (1.1), where u* = max{u(x),0},u~ = min{u(x), 0}. In this paper, we borrow some ideas from
[11,24,26,27,45,47] and seek a minimizer of the energy functional J, over the constraint M, = {u €
E,u* # 0 and (/J, /’l(u), u*) = 0}, and then prove that the minimizer is a nodal solution of system (1.1).
The main results can be stated as follows.

Theorem 1.1. Suppose that (V) and (f,) — (f3) are satisfied. Then, there exists u* > 0 such that for all
> p*, the system (1.1) has a least energy nodal solution w,.

Theorem 1.2. Suppose that (V) and (f;) — (f3) are satisfied. Then, there exists u** > 0 such that for
all u > p**, then the ¢* > 0 is achieved and

Ju(u,) > 2c”,

where ¢* = infen, Ju(u), N, = {u € E\ {0}|<J/’l(u), uy = 0}, and u,, is the least energy nodal solution
obtained in Theorem 1.1. In particular, c* > 0 is achieved either by a positive or a negative function.
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2. Technical lemmas

Lemma 2.1. ( [45]) Under the condition (V), ifu, — u and v, — v in E, then

lim (I*IMnI”)IvnI”dx=f(l*lul”)IVI”dx.
n—eo JRr3 R3

In particular,

1imf(1*lun|p)lun|pdx=f(l*lul”)lul”dx,
n—oo R3 R3

limf([*lunlp)luflpdx:f(I*lul”)luilpdx.
n—oo R3 R3

Now, fixed u € E with u* # 0, we define function G, : [0,0) X [0,00) — R and mapping
H, : [0, o) X [0, 00) — R? by
G.(s,0) = J,(su” +tu),

H,(s,t) = ((Jl’l(qur +tu”), su™y, (J/'l(qur +tu), tu)).

Inspired by [1,11,24,27] and similar to that of in [1,11,24,27], we have following Lemmas 2.2-2.3.
For reader convenient, we give the details of proof.

Lemma 2.2. Assume that (fi) — (f3) hold, if u € E with u™ # 0, then G, has the following properties:
(i) The pair (s,t) is a critical point of G, with s,t > 0 if and only if su* + tu” € M,;

(ii) The function G, has a unique critical point (s,,t,) on (0,0) X (0, 00), which is also the unique
maximum point of G, on [0, %) X [0, c0); Furthermore, if (J}(u), ut) <0, then0<s,,t, <1.

Proof. (i) It follows from definition of G, that
1 ’ + - + 1 4 + - -
VG, (s,1) = (=(J,(su” +tu"), su™), ;(Jﬂ(su +tu), tu)),
s

which implies that (i) holds.
In the following, we prove (ii). We shall proceed through several steps to complete the proof.
Step 1. We prove the existence of s, and t,.
From (f1) and (f>), for any £ > 0, there is C, > 0O such that

LF ()| < elt] + Cgle|7", for all £ € R. 2.1)

So, together with Sobolev embedding theorem, one gets that
(JoCsu™ +tu7), suty = s (lut|P + bs*( f \VuPdx)’ + bs*r* f Vu~Pdx f Vu*Pdx
R3 R3 R3
+ lszf’f (I * lu"")|u*|Pdx + IsPt? f (I * lu"|P)|ut|Pdx
R3 R3
- ,uf f(suMysutdx — s° lut|%dx
R3 R3
> 2|t = s lut|®dx — ues® lutPdx — ,uCgsqf lut|%dx
R3 R3 R3
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2 2 6 6 2 2
> s7|lu|I” = Crs7llu"|I” = peCos7llu™|I” = pCoCss|lu™ 1

> (1 — peCa)s*|lu*|* = Cas®lluc||® — pCasllu* 7.

Choosing &€ > 0 such that (1 — ueCy4) > 0, it follows from 2 < g < 6 that

(J(su™ + tu”), su™) > 0O for s small enough and all # > 0.

By similarly arguments, we have that

(Jl’t(qur + tu”),tu") > 0 for t small enough and all s > 0.

So, from (2.2) and (2.3), there exists y; > 0 such that
(JLonu™ + ), yiu’y > 0,¢J,(su™ +y ™), yu) >0

for all s, > 0.
Thanks to (f1) and (f3), we conclude that

ft>0,t#0; F(t) 20,teR

fora.e. x € R%.
Let s = v, >y, and v/ large enough, by (2.5), we have that

(2.2)

(2.3)

(2.4)

(2.5)

(Lt + o), yhuty < () I + b(ys)*( f \Vu*Pdx)* + b(y5)* f 3 \Vu |*dx f \Vu+|*dx
R3 R R

+ l()’é)z”f (1 u* ") |Pdx + l(?’é)bf (I lu )| |Pdx
R3 R3

- (5)° f lu*(0dx
R3
<0

for any 7 € [y, Y]
Similarly, let # =, > vy, and v/ large enough, we conclude that

(JL(su™ +y5u™), ysu") <0,

for any s € [y, y5].
Combining (2.6) and (2.7), choose y, > v} large enough, we have that

(Jy(au™ + 1), you™) < 0, (su™ +you”), you") <0

for all s, € [y1, 2]

(2.6)

2.7)

(2.8)

Thanks to (2.4) and (2.8), it follows from Miranda’s Theorem [48] that there is (s,,#,) € (0, ) X

(0, 00) such that H,(s,,t,) = (0,0), and then s,u* + t,u~ € M,.
Step 2. We prove the uniqueness of (s, t,).

By standard arguments, we only prove the uniqueness in case of u € M, here.
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For any u € M,,, we have that

|| + b f \Vul*dx f \VutPdx + 1 f (I * [u”)u*|Pdx = u f Fu®utdx + f lutdx.  (2.9)
R3 R3 R3 R3 R3

Suppose (s, tp) be an other pair of numbers such that sou™ + tou~ € M, with 0 < 59 < #,. So, one

has that
||l/t+||2 b 2 +12 + 1 +16
5t 53 |Vu|~dx \Vul"dx+1 | (I=*uP)|u"|Pdx < % lu™°dx
sy sy Jrs R3 R3 sop R3
f(sou+) +\2
+ _ Pdx.
“fRs[(som)ZP—l](” )Pdx
and

1>

—_—t — |Vu|~dx \Vu |"dx+1 | (I =*u”)|u|Pdx > lu”Pdx
2 tgp e R R 270 Jps

0 0
ftou™) —\2p
- dx.
fpu fR L
It follows from (2.9) and (2.11) that

1 112 1 2 -2 1 -6
(12]7_—2_1)||u | +b(t2p_4—1)fR3|Vu| dfo3|Vu ldXZ(tozp__G_l),L;%lu ["dx

0 0

e [ L) IO gy
R

s (tou )=t (un)?!

Thanks to (f3), we obtain that 7, < 1.

Similarly, by (2.9), (2.10) and (f3), we conclude that sy > 1.

Consequently, so =15 = 1.

Step 3. If (J,,(u), u*) < 0, then 0 < 5,7, < 1.

Suppose s, >, > 0. Combining s,u” + t,u”~ € M, and (Jy(u), u*) < 0, one has

1 2 1 2 2 1 6
= = DI + b —1)f IVl dxf V' Pdx 2 (o —1)[ ju*|°dx
Su Sy R3 R3 Sy R3

J(suu™) Jwh
i R3[(Suu+)2p_l - (u+)2p—1](u yrdx.

(

So, according to condition ( f3), we get s, < 1. Thus, we have that 0 < s,,1, < 1.
Step 4. (s,, t,) is the unique maximum point of G, on [0, o) X [0, c0).
Obviously, it follows from (2.5) that

lim G,(s,t) = —oo.

|(s,0)| > 00

Hence, (s,,1,) is the unique critical point of G, in [0, c0) X [0, c0).

At same time, let £, > 0 be fixed, we infer that

(Gu(s,10)), > 0, if s is small enough.

(2.10)

(2.11)

(2.12)

(2.13)
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That is, G,(s, t) 1s an increasing function with respect to s if s is small enough.
Similarly, we conclude that G, (s, 7) is an increasing function with respect to ¢ if ¢ is small enough.
Therefore, we conclude that maximum point of G, cannot be achieved on the boundary of [0, c0) X
[0, o0). That is, (s,, t,) is the unique maximum point of G, on [0, c0) X [0, o). O

Lemma 2.3. There exist p > 0 such that ||u*|| > p for all u € M,.

Proof. For any u € M,,, we have

lu|* + b f \Vul*dx f IVutPdx + 1 f (I * [uP)|u*Pdx = p f fuSudx + f |u*|°dx.
R3 R3 R3 R3 R3

Thanks to (2.1), one has
| < f Fu® utdx + f lu*[°dx.
R3 R3

+2 + +(16
< peCillu* (" + pCollu™||” + Csllu*|°.

So, (1 — ueCllu*|*> < uC,|lu*| + Cs|lu*||°. Choosing & small enough such that (1 — 2eC;) > 0, we
get the conclusion. O

Lemma 2.4. Let ¢, = inf,epq, J,,(u), then we have that lim,_,, ¢, = 0.

Proof. For any u € M,, (J}’l(u), u) = 0. Thanks to (f3), it is easy to obtain that
F(t): f(O)t—2pF(t) > 0, (2.14)
and is increasing when ¢ > 0 and decreasing when ¢ < 0. Then, one gets
Ju(u) = J,(u) - LU' (), u)
2pH
= G = gl + G = o [ 1Wudy
2’; [F ()t = 2pF(u))dox + <— -9 f juldx

> (= — —)|lull.
> (2 2p)llull

So, by Lemma 2.3 we have that J,,(u) > 0, for all u € M,.. Hence, ¢, = inf ¢y, J,,(u) is well-defined.

Let u € E with u* # 0 be fixed. According to Lemma 2.2, for each 4 > 0, there exist s,,, > 0 such
that s,u* + t,u” € M,,.

By using Lemma 2.2 again and Hardy-Littlewood-Sobolev inequality (Page 106 of [49]), we have
that

0<¢, = Mlél/l\:f( Ju(u) < J(suu” + t,u0)
1 b
< <|ls,u’ + t#u_ll2 + —(f IV(s,u™ + t#u_)Ide)2
2 4 R3
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[
+ — f I * |sﬁ,uJr + tyu_l"’)lsﬂuJr + tu |Pdx
2p R3

52 bs t
—ENIWII2 ||u+||2 (f \Vu*Pdx)* + —+ 5 fIVu IdeI |Vu|*dx

4

f 2”
+ 2 f IVu Pdx)* + s f (I = [t |P)|ut|Pdx
4 R3 2p R3

2p

Spth It,
—f(l* ") Pdx + —— | (L= |u”|P)lu|Pdx
R3 2p R3

52 12 bs* bt
<_ﬂ +2+ﬁ +2+_ﬂfv+2d2+_ﬂfv—2d2
_2||u|| 2IIMII 4(R3|M| x) 4(R3|M| x)

[ ) _
+ Ecls,zlp”f”z[’ + ZCZIZPHM i

To our end, we just prove that s, = 0 and 7, — 0, as u — oo.
Let

B, = {(sy,t,) € [0,00) X [0, 00) : H,(s,,1,) = (0,0), u > 0}.

By (2.5), we get
S5 f lu* Pex + f uPdx < s, f lu*Pedx + 1 f lu”Pdx

R3 R3 R3 R3

+ ,uf f(su®)s,utdx + ,uf fu)tu dx
R3 R3
= |Is,ut + t,u”|I* + b( f 3 IV(s,u* + t,u” ) dx)*
R
+ lﬁ@(l s |s,u” + tu” |Plsut + tu|Pdx
<25 \lu P + 260]lut | + 4bs,( f Vu*Pdx)*
R3
+ 4b1( f \Vu~Pdx)® + IC1 ;7\l PP + 1G],
R3

which implies that B, is bounded.
Let {u,} € (0, ) be such that y, — o0 as n — oco. Then, there exist sy and 7, such that

(syn’ tyn) - (SO’ tO)’

as n — oo (in subsequence sense).

We claim sy = t, = 0.

Suppose, by contradiction, that sy > 0 or #y > 0. Thanks to s, u* +t,u” € M, , forany n € N, we
have

AIMS Mathematics Volume 5, Issue 5, 4494-4511.
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s, 1™ + 2, 17| + b( f 3 V(s u" +t,u")dx)* + 1 f 3(1 s |, u" + b, u|P)s, ut + 1, u|Pdx
R R
= U, ng F(suut + 1, u”)(s,u" +t,u")dx + fR} |y, u" + tﬂnu_|6dx (2.15)

According to s, u* — sou* and ¢, u~ — tou~ in E, (2.3) and (2.5), we conclude that

fR . Sy u™ + 1, w7 ) (s, u" + t,,u7 )dx
- f Fsou™ + tou™)(sou™ + tou")dx > 0,
R3

asn — oo.
It follows from u, — oo as n — oo and {s,,u" + t,,u”} is bounded in E that we have a contradiction
with the equality (2.15). Hence, sy = 1, = 0.
That is, lim,,_, ¢, = 0. O

Lemma 2.5. There exist u* > 0 such that for all u > u*, the infimum c,, is achieved.

Proof. According to definition of c,, there is a sequence {u,} C M, such that
lim J,(u,) = c,.

Obviously, {u,} is a bounded in E. Then, up to a subsequence, still denoted by {u,}, there existu € E
such that u, — u.
Since the embedding E — L"(R?) is compact, for all r € [2, 6), we have
u, = u in L'(RY),

u,(x) > u(x) ae. xR’

So,

u, = u* inkE,
+ E rm3
u, - u in L'(R"),

ui(x) — ut(x) ae. xR’

Denote § := %S %, where

2
. u
§:= inf —L__
EENO) ([l lul®d)s

*

According to Lemma 2.4, there is u* > 0 such that ¢, < g for all u > u*.
Fix u > p*, it follows from Lemma 2.2 that

Ju(suy + tuy) < J,(uy,)

forall s, > 0.
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By the weak lower semi-continuity of norm, Brezis-Lieb Lemma and Lemma 2.1, we have that

2 2
. st . R _
liminf J,(su) + tu)) > — lim(|lu} — u®|* + [|u*|*) + = Lim(|lu, — w"|]* + [ju"|]*)
n—o0 2 n—oo 2 n—oo
st a2 a2, bt N S22
+ —(im(|lu, — u™|[7 + [l™7)° + —(lim(|Jw,, — u”[I7 + [l [I7))
4 n—oo 4 n—oo
2.2
+

liminf (|l |]lee; ||7) + lim f (I * |su’ + tu, || su + tu;|Pdx
n—oo n—oo R3

6
~ fR Fsu)dx - p fR Fla)dx - % lim (juy — 0 I§ = |u*15)
6
= < lim (e, — w7l = )

_ S2 bS4 bs4 s6
> .]H(Sz,fr +tu )+ EAI + 7A§”u+”% n TAgt _ gBl
1? bt* _ bt {6
+ EA2 = A\l |13 + = Aj - =B

where
Ap = lim |lub — u*|?, Ay = lim |lu;, — u”|[*, A3 = lim [} — u*|?,
n—oo n—00 n—o00

Ay = lim |lu;, —u” ||}, B; = lim |u} — u*(S, By = lim |u, —u"[S.
n—o0 n—oo n—oo
From above fact, one has that

2 bs* bs* 0 ?

cy > J(sut + )+ %Al + 5 AP+ TA;l _ gBl + EAz
bt* ~ bt* 1°
+ TAillu 17 + TAi - 5B (2.16)

forall s > 0andall ¢ > 0.
Firstly, we prove that u* = 0.
Since the situation u~ # 0 is analogous, we just prove u* # 0. By contradiction, we suppose u* = 0.
Casel: B, =0.
If Ay =0, thatis, u} — u* in E. In view of Lemma 2.3, we obtain |[u*|| > 0, which contradicts our
supposition. If A; > 0, let # = 0 in (2.16), one hase

2 2 b 4 b 4
TS SA L+ Al + AL < G,
for all s > 0. Thanks to ¢, < 8, we have a contradiction.
Case?2: B; > 0.
According to definition of S, we have that
s 1 A 5 5° as’ bs* bs* 50
==-52<~ ? = —A; — —B;} < — A, + —A |} + =AY - =By}
B R 3((31)%) I?fox{2 1% 1}_HS1§)X{ y At sl (13 TR 1}

According to (2.16), we have a contradiction.
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From above discussions, we have that u* # 0.

Secondly, we prove that B; = B, = 0.

Since the situation B, = 0 is analogous, we only prove B; = 0. By contradiction, we suppose that
B; > 0.

Casel: B, > 0.

Let 5 and 7 satisfy

a* bs* , ., bst , ° 52 bs* , ., bs* , s
?Al + —A || || TA3 - EBI = IE%X{ 2A1 + —A || || 1 A3 - gBl},
7? br* ~ br* 0 2 br* ~ bt* 1
EAZ + 7Af;||u I3+ TAj - gB2 = IItlZaX{ 2A2 + Ainu >+ TAj - ng}.

Since G,, is continuous, there exists (s,, #,) € [0,5] x [0, 7] such that

G, (s, t,) = max  G,(s,1).
(5,1)€[0,5]%[0,7]

In the following, we prove that (s,, z,) € (0,s) X 0,7).
Note that, if ¢ is small enough, we have that

Gu(s5,0) = J,(su") < J,(su™) + J,(tu”) < J,(su” +tu”) = G,(s,0),

for all s € [0, s]. That is, there exists 7, € [0, 7] such that G,(s,0) < G,(s, to) for all s € [0, 5].

Hence, we conclude that any point of (s, 0) with () < s < 5 is not the maximizer of G,, and then
(su» 1) € [0,'s] x {0}. Similarly, we have that (s,,7,) ¢ {0} x [0,s].

On the other hand, it is easy to see that

2 bs* bs* 0

N
TAI+ 7AZ|| 11F + TA;‘ -5Bi>0s¢ (0,71, (2.17)
1 bt* bt4 10 —
S+ —A 113 + - ng >0,t€(0,1]. (2.18)
Then,
5 bs* bs* 30 9 bt* bt* 1
B < SA+ AT+ —-AS - B+ SA+ S ALl + -AS - £B
72 br* _ br* I 52 bs* bs* 0
B < EAZ + 7A;{uu 12+ TAj —gB+ EAl + 7A§||u+||% + TA§ - =B

for all s € [0,5] and all 7 € [0, 7].
Therefore, according to (2.16), we have that

G.(s,1) <0,G,(,1) <0

for all s € [0,5] and all ¢ € [0, 7]. So, (s,,%,) ¢ {5} X [0, 7] and (s,, #,) ¢ x[0,5] x {t}
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At last, we get that (s,,1,) € (0,s) X (0, 7). Hence, it follows that (s, #,,) is a critical point of G,. By
Lemma 2.1, we get s,u* + t,u~ € M,.
Combining (2.16), (2.17) with (2.18), we infer that

2 4 4 6 2
Ry bs bs Ry t
Cu 2 Ju(su® + 1,7) + A+ SEASTIT + —2AT - 2B+ S A,
H H 2 2 3 1 4 3 6 >
4 4 6
t bt t
201~ 112 4 _
+ TMA4||M ||1 + TMA“ - EMBQ > JM(SMM+ + t,u ) > Cus

which is a contradiction.

Case2: B, =0.

In this case, we can maximize in [0,s] X [0, o). Indeed, it is possible to show that there exist
to € [0, o) such that J,(s,u* + t,u”) < 0, for all (s,7) € [0,s] X [fy, ). Hence, there are (s,,,) €
[0,7s] X [0, o0) satisfy

G,(s,,t,) = max G,(s,1).
5€[0.51x[0,00)
Following, we prove that (s,, t,) € (0,’s) X (0, ).
It is noticed that G, (s, 0) < G, (s, t) for s € [0,s] and ¢ small enough, so we have (s,, t,) ¢ [0, s]x{0}.
Meantime, G,(0,t) < G,(s, 1) for ¢ € [0, c0) and s small enough, then we have (s, t,) € {0} X [0, c0).
On the other hand, it is obvious that

52 bs* bs* s° r bt* _, bt
ﬁ < EA] + 7A§||M+”% + TAg - EB] + EAZ + 714421”1/! ”% + TAi,

for all 7 € [0, c0).
Hence, we have that G,(s,t) < 0 for all ¢ € [0, o). Thus, (s,,1,) € {s} X [0, ). And so (s,,1,) €
(0,’s) X (0, 00). That is, (s,, #,) is an inner maximizer of G, in [0,’s) X [0, c0). So, s,u* + t,u~ € M,,.
Therefore, according to (2.17), we get

2 bs? bs? 50

s
Cu = J(su" + tu7) + 5”A1 + 5 A2+ : Al - EMBI
f fa on -2 L Dl 4 + -
+ EAZ + 7144”14 ”1 + TA4 > Jﬂ(SuI/t + t,u ) > Cy-

That is, we have a contradiction.
Therefore, from above discussion, we have that B; = B, = 0.
Lastly, we prove that c, is achieved.
For u* # 0, according to Lemma 2.2, there exist s,,#, > 0 such that u : s,u* + t,u~ € M,.
Furthermore, it is easy to see that
(J,(w),u*) < 0.

So,we have that 0 < s,,1, < 1.
Since u, € M,, using Lemma 2.2 again, we get

Ju(suuy + tuy,) < J(uy +uy) = J,(uy).
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Thanks to (2.14), B; = B, = 0 and the norm in E is weak lower semicontinuous, we conclude that
_ |
Cu < J,u(u)) - 5(-]#(“), Lt)
=(=—— +(= - — Vul“d
G~ 3l + (g 2p)(fRJ 1’ dx)

+ ﬁ f [f(wt - 2pF(u)ldx + (i - l)]‘ [ul°dx
R3 2]) 6 R3

1 . i I T i
= (5 - E)(llsuu 1P + Il |1 + (Z - 6)(|Suu 1+ [t,u719)
+ 2’; f Lf (sud*)sutt* —2pF(suu+)]dx+2ﬁ f Lf (ttt")sutt* — 2pF (tu—)]dx

+(é - %)s (f |Vu*dx)* +( )2sr f Vi Izdxf Vi~ Pdx
+ G = i [y
2p

11 )
< (5 - —)Ilull ( 2p)(f Vul*dx)’

+ £ f L — 2pF(u)ldx + (= — 1) f luldx
2p R3 2p 6 R3
1
< h}}l}glf[Ju(un) - E<J;(un)’ un>] = Cy-
Therefore, s, = 1, = 1, and ¢, is achieved by u, := u™ +u~ € M,. O
3. The proof of main results

Proof. (Proof of Theorem 1.1) From Lemma 2.5, we just prove that the minimizer u,, for ¢, is indeed a
sign-changing solution of problem (1.1). That is, we need prove J/ (u,) = 0. Suppose, by contradiction,
that J;’l(”u) # 0. Then there exist 6 > 0 and 6 > 0 such that

I, (Wl = 6, forall [[v — u,|| < 36.

Choose o € (0, min{1/2
(s,1) € D.
Thanks to Lemma 2.3, for (s,1) € (R, Xx R,)\(1, 1), we have

6 — (1 _ o
) Let D= o 1+ o) x (1 - 0,1+ 0) and (s, 1) = su, + g,

Ju(suy + tu) < J(u; +u,) = ¢,
So, it follows that

&= I 1
c) = max /o g < c. (3.1

Let & := min{(c, — E’j)/Z, 66/8} and S := B(u,,d), according to Lemma 2.3 in [50], there exists a
deformation n € C([0, 1] X E, E) satisfy

AIMS Mathematics Volume 5, Issue 5, 4494-4511.
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(@) n(1,v) =vifv e J, ' ([c, — 2&, ¢, + 2] N S25);
®) n(1, 1" N Sg) c ", where JS = {u € E : J,(u) < c;
(¢) J,(n(1,v)) < J,(v) forallv e E.

From (b) and Lemma 2.2, it is easy to see that

max J,(n(1, g(s,1))) < c,. (3.2)

(s,H)eD

Next, we prove that n(1, g(D)) N M, # @, which contradicts the definition of c,.
Let (s, 1) :=n(1, g(s,1)) and

\PO(S? t) = (<(J,u),(g(s7 t)), M;>, <(J/1)’(g(s7 t))’ M;))
= () (suy + tw,), suy), () (suy; + tw,), tu,))

= (o)(s, 1), (s, 1))

and
¥, (s,0) 1= () (h(s, D), (h(s, D)), () (h(s, 1), (h(s, )7)).
Let
M| wﬁ(s,t)l
M = as (L1 9s 11,1

@b (s.0) w2(s,0)
==l 5=l

From condition (f3), for ¢ # 0, we have
f'®OF - 2p-1Df@)e > 0.

Therefore, by direct calculation, we can conclude that det M > 0.

Since Wy(s, f) is a C! function and (1, 1) is the unique isolated zero point of Py, by using the degree
theory, we deduce that deg(*Yy, D, 0) = 1.

So, combining (3.1) with (a), we obtain g(s,t) = h(s,t) on dD. Consequently, we obtain
deg(\¥, D,0) = 1. Therefore, ¥ (so, o) = 0 for some (s¢, tp) € D. By similar discussion as in [45], we
can prove that A(s,?)* # 0. So, we obtain that (1, g(so, %)) = h(so, ) € M,, which is contradicted
to (3.2). O

Proof. (Proof of Theorem 1.2) Similar as the proof of Lemma 2.5, there exists u} > 0 such that for all
u > uy, there exists v, € N, such that J,(v,) = ¢* > 0. By standard arguments, the critical points of the
functional J, on N, are critical points of J, in E and we obtain J;(v,) = 0. That is, v, is a least energy
solution of system (1.1). According to Theorem 1.1, we know that the system (1.1) has a least energy
nodal solution u,,. Let u** = max{u*, u7}. As the proof of Lemma 2.2, there exist s,+,#,- € (0, 1) such
that s,~u* € N, t,-u” € N,,. Therefore, in view of Lemma 2.2 again, we infer that

2" < Ju(spru®) + Jy(t-u™) < Ju(speut + tou) < J(ut +u) = ¢y O
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4. Conclusions

In this paper, by the minimization argument on the nodal Nehari manifold and the quantitative
deformation lemma, we discussed the existence of least energy nodal solution for a class of Kirchhoff-
type system with Hartree-type nonlinearity and critical growth. Our results improve and generalize
some interesting results which were obtained in subcritical case.
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