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1. Introduction and preliminaries

The Sheffer sequences s,(x), n € Ny are determined by the generating relation [1]:

i n

Aw) exp(xT (w)) = Z sn(x)%, x,weR, (1.1

n=0

where A(w), J (w) are power series such that

s k
AW =) Bior. o0, (12)
k=0 ’
Jw)=) bgr b0, (1.3)
=1 ’

The Sheffer polynomials are extensively studied with full illustration due to their importance in
the field of applied sciences and mathematical physics. Recent research shows stimulated attention
on those sequences and their various presentations [2]. In [3], the close relationship between these
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polynomial sequences and Riordan arrays was established by demonstrating the isomorphism between
the Riordan and Sheffer group. Based on these results, the determinant approach has been presented
in [4].

Recently, several mixed special polynomial families connected to the Sheffer sequences are
investigated systematically [5-9]. In [10], Roman studied the technique of combining two sequences
applying Umbral composition which is a systematic method of forming mixed special sequences. In
this work, the composition of Boas-Buck and Shefter polynomials is taken into account to introduce a
vibrant and novel family of special polynomials, called the Boas-Buck-Sheffer family.

In 1956, Boas and Buck [11] studied a large class of generating functions of polynomial sets, called
the Boas-Buck polynomials determined through the following generating relation:

(e8] Wn
AWWGHW) = > a0~ (1.4)
oy n!
where A(w), ¥(w), H(w) are power series such that
Alw) = ar—, ap *0; (1.5
k!
k=0
Y(w) = ;%E, Yi#0, V1, (1.6)
with ¥(w) not a polynomial and
(o] Wm
H(w) = ; b I #0. (1.7)

These sets involve general classes of polynomials, like Brenke polynomials Y,,(x) [12] (for H(w) =
w), Sheffer polynomials s,(x) [13] (for y(w) = exp(w)), Appell polynomials A,(x) [14] (for H(w) =
w, ¥(w) = exp(w)) and those determined sets like certain constant multiples of the Laguerre, Hermite
and Jacobi polynomials.

The idea of monomiality appeared in 1941 when Steffenson [15] developed the concept of poweroid
and later on this method was re-modified by Dattoli [16]. According to the hypothesis of monomiality,
the ®* and @~ operators occur and perform as the multiplicative and derivative operators for {r,(x)},en
polynomial set:

O {r,(x)} = ruri (%), (1.8)
O {ry(0)} = n ry_1(x). (1.9)

The operators ®* and @~ exhibit the commutation expression
(@7, 0] =1 (1.10)

and therefore represents the structure of Weyl group.
If the underlying set {r,(x)},cx is quasi-monomial and its properties can be achieved from ®* and
®~, operators. Thus, following properties holds:

DD {r,(x)} = n r,(x). (1.11)
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Throughout this paper, we assume that ry(x) = 1, then r,(x) is given by
ra(x) = @*"{1} (1.12)
and thus the generating expression of r,(x) can be determined in the following way

G(x, T (W) = exp(J (W)P"){1} = Z 7u(X) S (1.13)

|
“=0 n.

[Se]

The Boas-Buck polynomial set defined in Eq 1.4 is quasi-monomial with the operations of the
following multiplicative and derivative expressions [17]:

. AH()

= +xD . H (H'(¢))¢™, (1.14)
P AH(9))
. = H'(s), (1.15)
where ¢ € AV is given by
c(1)=0 and ¢(@) = L=ty p=1,2,... (1.16)

n

and AY, j € Z represents the space of operators operating on analytic functions which increase the
degree of each polynomial exactly by j for j > 0 or j < 0, respectively.
The following linear positive operators was developed by Szasz [18]:

Su(giu) =™y ("Zf) g( ) (1.17)
k=0 '

m
where u > 0 and g € C[0, o), whenever the preceding sum converges.

Later, various extensions of the Szasz operators are obtained such as Appell, Sheffer, Brenke, Boas-
Buck, and mixed special polynomials, see, for example, [19-21].

In this paper, the Boas-Buck-Sheffer family is proposed and studied through different aspects. In

Section 2, an important property quasi-monomiality of this family is established. The extension of
Szasz operators is established and their approximation properties are studied in Section 3.

2. The Boas-Buck-Sheffer polynomials
The Boas-Buck-Sheffer polynomials are proposed here by the means of generating expression.
Further, quasi-monomial and approximation properties of these polynomials are demonstrated.

First, the generating expression for the Boas-Buck-Sheffer polynomials is demonstrated by the
following result:

Theorem 1. For the Boas-Buck-Sheffer polynomials, the following generating expression:
(o] Wn
AWAT W (xH(T w))) = Z »S n(X)F- (2.1)
n=0 ’

holds true.
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Proof. Changing w in Eq 1.1 by @, that is the multiplicative operator of the polynomials p,(x), we
have

[

Aw) exp (©pT(w)) = an (2.2)

n=0
which by virtue of Eq 1.13, becomes

Aw )an(x)(j () i (2.3)

n=0

Using Eq 1.4 with w replaced by J(w) in the 1.h.s of expression (2.3) and representing s, (d);;) in
the right hand side by the Boas-Buck-Sheffer polynomials ,s,(x), that is

’ ((D;) s (A/(H_l(g‘))

’ -1 -1 _
AT D H 6D )—,,sn<x), 2.4)

assertion (2.1) follows. O

Next, we derive the quasi-monomial properties of the Boas-Buck-Sheffer polynomials ,s,,(x).
The following result is established to frame the ,s,(x) in the context of monomiality hypothesis:

Theorem 2. The following multiplicative and derivative operators for the Boas-Buck-Sheffer
polynomials ,s,(x), hold true:

A'(H\(9))

’ -1 H—l
TR ARG

' = xH'(H'(¢) (I ' (H ' (6)Dxs™"

AT H ()

T AT H ) 2
s = T H (). 2.6)
Proof. Notice that Eq 1.16 is equivalent to the relation [17].
GUC) = Wi (aow), @.7)
so that, we can write
T H NAWAT W HT ) = wAWAT I (HT w). (2.8)

Differentiating (2.1) with respect to (w.r.t) w partially, we obtain the following expression.

(o)

(T w) L AT ) A W)\ W i
( HT w ))J( w)Dy T AT ))J( w) + ﬂ(w));psn(x)m—;psﬁl(x)ﬁ. (2.9)

Using Eq 2.8 and equating the like powers of w on both sides of Eq 2.9, the following expression is
obtained:
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A'(H'(9))

’ -1 H—l
e ARG

(xH’(H ) IT(IT ' H T ($))Dis +

ﬂ'([f’l(H‘l(c))))
+ Sp(x) = ,8,41(%). (2.10)
AT H ) ) ro
In view of Eq 1.8, we get assertion (2.5).
Again, from expression (2.8), we have
. . i W s Wn+l
TNHG) ) s = D psu)—.
n=0 n=0
Simplifying and then equating the coefficients of like powers of ¢, we have assertion (2.6). O

Theorem 3. For the Boas-Buck-Sheffer polynomials ,s,(x), the following differential equation holds
true:

xH'(H™'(6) I (I (H(£))Ds™ T (H'(6)

AT H(s))
AT '(H )

A'(H \(9))

(T (g 1 g1
A(H_l(g‘))j (T H NI (H () +

T HT(©) = n|psa(x) = 0. (2.11)

Proof. Inserting expressions (2.5) and (2.6) in the monomiality expression (1.11), assertion (2.11)
follows. O

Remark 2.1. For H(w) = w, the Boas-Buck polynomials p,(x) reduce to Brenke polynomials
Y,(x) [12], thus in consideration of H(w) = w, the Boas-Buck-Sheffer polynomials ,s,(x) reduce to
the Brenke-Sheffer polynomials ys,(x). Accordingly, taking H(w) = win Egs 2.1, 2.5, 2.6 and 2.11,
the following consequences of results 2.1, 2.2 and 2.3 are derived:

Corollary 2.1. The following generating expression for the Brenke-Sheffer polynomials holds true:

& n

AWAI W)Y (xJ (w)) = Z st(X)%- (2.12)

n=0

Corollary 2.2. The Brenke-Sheffer polynomials ys,(x) are quasi-monomial w.r.t the following ®3,_and
@, operators:

A/
@, = xJ(T D+ ((;)J’(J‘l(g))
AT ()
_ 2.13
AT () 13)
Dys =T (9). (2.14)
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Corollary 2.3. The Brenke-Sheffer polynomials ys,(x) satisfy the following differential equation:

A/
2T (T @)D T () + %J’U—l@)ﬁ@
AT oy B
+—&1((j_1(§)) J () n) yS(x) = 0. (2.15)

Remark 2.2. In consideration of y(w) = exp(w), the Boas-Buck polynomials p,(x) reduce to the
Sheffer polynomials s,(x) [13]. Accordingly, taking y(w) = exp(w) (for this case ¢ = D,) in Egs 2.1,
2.5, 2.6 and 2.11, the analogous results for the two-iterated Sheffer polynomials s'2(x) established
in [22] are obtained.

Remark 2.3. In consideration of J (w) = w, the polynomials s,(x) reduce to A,(x) [14]. Accordingly,
taking J (w) = w (for this case ¢ = D,) in Egs 2.1, 2.5, 2.6 and 2.11, the analogous results for the
Boas-Buck-Appell polynomials ,A,(x) can be obtained easily.

3. Generalization of the Szasz operators involving the Boas-Buck-Sheffer polynomials and
approximation properties of S, operators

The Boas-Buck-Sheffer polynomials determined by the generating expression (2.1) holding the
conditions given by expressions (1.1)—(1.2) and (1.5)—(1.7). Thus restricting to the ,s,(x), satisfying
the assumptions:

AN #£0,AF1) #0,T(1) = 1LH I ) =1, ,5.(x) 20,k =0,1,2, ...

(iD) ¥ : R — (0, 00),

(iii) (2.1) and (1.1) — (1.7) converges for |t| < R (R > 1). (3.1
With the above assumptions, we give a new formulation of positive linear operators with ,s,(x) as:

1 - k
S0 = A AT W aHT (D) ;”s”(”x)g(ﬁ)’ G2

where x > QO and n € N.

Remark 3.1. For J(w) = w, the operator given by (3.2) gives the operators of the Boas-Buck-Appell
polynomials.

Remark 3.2. For A(w) = 1 and J (w) = w, the operator given by (3.2) (resp. (2.1)) meets the operators
of the Boas-Buck polynomials [21].

Remark 3.3. For A(w) = 1, 9(w) = w and H(w) = w the operator given by (3.2) (resp. (2.1)) meets
the operators of the Brenke-type polynomials [12].

Remark 3.4. For A(w) = 1, I (w) = w and y(w) = e, the operator given by (3.2) (resp. (2.1)) meets
the operators of the Sheffer polynomials [20].
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Remark 3.5. For Aw) = 1, Jw) = w, Hw) = w and Yy(w) = ¢€" the operator given
by (3.2) (resp. (2.1)) meets the operators of the Appell polynomials [19].

Remark 3.6. For A(w) = 1, A(w) = 1, Jw) = w, Hw) = w and y(w) = € the operator given
by (3.2) (resp. (2.1)) meets the Szasz operators [18].

Next, we give the approximation results by means of S, positive linear operators using Krovokin’s
theorem.

Lemma 4. For the operators S, (f; x) and x € [0, o), we have
S,(1;x) =1 (3.3)

v(mHI WD) 1 (mn A'(J(l)))

Su(s;x) = 3.4
U= )\ AD T AD) G
v (nxH(JT (1)) AW ATWD)
S,(s*:x) = 2(2 2 1 (1) + H” 1)
(550 uetiry) UAD T TAGD) rIHFEIM)
W (nxH(T (1))
X
ny(nxH(J (1))
LAy @) Ag),. A1) AT (1)) A"(J(l)))
— 1 1 2 . (35
nz(ﬂm Y am a2 Ay T awgay ) Y

proof. From the generating function of the Boas-Buck-Sheffer polynomials given by (2.1), we have
D Anx) = AWAT )y (nxH(T (). (3.6)
k=0

Differentiating above equation w.r.t. w successively on both sides and then putting w = 1 and using
J’'(1)=1and H'(J (1)) we have

D psunx) = AMDATOW(nxH(T (D)) (3.7)

k=0
D kpsinx) = (A (DAI (1) + ADA' (T D))(nxH(T (1))
k=0
+ AMAI W (nxH(T (1)) )nx, (3.8)
R psinx) = (2A (AT (1) + A (AT (1) + ADA" (I (1)
k=0

+A(DAI (1) + ADA (TN ") + H'(T 1)) ¢(nxH(T (1))
+ (AMAGT W) +(T"(D) + H'(F (1)) + 27 (DA + 27 (DA (1) + AMDA (T (1))
x Y/ (nxH(J (1)) )nx + ADAT (D) (nxH(T (1)) )(nx)’. (3.9)
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In view of the equalities (3.7)—(3.9), assertions (3.3)—(3.5) are obtained.
Next, we define the class of & as follows:

E:=41g:x€[0,00), 8 is convergent as x — oo . (3.10)
1+ x?
Theorem S. Let g € C[0, o0) N & and suppose
4 G/l
im Z0 im 20 _q. G.11)
5 G) e G()
Then,

lim S,(g; x) = g(x) (3.12)

on each compact subset of [0, o), uniformly.

Proof. In view of Lemma 3.1 and and assumption given by expression (3.10), we find
lim S,(s;x) = x, i=0,1,2. (3.13)

The above-mentioned convergences are satisfied uniformly in each compact subset of [0, o). The
use of universal Krovokin-type property (vi) of Theorem 4.1.4 from [23], desired result is established.
In order to estimate the rate of convergence, we will give some definitions and lemmas.

Definition 3.1. Let g € ¢ [0, 0) and 6 > 0. Then w(g; 9), that is, modulus of continuity of the function g
is determined by

w(g;0) := sup |[g(u)— gl (3.14)
u,ve[0,00)
[u—v]|

where C[0, o) is the space of uniformly continuous functions on [0, o).

Lemma 6. For x € [0, o), the following identities:

(nxH(T(1 , ’
S.(s — x;x) = (*ﬁ (nx L ))) - 1)x+ 1(?I O, + A (j(l))) (3.15)
Y(nxH(T (1)) n\ A1) A D)
L W(nxH(I () = 20 (nxHT (1) + y(nxHIT (1)
S, ((s —x)";x) := X
Y(nxH(T (1))
. (2 4 2T 2y (nxH(T (1)) - w(nxHT (1)) + (1 +T7(1) + H'(J (1) )(nxH(T (1)) }
ny(nxH(J (1))
LA AW AT, A1) AT (1) A"(J(l)))
— 1 1 2 3.16
e ( A A T agay T O 2w wgm) tagay ) G0

are satisfied.

AIMS Mathematics Volume 5, Issue 5, 44324443,



4440

Proof. In view of linearity property of S, operators:
S, ((s — 0)% %) = S,(5%; %) — 2x8,, (53 x) + x2S,.(1; x) (3.17)

and applying Lemma 3.1, equalities (3.15) and (3.16) are obtained.

Theorem 7. Let g € C[0, c0) N E, S, operators satisfy the following inequality:

1S,(g: x) — g(x)] < 2w(g: Vi (x)), (3.13)
where,
= (%) = Sp((s — )% x). (3.19)

Proof. Using Lemma 3.1 and the modulus of continuity property, we get

lﬂ(l)A(J(l))w(anﬂl)) Z ”S"(’”)g( ) 8

-

1 1 k
< Wz ) (1 T AMAT D)W nxHI (1) 6 kz;‘ PSR

The use of Cauchy-Schwarz inequality, and taking into account the Lemma 3.2, we have

2 };
Y (nxH(J (1)) = 20/ (nxH(T (1)) + y(nxH(T (1))
Y(nxH(T (1))

1Sn(g; x) — ()| =

1 (e}
S ADAT OWHT (1) ,Z P8

- X

) . (3.20)

(S

> s

S
k=0

(o)

\/ﬂ(l)A(J(l))l//(anJ(l)){ Z pSk(nx)

k=0

k
- =X
n

X2

. (29 4 2D 0y (nxH(T (1)) - w(nxHT (1)) + (1 +T7(1) + H'(J (1) )(nxH(T (1))
ny(nxH(J (1))

X

l(ﬂ”(l) LA +A’(J(1))(1 +j,,(1))+2ﬂ’(1)A’(5(1)) +A"(5(1))
AN AL AG (D) A AgD)  AG D)

Using Eq 3.21, Eq 3.20 becomes

). (3.21)

1
1S,(g; x) — g(0)| < { I+ 5 \/un(X)} w(g;9). (3.22)

On choosing 6 = /u,(x), we get the required result.
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Definition 3.2. Let g € Cp|a, b], then the second modulus of continuity g is
wa(g;0) := sup |lg(. +28) — 2g(. + 1) + g()lle,, (3.23)
0<t<6

where Cp[0, 00) is the class of real valued functions on [0, co), bounded and uniformly continuous with
the norm

lglic, = sup [g(x)l. (3.24)

x€[0,00)

Lemma 8. (Gavrea and Rasa [24]). Let g € C*[0,a] and (K,),s0 be a sequence of linear positive
operators with the property K,(1; x) = 1. Then,

1
IKa(g: %) — g0 < I8l VKul(s — %)% %) + E”g,l”Kn((s - %)% X). (3.25)

Lemma 9. (Zhuk [25]). Let f € Cla,b] and h € (0, %2). Let g, be the second-order Steklov function
to the function g. Then, the subsequent inequalities hold true

. 3
@) llgn — gll < sz(g; h), (3.26)
.. 77 3
@) lllg, | < ﬁwz(& h). (3.27)
Theorem 10. For g € C[0, al, the following estimate
2 3
1Sa(g; x) — g(0)] < Bllglll2 + Z(ﬂ +2+ Pywa(g: ) (3.28)
holds, where
1= 1,(x) = VSu((s — x; x); x). (3.29)
Proof. Let g; be the second-order Steklov function linked to g. Considering the identity Z,(1; x) = 1,

we have
1S,(8; %) = ()| < [S,u(8 — 813 )| + Su(g13 %) — ()] + (815 X) — (X,
< 2llgr — gll + [Su(gs; X) — gi(0)]. (3.30)
Taking into the fact that g; € C?[0, 8], it follows from Lemma 3.5

’ 1 7
Sa(gr; %) — (0] < gl VS ul(s — )% x) + 8IS n(Cs = )% %). (3.3D
On combining the Landau inequality with Lemma 3.6, we have
124 2 ﬁ 7"
g/l < [—))Ilgzll +5lerl
2 36
< -llgll+— ;1. 3.32
_,BHgH 228D (3.32)
Using the last inequality and taking [ = /S, ((s — x)?); x, we have
2 3 3
1Sn(813 %) — g1(0)] < Bllglll2 + jBWz(g; D+ ZZZWz(g; D. (3.33)

Substituting (3.33) in (3.30), hence Lemma (3.6) confers the proof of the theorem.
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Remark 3.7. In Theorem 3.7, for the special case y(w) = e", H( T (w)) =w, Aw) =1, A(J(w)) =1
and x = 0, one can get | = 0 from the equality | := 1,(x) = /S ,((s — x)%; x). The inequality obtained in
Theorem 3.7, still holds true when | = Q.

4. Conclusions

Several mixed special polynomial families related to the Sheffer sequences are available in the
literature. In this line, we established a mixed family of polynomials called the Boas-Buck-Sheffer
family and studied their properties. Also, we studied the extension of the Szasz operators involving the
Boas-Buck-Sheffer polynomials and gave their approximation properties.

Acknowledgment

The author K.S. Nisar expresses his thanks to the Deanship of Scientific Research (DSR), Prince
Sattam bin Abdulaziz University, Saudi Arabia for providing facilities and support.

Conflict of interest

We declare that we have no conflict of interests.

References

1. L Sheffer, Some properties of polynomial sets of type zero, Duke Math. J., 5 (1939), 590-622.

2. A. Di Bucchianico, D. Loeb, A selected survey of umbral calculus, Electron. J. Combin, 2 (1995)
28.

3. T.X.He, L. C.Hsu,P.J.S. Shiue, The Sheffer group and the Riordan group, Discrete Appl. Math.,
155 (2007), 1895-19009.

4. W. Wang, A determinantal approach to Sheffer sequences, Linear Algebra Appl., 463 (2014), 228—
254.

5. S. Khan, M. W. Al-Saad, G. Yasmin, Some properties of Hermite-based Sheffer polynomials, Appl.
Math. Comput., 217 (2010), 2169-2183.

6. S. Khan, N. Raza, Monomiality principle, operational methods and family of Laguerre-Sheffer
polynomials, J. Math. Anal. Appl., 387 (2012), 90-102.

7. S.Khan, N. Raza, Families of Legendre-Sheffer polynomials, J. Math. Comput. Modell., 55 (2012),
969-982.

8. S. Khan, M. Riyasat, Determinantal approach to certain mixed special polynomials related to
Gould—Hopper polynomials, Appl. Math. Comput., 251 (2015), 599-614.

9. S. Khan, G. Yasmin, N. Ahmad, On a new family related to truncated exponential and Sheffer
polynomials, J. Math. Anal. Appl., 418 (2014), 921-937.

10. S. Roman, The umbral calculus, Academic Press, New York, 1984.

AIMS Mathematics Volume 5, Issue 5, 44324443,



4443

11. R. P. Boas, R. C. Buck, Polynomials defined by generating relations, Am. Math. Mon., 63 (1956),
626-632.
12. W. C. Brenke, On generating functions of polynomial systems, Am. Math. Mon., 52 (1945), 297-
301.
13. E. D. Rainville , Special functions, Springer Tracts in Modern Physics, New York, 1971.
14. P. Appell, Sur une classe de polyndmes, Annales Scientifiques de I’Ecole Normale Supérieure,
1880.
15. ]. Steffensen, The poweroid, an extension of the mathematical notion of power, Acta Math., 73
(1941), 333-366.
16. G. Dattoli, Hermite-Bessel and Laguerre-Bessel functions: A by-product of the monomiality
principle, Adv. Spec. Funct. Appl., (1999), 147-164.
17. Y. B. Cheikh, Some results on quasi-monomiality, Appl. Math. Comput., 141 (2003), 63-76.
18. O. Szasz, Generalization of S. Bernstein’s polynomials to the infinite interval, J. Res. Nat. Bur.
Standards., 45 (1950), 239-245.
19. A. Jakimovski, D. Leviatan, Generalized Szdsz operators for the approximation in the infinite
interval, Mathematica (Cluj), 34 (1969), 97-103.
20. M. Ismail, On a generalization of Szdsz operators, Mathematica (Cluj), 39 (1974), 259-267.
21.S. Sucu, G. I¢oz, S. Varma, On some extensions of Szdsz operators including Boas-Buck-type
polynomials, Abstr. Appl. Anal., 2012 (2012), 1-15.
22. S. Khan, M. Riyasat, 2-iterated Sheffer polynomials, arXiv: Classical Anal. ODEs, 2015.
23. P. Korovkin, On convergence of linear positive operators in the space of continuous functions,
Dokl Akad Nauk SSSR, 90 (1996), 961-964.
24. 1. Gavrea, 1. Rasa, Remarks on some quantitative Korovkin-type results, Rev. Anal. Numér. Théor.
Approx., 28 (1993) 173-176.
25. V. Zhuk, Functions of the Lipl class and SN Bernstein’s polynomials, Vestnik Leningrad Univ.
Mat. Mekh. Astronom., 1 (1989), 25-30.
] ©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
% AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 5, 44324443,


http://creativecommons.org/licenses/by/4.0

	Introduction and preliminaries
	The Boas-Buck-Sheffer polynomials
	Generalization of the Szasz operators involving the Boas-Buck-Sheffer polynomials and approximation properties of Sn operators
	Conclusions



