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1. Introduction and preliminaries

We begin with the following definitions of notations:

N ={1,2,3,---} and Ny := NU{0}.
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Also, as usual, R denotes the set of real numbers and C denotes the set of complex numbers.

The two variable Laguerre polynomials L,(u«, v) [1] are defined by the Taylor expansion about 7 = 0
(also popularly known as generating function) as follows:

o) Tp
D Ly, v)— = € Co(ur),
p=0 p:

where is the O-th order Tricomi function [19] given by

> (=D
Co) = ) =
pm0 P
and has the series representation

p _
pl(=1)*v"~*u®
L,(u,v) = _—
’ L4 (p— 9)l(s1?

The classical Euler polynomials E,(u), Genocchi polynomials G, () and the Bernoulli polynomials
B, (u) are usually defined by the generating functions (see, for details and further work, [1,2,4-7,9,11,
12,20]):

= 77 2
D Ew— = ———e" (il <m),
p!

-
= e+ 1

P 2T
> Gyl = e (It < m)

e+ 1

and

T‘D T ut
ZB,,(M);! = ——¢" (< 2n).

The Daehee polynomials, recently originally defined by Kim et al. [9], are defined as follows

S Dy = = D oy (1.1)
p! T

p=0

where, for u = 0, D,(0) = D, stands for Dachee numbers given by
P log(1
Z D, r_ M_ (1.2)

p=; p! T

Due to Kim et al.’s idea [9], Jang et al. [3] gave the partially degenarate Genocchi polynomials as
follows: 1
2log(l + )1 . - TP
==y Gpa@) (13)
p=0
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which, for the case u = 0, yields the partially degenerate Genocchi numbers G,,; := G, ,(0).
Pathan et al. [17] considered the generalization of Hermite-Bernoulli polynomials of two variables
HBE,")(u, v) as follows

(eTT_ 1)" ut+vr? iHB(a)(u v)— (1.4)
p=0
[

On taking @ = 1 in (1.4) yields a well known result of [2, p. 386 (1.6)] given by

o0 P
(=) EDWZACEER (1.5)
p=0 :

The two variable Laguerre-Euler polynomials (see [7,8]) are defined as

(o8]

ZE(u v)T—p— 2 e (ut) (1.6)
EERRE pl e +1 o '

p=0

The alternating sum 7(p), where k € Ny, (see [14]) is given as
p
T(p) = ) (-1}
=0

and possess the generating function

0 r

1_ _,T\(p+D)
Zn@%=—iilf (1.7)

-
s e+ 1

The idea of degenerate numbers and polynomials found existence with the study related to Bernoulli
and Euler numbers and polynomials. Lately, many researchers have begun to study the degenerate
versions of the classical and special polynomials (see [3,10-16,18], for a systematic work). Influenced
by their works, we introduce partially degenerate Laguerre-Genocchi polynomials and also a new
generalization of partially degenerate Laguerre-Genocchi polynomials and then give some of their
applications. We also derive some implicit summation formula and general symmetry identities.

2. Partially degenerate Laguerre-Genocchi polynomials

Let 4,7 € C with |[td] < 1 and 74 # —1. We introduce and investigate the partially degenerate
Laguerre-Genocchi polynomials as follows:

(o8]

Z 7 2log(l + A7)7

LGpJ(u,v)I? = 1 e Co(ur). (2.1)

p=0
In particular, when A — 0, .G, 1(u,v) — G ,(u,v) and they have the closed form given as

p

1Gpawv) = Y (’; )Gq,)Lp_q(u, V).

q=0

Clearly, u = 0 in (2.1) gives ;G (0,0) := G, that stands for the partially degenerate Genocchi
polynomials [3].
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Theorem 1. For p € N, the undermentioned relation holds:

p

1Gpaltv) = Y (qi l)q!(—ﬂ)qLGp_q_mu, ).

q=0
Proof. With the help of (2.1), one can write

(2.2)

(o8]

™ 2log(l + A7)1
;LG[?,/I(M’V)E BT

S (-1 N o

=T G,(u,v)—
(£ g
P\(=D 7!
—Z{Z( )q+1“G”(”’V)} o

where, ;G,_,(u,v) are the Laguerre-Genocchi polynomials (see [8]). Finally, the assertion easily
follows by equating the coefficients T—‘:

e""Co(ur)

O
Theorem 2. For p € N, the undermentioned relation holds:
o (P
LGpria(u,v) = Z (q)/lq(p + DG pgi1(u, v)Dy. (2.3)
q=0

Proof. We first consider

C12log(1 + A0} Qo | L
Il—;Te CO(MT)_ ;Dq q' ZLGP(M’V)E

p=0

=0
o] p [7
Z( )(ﬂ) DGyt V) -

p=l \ ¢=

Next we have,

3 12log(1 + A7)i o 1 < T’

2—;T Cou )—_ZLGM(” V)—
p=0

Z.O:L p+1.(u, V)Tp

= p+1 p!

Since I; = I,, we conclude the assertion (2.3) of Theorem 2

O
Theorem 3. For p € Ny, the undermentioned relation holds:
p_l p _ 1
Gty =p Y ( , )u)qLE,,_q_l(u, VD, (2.4)
q=0
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Proof. With the help of (2.1), one can write

()

TP Tlog(1l + A1) 2
;LG,,,M, ) ={ = }{e ¢ CO(MT)}
> A1) > p
{3 p, D {Z LE(u, v)T—'}
q=0 a- p=0 p:
s p p+1
Z {Z (Z)(/l)qu LEp-q(u, V)} Tp! .

p=0 | ¢=0

Finally, the assertion (2.4) straightforwardly follows by equating the coefficients of same powers of T
above. O

Theorem 4. For p € N, the following relation holds:
o (P
LG,y +1) = Z( ) LG g (11, V). 2.5)
q=0 q
Proof. Using (2.1), we find

N 7 2log(l + A1)i
Z {LGp,/l(”a v+1)—1G,au, v)} — = M

= p! e"+ 1
2log(1 + A7)
xe"™ VT Co(ut) - MBVTCO(MT)
e"+1
= ™ o 14 = 7
=) G )= > = = > G,
p=0 P d % p:
= Z Z ( ) LGp-ga(u,v) = 1Gpa(u, v) p —.
=0 | =0 1 p:
Hence, the assertion (2.5) straightforwardly follows by equating the coefficients of 77 above. O

Theorem 5. For p € N, the undermentioned relation holds:

p q
P\|4 -
1Gpalwv) = > % (q)( Z)G,,_qu_l A7 Ly, v). (2.6)
4=0 =0
Proof. Since
> ™ 2log(l+A0)1
Z LGpau, V)—' Zg—e Co(ur)
— p! e"+1
p=0
| 27 2log(l1 + A1) | .
_{eT+1}{ At }e Cotur)
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Il SO F o T 7t
= G _— D L s (0
EETe

we have
Z LGp,/l(M, V); = Z Z Z (q)(l)Gp qu 1/1 Ll(l/l V) }7
p=0 p=0 | ¢g=0 [=0
We thus complete the proof of Theorem 5. O

Theorem 6. (Multiplication formula). For p € N, the undermentioned relation holds:

/-1
e v+a
LGpa(u,v) = f7 ; 1Gp 4 (M, 7 ) (2.7)
Proof. With the help of (2.1), we obtain
> ™ 2log(l + 1)1
Z LG;,,{(M V)— —geTTe C()(MT)
p=0
2 log(l + /lT) (a+v)T
— T Coum) Z
oo f-1
B ] v+a\|
_Z{fp > o )}17
p= a=
Thus, the result in (2.7) straightforwardly follows by comparing the coefficients of 77 above. m|

3. Generalized partially degenerate Laguerre-Genocchi polynomials

Consider a Dirichlet character y and let d (d € N) be the conductor connected with it such that
d = 1( mod 2) (see [22]). Now we present a generalization of partially degenerate Laguerre-Genocchi
polynomials attached to y as follows:

[ee)

Z LGp)( /l(u V)

p=0

f-1
™ 2log(l + A7) B (v+ayr
= ;(—1) (@)e O Co(ur). 3.1)

Here, G,, 1 = 1G,,.1(0,0) are in fact, the generalized partially degenerate Genocchi numbers attached
to the Drichlet character y. We also notice that

lim  1Gppa(u,v) = Gp, (),
1-0
v=_0
is the familiar looking generalized Genocchi polynomial (see [20]).

AIMS Mathematics Volume 5, Issue 5, 4399-4411.



4405

Theorem 7. For p € Ny, the following relation holds:
P

LGt v) = Y (Z )w)q LG ey (1, V). (3.2)

q=0
Proof. In view of (3.1), we can write

[

Z LGp)( /l(u V)

p=0

TP 210g(1 +/l7')
T

lOg(l + A7) 27 & a v+a)T
= { 1t }{ef-r +1 ;(_1) X(a)e( ) CO(MT)}
00 2 o "
= D _ y G ’ LN
{qz(; qqu }{;L Pt V)p!}

Finally, the assertion (3.2) of Theorem 7 can be achieved by equating the coeflicients of same powers
of 7. O

Z( D (@) Co(ur)

Theorem 8. The undermentioned formula holds true:

LG al,v) = 7 ‘Z( DY@ G, (u “;V) (33)

Proof. We first evaluate

(9]

TP 21 1+4
D Gty = E D 2l Z( D@t Cyfur)

Py e+l
f-1
1 2log(l + A aty
:_Z - (a )M (s VT Cour)
=y T+1
= < a+v
= ! (I)X(a)Ga(u ) .
Now, the Theorem 8 can easily be concluded by equating the coefficients ;_[; above. O

Using the result in (3.1) and with a similar approach used just as in above theorems, we provide
some more theorems given below. The proofs are being omitted.
Theorem 9. The undermentioned formula holds true:

)4
LGp,X,/l (I/t, V) =
q:

Gp—q,)(,/l(v) (_u)q p'
4 @) (p-9!

(3.4)

Theorem 10. The undermentioned formula holds true:

pil !
Gpg-iya W) (—u) p!
Gpyaut,v) = s : (3:2)
LYpy,a ; (p_q—l)‘(q)'(l')Z
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4. Implicit summation formulae

Theorem 11. The undermentioned formula holds true:

Lh

I\(h
tGrna(u,v) = Z (p)(n)(u =" LG ranen—p (U, V). 4.1)

p.n=0

Proof. On changing 7 by 7 + u and rewriting (2.1), we evaluate

21og(l + A(T + )1

i I, h
—V(T+p) TH _
e lhE_O LGrena, V) 3r = o 1 Co(u(t + ),

which, upon replacing v by u and solving further, gives

lh b 1, h

-
VT Z LGrina(u, V) l'h' = Z LGrina(u,v) l"Z'
1h=0 1h=0
and also
> (U - +u)f < AR "
> 2, G V) = MZ_OLGWW M (4.2)
Now applying the formula [21, p.52(2)]
(u+ v)P - u? V1
Z f(P) =) f+ q)——
p.q=0
in conjunction with (4.2), it becomes
UV T o I wWoN T 43
ZO ol I;L 12 (U, V)7 e ;)L 1+ha (s V)7 Tk (4.3)
pn= :

Further, upon replacing [ by [ — p, h by h — n, and using the result in [21, p.100 (1)], in the left of (4.3),
we obtain

o (l/l _ V)p+n Tl/.lh s Tl,uh
—————1Grn—pna(u,v) = ) 1Grpa(u,v)5—
p;();) (I-p)lth—n)! th;) I'h!

Finally, the required result can be concluded by equating the coefficients of the identical powers of 7/
and 4" above. o

Corollary 4.1. For h =0 in (4.1), we get

5 (1
LGl,/l(ua V) = Z (p)(u - V)p LGl—p,/l(u’ V).
p=0
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Some identities of Genocchi polynomials for special values of the parameters u and v in Theorem
11 can also be obtained. Now, using the result in (2.1) and with a similar approach, we provide some
more theorems given below. The proofs are being omitted.

Theorem 12. The undermentioned formula holds good:

p

1Gpalt,v+p) = ) (’q’ )quGp_M(u, v)

q=0

Theorem 13. The undermentioned implicit holds true:

= ™ 2log(l +A0)% . o (P
Z LGpalu, V);! BT E— Co(ut) = Z q Gp-ga Lp(u,v)
p=0 q=0
and )
1Gpau, v) = Z (lq?)Gp-q,a(u, V) Lp(u, v).
q=0

Theorem 14. The undermentioned implicit summation formula holds:

& (p- 1\
1Gpa(t, v+ 1)+ 1Gpa(u,v) = 2p Z( . ) 1 Lo @),
q=0

Theorem 15. The undermentioned formula holds true:

)4
1Gpaw, v+ 1) = > 1 Gy galu,v).

q=0
5. Symmetry identities

Symmetry identities involving various polynomials have been discussed (e.g., [7,9-11, 17]). As
in above-cited work, here, in view of the generating functions (1.3) and (2.1), we obtain symmetry
identities for the partially degenerate Laguerre-Genocchi polynomials ;G,, ,(u, v).

Theorem 16. Let o, € Z and p € N, we have

p
Z (S)ﬁqa’p_qLGp—q,/l(u:B, VB)LG ga(ua, va)
q=0

P
= (p)aqﬁp_qLGp—q,/l(ua’ va) G, a(up, vp).
=0 \1
Proof. We first consider

{210g(1 + D)7} {2log(1 + )}
80 = D G Coluar)Coup).
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Now we can have two series expansion of g(7) in the following ways:
On one hand, we have

o P bl q
6@ = | 6w B || 16yt vy E2 (5.1)
p=0 p: q=0 q:
= Z( )chxp_" LG p—g 1(uB,vB) 1 G, i(ua, var) —-
p=0 \g=0 4 p:
and on the other, we can write
had 4 bl q
s = | 16,utua v D ] > Gt vp) 2 ) (52)
p=0 p: q=0 7

P

p
[Z (S)Qqﬁp_q LGp—q,/l(ua’ VCZ) LGq,/l(Mﬁ’ VB)] E

M

p=0 \¢=0

Finally, the result easily follows by equating the coefficients of 7” on the right-hand side of Eqgs (5.1)
and (5.2). O

Theorem 17. Let a, 8 € Z with p € Ny, Then,

V4 p a—1 ﬁ_l ﬁ
Z (q)ﬁqa”_q (=1)7**1.G g a(u, VB + ot P)Gga(za)
o=0

q=0 =0

» f-1 a-1
(M)t 3 3Gt + B 190G ),

q=0 o=0 p=0
Proof. Let
(3 IB
2log(1 + )1} i21log(l + )1
o= @+ 1) | F Ty e gy

Considering g(7) in two forms. Firstly,

o) {210g(1 + 1)1} 0B 4 1)

evr + 1 e+ 1

{210g(1 + A)ff}em (eam 4 1)

P C,(ur) (

X
AT+ 1 et + 1

9 a-1
_ {2 log(1 + 1) }eaﬁwCo(uT) [Z(_ l)o-eﬂnr]

aT
e + 1 g

ﬁ,

—_

{210g(1 + ﬂ)g}

aftz
e Co(u‘r)(

(—l)pe“”’) , (5.3)

p=0
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Secondly,

8(1)
o )4 a-1 -1 »

= Z Z (p) Blal (~=1)7*1Gp_y (ua/, VB + EO- + ,D) G u(az) T_|
=0 | =0 4 =0 p=0 @ !
o [.p a—1 B-1 )

p = o+ a T

= Z Z ( ) a?pr (=17 Gypa (u, va + =0 + p) G,1(z0) -~ (5.4)

p=0 | ¢=0 q o=0 p=0 ﬁ p:

Finally, the result straightforwardly follows by equating the coefficients of 77 in Eqs (5.3) and (5.4). O

We now give the following two Theorems. We omit their proofs since they follow the same
technique as in the Theorems 16 and 17.

Theorem 18. Let o, € Z and p € Ny, Then,

p p a-1 p-1 ﬁ o
Z (q)ﬁqa,[’_q (_ 1)0-+pLGp—q»/l (l/l, Vﬂ + 50') Gq,/l (ZQ’ + E’D)

q:O o=0 p:O
p B-1 a-1 o ﬂ
= Z (‘D)aqﬁp—q (=D 1Gp_y (u, v+ —0 + p) 1Gga (zﬁ + —p).
q=0 q o=0 p=0 ﬁ @

Theorem 19. Let o, € Z and p € Ny, Then,
P p q
> ( )BQaP-qLG,,_q,xuﬁ, ) Y
q=0 q o=0
p q
=y (” )ﬁf’-‘faqLGp_q,A(ua, va) ( )Tgw ~ DG yoalup).
4q o=0 o

q=0

(‘])T(r(a — )Gy a(ue)
g

BN

6. Concluding remark and observation

Motivated by importance and potential for applications in certain problems in number theory,
combinatorics, classical and numerical analysis and other fields of applied mathematics, various
special numbers and polynomials, and their variants and generalizations have been extensively
investigated (for example, see the references here and those cited therein). The results presented here,
being very general, can be specialized to yield a large number of identities involving known or new
simpler numbers and polynomials. For example, the case u = 0 of the results presented here give the
corresponding ones for the generalized partially degenerate Genocchi polynomials [3].
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