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Abstract:  This paper proposes novel single and double integral inequalities with arbitrary
approximation order by employing shifted Legendre polynomials and Cholesky decomposition, and
these inequalities could significantly reduce the conservativeness in stability analysis of linear systems
with interval time-varying delays. The coefficients of the proposed single and double integral inequalities
are determined by using the weighted least-squares method. Also former well-known integral inequities,
such as Jensen inequality, Wirtinger-based inequality, auxiliary function-based integral inequalities,
are all included in the proposed integral inequalities as special cases with lower-order approximation.
Stability criterions with less conservatism are then developed for both constant and time-varying delay
systems. Several numerical examples are given to demonstrate the effectiveness and benefit of the
proposed method.
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1. Introduction

Time-delay systems exist in many practical situations as industry process, biological, ecological
groups, telecommunication, economy, mechanical engineering, and so on. A time-delay in a system
often induces oscillation and instability, which motivated a huge number of researchers to study the
stability analysis with various criteria [1-3]. Evaluation of system stability with a constant delay has
been studied extensively and lots of theoretical tools have been presented like characteristic equation
and eigenvalues analysis [4,5]. Those methods have been well established currently which can derive
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effective criteria smoothly with numerical efficiency. However, this type of criteria cannot be applied to
a time-varying delay system and some other methodologies have been employed.

Generally, two different methodologies have been employed: the first one is so called input-output
method that treats a delay as an uncertain operator, and transforms the original time-varying delay
system into a closed loop between a nominal LTI system and a perturbation depending on the delay. The
stability criteria of which have been well developed by using conventional robustness tools like Small
Gain Theorem [6, 7], Integral Quadratic Constraint or Quadratic Separation [8,9]. The conservativeness
is small for a slowly varying delay, but large for a quickly one because it depending on the upper bound
on the derivative of the delay. Another technique is based on the proper construction of Lyapunov-
Krasovskii functions. The conservativeness of this method comes from two aspects: the choice of
functional and the bound on its derivative. It is not easy to find an appropriate Lyapunov-Krasovskii
functional (LFK) to obtain less conservative criteria since it contains both the delay and its bounds.

In earlier research, only a single integral term was employed as a part of LFK to analysis and handle
the time delay in systems [10—12]. Up to now, double, triple, even quadruple integral terms has been
developed which usually bring more effective stability criteria [13—15]. And also an augmented and
a delay-partitioning LKF method were proposed to reduce the conservativeness, and the difficulty
now lies in the bounds of the integrals that appear in the derivative of the functional for a stability
condition [16, 17].

Previously, The Jensen inequality and Wirtinger-based integral inequality were reported as the
integral inequality method that yields less conservative stability criteria [2, 18]. Delay-dependent
strategy and delay-independent approach under time-varying delays, uncertainties and disturbance
are employed to stability analysis. Delay-dependent strategy has been received many attentions as
a result of its less conservatism than delay-independent [19-27]. Later, the first- and second-order
reciprocally convex approach were proposed based on a new kind of linear combination of positive
functions weighted by the inverses of squared convex parameters emerges when the Jensen inequality
was applied to partitioned double integral terms in the derivation of LMI conditions [28,29]. And the
optimal divided method and the secondary partitioning method were provided for stability criteria in
double integral terms in LPF [30,31].

Recently, the integral term with higher order approximation has been proposed, such as Wirtinger-
based double integral inequality [32], free-matrix-based integral inequality [33], auxiliary function-based
integral inequality [34]. These inequalities provided less conservation of stability criteria that those of the
Jensen or Wirtinger-based single integral inequities. Especially, a novel integral inequality which called
Bessel-Legendre (B-L) inequality has only been applied to the system with constant delays [35-38].
And also multiple-integral inequalities were newly developed to give high-order approximation to the
original integral, the associated integral terms in LPF are also increased [39,40].

In this study, a new single integral inequality is proposed through using shifted Legendre polynomials,
and then the double integral inequality is developed with the utilization of Cholesky decomposition.
Both single and double integral inequalities are with arbitrary approximation order, which encompasses
the well-known Jensen and Wirtinger-based inequalities, auxiliary function-based integral inequalities,
and even the B-L inequality. The proposed two inequalities yield improved stability criteria with less
conservativeness.

This paper is organized as follows. Section 2 introduces the relevant theories of shifted Legendre
polynomials-based single and double integral inequalities, and section 3 and 4 provide application of
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proposed methods to systems with constant and time-varying delays, including numerical examples.
2. Shifted Legendre polynomials-based single and double integral inequalities

2.1. Shifted Legendre polynomials for single integral

The classical shifted Legendre polynomials are a set of functions analogous to the Legendre
polynomials, but defined on the interval [0, 1] as follows

pis)= D wissh, =01, 2.1
i=0

where p;(s) denotes the i-order shifted Legendre polynomial, w; ; denotes the jth coefficient of p;(s).
We here call classical shifted Legendre polynomials as the shifted Legendre polynomials for single
integral with the following coefficient

o= (=1) Cz+, / (2.2)
where C l’ denotes the combination which can be written using factorials as
o= (2.3)
TG |
Shifted Legendre polynomials obey the orthogonality relationship, i. e.
1 l " . . 1 . .
fMWMW—ZZGWﬁJMJ%[Wm
0 i=0 j=0 0
’i ! 2.4)
- (=)™ CLLCC Cor '
par ey i+j+1
2m+ 1"

where 0,,, denotes the Kronecker delta.
Also we can represent shifted Legendre polynomials for single integral in the matrix form as follows

1 Po(s)
v =| | Law=| @5)
s Pm(s)

The relationship between L,,(s) and U,,(s) is obtained

L, (s) = W,,U,(s) (26)

where W, is the coefficient matrix with the following form
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[ 1
1 ) e
=[(-1c,,cl1=] 1 -6 6 S (2.7)
D ee— : : : -
2] . . .
| 1 -m(m+1) C",C; - (-1)"Cp |
It’s obvious that W, is a lower triangular matrix.
With similar formulation, (2.4) can be rewritten as
[ 1
1
1 3
Gn = [ LaoILiu =g, - ! 2.8)
0 .
0 0O ﬁ ]

2.2. Shifted Legendre polynomials for double integral

The interest of shifted Legendre polynomials for double integral is that the orthogonality relationship
exists if we use double integral instead of single integral.
The double integral of the product of two classical shifted Legendre polynomials can be obtained as

follows -
= f f pi(uw)pn(u)duds
O s

1 1
S e [ [ o
0 K

i=0 j=0
n m 1
= > > VLG Gl 2.9)
i=0 j=0 i+ j+
1 _
30m+1)’ [=m
m —_
_ _2(2m—ll)(2m+l)’ I=m—1
T 22D’ [=m+1
0, otherwise
which can also be extended using the form of matrix
1 pl
H, = f f L, (w)LY (u)duds
0 K
[ 1 __1
1x3
__1 1 __2
b h ¢ s (2.10)
1 3%5 5 5x7
== 3
2 T5x7
L - m
2m—1 @m-1)2m+1)
- m_ 1
Qm-1)2m+1) 2m+1

AIMS Mathematics Volume 5, Issue 5, 4371-4398.



4375

Considering that H,, is a real-valued symmetric positive semi-definite matrix, we can gain the
associated lower triangular matrix using Cholesky decomposition

H, = B,B}, 2.11)

where

NS
"

(2.12)

ol
W=

Vm - Nm+l

T 2m+l 2m+l

Since B,, > 0, H,, has the unique Cholesky decomposition. Unfortunately, (2.10) shows that L,,(u) is
not a proper set of basic functions when the double integral is employed instead of single integral. Thus,
we need to find new ones. We introduce the linear combination of {p;(s)} as follows

pi(s) = Zi(;di,jpj(s) (2.13)
<
ie.
Po(u)
La=| " ‘:(u) = DL, (1) (2.14)
)

where D,, denotes the transition matrix from L, (u) to L,,(u) with the form

dOO
dio diy ---
Dn=[dj] =| ' (2.15)
\_/_" N N *. .
= dmO dml tee dmm

In order to obtain the proper shifted Legendre polynomials for double integral, the following equation
should be solved.

hyy

) Lol B Ty
H, = f f L, w)L! (wduds = D,,H,,D = . (2.16)
0 s .

oyl

mm

where {d;;} and {h;;} are coefficients to be determined.
Substituting (2.11) into (2.16) yields
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— hii
D,V,, = +JH, = ' (2.17)
Vljlmm

By solving a serial of linear equations of (2.17), the matrices D,, and H,, are achieved as following

1
2j+1 505
D, =[d;; = = = 2.18
L i+1 ] : o (2.18)
e 1 3 2m+1
/ m+l  m+l m+1
_ - 1 11 1
— [h = —diaelf—- = ... 2.1
m = lhi = o——=1 = diag{5, 7. -, 5~ (2.19)
i=j
Thus the vector of shifted Legendre polynomials are achieved
l_,m(u) = D,L,(u) = D,W,U,(u) = WmUm(u) (2.20)
where, by (2.6),
- 2k + 1 :
— J k J
W, =|(=1) Z —ClC
k=j
i>j
! 2.21
2 3 (2.21)
13 -12 10
n § By $da o corm

2.3. Shifted Legendre polynomials-based single integral inequality

For continuously vector function (1) : [a,b] — R”, the associated function ¥(s) : [0,1] — R" is
defined as follows
X(s) = x(1) = 2((b — a)s + a) (2.22)

where T = (b — a)s + a.
We can develop the relationships between the single integrals of (7) and X(s)

1
(b -a) f s*X(s)ds = f (t - a)x(t)dr, k=0,1,2,- (2.23)
0

(b - a)
The best weighted square approximation can be obtained with minimizing the following cost function
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b
Js = f (f(r) = X(O)'R(f (1) — &(1))dT
a (2.24)

1
— (b-a) fo (F(s) - () RG(s) - (s))ds

where R > 0 denotes a symmetric positive-defined matrix with proper dimensions, f(s) denotes the
approximation function defined as follows

fis) =) Bipi(s) (2.25)
i=0

where 3; € R" denotes the weight corresponding to the shifted Legendre polynomial p;(s) for single
integral.
Substituting (2.25) into (2.24) yields

T

1 m m
Ji=(b-a) f (Z Bipi(s) = X(5)) R(Z Bipi(s) — %(s))ds

zo %, BIRB; [} pis)p,(s)ds )
—b-a)| _ + f T (DR#(7)dr (2.26)
—sym(;oﬁ?k I\ ﬂs)pi(s)ds) a
m b
= (b-a) Z —ﬁT RB; = ) sym(B[Rw) + f (ORI
i=0 a
where w; denotes the integral of the product of ¥(s) and the i-th shifted Legendre polynomial p;(s) for
single integral. sym() is defined as the sum of vector/matrix with its own transpose sym(x) = x + x_.

1
w;=(b-a) f X(s)pi(s)ds (2.27)
0
i.e.
wo foj H)po(s)ds I f(s)ds
on=| ' |=0- ks MRS | _ h Hs)sds (2.28)
Wy fol X(8)pm(s)ds fol X(s)s™ds

where Wm denotes the extension matrix associated to W,

[ 1
I =21
=[(-vic,,cin=(1 -6 6r - (2.29)
> : : : N
| / —m(m+ I Cm+2C2 (—1)’"C;"ml |
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where I denotes the identity matrix with proper dimensions.
Substituting (2.23) into (2.28) yields

wo [ i(r)dr
1 h
w —~ — T—a)x(t)dr
Tn=| . |=W.| 7 I - a3 (2.30)
Win = a)’” fa (T a)"x(t)dr
According to the static condition of (2.26), we obtain
0J, b—a
S =(R+RN)|—8,—w|=0 2.31
o - B* )(2i+1’8 ‘“) 3D
The second condition of (2.26)
0%J b—-a
> R+ R"Y)5;; >0 2.32
[8ﬁi0ﬂ]] 1 ( )0ij (2.32)
It means that the optimal 87 = (2i + 1)w;/(b — a) leads to the only minimum cost value
b 1 m
Ly>L; = f XT(s)RX(s)ds — —— Z cul.T[(2i + DR]w; > 0 (2.33)
a b-a —

Lemma 1 (shifted Legendre polynomials-based single integral inequality): For any symmetric
positive-defined constant matrix R € R, R > 0, and vector function x(7) : [a,b] — R”" such that the
integrations concerned are well defined, then the following inequality exists

b
1
f AN(DRx(T)dT > - @ Q. (R)@,,
a —d
[ wo 'TR 0 0 -- 0 [ wo ]
w, 0 3R 0 0 w; (2.34)

_ Y iwl]lo o sk - 0 w,

b-al . o - : :
|l wn | 1O O O -+ Cm+ DR || wy |

Proof: It can be obtained from (2.33) observably.

Remark 1: The right term of the proposed single integral inequality (2.34) is approximation with
arbitrary order to the left term, i.e., when x(t) = co + ¢t + - -- + c,t", ¢c; € R", i = 0,1, - - - ,m, the left
term is exactly equal to the right term.

Proof: The function x(t) = ¢o + ¢t + - - - + ¢, can be rewritten as

x(b—a)s+a)=co+ci[(b—a)s+a]+---+cpl(b—a)s+a]”
=Co+C1S+-+Cps" (2.35)
= X(s)

where
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G=b-a) dC (2.36)
%(s) can also be expressed by serial of shifted Legendre polynomials {p;(s)} as follows

X(5) = Aopo(s) + Api(s) + -+ + AuPi(s) (2.37)

where

_ L iOpGas e

ol
[ popisnds b= a”
Thus the left term of (2.34) becomes

(2.38)

1

b
f T (T)Rx(t)dr = (b — a)

0 (Z A <s>] (Z A pl<s>)
=(b-a) Zm: zm: ATRA; f | pi(s)p,(s)ds
i=0 j=0 0

= 0-a) Y AR (2.39)

o1 (2i+1 ' f2i+1
=(b- i| R i
( 0)22i+1(b—a“’) (b—a‘“)

This complete the proof.

Remark 2: The integral inequality (2.34) degenerates to Jensen inequality when m = 0 [2].
Proof: Substituting m = 0 into (2.34) yields

1
@' Qw = ——wRw
-

i 1
f H(ORK(TAT 2 7—

a
1 b T b
= b_a( f X(T)dr) R( f )'c(‘r)d‘r) (2.40)

1
—_ () - x(a)"R(x(b) — x(a))

b
This complete the proof.

Remark 3: The integral inequality (2.34) degenerates to Wirtinger-based inequality when m = 1 [18].
Proof: According to (2.30) we have

b
woy = f X(7)dr = x(b) — x(a) = Wwirtinger,0 (2.41)
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b 2 b
o= [ awar- 2 [ - i

a
b
= x(b) — x(a) — % [(b —a)x(b) — f x(‘r)d‘r]

(2.42)
2 b
= - [x(a) + x(b) - —— f x(T)dT]
b—a ],
= —Wwirtinger, 1
Substituting (2.41) and (2.42) into (2.34) yields
b 1 w T R w
.T . 0 0
[ o= o 15 2]
(2.43)

T
_ 1 Wwirtinger,0 R Wwirtinger,0
b-a Wwirtinger, 1 3R Wwirtinger, 1
This complete the proof.

2.4. Shifted Legendre polynomials-based double integral inequality

For continuously vector function i(7) : [a,b] — R", and it’s associated function x(s) : [0,1] — R”
defined in (2.22), we can develop the relationships between the double integrals of %(7) and X(s) as
follows

(b —a) fol fs ! u*x(u)duds = ﬁ fa b feb (t — a)*x(7)d7rdd

2.44
k=0,1,2,--- (2:49)

where

T—a _0-a
b-a " b-a

The best weighted square approximation with double integral can be obtained with minimizing the
following cost function

u =

b b
Ju = f f (g(t) — (1))"R(g(1) — X(1))drdo
a o (2.45)

1 1
= (b -a)’ fo f (@) — X)) R(3(u) — ¥(u))duds

where R > 0 denotes a positive-defined matrix with proper dimensions, g(«) denotes the approximation
function defined as follows

3w = )" Bipils) (2.46)
i=0

where §; € R" denotes the weight corresponding to the shifted Legendre polynomial p;(s) for double
integral .
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Substituting (2.46) into (2.45) yields

1 plfm T m
Ja=(b-ay f f (Zﬁiﬁxu)—i(u)) R[Zﬁipi(u)—fcw)Jduds
S5 BRE; [ [ pils)p()duds )
=(b-a)?| 4:f‘f;ﬂﬁmﬂﬂmd0
—sym(ZO,BiTRfO fs )’%(s)ﬁj(s)duds) a Jo

m m b b
- (b-af;ﬁﬁ?Rﬁi—w—a);sym(ﬁ?Rw f f (DR K(T)drdd

(2.47)

where v; denotes the integral of the product of X(s) and the i-th shifted Legendre polynomial p;(s) for

single integral

1 1
=(b-a) f f X(8)pi(u)duds
0 s

i.e.
Yo foi fxi )?(s)ﬁo(u)duds foi fsi X(s)duds
5 - V:1 —b-a) fo fs X(S)?l(u)duds — - a)l/?:Vm fo ﬁ X.(s)duds
o b [ #)pntwduds B[ dCsurduds

where W,, denotes the extension matrix associated to W,,

= 2k + 1
Wi [(_1),Z ——C{, Gl

k+j
[=y 1 !
i)
[ 1
21 =31
_| 3 —121 10
% et ) dct e 1Py
Substituting (2.44) into (2.49) yields
Yo ﬁ fab f; X(t)drdo bL f (t — a)x(1)dt
b b ,
Vi = " {):Vm (b-ay? fa fe (t - a)x(r)drdd _ "_/‘\/m = a) f T - a) x(t)dr
" (b- u)’”“f f (T )" X(t)drd 7= a)m+ fa (t- a)m+lX(T)dT

(2.48)

(2.49)

(2.50)

(2.51)
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According to the static condition of (2.47), we obtain

(9Jd_ ( —a)
B (R+R") ")

The second condition of (2.47)

Bi—(b—a)yi|=0 (2.52)

82Jd (b a)
R+R")5;; >0 2.53
[aﬁ,-aﬁ‘,] T ( )0ij (2.53)
It means that the optimal 8! = Mv, leads to the only minimum cost value
Ly>L; = f f T(T)R#(1)drd6 — Z VI[(2i + 2)R]v; > 0 (2.54)

Lemma 2 (shifted Legendre polynomials-based double integral inequality): For any
positive-defined constant matrix R € R, R > 0, and vector function x(7) : [a,b] — R”" such that the
integrations concerned are well defined, then the following inequality exists

[ v ] [2R O O --- 0 1 vo |
b b V1 0 4R O 0 4
f f #T(DRx(t)d7db = ! Q. (R)Y, = | 2 0 0 6R -- 0 V2 (2.55)
a 0 . . . . . . .
Ve | 1 O 0O 0 -+ Cm+2)R || v |

Proof: It can be obtained from (2.54) observably.

Remark 1: The right term of the proposed single integral inequality (2.34) is approximation with
arbitrary order to the left term, i.e., when x(t) = co + ¢t + --- + c,t", ¢c; € R", i = 0,1, - - - ,m, the left
term is exactly equal to the right term.

Proof: The function x(¢) = co + ¢1f + - - - + ¢, can be rewritten as

x(b-—a)s+a)=co+ci[(b—a)s+a]l+---+cu[(b—a)s+a]”
=Co+C1S+ -+ Cps" (2.56)
= X(s)

where

=(b-af ) dC; (2.57)

i=k

%(s) can also be expressed by serial of shifted Legendre polynomials {p(s)} as follows

X(5) = AoPo(s) + LiPi(s) + -+ + ApPi(s) (2.58)

where
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1ol .
_ fo J; X(s)pi(u)duds 2i+2
fol fsl pipi(u)duds b-—a

Thus the left term of (2.34) becomes

b b 1 1
f f T ()Rx(7)drdo = (b — a)® f f *(u)"R¥(s)duds
a 0 0
M (2i+2 \' (2i+2
—(b—a)zz ( I+ ) ( Jj+ )f f pi(s)pj(s)duds (2.60)

i=0 j=

= Z VT2 + 2)R]v;

i=0

Vi (2.59)

This complete the proof.

Remark 2: The integral inequality (2.34) degenerates to auxiliary function-based integral inequality
when m =1 [34].
Proof: According to (2.51) we have

1 b b 1 b
—_— f f x()drdo = x(b) - —— f x(t)dr (2.61)
-aJ, Jo b-a/],

v = P f f x(T)drdo — (b— ) f f (Tt — a)x(7)drdo
—2[x(b)—— f x(t)ydr| - [x(b) 7 ) f f x(T)deQ] (2.62)
= —x(b)—ﬁ L x(T)dr + (b—a)2 fa Ig x(t)dtdo

Note that v, and v; are just the coefficients of auxiliary function-based integral inequality. This
complete the proof.

3. Applications to systems with constant delays

3.1. Systems with constant delays
Let us consider the following linear system with constant delay interval

x(t) = Ax(t) + Apx(t — h)

x(t) = o(t), te[-h,0] (3.1)

where x(¢) € R" denotes the state vector of the system with n dimensions, A and A, are real known
constant matrices with appropriate dimensions, the continuously differentiable functions ¢(¢) denote the
initial condition, 4 > 0 denotes the system’s constant delay.
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Theorem 1: The system (3.1) is asymptotically stable if there exist matrices P > 0, Q > 0, R > 0 and
S > 0 such that the following conditions hold [41]:

B'PC + C"PB + €] Qe — el Qe, + P ATRA, + 11?ATS A,
TR W, — T, (S )W P

where the notations in (3.2) are intermediate variables that defined properly in previous and in the
process of proof, which can be found as B in (3.10), C in (3.12), e, e, in (3.10), £ in (3.1), A, in (3.11),
¥ in (3.13), W,, in (2.29), Q,, in (2.34), ¥ in (3.14), f):Vm in (3.7), Q,, in (3.18).

Proof: We define a set of functions {y.(¢)} as follows

<0 (3.2)

1 !
A N , 3 k
yi(t) = hj(; X(s)u"du = ) X(T) (T —t+ h)dr (3.3)

k=0,1,2,---
The time derivatives of y,(¢) can be obtained as follows

1 t
Y1) = d% [ﬁ ft_h X(T)(r -1+ h)de]

x(t) - % f h ()t —t+ ) dr

34
= x(1) - %yk—l(t) GH
k
= Ax(?) + Apx(t — h) — Zyk—l(t)
k>1)
And the initial we have
yd0=jﬁxﬁMT=Mﬂ—XU—m

t=h 3.5)

510 = 500 ~ 3000 = (A = D) + (A + 7 Dxti — h)

Leta =t — h, b = t, we can obtain {w;} and {v,} for shifted Legendre polynomials-based single and
double integral inequalities, respectively

w L@ Yo()

o |, | BlEoE—temdr | o | 0@ 56
Wi = x(T)(% —t+h)"dr V()

vo 1 h HT)(T =t + hydr yi(®)

" =1, x(T)(T. —tHhdr | W yz_(r) 3.7)
Vi1 = x(T)(% —t+h)"dr YD)
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We define extra-states y(¢) and £(r) as follows

) () )
yx]((?) [ Xt - h) ]
x(1) = : , &= y1(0) (3.8)
0 Yl
The extra-states y(¢) can be expressed by &(t)
x(1) = B&(1) (3.9)
where
e ]
€3
B=| es :l[ln 0, | . } (3.10)
| €m |

wheree, =[ 0 O 07 O O O ]denotes the k-th row coefficient of £(¢), I,, and 0, denote the identity

—_———— ——
k-1 m+2—k

and zeros matrix with dimensions n X n, respectively.

And the system (3.1) can be rewritten as

X(1) = AL(D) (3.11)

where A, = Ae; + Aye,.

The time derivative of y(#) can be obtained as follows

x(1) = C&() (3.12)

where

1
M —A
[A—31 Ay+ 31 [ 0
A Ay 21 0
A Ay ml 0

According to (3.6) and (3.8), we have
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wo Yo(?) x(t) — x(t = h)
Cow ) M w) MY cwee (3.13)
Wiy ym(t) ym(t)

where

Yo Y1

4 - - _

L= Wl 7| = Waweo (3.14)
V-1 ym

where ¥ = [ Ouwmxn Opmxn Lum ]
In order to analysis the stability of the system (3.1), we consider the following Lyapunov-Krasovskii
functional (LKF) candidates

| xoTPx @ + [ @oxmr

T anf [ @R a0+ [ [ [ 5T @S k(drdody (3.15)

Taking the time derivative of V(¢) yields

X' (OPx (1) + X" (1) Py (1)
+xT()Ox(t) — xT(t — h)Qx(t — h)
+h2 T (ORx(1) — h [, FT(DR:(T)dr

+ET OS50 - [1, [ XT(0)S ¥(r)drdé (3.16)
B'PC + C"PB + e] Qe — engz + W?ATRA, + SIPATS A,
“¥TWIQ, (RW, Y - VW, Q,.(S)W, ¥

V(t) =

<&@ &(1)

<0

Recalling that (2.34) and (2.55), following inequalities are employed to yield the upper bound of V(z)

h f ' (ORH(T)T 2 @' QR = £(1) (YW, Qu(R)W, W) £(1) (3.17)
t—h

t 4 _ =T _ —~ _
f f £T(0)S K(T)drdd = 7 0 (S)7 = £7(1) (‘I’TWQO(S)Wm‘I’) £(1) (3.18)
t—h Jo
This complete the proof.

AIMS Mathematics Volume 5, Issue 5, 4371-4398.



4387

3.2. Examples

Example 1: We consider the well-known delay dependent stable system (3.1) with following coefficient
matrices as given in [29]:

2 0 -1 0
A‘[o —0.9]’ Ah_[—l —1]

Using delay sweeping techniques the maximum allowable delay A,,x = 6.1725 can be obtained.
Also many recent papers provide different results using Jensen inequality, Wirtinger-based inequality,
and so on. The allowable maximum delays are shown in Table 1. We observe that the upper bounds
obtained by our proposed inequalities are significantly better than those in other literatures.

Table 1. The maximum allowable delay.

Theorems  h,,x  Number of variables

Sun et al. (2010) [24] 4.47 1.57% + 1.5n
Park, Ko, and Jeong (2011) [28] 5.02 187 + 18n
Ariba, Gouaisbaut, and Johansson (2010) [42]  5.12 Tn? + 4n
Seuret and Gouaisbaut (2013) [18] 6.059 3n* +2n
Hien and Trinh (2015) [43]  6.16 19.5n% + 4.5n
Liu and Seuret (2017) Theorem 1 [38] 6.1664 79.5n% + 4.5n
Theorem 1 (m=0) 4.472 1.57% + 1.5n
Theorem 1 (m=1) 6.059 3.5n% +2.5n
Theorem 1 (m=2) 6.167 6n’ + 3n
Theorem 1 (m=3) 6.1719 9.5n% + 3.5n
Theorem 1 (m=4) 6.1725 14n* + 4n

Example 2: We consider the dynamics of machining chatter with following coefficient matrices as
firstly studied in [36]:

0 0 1 0 0 000
0 0 0 1 0 000
A 10-K 10 0 0o | M |-k 00 0
5 -15 0 -0.25 0 000

where K denotes a parameter.

It’s obviously that the system is stable with K less than some upper bound. Here we try to the upper
bound in various delays. It’s shown that Lemma 1 and Lamme 2 yield more stability region than
those derived from Jensen and Wirtinger-based Lemma, as illustrated in Figure 1. When the parameter
K < 0.295, the system is still stable even the delay is very large, such as 4 = 500.
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10"

T T

—— Jensen

—— Wirtinger
Theorem 1 (m=2)

=—dle— Theorem 1 (m=3)

x 10°

10-1 1 L L L I
0 0.5 1 1.5 2 2.5 3

Figure 1. Allowable upper K with variable delay A.

4. Applications to systems with time-varying delays

4.1. Systems with time-varying delays

Let us consider the following system with interval time-varying delay:

x(2) = Ax(t) + Apx(t — h(1))
x(®) = @), 1€[-hy,0]

where x(¢) € R" denotes the state vector of the system with n dimensions, A and A, are real known
constant matrices with appropriate dimensions, the continuously differentiable functions A(f) and ¢(7)
denote the system’s time-varying delay and the initial condition, respectively.

Assumption 1: The delay function A(f) and its differential /(¢) both have finite bounds, i.e., there exist
scales h, > hy > 0 and u; < up < 1 such that

4.1)

{0<h1sh(r)shz (4.2)

ﬂlﬁh(l)ﬁﬂzﬁl

Theorem 2: The system (4.1) is asymptotically stable if there exist matrices P > 0, Q; > 0, Q, > 0,
03 >0,R >0,R, >0,R; >0,and §; > 0,5, > 0, §3 > 0 such that the following conditions
hold [41]:

BJPC, + C;PB, + iT(Ql + O+ O3)er — e;01e3 — €4TQ2£4 - —IQ)€§Q3€2
+hATRIA, = - YTWIQURDW, Y + ATRA, — YT W (R) W, Y,

— — 2 =T _ - _
+hATRA, — SEPTWIQs (R W, s + 2ATS 1A, = FTW, Q0(S DW,, P,
2 =T _ = _ 2 =T _ = _
+2ATS,A, = FIW, 00(SHW,Ps + ZATS A, — (1 — 1) PIW,,Q3(S )W, s

<0 43)
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where the notations in (4.2) are intermediate variables that defined properly in previous and in the
process of proof, which can be found as B, in (4.8), C, in (4.11), ey, €5, €3, e4 in (3.10), hy, h, in (4.6),
(o in (4.16), A, in (3.11), W), ¥,, W5 in (4.14), ¥,, ¥,, ¥; in (4.14), W, in (2.7), W,, in (2.29), {7\Vm in
(3.7), Q1,Q,,Q3 in (4.13), Q,, in (3.18), Q;, Qy, Qs in (4.13).

Proof: If the delay 4 is varying with time ¢, then we can develop from (3.3)

d _ Oy(0) | Oy Oh
O "0 o
k kh
= X(1) - Zyk—l(t) T i(®) = y-1(2)) (4.4)
1 - h)k hk
= X(1) - ( A ) Yi-1(0) — ZYk(t)
1-h hk
Ly =50 - L0000 - By
dr h h 4.5)
1-h 1-h hk '
= [A - ( ; )I]x(t) +|Ay + ( ; )I]x(t—h) - zyl(t)
If h = hy or h = h; is a constant variable, (3.3) yields
k
%)A’k(hi, n = x() - h—if’k—l(hi, )]
k
= Ax(t) + Ap(t — h) - Eﬁk_l(hi, 1)
doo _lA ' (4.6)
dt)’l(hn 1) = x(2) h,‘yO(hl’ )]
1 1
= (A - h—ll) X(l) + AhX(t - h) + h—i.X(l - ]’l,)
(i=12)
We introduce the following extra-states y,,(¢) and .fm(t) as follows
x(1)
x(t—h)
. Xt~ )
I x(t — hy)
: yi(2)
V() :
ot ) A :
wr=| |0 aw=] Lo ] @.7)
: j\}l(hla t)
L j}m(hl’t) |
Fitha, 1) | 50,0 |
: [ j\;l(hZ’ t) ]
L j}m(hla Z) ]
| ym(hZ’t) ]
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The extra-states can be expressed by ém(t)

Tm(®) = Baé (D)

where

[In 0, O, o,,]

Inm
By(h) = I
Inm
And the system (3.1) can be rewritten as
X = Aeém(t)
where A, = [ A Ay Ouxumean ]
The time derivative of ,,(f) can be obtained as follows
Kn(t) = Calh, h)é(0)
where
|4 4, 0, 0, |
. _U=hA _h
Calh, i) = My P ATl
M, _EA
1
M2 _h_zA
where
[ 0 I
21 0 21
A = 31 0 , I'= 37
ml 0O | | ml |
A-EDp g, &0y g, o,
A Ah On On
MO = .
A A 0, O,

4.8)

4.9)

(4.10)

(4.11)
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A—il Ay, %1,, 0, A—il A, 0, il,,
A Ah Ol’l On A Ah On On

Ml = ) M2 - .
A A, 0, 0, A A, 0, 0,

In order to analysis the stability of the system (4.1), we consider the following Lyapunov-Krasovskii
functional (LKF) candidates

10
V(t) = Z 0 (4.12)
k=1
where

Vi) = ¥ ()" Px(t)

Va(n) = f X' ()Q1x(s)ds

—hy

Vi(t) = f X1 (5)Qax(s)ds

_h2

Va(t) = f x"(5)Q3x(s)ds

—h(t)

Vs(1) = ft lh f t AR, %(u)duds

Vs(0) = f th f TRy )duds

Vi(t) = ft thm f t X" (W)Rsx(u)duds

Vi(t) = ft th fe [ f th(u)SIX(u)dudsdG

Vo(1) = I th fg t f th(u)Sz)'c(u)dudsdG

Vio(t) = f t f t f t)‘cT(u)S3x(u)dudsd0
-hy Jo Js

Taking the time derivative of V,(¢) yields
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Vi(0) = RO PXn(1) + Xn(0) PRo(1)
= &(t)(B"PC + C"PB)&,(1)

Vo) = x" () Q1 x(1) = x' (t = hy)Q1x(t — hy)
= &0 (€] Qrer — €1 01e3) €n(t)
Vi(t) = x () Qax(t) — X" (t — hy) Q2 x(t — hy)

= &1(1) (¢] Qae1 — e} 0rea) &n(D)
Va(t) = X" (0)Qsx(t) — (1 = )x" (¢ = ) Q3x(t — h)
= &) |eTQser — (1 = el Qsea | €n(1)

Vs(t) = i (OR, (1) — f, th KT ()R x(s)ds
< &) (hlAgRlAe - hil\PW;QI(RI)vT/m\PI)ém(z)
Ve(t) = hai" (R (t) — j; th X1 ()R X(s)ds
<& (thTRer - hl\PTvAVTQZ(RZ)Wn%)ém(z) @.13)

Va(t) = h()x (HR3x(t) — (1 — h) f XL ($)R3x(s)ds
h(r)

A 1 —~ A
< é‘:;l;l(t) (hA’erR3Ae - ThT§W;Q3(R3)Wm\P3)§m(I)

Vy(t) = ﬁxT(t)Slx(t)— f t] f t)'cT(u)Slfc(u)duds

<& (;)( —ATS A, ‘PTW (S DW,, ‘I’l)fm(t)
Vo(t) = }ﬁxT(z)Szx(t)— f th f th(u)Szx(u)duds

<& (t)( DATS A, — W, (S )W ‘PZ)gm(t)
Vio(t) = —xT(z)S3x(r) —(1-h) f t f t £ (W)S 1 x(u)duds

<&, (t)( —A;S3A. ~ (1 —h)‘I’TW (S )W, ‘Pz)gm(t)

where
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In On _In On Onm ] I _
\Pl = \?1 | » \Pl - [ Onm><4n Onm Inm Onm ]
In On On _In Onm I _
lPZ = » \?2 | > \PZ - [ Onm><4n Onm Onm Inm ] (414)
[ In _In On On Onm ] I
lP3 = \?3 s lP3 = [ Onm><4n Ly Onm Onm ]

Thus the sum of V,(¢), k = 1,2, - - -, 10 yields

BJPC, + C,PB, + f}(Ql + O+ Os)e - e;01e3 — €4TQ2/€\4 -(1- @€EQ3€2
HATRIA, = P TWEQRDW, Y1 + ATRA, — 3P W (R) W, P,

Vi =£0 FhATRA, — SDWTTO (ROW,W; + LATS A, — FTW, 0, (5 )W, P, &0
FBATS A, — TIW, Qy(S )W, T, + ZATS A, — (1 = YT W, 055 3) W, T3
Z(h,h)
<0
(4.15)

Notice that Z(h,h) < E(hy,u,) for all h € [hy,hy] and h € [u1,u2], we can develop that V() <
ET(HDE(F) < 0, where

B)PC, + C;PB, + i]T(Ql +Os + Qs)er — e;01e3 — €4TQ2£4 - —/fg)engez
+hATRIA, — - YTWIQIRDW, Y1 + ATRA, — - YT W (R) W, 'Y,

— — 2 =T _ = -
+hATRA, — SEWTWIQ,(R)W, s + 2ATS 1A, — FTW, Q0 (S )W, P,

2 =T _ - 2 - =T _ = _
+2ATS,A, - FIW, Qy(S )W, P, + ZATS A, — (1 — 1) PIW,,Qa(S )W, P
(4.16)

o =

[1]

(h2, o) =

This complete the proof.

4.2. Examples

Example 1: We also consider the well-known delay dependent stable system (4.1) with following
coefficient matrices as given in [29]:

-2 0 -1 0
I B @17)

The delay rate bounds u; = —u, u, = u. We herein calculate the allowable upper bound 4, for various
delay rate u via Theorem 2, as illustrate in Figure 2. It’s shown that 4, deceases continuously with delay
rate u growing.

The allowable upper bounds /A, varying with given u are shown in Table 2. We observe that the
upper bounds obtained by Theorem 2 are significantly better than others. Theorem 1 provides the least
conservative results.

For simulation, let the time-varying delay A(f) = 3 + 2 cos(0.25¢), which means that h; = 1, h, = 5,
uy = —0.5, and p, = 0.5. The initial condition of the system is chosen as x(0) = [1, — 1]T. The time
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history of system states is illustrated in Figure 3. As our expectation, both states asymptotically converge
to zero despite the previous vibration.

1 1 1 1 1 L L Il L 1
0 0.1 02 03 04 05 06 07 08 09 1

o

Figure 2. Allowable upper h, with variable delay u.

0 5 10 15 20 25 30 35 40 45 50

Time(s)

Figure 3. Time history of system states.

Example 2: Consider the time-varying delay system (4.1) with the following parameters [33]:

0 1 0 0
A:l_1 _1], Ah:lo _1] (4.18)
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Table 2. Allowable upper bound £, for different u (example 1).

u
Methods 0.1 0.2 0.5 0.8  Number of variables
Fridman and Uri (2002) [44] 3.604 3.033 2.008 1.364 5.5n> + 1.5n
He et al. (2007) [16] 3.605 3.039 2.043 1.492 3n’ +3n
Park and Ko (2007) [45] 3.658  3.163  2.337 1934 11.57> + 4.5n
Ariba and Gouaisbaut (2009) [13] 4.794  3.995 2.682 1.957 22n% + 8n
Zeng et al. (2013) (N=2) [17] 4.466  3.657 2.375 1.987 11.51> + 3.5n
Zeng et al. (2013) (N=3) [17] 4.628 3.766  2.442 2.079 171 + 5n
Seuret and Gouaisbaut (2013) [18] 4.703 3.834 2420 2.137 101> + 3n
Zeng et al. (2015) [33] 4.788  4.060  3.055 2.615 651 + 11n
Theorem 2 (m=2) 5.791 5496 5.123 4.906 14.51n> + 4.5n

When the delay is constant (u = 0), the analytical upper bound can be obtain A, = n. The
improvement of our approach is shown in Table 3. It’s verified that the advantage of Theorem 2 is over
the results in other literatures.

Table 3. Allowable upper bound £, for different u (example 2).

u
Methods 0.1 0.2 0.5 0.8 Number of variables
Park and Ko (2007) [45] 1.99 1.81 1.75 1.61 11.57> + 4.5n
Kim (2011) [46] 2.52 2.17 202 1.62 49n2 + 3n
Zeng et al. (2015) [33] 3.03 2.57 241 193 65n% + 11n
Theorem 2 (m=2) 3.136 3.04 2.95 290 14.5n% + 4.5n

5. Conclusions

New single and double integral inequalities with arbitrary approximation order are developed through
the use of shifted Legendre polynomials and Cholesky decomposition. These two inequalities encompass
several former well-known integral inequities, such as Jensen inequality, Wirtinger-based inequality,
auxiliary function-based integral inequalities, and bring new less-conservative stability criteria by
employing proper Lyapunov-Krasovskii functionals. Several numerical examples have been provided
which show large improvements compared to existing results in both constant and time-varying delay
systems.

Acknowledgments

The authors would like to thank the anonymous reviewers for their constructive comments that have
greatly improved the quality of this paper.

AIMS Mathematics Volume 5, Issue 5, 4371-4398.



4396

This work is supported by Shanghai Nature Science Fund under contract No. 19ZR1426800 ,
Shanghai Jiao Tong University Global Strategic Partnership Fund (2019 SJTU-UoT), WF610561702,
and Shanghai Jiao Tong University Young Teachers Initiation Programme, AF4130045.

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1. C. M. Marcus, R. M. Westervelt, Stability of analog neural networks with delay, PHYS. REV. A,
39 (1989), 347-359.

2. K. Gu,C. Jie, L. K. Vladimir, Stability of time-delay systems, Springer Science & Business Media,
2003.

3. J. P. Richard, Time-delay systems: an overview of some recent advances and open problems,

AUTOMATICA, 39 (2003), 1667-1694.

4. N. Olgac, R. Sipahi, An exact method for the stability analysis of time-delayed linear time-invariant
(LTI) systems, IEEE TRANS. AUTOM. CONTROL, 47 (2002), 793-797.

5. R. Sipahi, S. I. Niculescu, C. T. Abdallah, et al. Stability and stabilization of systems with time
delay, IEEE CONTROL SYST., 31 (2011), 38-65.

6. H. Fujioka, Stability analysis of systems with aperiodic sample-and-hold devices, AUTOMATICA,
45 (2009), 771-775.

7. L. Mirkin, Some remarks on the use of time-varying delay to model sample-and-hold circuits, IEEE
TRANS. AUTOM. CONTROL, 52 (2007), 1109-1112.

8. C. Y. Kao, A. Rantzer, Stability analysis of systems with uncertain time-varying delays,
AUTOMATICA, 43 (2007), 959-970.

9. Y. Ariba, F. Gouaisbaut, K. H. Johansson, Robust Stability of Time-varying Delay Systems: The
Quadratic Separation Approach, ASIAN J. CONTROL, 14 (2012), 1205-1214.

10. V. B. Kolmanovskii, On the Liapunov-Krasovskii functionals for stability analysis of linear delay
systems, INT. J. CONTROL, 72 (1999), 374-384.

11. S. Niculescu, Delay effects on stability: a robust control approach, Vol. 269, Springer Science &
Business Media, 2001.

12. H. Ye, A. N. Michel, K. Wang, Qualitative analysis of Cohen-Grossberg neural networks with
multiple delays, PHYS. REV. E, 51 (1995), 2611-2618.

13. Y. Ariba, F. Gouaisbaut, An augmented model for robust stability analysis of time-varying delay
systems, INT. J. CONTROL, 82 (2009), 1616-1626.

14. Z. Liu, J. Yu, D. Xu, et al. Triple-integral method for the stability analysis of delayed neural
networks, NEUROCOMPUTING, 99 (2013), 283-289.

15. S. Muralisankar, N. Gopalakrishnan, Robust stability criteria for Takagi-Sugeno fuzzy Cohen
-Grossberg neural networks of neutral type, NEUROCOMPUTING, 144 (2014), 516-525.

16. Y. He, Q. G. Wang, L. Xie, et al. Further improvement of free-weighting matrices technique for
systems with time-varying delay, IEEE TRANS. AUTOM. CONTROL, 52 (2007), 293-299.

AIMS Mathematics Volume 5, Issue 5, 4371-4398.



4397

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

H. B. Zeng, Y. He, M. Wu, et al. Less conservative results on stability for linear systems with a
time-varying delay, OPTIM. CONTR. APPL. MET., 34 (2013), 670-679.

A. Seuret, F. Gouaisbaut, Wirtinger-based integral inequality: application to time-delay systems,
AUTOMATICA, 49 (2013), 2860-2866.

Y. S. Moon, P. Park, W. H. Kwon, et al. Delay-dependent robust stabilization of uncertain state-
delayed systems, INT. J. CONTROL, 74 (2001), 1447-1455.

H. Shao, New delay-dependent stability criteria for systems with interval delay, AUTOMATICA,
45 (2009), 744-749.

X. M. Zhang, M. Wu, J. H. She, et al. Delay-dependent stabilization of linear systems with
time-varying state and input delays, AUTOMATICA, 41 (2005), 1405-1412.

W. Qian, S. Cong, Y. Sun, et al. Novel robust stability criteria for uncertain systems with time-
varying delay, APPL. MATH. COMPUT., 215 (2009), 866—-872.

M. Wu, Z. Y. Feng, Y. He, Improved delay-dependent absolute stability of Lur ’s systems with
time-delay, INT. J. CONTROL AUTOM., 7 (2009), 1009.

J. Sun, G. P. Liu, J. Chen, et al. Improved delay-range-dependent stability criteria for linear
systems with time-varying delays, AUTOMATICA, 46 (2010), 466—470.

M. N. Parlakci, I. B. Kucukdemiral, Robust delay Dependent H., control of time Delay systems
with state and input delays, INT. J. ROBUST NONLIN., 21 (2011), 974-1007.

P. Balasubramaniam, R. Krishnasamy, R. Rakkiyappan, Delay-dependent stability of neutral
systems with time-varying delays using delay-decomposition approach, APPL. MATH. MODEL.,
36 (2012), 2253-2261.

Y. Liu, S. M. Lee, H. G. Lee, Robust delay-depent stability criteria for uncertain neural networks
with two additive time-varying delay components, NEUROCOMPUTING, 151 (2015), 770-775.

P. Park, J. W. Ko, C. Jeong, Reciprocally convex approach to stability of systems with time-varying
delays, AUTOMATICA, 47 (2011), 235-238.

W. 1. Lee, P. Park, Second-order reciprocally convex approach to stability of systems with interval
time-varying delays, APPL. MATH. COMPUT., 229 (2014), 245-253.

H. Zhang, Z. Liu, Stability analysis for linear delayed systems via an optimally dividing delay
interval approach, AUTOMATICA, 47 (2011), 2126-2129.

Z. Wang, L. Liu, Q. H. Shan, et al. Stability criteria for recurrent neural networks with time-varying
delay based on secondary delay partitioning method, IEEE T. NEUR. NET. LEAR., 26 (2015),
2589-2595.

M. Park, O. Kwon, J. H. Park, et al. Stability of time-delay systems via Wirtinger-based double
integral inequality, AUTOMATICA, 55 (2015), 204-208.

H. B. Zeng, Y. He, M. Wu, et al. Free-matrix-based integral inequality for stability analysis of
systems with time-varying delay, IEEE TRANS. AUTOM. CONTROL, 60 (2015), 2768-2772.

P. Park, W. 1. Lee, S. Y. Lee, Auxiliary function-based integral inequalities for quadratic functions
and their applications to time-delay systems, J. FRANKLIN 1., 352 (2015), 1378-1396.

A. Seuret, F. Gouaisbaut, Complete quadratic Lyapunov functionals using Bessel-Legendre
inequality, Control Conference (ECC), 2014 European. IEEE.

AIMS Mathematics Volume 5, Issue 5, 4371-4398.



4398

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

A. Seuret, F. Gouaisbaut, Hierarchy of LMI conditions for the stability analysis of time-delay
systems, SYST. CONTROL LETT., 81 (2015), 1-7.

A. Seuret, F. Gouaisbaut, Y. Ariba, Complete quadratic Lyapunov functionals for distributed delay
systems, AUTOMATICA, 62 (2015), 168-176.

K. Liu, A. Seuret, Y. Xia, Stability analysis of systems with time-varying delays via the second-order
Bessel-Legendre inequality, AUTOMATICA, 76 (2017), 138—142.

C. Gong, X. Zhang, L. Wu, Multiple-integral inequalities to stability analysis of linear time-delay
systems, J. FRANKLIN 1., 354 (2017), 1446-1463.

S. Ding, Z. Wang, H. Zhang, Wirtinger-based multiple integral inequality for stability of time-delay
systems, INT. J. CONTROL, 91 (2018), 12—18.

V. Lakshmikantham, Advances in stability theory of Lyapunov: Old and new, SYST. ANAL.
MODELL. SIMUL., 37 (2000), 407—416.

Y. Ariba, F. Gouaisbaut, K. H. Johansson, Stability interval for time-varying delay systems, 49th
IEEE Conference on Decision and Control (CDC), (2010), 1017-1022.

L. Hien, H. Trinh, Refined Jensen-based inequality approach to stability analysis of time-delay
systems, IET CONTROL THEORY A, 9 (2015), 2188-2194.

E. Fridman, S. Uri, A descriptor system approach to H/sub/spl infinj/control of linear time-delay
systems, IEEE TRANS. AUTOM. CONTROL, 47 (2002), 253-270.

P. Park, J. W. Ko, Stability and robust stability for systems with a time-varying delay,
AUTOMATICA, 43 (2007), 1855-1858.

J. H. Kim, Note on stability of linear systems with time-varying delay, AUTOMATICA, 47 (2011),
2118-2121.

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

EE; AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 5, 4371-4398.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Shifted Legendre polynomials-based single and double integral inequalities
	Shifted Legendre polynomials for single integral
	Shifted Legendre polynomials for double integral
	Shifted Legendre polynomials-based single integral inequality
	Shifted Legendre polynomials-based double integral inequality

	Applications to systems with constant delays
	Systems with constant delays
	Examples

	Applications to systems with time-varying delays
	Systems with time-varying delays
	Examples

	Conclusions

