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Abstract: The aim of this paper is to present a Gröbner-Shirshov basis for a special type of
braid monoids, namely the symmetric inverse monoid In, in terms of the dex-leg ordering on the
related elements of monoid. By taking into account the Gröbner-Shirshov basis, the ideal form (or,
equivalently, the normal form structure) of this important monoid will be obtained. This ideal form
will give us the solution of the word problem. At the final part of this paper, we give an application of
our main result which find out a Gröbner-Shirshov basis for the symmetric inverse monoid I4 such that
the accuracy and efficiency of this example can be seen by GBNP package in GAP (Group, Algorithms
and Programming) which computes Gröbner bases of non-commutative polynomials [1].
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1. Introduction and preliminaries

The Gröbner basis theory for commutative algebras was introduced by Buchberger [2] which
provided a solution to the reduction problem for commutative algebras. In [3], Bergman generalized
this theory to the associative algebras by proving the diamond lemma. On the other hand, the parallel
theory of the Gröbner basis was developed for Lie algebras by Shirshov in [4]. In [5], Bokut noticed
that Shirshov’s method works for also associative algebras. Hence Shirshov’s theory for Lie and their
universal enveloping algebras is called the Gröbner-Shirshov basis theory. We may refer the
papers [6–13] for some recent studies over Gröbner-Shirshov bases in terms of algebraic ways, the
papers [14, 15] related to Hilbert series and the paper [16] in terms of graph theoretic way.
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Furthermore citation [17] can be used to understand normal forms for the monoid of positive braids
by using Gröbner-Shirshov basis.

The word, conjugacy and isomorphism problems (shortly decision problems) have played an
important role in group theory since the work of M. Dehn in early 1900’s. Among them, especially
the word problem has been studied widely in groups (see [18]). It is well known that the word
problem for finitely presented groups is not solvable in general; that is, given any two words obtained
by generators of the group, there may not be an algorithm to decide whether these words represent the
same element in this group.

The method Gröbner-Shirshov basis theory gives a new algorithm to obtain normal forms of
elements of groups, monoids and semigroups, and hence a new algorithm to solve the word problem
in these algebraic structures (see also [19], for relationship with word problem for semigroups and
ideal membership problem for non-commutative polynomail rings). By considering this fact, our aim
in this paper is to find a Gröbner-Shirshov basis of the symmetric inverse monoid in terms of the
dex-leg ordering on the related words of symmetric inverse monoids.

Symmetric inverse monoids are partial bijections and they are very well known in combinatorics.
Easdown et al. [20] studied a presentation for the symmetric inverse monoid In. By adding relations σ2

1
= σ2

2 = · · · = σ2
n−1 = 1 into the presentation of the braid group described in terms of Artin’s Theorem,

it is obtained the well-known Moore presentation for the symmetric group as defined in [21]. Using
this in the Popova’s description [22] for the presentation of the symmetric inverse monoid In yields the
following presentation:

In = 〈ε, σ1, σ2, · · · , σn−1 ; σiσ j = σ jσi (|i − j| > 1) ,
σiσi+1σi = σi+1σiσi+1 (1 ≤ i ≤ n − 2),
σ2

1 = σ2
2 = · · · = σ2

n−1 = 1, ε2 = ε,

εσi = σiε (1 ≤ i ≤ n − 2),
εσn−1ε = σn−1εσn−1ε = εσn−1εσn−1〉 . (1.1)

In [23], the author has also studied presentations of symmetric inverse and singular part of the
symmetric inverse monoids.

2. Gröbner-Shirshov bases and the composition-diamond lemma

Let k be a field and k〈X〉 be the free associative algebra over k generated by X. Denote by X∗ the
free monoid generated by X, where the empty word is the identity which is denoted by 1. For a word
w ∈ X∗, let us denote the length of w by |w|. Also assume that X∗ is a well ordered monoid. A well-
ordering ≤ on X∗ is called a monomial ordering if for u, v ∈ X∗, we have u ≤ v⇒ w1uw2 ≤ w1vw2, for
all w1,w2 ∈ X∗. A standard example of monomial ordering on X∗ is the deg-lex ordering, in which two
words are compared first by the degree and then lexicographically, where X is a well-ordered set.

Every nonzero polynomial f ∈ k 〈X〉 has the leading word f . If the coefficient of f in f is equal
to 1, then f is called monic. The following fundamental materials can be found in [3, 5–8, 10–12, 24].

Let f and g be two monic polynomials in k〈X〉. Therefore we have two compositions between f
and g as follows:
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1. If w is a word such that w = f b = ag for some a, b ∈ X∗ with | f | + |g| > |w|, then the polynomial
( f , g)w = f b− ag is called the intersection composition of f and g with respect to w (and denoted
by f ∧ g). In here, the word w is called an ambiguity of the intersection.

2. If w = f = agb for some a, b ∈ X∗, then the polynomial ( f , g)w = f − agb is called the inclusion
composition of f and g with respect to w (and denoted by f ∨g). In this case, the word w is called
an ambiguity of the inclusion.

If g is a monic polynomial, f = agb and α is the coefficient of the leading term f , then the
transformation f 7→ f − αagb is called an elimination of the leading word (ELW) of g in f .

Let S ⊆ k 〈X〉 with each s ∈ S monic. Then the composition ( f , g)w is called trivial modulo (S ,w)
if ( f , g)w =

∑
αiaisibi, where each αi ∈ k, ai, bi ∈ X∗, si ∈ S and aisibi < w. If this is the case, then we

write ( f , g)w ≡ 0 mod(S ,w). In general, for p, q ∈ k〈X〉, we write p ≡ q mod(S ,w) which means that
p − q =

∑
αiaisibi, where each αi ∈ k, ai, bi ∈ X∗, si ∈ S and aisibi < w.

A set S with the well ordering ≤ is called a Gröbner-Shirshov basis for k 〈X | S 〉 if every
composition ( f , g)w of polynomials in S is trivial modulo S and the corresponding w.

The following lemma was proved by Shirshov [4] for free Lie algebras (with deg-lex ordering)
in 1962 ( [24]). In 1976, Bokut [5] specialized the Shirshov’s approach to associative algebras (see
also [3]). On the other hand, for commutative polynomials, this lemma is known as the Buchberger’s
Theorem (cf. [2, 25]).

Lemma 1 (Composition-Diamond Lemma). Let k be a field,

A = k 〈X | S 〉 = k〈X〉/Id(S )

and ≤ a monomial order on X∗, where Id(S ) is the ideal of k〈X〉 generated by S . Then the following
statements are equivalent:

1. S is a Gröbner-Shirshov basis.
2. f ∈ Id(S )⇒ f = asb for some s ∈ S and a, b ∈ X∗.
3. Irr(S ) = {u ∈ X∗ | u , asb, s ∈ S , a, b ∈ X∗} is a basis of the algebra A = k 〈X | S 〉.

If a subset S of k〈X〉 is not a Gröbner-Shirshov basis, then we can add to S all nontrivial
compositions of polynomials of S , and by continuing this process (maybe infinitely) many times, we
eventually obtain a Gröbner-Shirshov basis S comp. Such a process is called the Shirshov algorithm.

If S is a set of “semigroup relations” (that is, the polynomials in S are of the form u − v, where
u, v ∈ X∗), then a nontrivial composition will have the same form. As a result, the set S comp also
consists of semigroup relations.

Let M = sgp 〈X | S 〉 be a semigroup presentation. Then S is a subset of k〈X〉 and hence one can
find a Gröbner-Shirshov basis S comp. The last set does not depend on k, and as mentioned before, it
consists of semigroup relations. We will call S comp a Gröbner-Shirshov basis of M. This is the same as
a Gröbner-Shirshov basis of the semigroup algebra kM = k 〈X | S 〉. If S is a Gröbner-Shirshov basis
of the semigroup M = sgp 〈X | S 〉, then Irr (S ) is a normal form for M [9, 26].

3. A Gröbner-Shirshov basis for the monoid In

The target of this section is to obtain a Gröbner-Shirshov basis for the symmetric inverse monoid In

by taking into account the presentation given in (1.1). After that we will indicate the solvability of the
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word problem over In.
By ordering the generators as ε > σn−1 > σn−2 > σn−3 > · · · > σ2 > σ1 in (1.1), we have the

following main result of this paper.

Theorem 2. A Gröbner-Shirshov basis for the symmetric inverse monoid consists of the following
relations:

(1) σ2
i = 1 (1 ≤ i ≤ n − 1), (2) σiσ j = σ jσi (|i − j| > 1) ,

(3) ε2 = ε, (4) εσi = σiε (1 ≤ i ≤ n − 2),
(5) σi+1σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1 = σiσi+1σiσ

Mi−1
i−1 · · · σ

M1
1

(1 ≤ i ≤ n − 2, Mk = {0, 1} (1 ≤ k ≤ i − 1 )),
(6) σn−1εσn−1σ

Pn−2
n−2 · · ·σ

P1
1 ε = εσn−1σ

Pn−2
n−2 · · ·σ

P1
1 ε (Pk = {0, 1} (1 ≤ k ≤ n − 2)),

(7) σn−2εσn−1σn−2σ
Qn−3
n−3 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j ε = εσn−1σn−2σ
Qn−3
n−3 · · ·σ

Qi
i εσn−1

σ
ϕn−2
n−2 · · ·σ

ϕ j

j ε ( j > i, 1 ≤ i ≤ n − 3, 2 ≤ j ≤ n − 2, Qk1 , ϕk2 = {0, 1}
(i ≤ k1 ≤ n − 3, j ≤ k2 ≤ n − 2)),

(7′) σn−pε
rσn−1σn−2σn−3σ

Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1σ
λn−2
n−2 · · ·σ

λs
s ε =

εrσn−1σn−2σn−3σ
Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1σ
λn−2
n−2 · · ·σ

λs
s ε

(2 < p < n, r = {0, 1} , s ≥ · · · ≥ j ≥ i, 1 ≤ i ≤ n − 3, 2 ≤ j, s ≤ n − 2,
Qk1 , ϕk2 , λk3 = {0, 1} (i ≤ k1 ≤ n − 4, j ≤ k2 ≤ n − 3, s ≤ k3 ≤ n − 2)),

(8) εσn−1σ
Ln−2
n−2 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t = εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t εσ

Ln−1
n−1 σ

Ln−2
n−2 · · ·

σLn−t+1
n−t+1 (2 ≤ t ≤ n − 1, Lk = {0, 1} (1 ≤ k ≤ n − 1)),

(9) σn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1 · · ·σ
U1
1 )(σV(n−k)+2

(n−k)+2σ
V(n−k)+1

(n−k)+1 · · ·σ
V1
1 ) · · · (σS n−1

n−1 σ
S n−2
n−2 · · ·σ

S 1
1 )

(εσn−1σ
Tn−2
n−2 · · ·σ

T1
1 )ε = (σ(n−k)+1σn−kσ

U(n−k)+1

(n−k)+1 · · ·σ
U1
1 )(σV(n−k)+2

(n−k)+2σ
V(n−k)+1

(n−k)+1 · · ·σ
V1
1 ) · · ·

(σS n−1
n−1 σ

S n−2
n−2 · · ·σ

S 1
1 )(εσn−1σ

Tn−2
n−2 · · ·σ

T1
1 )ε

(2 ≤ k ≤ n − 1, Uk1 ,Vk2 , S k3 ,Tk4 = {0, 1}
(1 ≤ k1 ≤ (n − k) − 1, 1 ≤ k2 ≤ (n − k) + 2, 1 ≤ k3 ≤ n − 1, 1 ≤ k4 ≤ n − 2)) ,

(10) σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1 · · ·σ
X1
1 )(σY(n−k)+2

(n−k)+2σ
Y(n−k)+1

(n−k)+1 · · ·σ
Y1
1 ) · · · (σZn−2

n−2σ
Zn−3
n−3 · · ·σ

Z1
1 )

(εσn−1σn−2σ
Wn−3
n−3 · · ·σ

Wi
i )(εσn−1σ

Rn−2
n−2 · · ·σ

R j

j )ε = (σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1 · · ·σ
X1
1 )(σY(n−k)+2

(n−k)+2

σ
Y(n−k)+1

(n−k)+1 · · ·σ
Y1
1 ) · · · (σZn−2

n−2σ
Zn−3
n−3 · · ·σ

Z1
1 )(εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i )(εσn−1σ

Rn−2
n−2 · · ·σ

R j

j )ε
( j > i, 1 ≤ i ≤ n − 2, 2 ≤ j ≤ n − 2, 3 ≤ k ≤ n − 1, Xk1 ,Yk2 ,Zk3 ,Wk4 ,Rk5 = {0, 1}
(1 ≤ k1 ≤ (n − k) − 1, 1 ≤ k2 ≤ (n − k) + 2, 1 ≤ k3 ≤ n − 2, 1 ≤ k4 ≤ n − 3, 1 ≤ k5 ≤ n − 2).

We also have the following additional conditions.

• For the relation (5): For 1 ≤ k < i − 1, to take Mk = 1 it is necessary Mk+1 = 1.
• For the relation (6): For 1 ≤ k < n − 2, to take Pk = 1 it is necessary Pk+1 = 1.
• For the relation (7): For i ≤ k < n − 3, to take Qk = 1 it is necessary Qk+1 = 1.

For j ≤ k < n − 2, to take ϕk = 1 it is necessary ϕk+1 = 1.
• For the relation (7′): For i ≤ k < n − 4, to take Qk = 1 it is necessary Qk+1 = 1.
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For j ≤ k < n − 3, to take ϕk = 1 it is necessary ϕk+1 = 1.
For s ≤ k < n − 2, to take λk = 1 it is necessary λk+1 = 1.
• For the relation (8): For n − t ≤ k < n − 2, to take Lk = 1 it is necessary Lk+1 = 1.
• For the relation (9): For 1 ≤ t < (n − k) − 1, to take Ut = 1 it is necessary Ut+1 = 1.

For 1 ≤ t < (n − k) + 2, to take Vt = 1 it is necessary Vt+1 = 1.
For 1 ≤ t < n − 1, to take S t = 1 it is necessary S t+1 = 1.
For 1 ≤ t < n − 2, to take Tt = 1 it is necessary Tt+1 = 1.
• For the relation (10): For 1 ≤ t < (n − k) − 1, to take Xt = 1 it is necessary Xt+1 = 1.

For 1 ≤ t < (n − k) + 2, to take Yt = 1 it is necessary Yt+1 = 1.
For 1 ≤ t < n − 2, to take Zt = 1 it is necessary Zt+1 = 1.
For i ≤ t < n − 3, to take Wt = 1 it is necessary Wt+1 = 1.
For j ≤ t < n − 2, to take Rt = 1 it is necessary Rt+1 = 1.

Proof. Relations given for In in (1.1) provide relations among (1)–(10). Now we need to prove that
all compositions among relations (1)–(10) are trivial. To do that, firstly, we consider intersection
compositions of these relations. Hence we have the following ambiguties w:

(1) ∧ (1) : w = σ3
i (1 ≤ i ≤ n − 1), (1) ∧ (2) : w = σ2

iσ j (|i − j| > 1),
(1) ∧ (5) : w = σ2

i+1σiσ
Mi−1
i−1 · · ·σ

M1
1 σi+1 (1 ≤ i ≤ n − 2),

(1) ∧ (6) : w = σ2
n−1εσn−1σ

Pn−2
n−2 σ

Pn−3
n−3 · · ·σ

P1
1 ε,

(1) ∧ (7) : w = σ2
n−2εσn−1σ

Qn−2
n−2 σ

Qn−3
n−3 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε,

(1) ∧ (7′) : w = σ2
n−pε

rσn−1σn−2σn−3σ
Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1

σλn−2
n−2 · · ·σ

λs
s ε,

(1) ∧ (9) : w = σ2
n−k(σ(n−k)+1σn−kσ

U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · εσn−1σ

Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ε,

(1) ∧ (10) : w = σ2
n−k(σ(n−k)+1σn−kσ

X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σ

Wn−3
n−3 · · ·σ

Wi
i

εσn−1σ
Rn−2
n−2 σ

Rn−3
n−3 · · ·σ

R j

j ε ( j > i),

(2) ∧ (1) : w = σi σ
2
j (|i − j| > 1),

(2) ∧ (2) : w = σi σ j σk (|i − j| > 1, | j − k| > 1),

(2) ∧ (5) : w = σiσ j+1σ jσ
M j−1

j−1 · · ·σ
M1
1 σ j+1 ( |i − ( j + 1) > 1|),

(2) ∧ (7′) : w = σiσn−pε
rσn−1σn−2σn−3σ

Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1

σλn−2
n−2 · · ·σ

λs
s ε ( |i − (n − p) > 1|),

(2) ∧ (9) : w = σiσn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2.. σ
U1
1 ) · · · εσn−1σ

Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ε

(|i − (n − k) > 1|),
(2) ∧ (10) : w = σiσn−k(σ(n−k)+1σn−kσ

X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i

εσn−1σ
Rn−2
n−2 σ

Rn−3
n−3 · · ·σ

R j

j ε ( j > i, |i − (n − k) > 1|),

(3) ∧ (3) : w = ε3, (3) ∧ (4) : w = ε2σi (1 ≤ i ≤ n − 2),
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(3) ∧ (8) : w = ε2σn−1σ
Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t ,

(4) ∧ (1) : w = εσ2
i (1 ≤ i ≤ n − 2), (4) ∧ (2) : w = εσiσ j (|i − j| > 1),

(4) ∧ (5) : w = εσi+1σiσ
Mi−1
i−1 σ

Mi−2
i−2 · · ·σ

M1
1 σi+1 (1 ≤ i ≤ n − 3),

(4) ∧ (7) : w = εσn−2εσn−1σ
Qn−2
n−2 σ

Qn−3
n−3 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε,

(4) ∧ (7′) : w = εσn−pε
rσn−1σn−2σn−3σ

Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1

σλn−2
n−2 · · ·σ

λs
s ε,

(4) ∧ (9) : w = εσn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · εσn−1σ

Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ε,

(4) ∧ (10) : w = εσn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i ε

σn−1σ
Rn−2
n−2 σ

Rn−3
n−3 · · ·σ

R j

j ε,

(5) ∧ (1) : w = σi+1σiσ
Mi−1
i−1 · · ·σ

M1
1 σ2

i+1 (1 ≤ i ≤ n − 2),
(5) ∧ (2) : w = σi+1σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1σ j (|i + 1 − j| > 1),

(5) ∧ (5) : w = σi+1σiσ
Mi−1
i−1 · · ·σ

M1
1 σi+1σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1 (1 ≤ i ≤ n − 2),

(5) ∧ (6) : w = σn−1σn−2σ
Mn−3
n−3 σ

Mn−4
n−4 · · ·σ

M1
1 σn−1εσn−1σ

Pn−2
n−2 · · ·σ

P1
1 ε,

(5) ∧ (7) : w = σn−2σn−3σ
Mn−4
n−4 σ

Mn−5
n−5 · · ·σ

M1
1 σn−2εσn−1σ

Qn−2
n−2 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j ε

( j > i),
(5) ∧ (7′) : w = σn−pσn−p−1σ

Mn−p−2

n−p−2 · · ·σ
M1
1 σn−pε

rσn−1σn−2σn−3σ
Qn−4
n−4 · · ·σ

Qi
i εσn−1

σn−2σ
ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1σ
λn−2
n−2 · · ·σ

λs
s ε,

(5) ∧ (9) : w = σn−kσ(n−k)−1σ
M(n−k)−2

(n−k)−2σ
M(n−k)−3

(n−k)−3 · · ·σ
M1
1 (σn−kσ(n−k)−1σ

U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · ε

σn−1σ
Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ε,

(5) ∧ (9) : w = σn−kσ(n−k)−1σ
M(n−k)−2

(n−k)−2σ
M(n−k)−3

(n−k)−3 · · ·σ
M1
1 σn−k(σ(n−k)+1σn−k

σ
U(n−k)−1

(n−k)−1 · · ·σ
U1
1 ) · · · εσn−1σ

Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ε,

(5) ∧ (10) : w = σn−kσ(n−k)−1σ
M(n−k)−2

(n−k)−2 · · ·σ
M1
1 σn−k(σ(n−k)+1σn−kσ

X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 )

· · · εσn−1σn−2σ
Wn−3
n−3 · · ·σ

Wi
i εσn−1σ

Rn−2
n−2 σ

Rn−3
n−3 · · ·σ

R j

j ε ( j > i),

(5) ∧ (10) : w = σn−kσ(n−k)−1σ
M(n−k)−2

(n−k)−2 · · ·σ
M1
1 σn−kσ(n−k)−1σ

X(n−k)−2

(n−k)−2 · · ·σ
X1
1

· · · εσn−1σn−2σ
Wn−3
n−3 · · ·σ

Wi
i εσn−1σ

Rn−2
n−2 σ

Rn−3
n−3 · · ·σ

R j

j ε ( j > i),

(6) ∧ (3) : w = σn−1εσn−1σ
Pn−2
n−2 σ

Pn−3
n−3 · · ·σ

P1
1 ε2,

(6) ∧ (4) : w = σn−1εσn−1σ
Pn−2
n−2 σ

Pn−3
n−3 · · ·σ

P1
1 εσi (1 ≤ i ≤ n − 2),

(6) ∧ (6) : w = σn−1εσn−1εσn−1σ
Pn−2
n−2 σ

Pn−3
n−3 · · ·σ

P1
1 ε,

(6) ∧ (7) : w = σn−1εσn−1σn−2εσn−1σn−2σ
Qn−3
n−3 σ

Qn−4
n−4 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j ε ( j > i),

(6) ∧ (8) : w = σn−1εσn−1σ
Pn−2
n−2 σ

Pn−3
n−3 · · ·σ

P1
1 εσn−1σ

Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t ,

(6) ∧ (8) : w = σn−1εσn−1σ
Pn−2
n−2 · · ·σ

Pn−t
n−t εσn−1σ

Pn−2
n−2 · · ·σ

Pn−t
n−t ,

AIMS Mathematics Volume 5, Issue 5, 4357–4370.



4363

(7) ∧ (3) : w = σn−2εσn−1σ
Qn−2
n−2 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j ε
2 ( j > i),

(7) ∧ (4) : w = σn−2εσn−1σ
Qn−2
n−2 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j εσt,

( j > i, 1 ≤ i ≤ n − 2, 2 ≤ j ≤ n − 2, 1 ≤ t ≤ n − 2),
(7) ∧ (6) : w = σn−2εσn−1σn−2σ

Qn−3
n−3 · · ·σ

Qi
i εσn−1εσn−1σ

Pn−2
n−2 · · ·σ

P1
1 ε (1 ≤ i ≤ n − 2),

(7) ∧ (7) : w = σn−2εσn−1σn−2σ
Qn−3
n−3 · · ·σ

Qi
i εσn−1σn−2εσn−1σn−2σ

Qn−3
n−3 · · ·σ

Qi
i εσn−1

σ
ϕn−2
n−2 · · ·σ

ϕ j

j ε ( j > i, 1 ≤ i ≤ n − 3, 2 ≤ j ≤ n − 2),

(7) ∧ (8) : w = σn−2εσn−1σ
Qn−2
n−2 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j εσn−1σ
Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t εσn−1

σLn−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t ( j > i, 1 ≤ i ≤ n − 2, 2 ≤ j ≤ n − 2),

(7) ∧ (8) : w = σn−2εσn−1σ
Qn−2
n−2 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j εσn−1σ
ϕn−2
n−2 · · ·σ

ϕ j

j ,

(7′) ∧ (7′) : w = σn−pε
rσn−1σn−2σn−3σ

Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1

σλn−2
n−2 · · ·σ

λs
s εσn−1σ

φn−2
n−2 · · ·σ

φp
p ε,

(7′) ∧ (8) : w = σn−pε
rσn−1σn−2σn−3σ

Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1

σλn−2
n−2 · · ·σ

λs
s εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t ,

(7′) ∧ (8) : w = σn−pε
rσn−1σn−2σn−3σ

Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1

σλn−2
n−2 · · ·σ

λs
s εσn−1σ

λn−2
n−2 · · ·σ

λs
s ,

(8) ∧ (1) : w = εσn−1σ
Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 σ

Ln−3
n−3 · · · (σ

Ln−t
n−t )2,

(8) ∧ (2) : w = εσn−1σ
Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t σ j (|n − t − j| > 1),

(8) ∧ (5) : w = εσn−1σ
Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t σ(n−t)−1σ

M(n−t)−2

(n−t)−2 · · ·σ
M1
1

σn−t (1 ≤ t ≤ n − 2),
(8) ∧ (6) : w = εσn−1εσn−1εσn−1σ

Pn−2
n−2 σ

Pn−3
n−3 · · ·σ

P1
1 ε,

(8) ∧ (6) : w = εσn−1εσn−1σ
Pn−2
n−2 σ

Pn−3
n−3 · · ·σ

P1
1 ε,

(8) ∧ (7) : w = εσn−1σn−2εσn−1σn−2εσn−1σn−2σ
Qn−3
n−3 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j ε ( j > i),

(8) ∧ (7) : w = εσn−1σn−2εσn−1σn−2σ
Qn−3
n−3 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j ε ( j > i),

(8) ∧ (7′) : w = εσn−1σ
Ln−2
n−2 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t ε

rσn−1

σn−2σn−3σ
Qn−4
n−4 · · ·σ

Qi
i εσn−1σn−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1σ
λn−2
n−2 · · ·σ

λs
s ε,

(8) ∧ (7′) : w = εσn−1σ
Ln−2
n−2 · · ·σ

Ln−t
n−t εσn−1σn−2σn−3σ

Ln−4
n−4 · · ·σ

Ln−t
n−t εσn−1

σn−2σ
ϕn−3
n−3 · · ·σ

ϕ j

j ε · · ·σn−1σ
λn−2
n−2 · · ·σ

λs
s ε,

(8) ∧ (8) : w = εσn−1σ
Ln−2
n−2 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t ,

(8) ∧ (9) : w = εσn−1σn−2 · · ·σn−kεσn−1σn−2 · · ·σn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2

· · ·σU1
1 ) · · · εσn−1σ

Tn−2
n−2 · · ·σ

T1
1 ε,

(8) ∧ (10) : w = εσn−1σn−2 · · ·σn−kεσn−1σn−2 · · ·σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1 · · ·σ
X1
1 )

· · · εσn−1σn−2σ
Wn−3
n−3 · · ·σ

Wi
i εσn−1σ

Rn−2
n−2 · · ·σ

R j

j ε ( j > i),

(9) ∧ (3) : w = σn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · εσn−1σ

Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ε

2,
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(9) ∧ (4) : w = σn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · εσn−1σ

Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 εσi

(1 ≤ i ≤ n − 2),
(9) ∧ (6) : w = σn−k(σ(n−k)+1σn−kσ

U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · (σS n−1

n−1 σ
S n−2
n−2 σ

S n−3
n−3 · · ·σ

S 1
1 )ε

σn−1εσn−1σ
Pn−2
n−2 σ

Pn−3
n−3 · · ·σ

P1
1 ε,

(9) ∧ (7) : w = σn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · (σS n−1

n−1 σ
S n−2
n−2 σ

S n−3
n−3 · · ·σ

S 1
1 )ε

σn−1σn−2εσn−1σn−2σ
Qn−3
n−3 σ

Qn−4
n−4 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε ( j > i),

(9) ∧ (7) : w = σn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · ·σS n−1

n−1 σ
S n−2
n−2 ε

σn−1σn−2σ
Qn−3
n−3 · · ·σ

Qi
i εσn−1σ

ϕn−2
n−2σ

ϕn−3
n−3 · · ·σ

ϕ j

j ε ( j > i),

(9) ∧ (8) : w = σn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · εσn−1σ

Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ε

σn−1σ
Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 σ

Ln−3
n−3 · · ·σ

Ln−t
n−t ,

(9) ∧ (8) : w = σn−k(σ(n−k)+1σn−kσ
U(n−k)−1

(n−k)−1σ
U(n−k)−2

(n−k)−2 · · ·σ
U1
1 ) · · · εσn−1σ

Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ε

σn−1σ
Tn−2
n−2 σ

Tn−3
n−3 · · ·σ

T1
1 ,

(10) ∧ (3) : w = σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i εσn−1

σRn−2
n−2 · · ·σ

R j

j ε
2 ( j > i),

(10) ∧ (4) : w = σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i εσn−1

σRn−2
n−2 · · ·σ

R j

j εσt (1 ≤ t ≤ n − 2),

(10) ∧ (6) : w = σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i εσn−1

εσn−1σ
Pn−2
n−2 · · ·σ

P1
1 ε,

(10) ∧ (7) : w = σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i εσn−1

σn−2εσn−1σn−2σ
Qn−3
n−3 · · ·σ

Qt
t εσn−1σ

ϕn−2
n−2 · · ·σ

ϕ j

j ε ( j > t),

(10) ∧ (7′) : w = σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i εσn−1

σn−2
Rn−2 · · ·σ

R j

j εσn−1σ
S n−2
n−2 · · ·σ

S l
l ε (l > j > i),

(10) ∧ (8) : w = σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i εσn−1

σRn−2
n−2 · · ·σ

R j

j εσn−1εσn−1σ
Ln−2
n−2 · · ·σ

Ln−t
n−t εσn−1σ

Ln−2
n−2 · · ·σ

Ln−t
n−t ( j > i),

(10) ∧ (8) : w = σn−k(σ(n−k)+1σn−kσ
X(n−k)−1

(n−k)−1σ
X(n−k)−2

(n−k)−2 · · ·σ
X1
1 ) · · · εσn−1σn−2σ

Wn−3
n−3 · · ·σ

Wi
i εσn−1

σRn−2
n−2 · · ·σ

R j

j εσn−1σ
Rn−2
n−2 · · ·σ

R j

j ( j > i),

All these ambiguities are trivial. Let us show some of them as in the following.

(1) ∧ (5) : w = σ2
i+1σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1, (1 ≤ i ≤ n − 2),

( f , g)w = (σ2
i+1 − 1)σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1

−σi+1(σi+1σiσ
Mi−1
i−1 · · ·σ

M1
1 σi+1 − σiσi+1σiσ

Mi−1
i−1 · · · σ

M1
1 )

= σ2
i+1σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1 − σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1
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−σ2
i+1σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1 + σi+1σiσi+1σiσ

Mi−1
i−1 · · · σ

M1
1

= σi+1σiσi+1σiσ
Mi−1
i−1 · · · σ

M1
1 − σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1

≡ σiσi+1σi
2σMi−1

i−1 · · ·σ
M1
1 − σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1

≡ σiσi+1σ
Mi−1
i−1 · · ·σ

M1
1 − σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1

≡ σiσ
Mi−1
i−1 · · ·σ

M1
1 σi+1 − σiσ

Mi−1
i−1 · · ·σ

M1
1 σi+1

≡ 0 mod(S ,w).

(2) ∧ (2) : w = σiσ jσk (|i − j| > 1, | j − k| > 1),
( f , g)w = (σiσ j − σ jσi)σk − σi(σ jσk − σkσ j)

= σiσ jσk − σ jσiσk − σiσ jσk + σiσkσ j

= σiσkσ j − σ jσiσk

≡ σkσiσ j − σ jσkσi

≡ σkσ jσi − σkσ jσi

≡ 0 mod(S ,w).

(6) ∧ (4) : w = σn−1εσn−1σ
Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 εσi (1 ≤ i ≤ n − 2),

( f , g)w = (σn−1εσn−1σ
Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 ε − εσn−1σ

Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 ε)σi

−σn−1εσn−1σ
Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 (εσi − σiε)

= σn−1εσn−1σ
Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 εσi − εσn−1σ

Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 εσi

−σn−1εσn−1σ
Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 εσi + σn−1εσn−1σ

Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 σiε

= σn−1εσn−1σ
Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 σiε − εσn−1σ

Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 εσi

≡ σn−1εσn−1σ
Pn−2
n−2 · · ·σ

Pi−1
i−1 σ

Pi
i σ

Pi−1
i−1 · · ·σ

P1
1 ε − εσn−1σ

Pn−2
n−2 · · ·σ

Pi
i · · ·σ

P1
1 σiε

≡ σPi−1
i−1 σn−1εσn−1σ

Pn−2
n−2 · · ·σ

P1
1 ε − εσn−1σ

Pn−2
n−2 · · ·σ

Pi−1
i−1 σ

Pi
i σ

Pi−1
i−1 · · ·σ

P1
1 ε

≡ σPi−1
i−1 εσn−1σ

Pn−2
n−2 · · ·σ

P1
1 ε − σ

Pi−1
i−1 εσn−1σ

Pn−2
n−2 · · ·σ

P1
1 ε

≡ 0 mod(S ,w).

It is seen that there are no any inclusion compositions among relations (1)–(10). This ends up the
proof. �

As a consequence of Lemma 1 and Theorem 2, we have the following result.

Corollary 3. Let C(u) be a normal form of a word u ∈ In. Then C(u) is of the form

W1ε
k1W2ε

k2 · · ·Wnε
kn ,

where kp = {0, 1} (1 ≤ p ≤ n). In this above expression,

• if kp = 1 (1 ≤ p ≤ n − 1) then the word Wp +1 which begins with σn−1 and generated by σi (1 ≤
i ≤ n − 1) is actually a reduced word. Moreover the word W1 generated by σi (1 ≤ i ≤ n − 1) is
an arbitrary reduced word.
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• if kp = 0 (1 ≤ p ≤ n − 1) then the word WpWp+1 is also reduced.

In addition, subwords of the forms Wiε
kiWi+1ε

ki+1 (1 ≤ i ≤ n − 1), W jε
k jW j+1ε

k j+1W j+2ε
k j+2

(1 ≤ j ≤ n − 2), Wrε
kr Wr+1ε

kr+1Wr+2ε
kr+2Wr+3ε

kr+3 (1 ≤ r ≤ n − 3) and εksWs+1ε
ks+1Ws+2 (1 ≤ s ≤ n − 2)

must be reduced.

By Corollary 3, we can say that the word problem is solvable for symmetric inverse monoid In.

Remark 4. We note that if we change the orderings on words we find another Gröbner-Shirshov bases
related to chosen orederings. Thus we get normal form for given algebraic structure depending on
ordering. To get this normal form it is used third item of Composition-Diamond Lemma. It is known
that to get normal form structure implies solvability of the word problem. If one can not obtain a
Gröbner-Shirshov basis according to chosen ordering on words, this does not mean that the word
problem is not solvable.

4. An application

As an application of Theorem 2, we will give the following Example 5 which describes a Gröbner-
Shirshov basis for the symmetric inverse monoid I4. The accuracy and efficiency of this example can be
seen by "GBNP package in GAP [1] which computes Gröbner bases of non-commutative polynomials
as follows.

gap> LoadPackage("GBNP","0",false);
true
gap> SetInfoLevel(InfoGBNP,1);
gap> SetInfoLevel(InfoGBNPTime,1);
gap> A:=FreeAssociativeAlgebraWithOne(Rationals,"s1","s2","s3","e");
<algebra-with-one over Rationals, with 4 generators>
gap> g:=GeneratorsOfAlgebra(A);
[ (1)*<identity ...>, (1)*s1, (1)*s2, (1)*s3, (1)*e ]
gap> s1:=g[2];;s2:=g[3];;s3:=g[4];;e:=g[5];;o:=g[1];
(1)*<identity ...>
gap> GBNP.ConfigPrint(A);
gap> twosidrels:=[s1^2-o,s2^2-o,s3^2-o,(s1*s2)^3-o,(s2*s3)^3-o,(s1*s3)^2-o,
e^2-e,s1*e-e*s1,s2*e-e*s2,e*s3*e-(e*s3)^2,e*s3*e-(s3*e)^2];
[ (-1)*<identity ...>+(1)*s1^2, (-1)*<identity ...>+(1)*s2^2,
(-1)*<identity ...>+(1)*s3^2, (-1)*<identity ...>+(1)*(s1*s2)^3,
(-1)*<identity ...>+(1)*(s2*s3)^3, (-1)*<identity ...>+(1)*(s1*s3)^2,
(-1)*e+(1)*e^2, (1)*s1*e+(-1)*e*s1, (1)*s2*e+(-1)*e*s2,
(1)*e*s3*e+(-1)*(e*s3)^2, (1)*e*s3*e+(-1)*(s3*e)^2 ]
gap> prefixrels:=[e,s1-o,s2-o,s3*e-s3];
[ (1)*e, (-1)*<identity ...>+(1)*s1, (-1)*<identity ...>+(1)*s2, (-1)*s3+(1)*s3*e ]
gap> PrintNPList(GBR.ts);
s1^2 - 1
s2^2 - 1
s3s1 - s1s3
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s3^2 - 1
es1 - s1e
es2 - s2e
e^2 - e
s2s1s2 - s1s2s1
s3s2s3 - s2s3s2
s3s2s1s3 - s2s3s2s1
s3es3e - es3e
es3es3 - es3e
s3es3s2e - es3s2e
s2s3s2es3e - s3s2es3e
s3es3s2s1e - es3s2s1e
es3s2es3s2 - es3s2es3
s2s3s2s1es3e - s3s2s1es3e
s2s3s2es3s2e - s3s2es3s2e
s2es3s2es3e - es3s2es3e
s1s2s1s3s2es3e - s2s1s3s2es3e
s2s3s2s1es3s2e - s3s2s1es3s2e
s2s3s2es3s2s1e - s3s2es3s2s1e
s2es3s2s1es3e - es3s2s1es3e
es3s2s1es3s2s1 - es3s2s1es3s2
s1s2s1s3s2s1es3e - s2s1s3s2s1es3e
s1s2s1s3s2es3s2e - s2s1s3s2es3s2e
s1s2s1es3s2es3e - s2s1es3s2es3e
s2s3s2s1es3s2s1e - s3s2s1es3s2s1e
s2es3s2s1es3s2e - es3s2s1es3s2e
s1s2s1s3s2s1es3s2e - s2s1s3s2s1es3s2e
s1s2s1s3s2es3s2s1e - s2s1s3s2es3s2s1e
s1s2s1es3s2s1es3e - s2s1es3s2s1es3e
s1s3s2s1es3s2es3e - s3s2s1es3s2es3e
s1s2s1s3s2s1es3s2s1e - s2s1s3s2s1es3s2s1e
s1s2s1es3s2s1es3s2e - s2s1es3s2s1es3s2e
s1s3s2s1es3s2s1es3e - s3s2s1es3s2s1es3e
s1es3s2s1es3s2es3e - es3s2s1es3s2es3e
s1s3s2s1es3s2s1es3s2e - s3s2s1es3s2s1es3s2e

We note that by GBNP package program one can compute Gröbner-Shirshov basis of symmetric
inverse monoids for small sizes, for example I4 and I5. But there are no any other computer programs
that compute a Gröbner-Shirshov basis for general size of symmetric inverse monoids. For this reason,
it is worth to study and obtain a Gröbner-Shirshov basis for this important structure.

Example 5. The presentation of I4 is as follows.

〈ε, σ1, σ2, σ3 ; σ2
1 = σ2

2 = σ2
3 = 1, σ3σ1 = σ1σ3, ε

2 = ε, εσ1 = σ1ε, εσ2 = σ2ε,

σ3σ2σ3 = σ2σ3σ2, σ2σ1σ2 = σ1σ2σ1, σ3εσ3ε = εσ3ε, εσ3εσ3 = εσ3ε〉 .
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We use deg-lex order induced by σ1 < σ2 < σ3 < ε. By this ordering, a Gröbner-Shirshov basis for
symmetric inverse monoid I4 consists of the following 38 relations.

(1) σ2
1 = 1, σ2

2 = 1, σ2
3 = 1,

(2) σ3σ1 = σ1σ3,

(3) ε2 = ε,

(4) εσ1 = σ1ε, εσ2 = σ2ε,

(5) σ3σ2σ3 = σ2σ3σ2, σ2σ1σ2 = σ1σ2σ1, σ3σ2σ1σ3 = σ2σ3σ2σ1,

(6) σ3εσ3ε = εσ3ε, σ3εσ3σ2ε = εσ3σ2ε, σ3εσ3σ2σ1ε = εσ3σ2σ1ε,

(7) σ2εσ3σ2εσ3ε = εσ3σ2εσ3ε, σ2εσ3σ2σ1εσ3ε = εσ3σ2σ1εσ3ε,

σ2εσ3σ2σ1εσ3σ2ε = εσ3σ2σ1εσ3σ2ε,

(7′) σ1σ3σ2σ1εσ3σ2εσ3ε = σ3σ2σ1εσ3σ2εσ3ε,

σ1σ3σ2σ1εσ3σ2σ1εσ3ε = σ3σ2σ1εσ3σ2σ1εσ3ε,

σ1σ3σ2σ1εσ3σ2σ1εσ3σ2ε = σ3σ2σ1εσ3σ2σ1εσ3σ2ε,

σ1εσ3σ2σ1εσ3σ2εσ3ε = εσ3σ2σ1εσ3σ2εσ3ε,

(8) εσ3εσ3 = εσ3ε, εσ3σ2εσ3σ2 = εσ3σ2εσ3,

εσ3σ2σ1εσ3σ2σ1 = εσ3σ2σ1εσ3σ2,

(9) σ2σ3σ2εσ3ε = σ3σ2εσ3ε, σ2σ3σ2σ1εσ3ε = σ3σ2σ1εσ3ε,

σ2σ3σ2εσ3σ2ε = σ3σ2εσ3σ2ε, σ1σ2σ1σ3σ2εσ3ε = σ2σ1σ3σ2εσ3ε,

σ2σ3σ2σ1εσ3σ2ε = σ3σ2σ1εσ3σ2ε, σ2σ3σ2εσ3σ2σ1ε = σ3σ2εσ3σ2σ1ε,

σ1σ2σ1σ3σ2σ1εσ3ε = σ2σ1σ3σ2σ1εσ3ε, σ1σ2σ1σ3σ2εσ3σ2ε = σ2σ1σ3σ2εσ3σ2ε,

σ2σ3σ2σ1εσ3σ2σ1ε = σ3σ2σ1εσ3σ2σ1ε, σ1σ2σ1σ3σ2σ1εσ3σ2ε = σ2σ1σ3σ2σ1εσ3σ2ε,

σ1σ2σ1σ3σ2εσ3σ2σ1ε = σ2σ1σ3σ2εσ3σ2σ1ε,

σ1σ2σ1σ3σ2σ1εσ3σ2σ1ε = σ2σ1σ3σ2σ1εσ3σ2σ1ε,

(10) σ1σ2σ1εσ3σ2εσ3ε = σ2σ1εσ3σ2εσ3ε,

σ1σ2σ1εσ3σ2σ1εσ3ε = σ2σ1εσ3σ2σ1εσ3ε,

σ1σ2σ1εσ3σ2σ1εσ3σ2ε = σ2σ1εσ3σ2σ1εσ3σ2ε.

5. Conclusions

The idea of Gröbner-Shirshov basis theory plays a significant role in several fields of mathematics
(algebra, graph theory, knot theory), computer sciences (computational algebra) and information
sciences. From algebraic way the method Gröbner-Shirshov basis theory gives a new algorithm to
obtain normal forms of elements of groups, monoids, semigroups and various type of algebras, and
hence a new algorithm to solve the word problem in these algebraic structures.

In this study, we obtained a Gröbner-Shirshov basis for a special type of braid monoids, namely the
symmetric inverse monoid In, in terms of the dex-leg ordering on the related elements of monoid. As
known symmetric inverse monoids are partial bijections and they are very well known and important
in combinatorics. By taking into account the Gröbner-Shirshov basis, we achieved the normal form
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structure of this important monoid. This normal form gave us the solution of the word problem. At
the final part of this study, we presented an application of our main result which find out a Gröbner-
Shirshov basis for the symmetric inverse monoid I4 by using a package program, GBNP, in GAP.
Since GBNP is a restricted package program in point of size of symmetric inverse monoids it is worth
to study and obtain a Gröbner-Shirshov basis for general size of this important structure.

In the future, the result of this work can be expanded to some other algebraic, computational
structures and associated to graph theory, growth, Hilbert series and knot theory.
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