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1. Introduction

Let D be the unit disk in the complex plane C and let H(D) denote the set of functions analytic in
D. As usual, let H* be the space of bounded analytic functions in D and ¢,(z) = (a — z)/(1 — az). Let
¢ be an analytic self-map of D and ¢ € H(D). The weighted composition operator W, ,, induced by ¢
and ¥, is defined on H(D) by

Wy )@ = ¥(2)f(e(2), feHD).

When ¢ = 1, we get the composition operator, denoted by C,. We refer the readers to [1, 2] for the
theory of composition operators and weighted composition operators.

Let p : [0,00) — [0, c0) be a right continuous and nondecreasing function with p(0) = 0. We say
that an f € H(D) belongs to the Dirichlet type space D,, if

1718, = OF + [ 1 @Rp(1 - ) dAce) < o,
D
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where dA is the area measure on D normalized so that A(D) = 1. When p(t) = t, D, = H?, the
Hardy space. If p(f) = t* and @ > 1, D, is the Bergman space A2 ,. When p() = t* and @ < 1, it
gives the weighted Dirichlet space O,. Many properties of O, spaces were studied by Aleman in [3]
and Kerman, Sawyer in [4]. Carleson measure for D, spaces was studied by Arcozzi, Rochberg and
Sawyer in [5]. For more information about O, and D,,, we refer to [6—12].

Recall that a weight p is of upper (resp.lower) type y (0 < y < o0) ([13]), if

p(st) < Cs”p(t), s>1 (resp.s < 1) and 0 <7 < oo.

We say that p is of upper type less than vy if it is of upper type ¢ for some 6 < y and p is of lower type
greater than S if it is of lower type ¢ for some ¢ > 5. From [13], we see that an increasing function p is
of finite upper type if and only if p(2t) < Cp(t).

Let H be a Hilbert space with an inner product (-, -) and norm || - [|l¢. A family {f;};7, in H is called
a frame for H if there exist constants A, B > 0O such that

Allfll, < D Kf fl < BIlfI,, forall f e H.
k=0

[ee)

A (resp. B) is called the lower (resp. upper) frame bounded. When A = B, the family {f;}> is called a
tight frame. If A = B = 1, we call it a normalized tight frame. The notion of frame was first introduced
by Duffin and Schaeffer in [14]. Tight frame is especially popular and now widely used in compressive
sensing, image and signal processing, since it provide stable decompositions similar to orthonormal
bases (see [15]). We say that a linear operator T on a Hilbert space H preserves frames if {T f;},2, is a
frame in H for any frame {f;};2, € . Similarly, we call T on H preserves (normalized) tight frames

if {T fi};2, is a (normalized) tight frame in H for any (normalized) tight frame {f;};?, € H. See [16]
for more information.

Recently, Manhas, Prajitura and Zhao studied weighted composition operators that preserve frames
in [16]. Especially, they build the equivalence between preserve frames and invertible of weighted
composition operators on weighted Bergman spaces A2 in the unit ball.

In this paper, we give some characterizations for invertible weighted composition operators on
Dirichlet type spaces O, when p is finite lower type greater than O and upper type less than 1. In
particular, our result shows that weighted composition operators are invertible if and only if they
preserve frames on D,. Moreover, we also investigate weighted composition operators that preserve
normalized tight frames and tight frames in the weighted Dirichlet space D, (0 < a < 1).

Throughout this paper, we say that A < B if there exists a constant C (independent of A and B) such
that A < CB. The symbol A ~ B means that A < B < A.

2. Auxiliary results

Let us firstly recall the following construction in [17]. Suppose ¢, > 0 forn = 0, 1,---. Define an
inner product on H(D) by

[

=Y —ab,

n=0 "
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where f(z) = X a,z" € HD) and g(2) = X, b,2" € HD). Let R(z) = X, cxZ". Denote by Hy for the
Hilbert space of analytic functions with

o £y = IfIP < co.

Let R;(z) = R({z), { € D. Then Ry(z) is the reproducing kernel of Hg at { € D, that is,
f() ={f,R;) for any f € H.

Lemma 1. Let p be of finite upper type less than 1. Set
o1
R()=1+ ) ——7", z€D.
; np(;)
Then Hgo = D, and R?(z) = RP({z) is the reproducing kernel for Hz, space at £ € D. Moreover,
when f(z) = >.0" an.z",
= 1
2 2 2
~ + —la,|".
/113, ~ laol Z] ”p(n) |

Proof. Let f(z) = Y, anz". Then

B, = laof + f £ @Po (1 - 12P) dAG)
D

® 1
laol? + > n*la, f (1 - Pyr.
n=1 0

By [9, Lemma 2], for n > 0, we have

1 ! 1 1 {1
f r2n—1p(1 — rz)dr = f rzn_lp (log —)dr xR —p (—) R
0 0 r n n

the constants occur here depend only on p. Therefore,

N 1
1113, = laol* + np(;) ja, .
n=1

By the definition, f € Hp, if and only if

Q

13, = f ) = laoP + Zlnp(%) lan? < oo,

Thus, Hg» = D,. The proof is complete. O

Lemma 2. Let p be of finite lower type greater than O and upper type less than 1. Then there exist
constants Cy and C, which depending only on p such that

[

1 1 - 1
C1(1+an(%)t]sp(l—t)SC2(1+an(i)t}

n=1 n=1

forallO0 <t < 1.
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Proof. Without loss of generality, we assume that 1/2 < ¢ < 1. Then,

1

o 1 1 Ix
n d
24" Z f xp(x) = e
0 X

I yp(;) (y —Int )
N Ilnt xp(+1n l)dx

f e *p(In 1)
p(ln 2) J-mnt XP( In 1)

Since p is of finite lower type greater than 0 and upper type less than 1, there exist y and 9, satisfied
0 <y <6 < 1, such that

Q

Q

Q

p(st) < s7p(t), s<1, (D
and

p(st) < s°p(1), s>1, (2)

where 0 < t < oco. Therefore,

Z : o< 1 ( f e X Vdx + f e"‘x‘s_ldx)
np(;) p(ln ;) 0 0

T'(y) +T(5),

e

&

1
p(l =1

where I'(.) is the Gamma function. Hence

1
1+Z p(l—t)'

np(: )

On the other hand, since p is nondecreasing, we have

i P e”*p(In l)
& np(d) p(ln D L o H ™
e *p(in )
2
P(ln D Jin2 xp(Ind)
* 1
> exldx ~ .
Pl =1) Jin> p(1 -1
The proof is complete. O
Ri(z
Lemma 3. Let p be of finite lower type greater than 0 and upper type less than 1. Let 77 = ”R,,fz(;l)
&\liDp

denote the normalized reproducing kernel for Hg,. Then rf — 0 weakly in D, as |z| — 1.
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Proof. By Lemmas 1 and 2, we have

1
IR llp, ¥ ——.
T V=P
Take any complex polynomial p, we deduce that
0

R p(2)
<p’ l,,p) = <p’ )Z > = 3
: IR llp,”  IIRIlp,

~ p() Vp(l = [zP).

Since a polynomial is bounded on D, we obtain
lim{p, ) = 0.
lz]—1

It is well known that polynomials are dense in D,,. So ¥ — 0 weakly in D, as |z] — 1. The proof
is complete. O

Let u be a finite positive Borel measure on D. Recall that i is a D,-Carleson measure if the inclusion
map i : D, — L*(u) is bounded, that is

f F@Pdu < CIfIE,
D

for all f € O,. The best constant C, denoted by ||ul|,, is said to be the norm of u. The following lemma
can be found in [9, Lemma 7].

Lemma 4. Let p be of finite lower type greater than 0 and upper type less than 1. Then g € H(D) is a
multiplier of D, if and only if g € H* and lg(@)?p(1 = |z]>)dA(z) is D,-Carleson measure.

Lemma 5. ([1]) Let ¢ be an analytic self-map of D. Then, for any z € D,

1 = [p(0)] < I - le(2)|
L+1p0) = 1-1z °

Lemma 6. Let p be of finite lower type greater than O and upper type less than 1. Suppose that ¢ is an
automorphism on D. Then f o ¢ € D, forall f € D,

a-z
1-az’

Proof. Suppose that ¢(z) = n where a,z € D and || = 1. Then

IC, A1, =If © p(O) + f I(f 0 ) @Pp(1 ~ 121*)dA(z)
D

=R + f e =l 0P)AG)
[

p(1 = le” WP
p(1 = wl*)

=[f R o) + f(D) L w)Pp(l = W) dA(w),

(2

where z = ¢! (w). Noting that
1

”Rp(o)”D O ————
T Ve =laP)
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we get

113,

’RP ZS 2 R,D 2 ~N— -
7 R ) 15 IR, =~ ~— s < o9

Since p is of finite lower type greater than O and upper type less than 1, similar to Lemma 2, we can
deduce that

Pl —le” WP <(1 - |¢—1(W)|2)7 N (1 - |¢‘1(W)|2)6

p(1 = wP) I=lwP =P
S(1 - |¢-‘<w)|)’ N (1 - |so-1<w>|)‘f
I —wl I —wl

Combined with Lemma 5 again, we obtain

-l _ 1l _1+]d

L=l 1-le@ = 1-lal’
That is,
p =l n)P) _ (1 + |a|)’ .\ (1 + |a|)6
p(1=wP)  ~\1-]al 1 —lal
Noting the fact that (D) C D, we get the desired result. The proof is complete. O

Lemma 7. [16] Suppose that T is a bounded linear operator on a Hilbert space H. Then the following
statements are equivalent.

(i) T preserves frames on H.

(ii) T is surjective on H.
(iii) T is bounded below on H.
Lemma 8. [16] Suppose that T is a bounded linear operator on a Hilbert space H. Then T preserves
tight frames on H if and only if there is constant A > 0 such that ||T* f|ly = Al|flly for any f € H.

Lemma 9. [16] Suppose that T is a bounded linear operator on a Hilbert space H. Then T preserves
normalized tight frames on H if and only if ||T* fllg = || fllae for any f € H.

The following results can be deduced by [18, Corollary 3.6].

Lemma 10. Suppose that y € H(D) and ¢ is an analytic self-map of D such that Wy, is bounded on a
Hilbert space H, (0 <y < o) with reproducing kernel functions m, w,z € D. Then the following
statements are equivalent.

(i) Wy, is co-isometry on H,, that is, Wy oW, =1
(ii) Wy, is an unitary operator on H,.

(iii) ¢ is an automorphism on D and = .frg_l(o), where |£] = 1.
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3. Main results and proofs

In this section, we state and prove the main result in this paper.

Theorem 1. Let p be of finite lower type greater than O and upper type less than 1. Suppose that
Wy € H(D) and ¢ is an analytic self-map of D such that W, , is bounded on D,. Then the following
statements are equivalent.

(i) Wy, preserves frames on D,,.

(ii) Wy, is surjective on D,,.

(iii) W, , is bounded below on D,,.

(iv) Y and i are multipliers of D, and ¢ is an automorphism of D.
(v) Wy, is invertible on D,

Proof. (i) & (ii) & (iii). These implications can be deduced by Lemma 7.
(iif) = (iv). Let w € D and RY be the reproducing kernel function in D,. After a calculation,

W;, (RO (w) =(W;, (RO, R = (RE, Wy o(RO)

=R,y - RS, 0 ) = Y(2)R}(¢(2))
=y(QR.,_ (w).

¥(2)

By the assumption that W, is bounded and W , is bounded below on D, we see that there is a
constant C > 0 such that

W, flo, = Cllflln,, [ € D,.

Thus,
W, ,(R)n, > CIRIln,
that 1s,
VIR, llo, > ClIRE|ip, -
Therefore,
IR, (1 =l
|$(Z)|ZC pzD > P 90( ‘
”Rtp(z)”Dp Vp(l - |Z|)
Since 5
p(1 —z]) <( 1 —|z] )y+( 1 -z )
p(1 =le@)) ~\1 = le()] 1-le@l) °
we have

VP =Tg@D _ ! .
N

1 1
> .
() + () () + (e
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So,
p(1 —1z)) S 1

p(1 =l ~ \/(1+|¢(0)|)7 + (1+|tp(0)|)5

1=1(0)] 1-1g(0)]

v (2)] = > 0.

Hence, % is bounded.

It is well known that a univalent inner function is an automorphism ([1, Corollary 3.8]). To prove
that ¢ is an automorphism, we only need to prove that ¢ is an inner function and ¢ is univalent.

First, we prove that ¢ is an inner function. Since W, , is bounded on D,, applying W, , on the
constant function 1, we have ¢ € O,. By Lemma 3, Y — 0 weakly in D,. Thus,

w2

im —
=1 R,

Noting that
[y (2)l
IR Ilp,

= @I V(1 = Iz)) 2 Ve( = e,

we get
lim p(1 = lp(2)l) = 0

which implies that limy,,; |¢(z)| = 1. In other word, ¢ is an inner function.
Next we prove that ¢ is univalent. Suppose ¢(z) = ¢(w), where z, w € D. Then clearly R =R

e(w)*
Since [y > 0 and W, Rp w(z)RW), we obtain

(Rp) )
Wl =|=w | ==]|.
) " )

R _
Soﬁ w(w) .Let f = 1. Then
Rfv
(z) lﬁ(W)

which implies that ¥(z) = ¥(w). Hence, R, = R,. From (£, R)) = (£, R.,), we deduce that z = w, that
is, ¢ is univalent. Hence, ¢ is an automorphism.

Since ¢ is an automorphism, ¢~ is also an automorphism. By Lemma 6, C,-1 is also bounded on
D, . Therefore, Wy, o C,-1 is bounded. For any f € D, since

WyooCuif =y (fog ' op)=yf,

we see that ¢ is multipliers of ©O,. By Lemma 4, we known that 4 € H®. Moreover, noting that
1'e H*, by Lemma 4 again we have

¥
(@)/ 2
p \¥(2)
_ f @) - fF' )]
D lﬁz(Z)

< f If'@F p(1 = |zI)dA(z) + f IF@P W @F p(1 = [z)dA(z)
D D

p(1 = 2*)dA(z)

p(1 = zZ)dA(z)

< f F @R p(1 - ZPA),
D
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which implies that ; is also a multiplier of D,
(iv) = (v). From [19, Theorem 3.3] and Lemmas 1 and 6, we only need to verified that

a1
liminf 4/npo(-) = 1.
n—oo n

p(1 =1z’) < (1 = 12p(1). 3)

Since y < 6 < 1, there exist a satisfy 6 < @ < 1. From [13, Lemma 4], we known that p is of finite
upper type less than @ < 1 if and only if

From (1), we have

f p(s)s™lds < p(DF®, 0 <1< oo,
t

fm p(s)s™*'ds > p(1) fw s ds ~ PO

@

Noted that

That is,
p1(t) := f p(s)s‘““ds ~pMt?, 0<t<oo,
t
and p;(¢) is nonincreasing. Therefore,
pi(D) < pi(1 = 2P) ~ p(1 = 12 = [2)™

Thus,
p(1 =1z 2 (1 = 1z)™ “4)

Combine with (3) and (4), there exist positive constants C; and C, such that

e ) <o) <[P

lim 4/C; = lim yC, = 1

1
1\ 1
m[ n(_)] m[ n(_)]
n—oo n n—oo n
we get the desired result.

(v) = (iii). Since W, , is invertible on D, we see that W;#} is also invertible on D,, which implies
that W,  is bounded below on D,,. The proof is complete. O

Noting that

and

Next we investigate equivalent characterizations of weighted composition operators W, , preserves
normalized tight frames and tight frames on O,. However, we have to restrict ourself on the space D,
when 0 < @ < 1. Then, we also give the similar results like [16, Theorem 3.7 and Corollary 3.8].

Theorem 2. Let 0 < a < 1, y € H(D) and ¢ be an analytic self-map of D. Suppose that Wy, is
bounded on D,. Then the following statements are equivalent.

AIMS Mathematics Volume 5, Issue 5, 4285-4296.
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(i) Wy, preserves normalized tight frames on D,.

(ii) WIZ#) is an isometry on D,
(iii) Wy, is an unitary operator on D,,.

(iv) ¢ is an automorphism on D and = frgfl(o), where €] = 1.
Proof. (i) & (ii). It follows from Lemma 9.

(ii) © (iv) & (iii)). Noting the fact that the 9, space is a Hilbert space with the following
reproducing kernel:

RW(Z) = m,

then the result can be deduced by Lemma 10. m|

Theorem 3. Let 0 < a < 1, y € H(D) and ¢ be an analytic self-map of D. Suppose that W, is
bounded on D,. Then the following statements are equivalent.

(i) Wy, preserves tight frames on D,
(ii) There is a constant ¢ > 0 such that ||W(Z,¢f||2)a = c||fllp, for any f € D,.
(iii) ¢ is an automorphism on D and there is a complex number s such that = er*I(O)'

Proof. (i) & (ii). It follows by Lemma 8.
(i1) = (iii). Since %Ww = Wg#), from IIW[;WfIIDa = ¢||fllp,, we deduce that

W5 fllo, = 1/l

In other word, W} is an isometry on ©,. By Theorem 2, we get that ¢ is an automorphism on D
i

and there exists a complex number & with [£| = 1 such that % = frzfl o Setting s = c&, we get the
desired result.

(iii) = (ii). Let ¢ = % Then by Theorem 2, W;"p is an isometry on 9,, which implies that

W, fllo, = Iflln,s f € Da

This is clearly the same as
Wy o fllo, = Isllfllp,s f € Da-

The proof is complete. O
4. Conclusions

In this paper, we mainly prove that the weighted composition operator W, , is invertible on Dirichlet
type spaces D, if and only if it preserve frames. We also show that W, ,, is an unitary operator if and
only if W, , preserve normalized tight frames on D, (0 < @ < 1). Weighted composition operators

preserve tight frames on D, (0 < @ < 1) are also investigated.
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