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1. Introduction and main results

In this paper, we are concerned with the existence and multiplicity of weak solutions for the
damped-like fractional differential system

d | P |
- (p(r) (5 oD (' (0) + 5 Dy (u (t))))
| e, _ (1.1)
+r(1) 5 oD * (' (1)) + 5 D (W' ()| + gOu(t) = AVF(t,u(t)), ae.tel[0,T],
u(0) =u(T) =0,
where OD,_f and ,Df are the left and right Riemann-Liouville fractional integrals of order 0 < & < 1,
respectively, p,r,q € C([0,T],R), L(t) := fot(r(s)/p(s))ds, 0<m< e pt) < Mand g(t) — p(t) > 0
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fora.e. t € [0,T], u(t) = (uy(t), us(t) - - - ,u, ()T, (-) denotes the transpose of a vector, n > 1 is a given
positive integer, A > 0 is a parameter, VF (¢, x) is the gradient of F with respectto x = (x,-- -, xn_) e R,
that is, VF (¢, x) = (gTFI’ e gTF)T, and there exists a constant § € (0, 1) such that F : [0,T] X B, - R

(where Bg is a closed ball in RY with center at 0 and radius ¢) satisfies the following condition

(Fy) F(t, x) is continuously differentiable in B_g fora.e. t € [0, T], measurable in t for every x € E, and
there are a € C(B),R*) and b € L'([0, T1; R") such that

|F (1, 0 < a(lx)b(r)

and
IVE(z, x)| < a(|x])b(z)

forall x € Bg and a.e. t € [0, T].

In recent years, critical point theory has been extensively applied to investigate the existence and
multiplicity of fractional differential equations. An successful application to ordinary fractional
differential equations with Riemann-Liouville fractional integrals was first given by [1], in which they
considered the system

_i 1 =& 1 =& _
7 ((2 oD, > (W' (2)) + > Dy (u (t)))) = VF(t,u(t)), a.e.te[0,T], (12)
u0)=uw(T) =0.

They established the variational structure and then obtained some existence results for system (1.2).
Subsequently, this topic attracted lots of attention and a series of existence and multiplicity results are
established (for example, see [2—12] and reference therein). It is obvious that system (1.1) is more
complicated than system (1.2) because of the appearance of damped-like term

1 _ 1
() EOD,f(u'<t))+ TD#(u’(r)) :

In [13], the variational functional for system (1.1) with 4 = 1 and N = 1 has been established, and
in [14], they investigated system (1.1) with 4 = 1, N = 1 and an additional perturbation term. By
mountain pass theorem and symmetric mountain pass theorem in [15] and a local minimum theorem
in [16], they obtained some existence and multiplicity results when F satisfies superquadratic growth
at infinity and some other reasonable conditions at origin.

In this paper, motivated by the idea in [17, 18], being different from those in [13, 14], we consider
the case that F' has subquadratic growth only near the origin and no any growth condition at infinity.
Our main tools are Ekeland’s variational principle in [19], a variant of Clark’s theorem in [17] and a
cut-off technique in [18]. We obtain that system (1.1) has a ground state weak solution u, if A is in
some given interval and then some estimates of u, are given, and when F(z, x) is also even about x near
the origin for a.e. 7 € [0, T, for each given A > 0, system (1.1) has infinitely many weak solutions {u}
with ||ufl|| — 0 as n — oo. Next, we make some assumptions and state our main results.

(fo) There exist constants M; > 0 and 0 < p; < 2 such that

F(t,x) > M;|x|"! (1.3)
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forall x € B and a.e. 1 € [0, T].
(f1) There exist constants M, > 0 and 0 < p, < p; < 2 such that

F(t, x) < Mo|x|” (1.4)

forall x € Bj and a.e. r € [0, T].

(fo)" There exist constants M; > 0 and 0 < p; < 1 such that (1.3) holds.

(f1)" There exist constants M, > 0 and 0 < p, < p; < 1 such that (1.4) holds.
(f>) There exists a constant n € (0, 2) such that

(VF(t, x),x) < nF(t, x)
for all x € B_g and a.e. r € [0,T].
(f3) F(t,x) = F(t,—x) for all x € Bj and a.e. € [0, T].
Theorem 1.1. Suppose that (Fy), (fo), (f1) and (f>) hold. If

| cos(na))| (l)z_pz (5)2"’2 |cos(7m)|}

2C B 2 2C

0<A<mi
< _mln{ >

then system (1.1) has a ground state weak solution u, satisfying
1 2-p> S 2-p> ) 2-p2
22 < mind1.l= (_) 2-p» < ) g2 2 (_) )
lleeall ™" < mi { |5 > N 751 W 15

2a-1

T
= i -, C = max{p, 7} max{M;, M,}T max e"“" max{B"', B"*}.
Vml(@)Ra - 1)2 r€[0,T]

where

B

If (fp) and (f;) are replaced by the stronger conditions (fy)" and (f;)’, then (f>) is not necessary in
Theorem 1.1. So we have the following result.

Theorem 1.2. Suppose that (Fy), (fo) and (f,) hold. If

| cos(ma)| ( 1 )21" ( s )2-1’1 |Cos(7ra/)|}

o
Od‘mm{ 3¢ \B] |2 3C°

then system (1.1) has a ground state weak solution u, satisfying

. 1\ 5\ 2 S\2 1
a2 < mm{l,(g) (5) i < {Bz—m,(i) }’

where C* = maxXe(o,7] e 1) max {(1 + po)aoB fOT b(l)dl, M]p1 TBpl,p()Ml TBP1+1}’ ap = MaXge(o,6] Cl(S)

and pg = max s s) lo’(s)| and p(s) € CL(R, [0, 1]) is any given even cut-off function satisfying

1, iflsl<é/2,
p(s) —{ 0. if Is|> 6. (1.5)
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Theorem 1.3. Suppose that (Fo) (fo), (fi) and (f3) hold. Then for each A > 0, system (1.1) has a
sequence of weak solutions {u}} satisfying {u!} — 0, as n — 0.

Remark 1.1. Theorem 1.1-Theorem 1.3 still hold even if r(#) = O for all + € [0,T], that is, the
damped-like term disappears, which are different from those in [2—12] because all those assumptions
with respect to x in our theorems are made only near origin without any assumption near infinity.

The paper is organized as follows. In section 2, we give some preliminary facts. In section 3, we
prove Theorem 1.1-Theorem 1.3.

2. Preliminaries

In this section, we introduce some definitions and lemmas in fractional calculus theory. We refer
the readers to [1,9,20-22]. We also recall Ekeland’s variational principle in [19] and the variant of
Clark’s theorem in [17].

Definition 2.1. (Left and Right Riemann-Liouville Fractional Integrals [22]) Let f be a function
defined on [a, b]. The left and right Riemann-Liouville fractional integrals of order y for function f
denoted by ,D,” f(r) and ,D,” f (), respectively, are defined by

D7 (1) = %y) f (t—s5)""f(s)ds, telabl, y>0,
b
,D;yf(t) = %}/) f (s — 1 f(s)ds, telab], y>0.

provided the right-hand sides are pointwise defined on [a, b], where I > 0 is the Gamma function.
Definition 2.2. ( [22]) For n € N, if y = n, Definition 2.1 coincides with nth integrals of the form

D7) = (n_l f (t— )" f(s)ds, telabl, neN,

1!
zDan(t) =

b

f (t—s)"'f(s)ds, tela,b]l, neN.
(n—-DtJ,
Definition 2.3. (Left and Right Riemann-Liouville Fractional Derivatives [22]) Let f be a function
defined on [a, b]. The left and right Riemann-Liouville fractional derivatives of order y for function f
denoted by ,D] f(r) and D] f(1), respectively, are defined by

dn
aDZf(t) — 7 nf( 1= r(n )dﬂl (f (t- s)" Y- 1f(s)dS)

, __nﬁy_n -1y f et
DL = (1 GoD] " @) = o dtn( (s— 1) f(s)ds).

where t € [a,b],n — 1 <y <nand n € N. In particular, if 0 <y < 1, then

- )dt(f(t—s) yf(s)ds) t € la,b],
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b
D) = ~D S0 = =4 ( [ - t)‘yf(s)ds), r € la,bl.
Remark 2.1. ( [9, 13]) The left and right Caputo fractional derivatives are defined by the
above-mentioned Riemann-Liuville fractional derivative. In particular, they are defined for function
belonging to the space of absolutely continuous functions, which we denote by AC([a,b],RY).
AC*([a, b],RM)(k = 0, 1, ...) are the space of the function f such that f € C*([a, b], R"). In particular,
AC([a, b],RY) = AC!([a, b],RY).

Definition 2.4. (Left and Right Caputo Fractional Derivatives [22]) Lety > 0 and n € N.

() Ify € (n—1,n) and f € AC"([a,b],R"), then the left and right Caputo fractional derivatives of
order y for function f denoted by {D] f(¢) and D, f(r), respectively, exist almost everywhere on [a, b].
¢D] f(1) and {Dj f(r) are represented by

oD f(t)y= D" f'(1) = 1 ( f (t— sy f(")(s)ds),

I'(n-7)
cryY _(_1\" Y " gen _ (_l)n i _n—y=1 p(n)
Dy f()=(D" Dy (1) = Ti-7) (s =" f(s)ds],

respectively, where ¢ € [a, b]. In particular, if 0 < y < 1, then

D)= D) (1) = (f (z—s)‘Vf’(s)ds), t € [a,b],

(1 -1y)
1
-y

(i) If y =n—1and f € AC"([a, b],RY), then D] f(¢) and (D] f(r) are represented by

D (0 = [0, tea,bl,

Dy f() = (D" V@, tefab).
In particular, ZD?f(l) = ngf(t) = f(t), t € [a,b].
Lemma 2.1. ( [22]) The left and right Riemann-Liouville fractional integral operators have the property
of a semigroup, i.e.

b
DIf(t)y=-D]" f'() = - ( f (s—t)"f’(s)ds), t € [a, b].

D GDTfD) = (DT L),
D, (D, f0) = D@D, Yy >0,

in any point ¢ € [a, b] for continuous function f and for almost every point in [a, b] if the function
f € L'(la, b],RY).

For 1 < r < o0, define

L

T v
lleallzr = (fo Iu(t)lrdl) (2.1)

llullee = max |u(7)]. (2.2)
1€[0,T]

and
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Definition 2.5. ([1]) Let 0 < @ < 1 and 1 < p < co. The fractional derivative space Eg’p is defined by
closure of C’ ([O, T], RN) with respect to the norm

T T 5
llullo,, = (f lu(0)|Pdt + f Ingu(t)l”dt) . (2.3)
0 0

Remark 2.2. ([9]) Eg ” is the space of functions u € L”([0, T], RY) having an a-order Caputo fractional
derivative (Dju(?) € L7([0,T1], RY) and u(0) = w(T) = 0.

Lemma 2.2. ([1])) LetO<a <land 1 < p < oco. Eg’p is a reflexive and separable Banach space.
Lemma 2.3. ( [1]) Assume that 1 < p < oo and a > % Then E;” compactly embedding in
C([0,T],RM).

Lemma24. ([1])LetO<a <land 1< p < oco. Forallu € E;”, we have

C (04
oDy u”Lp .

(2.4)

luller <

T
I'a+1)
Moreover, if @ > L and L + 1 = 1, then

p P q

llulleo <

- oDl - (2.5)
F(a)(@ = Dg + 1)

Definition 2.6. ( [13]) Assume that X is a Banach space. An operator A : X — X" is of type (), if,
for any sequence {u,} in X, u, — w and limsup, _,, (A(u,), u, — u) < 0imply u, — u.

Let ¢ : X — R. A sequence {u,} C X is called (PS) sequence if the sequence {u,} satisfies
¢(u,) is bounded, ¢'(u,) — O.

Furthermore, if every (PS) sequence {u,} has a convergent subsequence in X, then one call that ¢
satisfies (PS) condition.

Lemma 2.5. ( [19]) Assume that X is a Banach space and ¢ : X — R is Gateaux differentiable, lower
semi-continuous and bounded from below. Then there exists a sequence {x,} such that

¢(x) = infe, g’ (xa)ll. — 0.

Lemma 2.6. ( [17]) Let X be a Banach space, ¢ € C'(X,R). Assume ¢ satisfies the (PS) condition, is
even and bounded below, and ¢(0) = 0. If for any k € N, there exist a k-dimensional subspace X* of X
and p; > 0 such that SUPxins, P < 0, where S, = {u € X| ||lul| = p}, then at least one of the following
conclusions holds.

(i) There exist a sequence of critical points {u;} satisfying ¢(u;) < O for all k and ||| — O as
k — oo.

(i1) There exists a constant 7 > 0 such that for any 0 < a < r there exists a critical point u# such that
||| = a and ¢(u) = 0.

Remark 2.3. ( [17]) Lemma 2.6 implies that there exist a sequence of critical points u; # O such that
() <0, p(ur) — 0 and ||| > 0 as k — oo.

AIMS Mathematics Volume 5, Issue 5, 4268—-4284.
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Now, we establish the variational functional defined on the space Eg’z with % < a < 1. We follow
the same argument as in [13] where the one-dimensional case N = 1 and A = 1 for system (1.1) was
investigated. For reader’s convenience, we also present the details here. Note that
L(t) := fot(r(s)/p(s))ds,O <m < ep(f) < M and g(t) — p(t) > O for a.e. ¢t € [0,T]. Then system
(1.1) is equivalent to the system

d 1 _ |
- (e-L“)p(t) (5 oD (u' (1) + 3 ,Df(u'm)))

+e MDg(nu(r) = 2™ OVF(t,u), ae. 1€[0,T], 20

u(0) =uw(T) = 0.

By Lemma 2.1, for every u € AC([0, T],RY), it is easy to see that system (2.6) is equivalent to the
system

d —L(1) 1 _% —% ’ 1 —% —% ’
=S| 007 (07w 0) + 5 D7 (D W 0)
Lol Og(tu(r) = AUVt u), ae. 1€ [0,T), 27)

u(0) =u(T) =0,

where & € [0, 1).
By Definition 2.4, we obtain that u € AC([0, T], RY) is a solution of problem (2.7) if and only if u
is a solution of the following system

d 1 1
7 (e_L(’)P(t) (5 oDy (DY u()) ~ 3 zD?_l(fD?u(t))))

+e U0g(tyu(r) = AeHOVF (1, u), (2:8)
w(©0) = u(T) = 0,

forae. r € [0,T], where a = 1 — % € (%, 1]. Hence, the solutions of system (2.8) correspond to the

solutions of system (1.1) if u € AC([0, T],R™).
In this paper, we investigate system (2.8) in the Hilbert space Eg’z with the corresponding norm

r %
Jull = ( f O p(o) (I DY (OF +1u(hP) dr) .
0

It is easy to see that ||u|| is equivalent to ||u|,» and

v T T
m f lsDu(t)*dt < f e Op)sDu(n)*dt < M f s D u(t)|dt.
0 0 0

So
lloall 2 < m (f e p 5 DIu (1) dt) ,
0

and
lulloo < Bllull, (2.9)
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where
2a—1
2

> 0.

T Yml@)Qa - 1)}
(see [13]).

Lemma 2.7. ([13]) If § < @ < 1, then for every u € EJ*, we have

T T
| cos(ra)lull® < - f O p(t) (DY (), {DYu(n)) dr + f L0 p()lu(r)Pdt
0 0

M
<max{ —— 1% |jull’.
m| cos(ma)|

(2.10)

3. Proofs

We follow the idea in [17] and [18]. We first modify and extend F to an appropriate F defined by
F(t,x) = p(IXDF(t, x) + (1 = p(Ix))My|x}”", for all x € R”,

where p is defined by (1.5).

Lemma 3.1. Let (Fy), (fo), (f1) (or (fo), (f1)'), (f2) and (f3) be satisfied. Then
(F 0) F (t x) is continuously differentiable in x € R for a.e. t € [0, T, measurable in t for every x € R",

and there exists b € L'([0, T];R") such that

IF(t, )| < aoh(t) + M,|x|"",
IVE(t, x)| < (1 + po)agh(r) + My py|xl”™" + poM,|x|”!

foralleRNandae tel0,T];

(fo) F(t x) > Mi|x|”' forall x e RN and a.e. t € [0, T];

(fl) F(t x) < max{Ml, My} (x|t + |x|P?) for all x € RN and a.e. t € [0, T];

(fz) (VF(t X), x) < 9F(t x) for all x € RN and a.e. t € [0, T], where 6 = max{p,,n};
(f3) F(t X) = F(t —x) for all x e RN and a.e. t € [0, T].

Proof. We orgy prove (%), (ﬁ) and (E). (fo) can be proved by a similar argument by (F). By the
definition of F(t, x), (fy) and (f;) (or (fp)" and (f1)"), we have

Mi|xIP' < F(t,x) = F(t,x) < Mo|x|”?,  if |x| < 6/2,

F(t,x) = My|x]”", if |x] > 6,
F(t,x) < F(t,x) + M|x|"" < M,|x|"" + My|x|”?, if6/2 <|x| <6

and
F(t,x) > p(|xDMi|xI”" + (1 = p(IxD) M |xIPt = M|x|P,  if 6/2 < |x| < 6.

Hence, (ﬁ) holds. Note that

OF (1, x) = (VE(t,x),%) = p(x)OF(t, x) = (VF(1, %), %) + (0 = p)(1 = p(lx)) My |x}”
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—lxlo’ (IXD(F (2, x) = Mi|x™).

It is obvious that the conclusion holds for O < |x] £ §/2 and |x| > 6. If §/2 < |x| < 0, by using 6 > py,
(f2), ( fl) and the fact sp’(s) < 0 for all s € R, we can get the conclusion ( fz) Finally, since p(|x]) is
even for all x € R, by (f3) and the definition of F (t Xx), it is easy to get ( f3) |

Remark 3.1. From thci prooi of Lemma 3.1, it is easy to see that (Fy), (fo) (or (fp)) and (f}) (or (f1)")
independently imply (Fy), (fo) and (f), respectively.

Consider the modified system

_;’[t( ~HO (f)( oD (D u(r)) — : zDa l(cDau(f))))
+e L Og(tyu(r) = /le‘L(t)VF (t, u),
uQ)=u(T)=0

(3.1)

fora.e. t € [0,T], where @ = 1 — g € (3, 11.
If the equality

T
1
fo e‘“”[ = 3 PO(GD]u(®), [DFv(®)) + (D7u(®), GDTV(D)) + po)(u(t), v(1)
+(q(0) = p(O) (@), (1)) — AVE(t, u(?)), V(t))]dt =0

holds for every v € Eg’z, then we call u € Eg’z is a weak solution of system (3.1).
Define the functional J : Eg’Z — R by

T

—_ 1 X X

T = [ 0] b0 (- Giu. sDjuo) + )

+%(q(t) — p(O)u@®) - /lf(t, u(t))]dt, forall u € Eg’z.
Then (F o) and Theorem 6.1 in [9] imply that JeC 1(E“’Z, R), and for every u,v € E*?, we have
T
— 1 : X ' '
(7w, v) = f e-“’)[ = 5P (D@, {DFv(0) + (Dju(t). 5D;v(1)
+p(O(®), V(1) + (q(t) — p(E) (D), v(D)) — AVE(t, u(), (1)) |dt

Hence, a critical point of J(u) corresponds to a weak solution of problem (3.1).
Let

T
1
vy = [ 0] = Sp0(GDFut0). FDFO) + (Dfat). 5DT(0)
+p(O)u(?), v(1) + (q(2) = p(O))(u(®), v()) |dt.
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Lemma 3.2. ([13])

yillul® < (Au,u) < yollull?,  for all u € EZ2, (3.2)

where y; = | cos(na)| and y, = (max {m, 1} + max;epo,r1(q(t) — p(t))).

Lemma 3.3. Assume that (Fy), (fo) and (f,) (or (fy) and (f1)’) hold. Then for each A > 0, J is bounded
from below on Eg’z and satisfies (PS) condition.

Proof. By (ﬁ), (2.9) and (3.2), we have

T
Juw) = %(Au,u)—ﬁ fo e MOF(t, u(r))dt

\%

T
%Ilull2 - /lmaX{Ml,M2}f PP + lu(n)|P)dt
0

\%

1 _
211wl = Amax{M,, Mo}T max e “O(lull?? + [lull?2)
2 1€[0,T]

v

ﬂllullz — Amax{M,, Mp}T max e [B”|[u|["" + B ||ull”*].
2 1€[0,T]

It follows from 0 < p, < p; < 2 that
J(u) = +oo,  as |lul| — co.

Hence, Jis coercive and then is boundei from below. Now we prove that J satisfies the (PS) condition.
Assume that {u,} is a (PS) sequence of J, that is,

J(u,) is bounded, J'(u,) — O. (3.3)

Then by the coercivity of J and (3.3), there exists Cy > 0 such that ||u,|| < Cy and then by Lemma 2.3,
there exists a subsequence (denoted again by {u,}) such that

u, — u, weakly in E*?, (3.4)
u, = u, ae. in C([0,T],R). (3.5)

Therefore, the boundness of {u,} and (3.3) imply that

(7 @y =) | < 1T @l gt =

< |I7(un)ll(Eg.2)*(llunll + ull)
0, (3.6)

l

where (Eg’z)* is the dual space of E*?, and (Fy), (2.9) together with (3.5) imply that

T
‘/l f (VE(t, u, (1)), u,(t) — u(t))dt
0

T o~
< 2 fo IV, un(O)] un(t) — (o))t
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T
< Al - ull f | (1 + po) aoh() + My prlun () ™" + po M lu, (1) | dt
0

T
< Au, —ullo |(1 +p0)a0f b(t)dt + MlplTBp‘_ng‘_1 + MlTpoB”‘Cg‘]
0

- 0. (3.7)
Note that
T
(77 ) 4y = ) = (At 10, — 1) = A f (VF (£, u,(8)) , (1) = u(t))dlt.
0

Then (3.6) and (3.7) imply that lim,,_,, (Au,, u,, — u) = 0. Moreover, by (3.4), we have

lim (Au,u, —u) =0

Therefore
lim {Au,, — Au, u,, — u) = 0.
Since A is of type (S ), (see [13]), by Definition 2.6, we obtain u,, — u in Eg’z. O

Define a Nehari manifold by
No = {u € EZ? [{OY(T(w), u) = 0}.

Lemma 3.4. Assume that (Fy) and (fy) (or (fo)') hold. For each A > 0, 7, 1 has a nontrivial least energy
(ground state) weak solution u,, that is, uy € N, and J A(u,l) 1nf 7, 1. Moreover, the least energy can

be estimated as follows

1 . _ T 2
(p1/y2) 7T [AM mineo 7y €70 [ lwo()IP'dr) =71 (py — 2)

L) <G = >

where wy = andw = (% sin %, 0, - -- ,O) € Eg’z.

Tl
Proof. By Lemma 3.3 and JecC 1(E"’Z, R), for each 4 > 0, Lemma 2.5 implies that there exists some
u, € Eg’2 such that

J(u/l) = 1nf J(v) and J' (1) = (3.8)

vEE

By (3.2) and (]70), we have

Ta(swo)

1 T —
E<A(swo), swo) — A f e LOFE(t, swo(1))dt
0

T
Y2 §2 2 -L
Iwoll? = f O M| swo(0)|" dt

<
2°
< 722s - M, rnolne —LO) g1 f lwo(D)|P1dt. (3.9)
te
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for all s € [0, o). Define g : [0, +c0) — R by

g(s) = 2s2 — AM; min e H0gP f [wo(D)|P' dt.
2 1€[0.T]

Then g(s) achieves its minimum at

1
. T -
PpiAM, minggo,ry et [ |wO<r)|mdr]2 :
50,4 =

Y2

and

L ) T 2
(p1/y2) 7T [AM; minyeo 7y €70 [ lwo ()P dr) 71 (py = 2)

5 .
Note that p; < 2. So g(so.1) < 0. Hence, (3.9) implies that

8(s0,0) =
J/l (uy) = 1nf JA(V) < J/I(SO awo) < g(sp) <0 = J/l(O)
vEE
and then u; # 0 which together with (3.8) implies that i, € N, and J () = inf Jh. O

Lemma 3.5. Assume that (Fo), (f;) and (f2) hold. If 0 < A < 122 then the following estimates hold

I /1”2—172 LBZW

a7 < ———, |l < )
| cos(ma)|’ ® | cos(ma))|

Proof. It follows from Lemma 3.1, (2.9) and (.7’ (uy), uy) = 0 that
T
f e‘“”[ — p(OGDL U D), CDup(0) + p(t)(uat), u () + (q(t) — p(O))ua(t), uy (1)) |dt
0

T
= A f e LOVE(t, uy()), ua(r))dt
0

IA

T
0 f e LOF @t uy(1))dt
0

IA

T
A0 max{M,, M,} max e =7 f (ua(OIP + Juy (0)]P)dt
1€[0,T] 0

IA

A0 max{M,, M>}T max e “O(|[uy||2 + |Jua||??)
t€[0,T]
< A@max{M,, M,)T max e LOIBP It + BP2||uy||P?]
t€[0,T]

< AC([luall”* + [luall?). (3.10)

We claim that |[uy|| < 1 uniformly for all 0 < 4 < M Otherwise, we have a sequence of {1, <

leostral} such that [lug, || > 1. Thus ||u,, [I”* < lluy, |1 since p> < py < 2. By (2.10) and (3.10), we obtain

T
fo e‘“”[ — pOEDI g, (), CDGua, (1)) + p(O)(ty, (1), s, (1) + (q(t) — p(O) 1y, (1), uy, (1)) |dt
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T
> | cos(ma)lllua, |I* + f e M (q(t) — p(t)luy, (1) dt. (3.11)
0

By (3.10) and (3.11), we obtain

T
| cos(rra)luy, |I* + f e M0(q(1) = pO)lua, (OPdt < 2,Cllug, I + Nl 7).
0

Since g(t) — p(t) > 0,
| cos(rra)lllua, I < A Cllua I + lluaa, II72) < 2,Clluy, |17

Then

_ 24,C
llog IP77" < ———— <
| cos(ma)|

which contradicts with the assumption [|u,, || > 1. Now, from (3.10) we can get

|cos(ra)llluall® < AC(lall™ + lluall”)
< 24C||ug||>.
So
21C
a7 < ———.
| cos(ma)|
By (2.9), we can obtain
1
21C ™
lalleo < Blluall < B| ———
| cos(ma)|

O

Observg that, in the proof of Lemma 3.5, (E) is used only in (3.10). If we directly use (Fo) to

rescale (VF(t,u, (1)), u (1)) in (3.10). Then the assumption (f>) is not necessary but we have to pay the
price that p € (0, 1). To be precise, we have the following lemma.

Lemma 3.6. Assume that (F) and (fy)" hold. If 0 < A < %, then the following estimates hold

* * P2—-p1
||u,1||2_”‘ < M—C ||u/l||§o—m < S/li
| cos(ma)|

Proof. It follows from (Fy), Lemma 3.1, Remark 3.1, (2.9) and (7(@), u,) = 0 that
T
fo e‘“”[ — p)(GDTup (1), {DFur(0)) + p(t)(ua(t), ua(0) + (q(t) — p())(ua(t), up (1)) |dt
T
= 2 f e L OV E(t, uy(f)), u (0)dt
0
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IA

T
Amax e [ VF w00l
0

t€[0,T]

IA

T
A max e f [(1+ po)aob @l (0] + My pilia O + poMiliwa (0| i
|0, 0

T
< ﬂtg[lg%e‘“” (1+po)aolluﬂllmf b(t)dt + M, pi|luall?) +POM1T||MA||Q+1]
4 0
T
< ﬂtg[lggle‘“” (1 + po)ayBllu,|l f b(t)dl+M1P1TBp1””/l”pl+pOM1TBp|+1||u/I||p'+1]
> 0
< ACH (gl + laall”t + [uall ). (3.12)

We claim that |juy|| < 1 uniformly for all 0 < 4 < % Otherwise, we have a sequence of {1, <

%} such that [|u,, || > 1. Thus [luy, ||P' < [[u,, ]l < ||Lun||lerl since p; < 1. By (2.10) and (3.12), we

obtain
T
fo e‘“’)[ — pOEDI U, (), CDGua, (1)) + p(O)(ty, (1), s, (1) + (q(t) — p(O) 1y, (1), uy, (1)) |dt

T
> | cos(ma)llluy, |I* + f e (q(t) = p())luy, (1)t (3.13)
0

By (3.12) and (3.13), we obtain

T
| cos(ma)|[lu,, |I* + f e L O0(q(t) — p)luy, Pdt < 2,C*(lluall + Nl + [l lP*H).
0

Since g(t) — p(t) > 0,
| cos(@allug, I < A, C(luall + Neeall” + lleag] P+ < 32,C7luy, |7

Then

34,C*
1- n
g, |7 £ ———— <1,
| cos(ma)|

which contradicts with the assumption [|u, || > 1. Now, we can get from (3.12) that

2 1
|cosallluall” < AC™(llueall + laeall”* + llaeall”™)
3ACH |uy |

A

IA

So

||u/l||2—m < M—C
| cos(ma)|

By (2.9), we can obtain

34C )21

luallo < Bllugll < B\ ————
| cos(ma)|
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O
. 2— 2- .
Proof of Theorem 1.1. Since 0 < A < min{'c";(c”“)', (L))" %} Lemma 3.5 implies that
6
letalles < 3

2- 2- —
Therefore, for all 0 < A < min{%,(g) )" %} we have F(t,u(f)) = F(t,u(r)) and

then u, is a nontrivial weak solution of the original problem (1.1). Moreover, Lemma 3.5 implies that
lim;_¢ ||Juy]l =0as A — 0 and

2-p2 2- 2-p2 2—
1 o) P2 1 1) P2
212 < mind1.| = (_) 2-p2 g2 )1 [Z (_) .
lleeall ™" < mln{ (B) > s lealls™ < 5 5
O

, 21 1 2P e
Proof of Theorem 1.2. Note that 0 < A < min {'“’;—g“”', (é) " (g) " 'CO;—gm)'} Similar to the proof of

Theorem 1.1, by Lemma 3.6, it is easy to complete the proof. O

Proof of Theorem 1.3. By Lemma :91.1 and Lemma 3.3, we obtain that J satisfies (PS) condition and is
even and bounded from below, and J(0) = 0. Next, we prove that for any k € N, there exists a subspace
k-dimensional subspace X; C Eg’z and p; > 0 such that
sup  J(u) <O.
uex*ns ,,
In fact, for any k € N, assume that X* is any subspace with dimension k in E(‘)”z. Then by (2.10) and
Lemma 3.1, there exist constants C;, C, > 0 such that

T T
Juw) < max{L,l}llullz+l f e H(g(t) — p(O)u@))*dt — A f e POF(t, u(t))dt
m| cos(ma)| 2 Jo 0

C T _
1} llull? + 71||u||i, —AC, f F(t, u())dt

0

M
axy ——,
m| cos(ma)|

IA

2 ClB2 2 ’
max § —, 1 ¢ ||u|]|” + ——||u||” — ACL M, lu(t)|P dt
m| cos(ma)| 2 0

M CiB*|, .,
—_— 1+ - ACoM P
[max {ml - } > ] (|| 2 M ||ull;,,

IA

Since all norms on X* are equivalent and p, < 2, for each fixed 4 > 0, we can choose p; > 0 small
enough such that
sup  Jy(u) <O.
uex*ns ,,
Thus, by Lemma 2.6 and Remark 2.3. J, has a sequence of nonzero critical points {u!} C Eg’z
converging to 0 and J,(u!) < 0. Hence, for each fixed 4 > 0, (3.1) has a sequence of weak solutions
{uly c Eg’z with [|ul]| — 0, as n — oo. Furthermore, there exists ng large enough such that ||u!|| < %
for all n > ny and then (2.9) implies that ||lu|l < $ for all n > ny. Thus, F(t,u(t)) = F(t, u(t)) and then
{u;}};‘; is a sequence of weak solutions of the original problem (1.1) for each fixed 4 > 0. O
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4. Conclusions

When the nonlinear term F(¢, x) is local subquadratic only near the origin with respect to x, system
(1.1) with A in some given interval has a ground state weak solution u,. If the nonlinear term F(¢, x) is
also locally even near the origin with respect to x, system (1.1) with 4 > 0 has infinitely many weak
solutions {u!}.
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