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Abstract: In this paper, an adaptive neural network tracking control problem for a class of strict
feedback systems is disposed. The neural network adaptive control method is introduced in this
paper to simplify the controller design. The difficulty in this article is the constraint problem and how
to resolve dead-zones in the system. In order to overcome these difficulties, the Barrier Lyapunov
functions (BLF) and backstepping process are introduced to ensure that the full state constraint is
implemented, meanwhile, keep the system output as close as possible to trace the desired trajectory.
Dead-zone compensation method is also plays an important role in controller design. Delay
constraint is introduced to solve the problem of uncertain initial state. In the end, the stability of the
closed-loop system is proved. Simulation results show that the developed method is effective.
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1. Introduction

In the last few years, the uncertainties general consist in the nonlinear systems, the most
important is that it is also widely applied in constraint. By taking adaptive control [1], the parametric
uncertainty of nonlinear system is presented in [2]. In the actual systems, out of the realistic need as
well as the difficulty of operations, the unknown continuous functions are approximated, which is
based on fuzzy logic systems (FLSs) or neural networks (NNs) in [3-7]. On the basis of NNs or
FLSs, adaptive control algorithm comes up for nonlinear single-input single-output (SISO) systems [8].
As same as for MIMO nonlinear systems [9] with unknown functions and discrete-time systems, the
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above method also applies. Besides, a multilayer NNs estimator was first developed in [10] to
improve the compensation accuracy of model-based feedforward control terms. However, the
aforementioned results do not refer to constraint.

As one of the most important factors restricting the system performance, constraints extensive
exist in actual systems, such as robotic manipulator system, nonuniform gantry crane and so on.
Constraint cannot be omitted, otherwise it may have an impact on the equipment and something
unexpected, thus, constraint control has become a significant portion of nonlinear control. As we all
know, the Barrier Lyapunov function (BLF) is the significant tool to dispose constrained problem. So
far it widespread application in nonlinear systems with output constraint in [11] and full state
constraints in [12-13], and its effectiveness is also verified. The NNs or FLSs is used to design
adaptive controllers for nonlinear systems using neural networks with constant constraint in [5].
Nevertheless, none of the above methods mention time-varying constraints in [14]. In this article, the
time-varying with full state constraints are further studied. Adaptive controllers are designed for
time-varying output constraints and time-varying full-state constraints [15], respectively. However,
the above backstepping recursion method ignore the feasibility conditions of virtual controllers,
namely, the virtual controller is within the given constraint bounded. In [16], a new coordinate
transformation is introduced to completely remove this limitation.

The constraints of the above research are all direct constraints on the states, whether full state
constraints or other types of constraints. Subsequent some studies are not limited to state constraints.
At present, the state transfer function is introduced for coordinate transformation in [17] indirect
processing constraint such as constrain the error. Compared with the above-mentioned research
methods, the advantage of this approach is not only independent of initial tracking condition, but also
suitable for asymmetric time-varying constraints, which is studied in [15]. However, in any of these
cases, the effect of dead-zone on constraint is omitted.

Mention nonlinear input, the most common are dead-zones, saturation, time-delay, and so on.
An innovative approach is to propose a dead-zone compensation in motion control systems using
adaptive fuzzy logic control. In this paper, the dead-zone nonlinear input is our focus. The existing
dead-zones prevent us from getting the desired control results, and the problem caused by it is
serious. For instance, if the robot servo system has nonlinear links such as friction and unknown dead
zone, it not only reduces the efficiency of the control system, but also lead to the instability of the
system. In recent years, the study of dead-zone has become the focus of control research. In [18], for
discrete-time plants with unknown dead-zone, a new control structure with adaptive dead region
inverse is put forward. To this purpose, some adaptive control method is proposed, such as neural
network control and adaptive fuzzy sliding mode control. Adaptive tracking of asymmetric
dead-zone input nonlinear systems with uncertain parameters is proposed. As is well-known, for
dead-zone in multi-input multi-output nonlinear system, which has lower triangular structure and
asymmetric structure, a new control method is proposed. To eliminate dead-zone effects, the
dead-zones compensation control is implemented for precision instrument control.

In this paper, the adaptive neural network control method is proposed, it is the realization of the
control target. The design of the controller is beneficial. After comprehension of above achievements,
the control scheme has the following advantages.

1) Compared with previous adaptive neural network control methods, this article takes into account
more complex case. The effects of delay constraints and dead-zones on system performance are
considered, which is more practical in line with the needs of the actual system.

AIMS Mathematics Volume 5 Issue 5, 4065-4084.


javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;

4067

2) State transition function is introduced; the appropriate time node is selected to ensure that the
states are in the constraint bounds. Namely, the initial state is out of bounds, and then in the bounds.
There is no mention of delay constraints in [16], the problem of delay constraints is considered in
this paper. It provides convenience for error tracking that not widely involved in the previous
research for nonlinear adaptive control.

3) In this paper, based on the introduction of BLF, potential dead-zones in the system is resolved,
which affects the stability of the system and increases steady state error. Manipulative know m and
unknownd , the difficult problem of controller design is solved.

2. Problem formulation and preliminaries

Consider a class of nonlinear strict-feedback systems with dead-zones as following:
% =0, (%) X+ (%), i=1..,n-1
X, =9, (%,)D(u(t))+f,(X,) (2.1)
y=X

where x=[x,...,x,]' eR with X =[x,...x]" j=Ll..,n ,xeR, D(u(t))eR and yeR
are the state variables, the input and the output of the systems, respectively, g; (Y,) are unknown
control coefficients and f,;(X) are unknown smooth functions. X e(—lgci (1), kg (t)) , XIS
unconstrained whent [O,T]. Nevertheless, when te[T,), x are within the given bound. So as
to ensure the validity of the constraint, the value of T s crucial. Let —kj (t) <X (t) <k (t), where
kg (t) and kg (t) are given.

Remark 1: There are many factors that affect system performance, but one of the most
significant is constraint. In order to ensure that constraint is not violated in the control process, the
work that needs attention in the adaptive control strategy is proposed in [19-30]. In this paper, to
make sure constraints are not violated, the transfer function is introduced for coordinate
transformation. Constraints appear some time later, the system stability is improved.

The delay constraint means that the constraint occurs over a period of time, which does not have
to constrain the signal all the time. By designing the appropriate controller, the signal satisfies the
constraint condition after a certain time.

Dy /

m,

Figure 1. The structure diagram of dead zone.
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All of state variables in the system (2.1) are constrained in the compact set. D(u(t)) is a
dead-zone defined as:

D(u(t))=+0, ~b <u () (2.2)
m (u(t)+h), u(t)<-b

where u(t) is the dead-zone input, m, and m, respectively stand for dead-zone right slope and
left slope, b, and b, represent the right and left cut point of the input nonlinearity. The detailed
structure diagram of dead zone is given in Figure 1.

The aforementioned model can be transformed into the following form:

D(u(t))=m(t)u(t)+b(t) (2.3)

where
m,, u(t)

m(t)z{m,, u(t)<
and

-mb,, u(t)=b

b(t)=<-m(t)u(t), —b <u(t)<b,
mb, u(t)<-h,

Assumption 1. The function m(t) is known, b(t) is unknown and its up bound is b (t),
namely, |b(t)|<b (t).

3. Control objective

The task is to design an adaptive controller u, such that the system output y tracks a desired
trajectory Y, (t) All the signals in the closed-loop system are bounded, meanwhile the full state
constraints are not violated. It holds that —y, (t) <y, (t)<V,(t), where y,(t) and ¥,(t) are
continuous positive functions, with K, (t)>y, (t) and k,(t)> ¥, (t) -

In this paper, on account of radial basis function neural networks (RBFNNS) approximate ability,
it is chosen to approximate unknown and continuous function.

Consider a continuous function h(z):R® — R, the following form can be obtained:

hnn(z)zﬁ*TS(Z) (3.1)
where the input variable zeQ, ¢ Rq de5|red welght matrix 6" =[6,,6,,...0] €R', 1>1 is the

NN node number. In addition, S [s (z ] it is often expressed by Gaussian function,
which has the following form:
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_(Z_ﬂi)T (z-u)

si(z):exp{ . },izl,z,...,l

i

where x4, = I::uil’,uiz,---,,uiq:' is the center of NNs and 7, is the width of the Gaussian function.

According to the character of NNs, with regard to any continuous unknown function, it can be
represented as

h(z)=07S(z)+¢(2) (3.2)

where £(z) is alluded to as the least approximate error and |¢(z)|<e with £>0 for any
zeQ,. The weight matrix @ has the following representation

0<R 7eQ,

02 arg mip{sup\h(Z)—é’TS(z)‘}

Assumption 2. The function g, (7,) is unknown, time-varying, and bounded away from zero,
respectively. Its upper bound and lower bound are @, and g,, They are also unknown continuous
function, such that 0< g, <|g;(X)|<d,, VK eQcR".

A new asymmetric Barrier Lyapunov function is introduced

£* (1)
(RO)+<O)(R()-<(1)) (3.3)

V =

where F(t) and F,(t) are positive functions, ¢ (t) will be defined later. Note that V is valid
in the interval —F, (t) < (t) < F,(t).
Then, the transfer function is introduced to better constrain the states. The function is defined as

0, t=0
G(t)=<7(t)z(t), 0<t<T(i=1,..,n) (3.4)
20, T

where

(3.5)

The effect of (3.4) is to solve the problem of uncertain initial conditions. In the meantime, ()
is a continuous and differentiable function.
Remark 2: The T is a time node. There exist two crucial features forz(t), z(0)=0 and

r(t)=1 fort >T . These two properties have important applications in the conversion of initial
values, that is to transform a non-zero initial value into a zero initial value. In the end, their values
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will converge to a finite bounded.
4. Adaptive neural controller design and stability analysis

In the following study, adaptive control method and backstepping recursive are used to design

A

virtual controllers ¢, actual controller u and adaptive laws W, . Adaptive control process has a
total of n steps, the coordinate transformation is introduced as

z,=%—a_,(i=2,..,n) (4.1)

A

Inthe step 1 , virtual controller ¢, and adaptive law W, are defined as follows:
o =Kz —y, —WR (4.2)
Wl = 4G5, 7R — oW, (4.3)

where k, is a positive constant, &, >0 is a constant, 4 >0 isa constant, W, stands for adaptive
parameter. In addition, y,, B,and G, will be defined later.

In the stepi(2<i<n-1), virtual controller ¢ and adaptive law W, are defined as follows:
o, =-Kz; —y, —WR (4.4)
W, = 4Gi7R W, (4.5)

~

where k; is a positive constant, &, >0 is a constant, 4 >0 is a constant, W, stands for adaptive
parameter. In addition, y;, P ,and G, will be defined later.
In the last step, actual controller u and adaptive law for W, are defined as follows:

u=1(kz —p,~W,P,) (4.6)
m

W, =G, ¢, 7P, -8 W, (4.7)

~

where k., is a positive constant, &, >0 is a constant, A4, >0 is a constant, W, stands for
adaptive parameter. In addition, y,, P ,and G, will be defined later.
Let us consider tracking error z, =x —Y,. From the first Eq (2.1), we get the derivation of z,

2, =9X+f -V, =gl(22+al)+f1_Yd (4.8)
From (3.4), we obtain
4;1 = fz1+791(22 +0‘1)+T( f =Y, ) =07y + 9,6, +77 +T( f, - Yd)

Remark 3: We just think about 0<t<T, so let ¢;(t)=7(t)z(t). States are constrained
indirectly through constraints on transition functions, this will be discussed below.
From z, =X —a,(i=1..,n), then we get
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glxwl+ f -1
i—-1 aai—l
=gX,, +f, —Z ~ (9;%.+ f,)-Ac, (4.9)
= OX;
i—-1
gl(zl+l+a)+ fi_ iil(gjxj+l+fj) Aai 1
j=1 OX
where
. < 0.
Gy =2~ L(gX,+ fj)+ A, (4.10)
i1 OX;
with

Aai_l ZI -1 6()(_1yc(jj+l Z ZI j 5(1 ]:Jr]_ +zl—1 8(1(,1; j+1) Z ZI j 80( Jlk+1

jand) kOaF kOaF

From (3.4), we obtain the following dynamics

i-1

¢ =71z, +rgi(zi+l+05i)+z-(fi _Za;‘( (gjxj+1+ f ) Aai_l}

=1 j

i-1

:fzi+gié/i+1+giwfi+7[fi_z%(91 it f ) ai‘lJ
i1 OX;

Substituting (2.3) into z, =X, —«, ,, one deduces that

n-1
Zn:gn(mu+b)+fn—Z%(gjxm+f1)—Aanl (4.11)
i1 O
where
. <0,
dyy =y —2(gX, + fj)+Aa, (4.12)
moX
with
-1 0 '+1) n-1 n-j oa (k+1) n-j oa (k+1) -1 0 _1_(i+)
Aanfl Z nl i +z_727 an Z Z n1|:1 +Z_7 n.l,[
j=0 ayd j=1 4=ik=0 aFj(:) k= 06|:J(1k) ] i=0 5.(0)

then, we obtain the following dynamics

n-1
§n=f2n+r(fn—z%( JleJrf) Aanl]+rgn(mu+b)

= X
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Please see the appendix for the specific derivation process

Theorem 1: Consider a class of nonlinear system (2.1) with a dead-zone (2.2) under
Assumptions 1-2, virtual controllers are designed in (4.2) and (4.4), and the actual controller is
designed in (4.6). Meanwhile the adaption laws are constructed in (4.3), (4.5) and (4.7). If the design
parameters are chosen appropriately, it ensures that all signals in the closed-loop system are UUB

and bounded. The system output y tracks a desired trajectory y, (t).
2 2

. . wWo WS ]
Proof. It is obvious that W,W; =W, (wj —-W, ) < —7’+7‘ we can derive that

2FF, —Fudi +Fd 2 FuF, —Fud +Fpé = &f

(4.13)
=(Fu+&)(F.=4)>0
Then, we get
G, = 2PuFie it szij &> 5 (4.14)
[(Fjl+§i)(sz_§J)] (Fjl+§i)(sz_§J)
2F, Fy — ol + Fué 1 (Fu+ &) (F—¢) 21 (4.15)
Hence, we have the following inequality:
. n £ n.g.J, Q.5 n
V. <-Ykg. ! Ny =gy S wr Y =
2 E ) FE) R oh 22 RS
<-pV, +cC
—mi 59095 5 N
where p_mln{kjgj,5j}>0, c=> W+ E,
- j=1 Zﬂ’j j=1
Besides, from (4.16), we get
0<V,(t)<c/p+(V,(0)-c/p)e™ (4.17)

Hence, we obtain that V, (t)<l,, it implies that W, el, and V,,(t)el,. The upper of ¢ (t)
is —F,(t) and lower is F,(t), so —F,(t)<¢;(t)<F,(t). Based on the shifting function z(t),
when te[0,T), z(t) is strictly increasing. And 7(0)=0, when and only whent=0, then,
£;(0)=7(0)z(0)=0. We get —F,(0)<¢;(0)<F,(0). When 0<t<T, z(t) is not zero. From
(4.8), z;(t)=¢ (t)/z(t), z(t) is bounded because ¢(t) is bounded. When t>T, (t)=1,
then we can get z; (t)=¢;(t), so—F,(t)<z(t)<F,(t). In conclusion, z(t) is bounded anyway.
According to the definition of F, and F,, thus F;, F,, F; and F, are bounded. From
z,=X—Y,, z, ishoundedand x, is also bounded. BecauseF,,, F,, F,, _Flz, W, Yy, Yy T
and 7 are bounded, it follows that virtual controller ¢, and adaptive law W, are bounded. Then
follow the definition of F, and F,, thus F,, F,, F, and F, are bounded. From
Z,=X,—a,, Z, isbounded and x, is also bounded. In the similar way, «, and W, can also be
bounded. Continue this derivation, we can obtain that x (i=3,---,n), o (i=3,-,n-1),
W (i =3,---,n) and control input u are bounded. In a word, all signals in closed-loop systems are
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bounded. The proof is completed.
5. Simulation example

In this paper, to prove the effectiveness of this method, the simulation experiment is given.
Consider the following nonlinear systems

X=X
_ i D(u(t
% = mglsin(x) Bx, (u(t)) (5.1)
2M M M
y=X

where y and u are the outputs and inputs of the system. Meanwhile, D(u(t)) is the output of

the dead zone, described as

0.2(u-0.3), u>0.3
D(u(t))=10, ~0.3<u<0.3 (5.2)
0.3(u+0.3), u<-0.3

and the states x, and x, are constrained by K (t)<x (t)<—ky(t) and kg, (t)<x,(t)<—k,(t)
with  k,(t)=0.07+0.01sin(2t) , k,(t)=0.11+0.05sin(4t) ,  k,(t)=0.3sin(3t)+0.6 ,
k., (t)=0.4sin(2t)+0.72. The ideal trajectory y, is chosen as y,=0.05cos(6t). The initial states
are chosen as x(0)=0.16, x,(0)=0.001, W, (0)=0.6, W,(0)=0.279. The controllers and
adaptive laws of simulation system are chosen as follow:

o =-kz, -G, - WlelglfslT (Zl) S, (Zl)
1 R
u= E(_kzzz -G,¢,r— Wszé/zrszT (Zz ) S, (Zz ))

Wl = A4G, (TR oW,
W, = 4,G,¢,7P, = 6,W,

In the simulation, the first NN includes 10 nodes with the center . evenly spaced on
[-11]x[-11]x[-1,1] with width 7, =1, the second NN includes 16 nodes with the center ,
evenly spaced on [-3,3]x[-3,3]x[-3,3]x[-3,3]x[-3,3] with width 7, =1. The parameters in the
simulation system are given as m=1kg, g=9.8m/s?, I=1m, M =0.5kg.m*, B=1IN.ms. The
control parameters are selected as k =29, k,=44, 4 =0.01, 4,=0.01, 5 =01, 5,=05.
Delay constraint time T =1, x, and X, are out of bounds, when te(0,1) and while T >1, x

and x, are expected completely within the bounds. The selection of the delay constraint time is

based on the minimum tracking error and the best tracking performance. Besides, according to the
desired trajectory, we obtain that F,=0.01sin(2t)-1.93 and F, =0.05sin(4t)-1.89 ,

F,,=0.222+0.1sin(5t) and F,,=0.25+0.05sin(10t) .
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The simulation results are given in Figures 2—7. Figure 2 shows the trajectory vy, , output y

and constrained intervals with a good tracking performance. Figure 3 shows the trajectory of error
z,. The trajectory of the dead-zone D(u) is given in Figure 4. The trajectory of state x, is

displayed in Figure 5. The trajectory of error z, and adaptive laws are shown in Figure 6 and
Figure 7, respectively. Simulation results prove that all signals are bounded.

04| | = gy

Figure 2. The trajectory y,, output y and constrained intervals.
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Figure 3. The trajectory of error z,.
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Figure 4. The trajectory of the dead-zone D(u).
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Figure 5. The trajectory of state *:.
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Figure 7. The trajectories of || and |W,].

6. Conclusions

An adaptive neural network tracking control method is introduced for the strict feedback
nonlinear systems with unknown dead-zones and full state constraints. The parameters of the
dead-zones are unknown but bounded. Combining backsteping technique with neural network, it
ensures that the state constraints are not violated. The feasibility of the control algorithm is proved.
In the meantime, all signals in the closed-loop system are UUB. In this paper, delay constraint and
BLF are combined. In other words, the constraint occurs after a period of time, it is not constrained
from the beginning. Furthermore, the tracking error converges to a small area away from zero. In the
end, simulation results verify the effectiveness of the design. We will further investigate the control
performance by setting different delay times such as time-varying delay, which will enrich the
applied range of the proposed control method. Besides, since the reliability is an interested topic and

AIMS Mathematics Volume 5 Issue 5, 4065-4084.
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has been well discussed in [23-27], it will be taken into account in our future work.
7. Appendix

Step 1: In order to achieve the desired control objective, the following Barrier Lyapunov
function is chosen

g (t
(Ru(®)+& (1) (R (1) -4 (1))
where F,(t) and F,(t) are time varying continuous functions. Its definition will be given later.

For ¢, (t), its scope is F,(t)<¢;(t)<F,(t). The time-varying functions F,(t) and F,(t) are
chosen such that

V10 =

R, (t) =Ky (t)_ nyy, Ry (t) =K (t)_n)_’d

where n is a positive constant.
Consider the Barrier Lyapunov function as

V =V 4k (7.1)

24

~

where 4, >0 isaconstant, w, =max,_, {He;luz} , W, =w, —W, stands for the estimation error, with

W, being the estimation of w,. Based on (3.4), we get the time derivative of V,

; : 9, _
V=G (4’1"' N1§1)_21W1W1
g (7.2)
=G,i[09,7 + 9,8, +77 ‘H'( -V, )+ é’lNl]—lelVM
where
G = 2F11F12 — Fllgl + F12§1
2
[(F11+§1)(F12 _éyl):l
and

_ _F11F12 - F11F12 +(F11 - F-lz)é/l
' 2F11F12 - I:1141/1 + I:124/1

In this way, the design of controller and adaptive law are simplified.
Combining the Assumption 2, on the basis of Young’s inequality, we get

AIMS Mathematics Volume 5 Issue 5, 4065-4084.
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G0.LL, < 0,622 + g (7.3)
Y,
- 2-2.2 1

Grz < glG &t +4— (7.4)
Y1

GCIN, < g,GICIN + - (7.5)

Substituting (7.3), (7.4) and (7.5) into (7.2) leads to

2

i _ - 1
V, <G&7(0,0, + 0.GF°% + GG EINZ, + f,— ¥,) + 0,G7¢ 77 A (7.6)
A 4g, 29,

Let
h(z,) = glGlr'zzf + 91G1§12N1221 +f, -y, (7.7)

The unknown continuous function h(z,) can be approximated by an RBF NN as

h1(21):6’1*T81(Zl)""""1(21) (7.8)

Substituting (7.7) and (7.8) into (7.6) and using Young’s inequality, one gets

2

E,
14/12"91( ) glG é/ T +4_1 (7.9)
Y1
*° 1
GlgerlTSI( )<glG g” W151T(21)51(21)+E (7.10)
Y1
Then, we obtain
9 i
V, <G, r(9,0 + gy, + G WR) + 9,G, ¢ E7 - ﬂl W, + 2, (7.11)

with
P= Glé/lfslT (21)81 (21)

=Gd7

AIMS Mathematics Volume 5 Issue 5, 4065-4084.
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—
(=

= =

2 3 2
&
9 1

49, 49, 4g,
From Assumption 2, we get
0,G¢i7e, =k 9,G,¢,* - 9,64y, — 9,6 ¢ r WP
< _klglGlé, 12 - 91614, 1Y~ 91614 TW R

then

Step i (i=2,..,n

Consider the BLF as

. 9 oon o
Vi <—kig,Gi&Y +9,G/¢VE; + —Zlézwlwl +E, (7.12)
,n—1): The following Barrier Lyapunov function is chosen as
. G
i0
(Fa(D)+& () (R ()= (1)
9 2
V.=V, +V,+ Z—Wi (7.13)

where 4 >0 is aconstant, w, = maxkeK{

W, being the estimating of

+G.§.(N Gt Gt +Gi6 + 72, *%i]

where

_ 2Fi1FiZ_

2] . N ,
Oy } W, =w, —\&, stands for the estimation error, with

w,, Based on (3.4), we get the time derivative of V,

(7.14)

Fudi + Fd,
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and

I:|1|:|2 I:|l|:|2 +(F F2)§I
- 2F Fi2_ i1§i+Fi2§i

According to the Young’s inequality, it yields

2

G S GuBIEiCh 72 (7.15)
Ji+l
- 2-2.2 1
Gz, < 9,6, g +4 (7.16)
G¢IN, < giGizé,i4Ni2 +i (7.17)

49

i1 5. G227
Leth(z) = f, —Zaaa"l( 0%+ f))- Aai_l+giGir‘22?+giGi§i2Nfzi+g'+§"l' (7.18)

=1 i i

The unknown continuous function h(z) can be approximated by an RBF NN as

hi(zi)zei*TSi(zi)-l_gi(zi) (7.19)

Substituting (7.18) and (7.19) into (7.14) and using Young’s inequality, one gets

2

G, < gGILTT + - (7.20)

G70'S, (7)< 9,G ¢ " wS (2)S () +— (7.21)

Then, we obtain

+G&i (e + 9wy + g ,,) %Wﬁﬁ E, (7.22)

with
= Gié/iTSiT (Zi)si (Zi)

v, =Géi7
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2 2
Let
9,G gt =-9k G - 9,G v, — 9,G S rWPR < g kG ¢ ? - 9.G iy, — 9,G St WP
Then, we get

V < iZkg G,¢? +Z 5ww +Z.: +0,,GX ¢ (7.23)

J

Step n: Because \in is similar to \/'i , we can figure out the following formula

9,61 1¢miC,
G

n

vl"l S Gné/n (

+70, (mu+b)+7z, }LG N,¢,2 /I_WW +YE Y LS W W,

n-1 0 n-1
+Gn§nf[fn_z gxnil(glxjﬂ-i_ f; ) —1}_ZKJQJGJ§JZ
j=1 i =

(7.24)

Since b is bounded, one obtains b/m<b/m#%n where 7 is a constant. Using Young’s

inequality get the following formula:
B b 2p2 2 mﬂzgﬁ
G, 79, (Mu+b) =G & r9,mu+G & rg,m— <G & 79,mu+G &7’ m = (7.25)
m
According to the Young’s inequality, it causes

G.{, 7z, <9,Gi¢riz: + 41 (7.26)

G¢iN, < g G IN: + 7.27)
- g

~n

Denote

0 2 9.8t
h.(z,)=f, Z ( Xa+ f,)- Aan_1+Gn§nrm+gnanzzn3+gnGn§nanzn+—G— (7.28)

j j+l
j=1 i n

The unknown continuous function h, (z,) can be approximated by an RBF NN as

hn(zn) =0n*TSn(Zn)+gn(Zn) (729)
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Substituting (7.28) and (7.29) into Error! Reference source not found., and using the Young’s
inequality, it yields

G,{,7, <9,G,¢, 7" +48—” (7.30)

G476, S, (2,) < 9,Gigr7*w, S, (2,)S, (2, )+ — (7.31)

Then, using the above inequalities we get

-1 n-1 .
Zk 9,G Z%—Q—WJWﬁZE +G,&,r(g,mu+g.w, +9,W,R, ) - %ann (7.32)
j i .
where
I:)n IGné/nTS: (Zn)sn(zn)
!//n :Gn nT
2 2
= _ 3 & Mg,
" 4g, 49, 4
with

Gné/nrgnmu = _kngnGné/nz - gnGngnTy/n - gnGné/nTWnPn < _kngnGn;nz - gnGné/nﬂ//n - gnGngnTwnPn

Then, we get

S—an:kjg §+Z 5ww+ E (7.33)
=

J
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