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1. Introduction

Magnetohydrodynamics(MHD) is a subject that studies the motion of conductive fluids in
magnetic fields. It is mainly used in astrophysics, controlled thermonuclear reactions and industry.
The system of MHD equations is a coupled equation system of Navier-Stokes equations of fluid
mechanics and Maxwell’s equations of electrodynamics (see [1,2]). In this paper, we consider the
unsteady incompressible MHD equations as follows:

u+ W -Vyu—vAau+uBxcurlB+Vp=f xeQ,
V-u=0, x € Q,
B, + Rm~'curlcurlB — curl(u X B) = g, xeQ,
V-B=0, xeQ,

(1.1)
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where u is velocity, v kinematic viscosity, u magnetic permeability, p hydrodynamic pressure, B
magnetic field, f body force, and g applied current. The coeflicients are the magnetic Reynolds
number Rm. As in [3], we assume that Q is a convex domain in R?, d = 2,3 and ¢ € [0, T]. Here,
u = ‘;—’:, B, = %—f. The term u X B explains the effect of hydrodynamic flow on current. The magnetic
Reynolds number Rm is moderate or low (from 1072 to 1) (see [4]). For the purposes of simplicity, we

choose Rm = 1 in our numerical analysis.

System (1.1) is considered in conjunction with the following initial boundary conditions

M(.x, 0) = M()(.X), B(x’ O) = BO(X)’ Vx e Q’
u=0, B-n=0, nxcurlB=0, Yxe€dQ, t>0,

where n denotes the outer unit normal of 0Q.

Over that last few decades, there has been a lot of works devoted on the numerical solution of
MHD flows. In [5], some mathematical equations related to the MHD equations have been studied.
In [6], a weighted regularization approach was applied to incompressible MHD problems. Reference
[7,8] decoupled the linear MHD problem involving conducting and insulating regions. A mixed finite
element method for stationary incompressible MHD equations was given in [9]. In order to avoid in-
sup condition, Gerbeau [10] presented a stabilized finite element method and Salah et al. [11] proposed
a Galerkin least-square method. In [12], a two-level finite element method with a stabilizing sub-grid
for the incompressible MHD equations has been shown.

Recently, a convergence analysis of three finite element iterative methods for 2D/3D stationary
incompressible MHD equations has been given by Dong and He (see [13]). In order to continue the in-
depth explore of three-dimensional incompressible MHD system, an unconditional convergence of the
Euler semi-implicit scheme for the three-dimensional incompressible MHD equations was studied by
He [14]. In [15], a two-level Newton iteration method for 2D/3D steady incompressible MHD equation
was proposed by Dong and He. In addition, Yuksel and Ingram have discussed the full discretization of
Grank-Nicolson scheme at small magnetic Reynolds numbers (see [16]). The defect correction finite
element method for the MHD equations was shown by Si et. al. [17-19]. In [20], a decoupling penalty
finite element method for the stationary incompressible MHD equation was presented. To further study
this method, we can refer to [21-23].

In this paper, a modified characteristics projection finite element method for the unsteady
incompressible magnetohydrodynamics(MHD) equations will be given. In this method, modified
characteristics finite element method and the projection method will be combined for solving the
incompressible MHD equations. Both the stability and the optimal error estimates both in L? and H'
norms for the modified characteristics projection finite element method will be derived. In order to
demonstrate the effectiveness of our method, we will present some numerical results at the end of the
manuscript. The contents of this paper are divided into sections as follows. To obtain the
unconditional stability and optimal error estimates, in section 2, we introduce some notations and
present a modified characteristics projection algorithm for the MHD equations. Then, in section 3, we
give stability and error analysis and show that this method has optimal convergence order by
mathematical induction. In order to demonstrate the effectiveness of our method, some numerical
results are presented in the last section.
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2. Notation and preliminaries

In this section, we introduce some notations. We employ the standard Sobolev spaces H*(Q) = W2,
for nonnegative k with norm ||v||; = (Zﬁglzo ||D5v||3)1/ 2. For vector-value function, we use the Sobolev

spaces H*(Q) = (H*(Q))? with norm [Vl = (S, [vill?)!/*(see [24,25]). For simplicity, we set:
X =HyQ)* Xo={veX:V-v=0},

M=L}Q) = {q e L*(Q)7 : f g(x)dx = o},
Q

H={pel*(Q):V-v=0)}
W={yeH Q) : ¢ nlog=0LWo={ygeW:V-y=0},

which are equipped with the norms
IVllx = 1IVVllo, llgllar = llgllo, Il¥llw = I
In this paper, we will use the following equality
curly x B)y=B-Vy -y - VB, Yy,B e W,.
Then, we recall the following Poincaré-Friedrichs inequality in W: there holds
licllo < Cllcurlcllo, Yc e W,

with a constant C > 0 solely depending on the domain Q; (see [26]). Here, we define the following
trilinear form a,(-, -, -) as follows, forallu € V, w,v € X,

1 1 1
ay(u,v,w) = (u-Vw + E(V U)W, V) = E(u -Vw,v) — E(u -Vv,w)

and the properties of the trilinear form a; (-, -, ) [27] are helpful in our analysis

ar(u,v,w) = —a;(u,w,v), u€ Xp,v,w € X,

N 0
lai (u, v, W)l < E||M||0(||VV||0||W||Lw +VlelVWlle), e L2(Q), ve X,we L™(Q) N X,

N 00
lar(u, v, w)l < - (lullz=lIVVllo + [IVads W llzo)lwllo, € L Q?NX, veXweLX(QP
IVllo < YollVllo, [IVIize < ClIVVllo, IWllzs < CollVwllo, Yw € X,

where N > 0 is a constant, 7y, (only dependent on Q) is a positive constant, and C (only dependent on
Q) is an embedding constant of H'(Q) — L*(Q) (= denotes the continuous embedding).
Furthermore, we define the Stokes operator A : D(A) — H such that A = —PA, where D(A) =
H?*(Q)* N X, and P is an L?-projection from L*(Q)? to H = {v € L2(Q)%; V- v =0,v - nsq = 0}.
Next, we recall a discrete version of Gronwall’s inequality established in [14].
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Lemma 2.1 Let Cy,a,, b, and d,, for integers n > 0, be the non-negative numbers such that

m m—1

am+TanSTZdnan+C0 m> 1. 2.1)

n=1 n=1

Then

m m—1
a, +Tan < Cpexp (TZdn] m> 1. 2.2)
n=1

n=1

Throughout this paper, we make the following assumptions on the prescribed date for the problem
(1.1), which satisfies the regularity of the data needed for our main results.

Assumption (Al)(see [27,28]): Assume that the boundary of €2 is smooth so that the unique solution
(v, q) of the steady Stokes problem

-Av+Vg=f, V-v=0inQ, v|jgo =0,
for prescribed f € L*(Q)? satisfies

IVll2 + llglls < cllfllo,

and Maxwell’s equations
curlcurlB=g, V-B=0inQ, nxcurlB=0, B-VnonQ,
for the prescribed g € L2(Q)* admits a unique solution B € W,, which satisfies

I1Bll2 < cllgllo-
Assumption (A2): The initial data ug, By, f satisfy

[ Auollo + llBoll2 + sup [Ifllo + llfllo < C. (2.3)

0<t<T
Assumption (A3): We assume that the MHD problem admits a unique local strong solution (u, p, B)
on (0, T) such that

sup [ Auyllo + [|1Bill2 + llpll + llulo + [1Billo

0<t<T
P 2 2 2 2
+f (leaelly + Bl + [1pelly + lleaaello + N Bullg)dt < C. (2.4)
0

Let0 =1 <t <--- <ty =T be auniform partition of the time interval [0, 7] with 7, = nt, and N
being a positive integer. Set u” = (-,1,), For any sequence of functions {f"}"_ . we define

fn _ fn—l
—T .

At the initial time step, we start with U° = U° = uy, B = B® = b, and an arbitrary P° € M n H'(Q).
Then, we can give

D.f" =

vP = f0 —up - Vuy + vAug — ,uB0 x curl B’.

Then, we give the algorithm as follows
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Algorithm 2.1 (Time-discrete modified characteristics projection finite element method)

Step 1. Solve B!, for instance

Bn+1 _ pn
+ curlcurlB"*! — (B" - V)U" = g"*!,
=

B"'-n=0, nxcurlB"' =0, on dQ,
where

o {l"(fc), r=x-UteqQ,

0, othrewise.

Step 2. Find U"*', such that

Un+l _ 011
T
U™ =0, on 0Q.

—vAU™ + VP" + uB" x curlB™' = f™*!,

Step 3. Calculate (U™, P™*!), for example

Un+l _ []n+1

- ¥ V(P}’H-l _ Pn) — O,
V. Un+1 — 0,

U™ =0ondqQ,.

The corresponding weak form is
Step 1. Solve B!, for instance

Bn+l _ pn
(—, l//) + (curlB™! curly) — (B" - VYU", ¢) = (g"",¢), Yy eW.
-
Step 2. Find U™, such that

Un+1 _ T 5
(—, v) +v(VO™!, Vv) + (VP",v)
-
+u(B"- Vv, B —u(v-VB",B") = (f"*',v), V¥veX,

Step 3. Calculate (U™, P™*!), for example

Un+l _ Jn+l
(—, v) + (VP = PYH,v) =0, VveX,
-

(V-U"'¢)=0, Ve M.

(2.5)
(2.6)

2.7)
(2.8)

(2.9)

(2.10)
(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Remark 2.1 As we all know (B" X curlB"*!,v) = (B" - Vv, B""!) — (v - VB", B™*!). In order to improve

our algorithm, we change it as (B" - Vv, B""') — (v - VB", B").
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We denote T}, be a regular and quasi-uniform partition of the domain € into the triangles for d = 2
or tetrahedra for d = 3 with diameters by a real positive parameter 4(h — 0). The finite element pair
(X, My, W) is constructed based on T},

Let W(’)’n = X; X W,,. There exits a constant 5, > 0 (only dependent on Q) such that

d(v,q)

0#(V)EW! IVvllo

> Bollgllo, Vg € M, (2.16)

There exits a mapping r;, € L(H*(Q)*> NV, X,,) satisfying
(V- (v =1¥),9) = 0, IV = W)llo < ChIVIL, Yve H(QP NV, g€ M,
and a L*-projection operator p, : M — M, satisfying
llg = pugllo < Chligll, Vg € H(Q)n M,
and a mapping R, € L(H*(Q)*> N V,, W,,) satisfying

(VXRD,VXYP)+ (V-RD,V-P)=(VXD,VXP)+ (V- O, VP)=(VXD,VXVT), V¥ e W,
| — R, Dllo + hl|® — R, ||, < CH||D|l,, YHX(Q) NV,

Here, we define the discrete Stokes operator A, = —Pj,A;, and A, (see [15] and the references therein)
defined by

—(2pup, vi) = (Vuy, V), Yuy, vy, € V.

Meanwhile, we define the discrete operator Ay,B;, = R1,(V, X VX B, + V,V - B,) € W, (see [15]) as
follows

(AunBi'¥) = (A}, Biy AL B) = (VX By V X W) + (V- B, V- ¥), VB, ¥ € W,
We define the Stokes projection (R, (u, p), On(u, P)) : (X, M) — (X, M;,) by

V(R (u, p) — u, Vvy) = (Qn(u, p) = p,V - vy) = 0, (2.17)
(V- (Ry(u, p) — u), ¢p) = 0. (2.18)

By classical FEM theory ( [25,29,30]), we have the following results.
Lemma 2.2 Assume that u € H)(Q)? N H*'(Q)? and p € L3(Q) N H'(Q). Then,

IR (ut, p) = ullo + h(IV (Ry(u, p) = w)llo + [1Qn(u, p) = pllo) < CH* (ludly+1 + pll,), (2.19)

and

IRty Pl < C(llull> + [pll1). (2.20)

Lemma 2.3 If (u, p) € W*(Q)? x W'K(Q) for k > d,

VR, (u, )l < C(llullwr + [|pllz)- (2.21)
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Algorithm 2.2 (The fully discrete modified characteristics projection finite element method)
Step 1. Solve B;*!, for instance

Bl — En
(%, w) + (curl B curlyy,) — ((B) - Voul, wy) = (€7 ¢), Vi, € W (2.22)

where

n

h

N LX), X=x-uTeQ,
B 0, othrewise.

Step 2. Find U™, such that

~n+l _ ~n
u, u, e+l n
— |+ v(Vit,", Vvy) + (Y, vi)

+ (B} - Vv, Byt = (v, - VB, BY) = (f" v, Y, € X, (2.23)

h>
Step 3. Calculate (u;*!, pi*!), for example
MZ+1 - ﬁZ-H n+1 n
—— |+ (VPR =) =0, Vv € X, (2.24)
(V-ult,¢,) =0, Ve, € M. (2.25)

3. Unconditional stability and convergence

3.1. Error estimation for the time-discrete method

Here, we make use of the following notation:

l=u"-U", e=u"-0", n=0,1,...,N,
g=p-B" &=p-B", n=0,1,..,N,
=p"-P', n=0,1,...,N.

Lemma 3.1 (see [31]). Assume that gy, g», p are three functions defined in  and p|yq = 0. If

1
T(llgillwre + l1g2llwre) < 5

then
llo(x = g1(0)7) — p(x = g2(X)Dle < Crllpllyra:llgr — g2llzar,
llo(x = g1(0)7) — p(x = g2(X)D|-1 < Crllpllollgr — g2llwi,

where 1/q, + 1/g = 1/g,1 < g < oo.

The following theorem gives insight on the error estimate between the time-discrete solution and
the solution of the time-dependent MHD system (1.1).
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Theorem 3.1 Suppose that assumption A2—A3 are satisfied, there exists a positive C > 0 such that

m
112 112 1 2 1 2
max (lle" | + plle”* ) + D (e = €l + plle™*! — &),
n=0

0<n<m

m

+7 )" (VIV} + pllcurls™|F) < €72,
n=0

m
max (vile™ 11 + pellourle™ ) + 7 > (vle"! = ¢"If + ullcurle"*! — curle”If)
- n=1

m
12 12 2
+7 ) (D" I + D" ) < €7,

n=1

m
112 ~n+1(2 12 2
> (eI + 112" 1 + lle" I3 < ¢,
n=0

m
112 Frn+1)2 112 112 112
© S UDUB + 1D, T 1B + IDP™ I + 1D BB + 10" 1.
n=0

112 1 rrn+1 1 1
1B Mz ) + max (U™l + Ul + 1Pl + 18" ) < C.

Proof. Firstly, we prove the following inequality

le™ |z + TN U™ Iy < 1, (3.1)

" llz + T 1B Iy < 1, (3.2)

by mathematical induction for m = 0, 1, ..., N.

Since U° = u°, B® = b° the above inequality hold for m = 0.

We assume that (3.1) and (3.2) hold for m < n for some integer n > 0. By Sobolev embedding
theory, we get

U™l < N[l + Clle™|l» < C, (3.3)
IB" ||z < 16"z~ + Clle™|l» < C, (3.4)
and
| U" Iy < 1/4, (3.5)
7||B"|lyr < 1/4, (3.6)

when 7 < 1, for some positive constant 7;.
To prove (3.1) and (3.2) for m = n + 1, we rewrite (1.1) by

ul’l =N

oW LR b x curlb™ 3.7)

n+1 n+1 n+l _ prn+l
D™ —vAu"™ + Vp" = 1 — - 1
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b
D.b"" + curleurlp™! = g™t — + R+ b vyt

where u"! = U(t,41), b"™*! = B(t,.1), and

i "Xx), x=x—-u"teq,
0, otherwise.
and
1 —n
Uttt —
n+1 n+1 n+1 n+1
Ry, = ————u" =@ -V)u"",
T
bn+1 _ Bn
n+1 n+1 n+1 n+1
Ry, :—T -b =W -V,

define the truncation error. We can refer to ( [31]), there holds that

N N
2 2 2 2
T IRAMIE < CL Ty IRILIE < O
m=1

m=1
The corresponding weak form is

(D™, v) + (V™! V) = (p"*1,V - v)

:(f””,v)—(” - ,v)+(R"+‘ v) — u(0" " x curlp™!, v),
T

trl »

(V-u"',¢)=0,

(Db, ) + (curly™™, curly)

:(gn+l, lﬁ) - (

n n

Combining (2.13) and (2.14), we obtain

Un+] _ Un 5
(—, v) +v(VO"™!, Vv) = (P, V - v) + u(B" - Vv, B"™)
=

—u(v-VB",B") = (f",v).
Then, we rewrite (3.14) and (2.12) as

(D U™ v) + (VO™ !, V) — (P, V - v)
v -

=(f",v) - ( , v) —u(B" - Vv, B"Y + u(v-VB", B"),

,‘ﬁ) + RIS W) + O V@ =), )+ OV ).

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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and

(DB, ) + (curlB", curly) = ("', ¢) + (B" - VU", §) — (Bn ; B , w) )

Subtracting (3.15) and (3.16) from (3.11) and (3.13), respectively, leads to

(D™, v) + v(Ve™! V) — (&, V )

T trl »

+u(v -V, D" = b"Y + u(v - VE", b + u(v - VB, €") — u(" - Vv, b
_/l(Bn . VV, 8n+1),

_ _(bt —u — (U -U ),V) (Rn+1 V)—/.l((bnﬂ _bn) . Vv—v-V(b”“ _bn),bn+1)

and

(D", ) + (curle™!, curly)
__(bn_l_?n_(Bn_Bn)

v+ RS )
.

+ @V —uy + (O =B VU + VU + BT Ve ).
Testing (2.9) by 7e™*!, since V - e"*! = 0, we arrive at
(@, &) = (&, e,
Testing (2.9) by 7e", we get
@, ") = (¢", ™).
Subtracting (3.20) from (3.19), we can obtain
(@ =", #) = (& = ', "),
Letv = 27&"! in (3.17), we obtain

lle™ 15 = lle"llg + lle™" = e"llg + 2vr[ve" ||y — 27(&"*, V - &)
- _ 2((€ _ (I/t _ Un) én+1) + 2T(Rn+1 ~n+1) 2,UT((bn+1 _ bn) Vén+1

trl >
_ én+1 . V(bn+1 _ bn)’bn) + 2,[1T(én+l . Vbn’bn+1 bn) + 2’uT(~n+1 V{;‘n,bn)
+ 2/.1T(én+l X VBn, gn) _ 2/17'(8” A Vén+l, bn+l) _ 2MT(Bn X Vén+l’ n+l).

Let ¢ = 2ure"! in (3.18), we get

1112 2 1 2 112
wlle™ s — pllemlls + plle™ — £"Ig + 2urllcurle™ [

- _ 2/1(8 ( Bn) 8n+1) + 2/17'(Rn+1 n+l)

tr2 » €

+2ur( VT —u) + (B = b VU + & VU + B - Ve, &',

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Taking sum of (3.22) and (3.23) yields

” n+1|| n+1 n+l

o — 1" 1§ + plle™ 15 — i + lle "ll§ + ulle™" = "5 + 2vrlIVe™ |
+ 2ut|jcurle™|[§ - 27(&", vV - &)

- _ 2(6 o ~n+l) 2(Lt " ~n+1) + 2T(R;lr-+il’ ~n+1) 2/.17'((bn+1 bn) Vén+1, bn)
+2ut(@* VO = b, ") + 2uT(@ - VYL BT = b + 2uT(@ - Ve, b
+2ut(@*! - VB, &") = 2ut(e" - Ve by — 2ur(B" - Vet &y — 2u(e" - &, &™)
_ zﬂ(l’;n _ _n n+1) + ZIUT(RZ-EI, n+l) + 2/.1T(bn+l V(l/tn+l _ un)’8n+l)

+2ut((B" =B - VU, €Y + 2ut(e” - Vi) + 2ut(B" - Ve, . (3.24)
From (2.9), we have
én+1 + Tv(é‘_«n+l gn) _ TV(pn+l _ pn)
Then, we can obtain
_ 2T(§n+1, V. én+1)
- _ 2T(§n+l, V . en+l) + 2T2(V§n+], V(§n+] _ égn)) _ 4T2(V§:n+l, V(pn+l _ pn))
= (IVEIG = IIVE'IlG + IVE™ = VEI5) — 272(VE™, v(p™! - p")

2(IVE™ llg — IIVE"IIG + IV E™ = €NlI) = CTIVE olV (™! = p"llo
=T (IVE™llg = IIVE"IIG + IV E™ = EDIIE) = 7(ClITVE™ oIV (p™ = pllo)

> ([VE 15 = V&5 + IV @™ = &M — 7(CIVE™ 15 + %||V(p"“ - PR
=T (IVE G = IVEIG + IVE™ = €9ig) — CTIVE™|[§ + }Nw(p“1 - IR
On the other hand, using Lemma 3.1, we deduce that
2l(e" =&, & < 2lle" — "I IVE* o
< Crlle" o/l Ul 1V2" g
< V&G + e,

2|(l’/\ln _ ﬁn, én+l)| < C“lf/\tn _ ﬁn||L6/5||én+l||L6
~n+1
< Crl[Vu"|[ s lle"lolIVE™ o
VT osn+l2 2
< Ellven+ o + Crlle"|lgs
27/ @D < IR Tolle™ lo

trl » trl

VT - "
= ;lIve 5 + CrlRS G,
2url(("™! = b7y - Ve B < Crllb™ ! = B oIVE™ lol1b™ Il
VT
< —IIVé"”H% + CT b IEIEIS,

@1 T41 .7 = Col T —
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IA

VT ~Nn n n
;lve G+ CBIGIE I,
2utl@ - Vb b = b < Crlle s IVE s 116 = bl

~n+1)2 3 112 112
IVe™ 1y + CT N6y 116" 1l3,

IA

VT
12
CTlIVe" lolIb" llall”llo

VT Cantl)2 2 2
EIIVe'1+ lly + CTlle"lGIB" 15,

2ut|(@™! - Ve, b

IN A

IA

~n+1
CrlIve™ ol B[l lle"llo

YT oantl)2 2 2
EIIVe"+ Ily + Crlle™ [ B" |7

ut|(e™! - VB, &)

IA

2/17"(8” A Vén+l’ bn+1)|

IA

~n+1 1
Crlle”llolVe™ lollb™ I

VT gantl)2 2 12
EIIW"+ 5 + Crlle"lIGIe" 15,

IA

2,LlT|(Bn . Vén+l,8n+l)|

IA

~n+1 1
CllB"ll=11Ve™ lolle™ llo

VT Cantl)2 2
EIIVe"+ Ily + Crlle" [l

IA

2ur|(s" - &, &™)

IA

1
Clle"lll1B - 19" 1
!
< 75 lleurle" [+ Crlle .

2ut|(b" = b", &) < Cllb" — B"||orslle™ I s
< CTl[VB"| sllE" oIV lo

.
< %Ilcuﬂg”“llé + Crlle"|,

2utlR}S', € D) < CTIRS lolle™ o

tr2 tr2

MT 1412 12
< gllcurlg’“r Il + CTlIR,5 |I5s

2ut|@™ V@ = u), e < Crlb"™ Ll = ullollcurle™ g
< ‘gncuﬂg”“ng + Ol — ),
2,LlT|((bn+1 _ bn) . Vun,8n+1)| < CT||bn+1 _ bnl|0||vunllL"°|l8n+1”0
< %Tllcurle"“llé + CT b Va7,
2ut|(e" - Vi, &™) < Crlle” llol| Va2l curle™ g
< %Tllcurle"“llé + Crllg" 31V lI7,
2ut|(B" - Ve', ") < Ctl|B||=lle" ollcurle™ ' lo

.
< %Ilcurls”“llé + Crlle"|2.

Substituting these above inequality into (3.24), we obtain

12 2 12 2, .2 L2 _ 2 2 1 2
lle" 1l = lle”llg + plle™ 1lo — plle”lly + TIVE™ G — T7IVE" g + lle™ — €Il

+plle™! = &5 + TIVET! = €Ml + vrllVE 1§ + prllcurle™ |3
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2 2 1,2 1,2 1,2 3 1,2 2
<Ct(lle"ll + lle"l + I 11) + CTIR, G + IR:S 1) + CT(IVE™ 5 + IVE"II)
+CT.

(3.25)

Taking sum of the (3.25) for n from O to m < N and using discrete Gronwall’s inequality Lemma 2.1,

we get

m
12 12 2 12 1 2 1 2
max (e[ + ulle™ 15 + TUVE ) + Y dle™! = 'l + plle™ - 1)
sn=m =0
m

+7 ) (VIVE I + pllcurle™ ! |F) < €7,
n=0

Owing to (3.21), we have
(V(en+l e ) V~n+1) _ (V(en+l _ en), V€n+l).
To acquire the H' estimates, we take v = 2rD.e"*! in (3.17) to get

v(lle™ 1T = 1"l + lle™" = e"lI}) + 27liD.e™ I3

=—2((e" — (" — U"), D™y + 2t(R™!, D)
_ 2“T((bn+] - b VDTen+l _ DTe"” .V(bn+l _ bn)’bn+l)
+2ut(De™! - Vb b — b + 2ut(De™ - Ve, bY)
+2ut(D.e™! - VB, &") = 2ut(e" - VD", b
—2ut(B" - VD.e™! &t

Then, we take ¢ = 2urD,&""! in (3.18) to get

n+l||2 n+l

5 — llcurle”|[5 + ||curle "l

u(||curle curle"|[5) + 2ut||D-&
- _ 2/.1(8 ( Bn) D 8n+1) + 2/,1T(Rn+1 n+1)

tr2

+2ut(B V@ —w) + (B =YY VU + & - Vu" + B - Ve, D.g" ).

Combining (3.28) and (3.29), we obtain

n+]|| n+l _ n+1||2 n+1

v(lle™ M |IF = lle"]I + lle "1 + u(llcurle™ |2 — [lcurle”|[3 + |lcurle™! — curle”|[3)
+27||D.e" 3 + 2vrl| DG

=—2(e" - 2", D.e"") = 2(0" — ", D"y + 27(RM!, D)
_ zﬂT((brwl — - VDTen+l’bn+l) 4 2,u7'(DTe"+1 _V(bn+l _ bn)’bn+l)
+2ut(D.e™ VB b — B + 2ut(De"t - VE", b + 2ut(D. e - VB, ")
_ 2/.17'(8 . VD, en+l bn+l) 2,uT(B" VD, en+l n+1) 2#(8 an 8n+l)
_ Zu(b” _ n’ n+1) + 2,uT(R"+1 T8n+l) + 2,uT(b”+l .V(un+l —uh), DTs”“)

tr2

+2ut((B" = b") - Vi, Do) + 2ut(e" - Vi, D ") + 2ut(B" - Ve, Do),
Similarly, by Lemma 3.1, we have

A 1 1
2|(e" = &", Dre" )| < 2lle" [l U"|=1Dze™ o

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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IA

T 1,2 2
1—6||DT€"+ Iy + Crlle™|ly,

20@" = ", Dee™ M) < Cllud"llyralle”l| <11 D" lo

1
Cll"lwrslle” [l 1D-e"* o

IA

IA

T 1,2 2
1—6||DT€"+ Iy + Crlle™|l,

IA

2T|(Rn+l DTen+l )l

trl »

1 1
IR lollDe™ lo

trl

IA

trl

1—7-6||DT6”+] 15 + CTl|RM112,
2ut|(B™! = b") - VD™ b < CTV (™! = bY)oll D" lollB™ 1,

T 112 3 112 112
1—6||DT€"+ Il + CT VDG 5,

IA

IA

2ptl(Dee™! - V(B! = ), 5" < CTlDee™ oIV B = B)lollb™ I

T 1,2 3 1,2 1,2
1—6||DT€"+ Iy + CT 1B IG1D" 15,

IA

IA

2utl(Dee™ ! - VB, b = b")| < Crl|Dee™ oIV 16" = b"lo

-
1—6||DT€”“II% + CT (VB GV |7,

IA

IA

2utl(Dee™! - Ve", b")| < CrllD-e" ol lol|b" =

T 1,2 2 2
1—6||DT€"+ Iy + Crllcurle”|[5lI6" |7,

IANIA

IA

2ut|(D.e"' - VB", &")| < Ctl|Dre™ ||l VB"|| 311" | s

IA

-
1—6||Dre”“||3 + CtlIV IV BII7:,

IA

T 1,2 2 2
EIIDren+ Iy + Crllcurle”|[glIVB|I;5,

IA

2utl(e" - VD!, 6" )| < Cl[Ve"llollDee™ lolIb™ Il

T 1,2 2 1,2
EIIDJ"+ Iy + Crllcurle”|[5l16" I3,

IA

2utl(B" - VD", "D < CTl|B"l| =11V lolDre"™ [lg

T 1,2 1,2 2
EIIDTE"+ Iy + Crllcurle™ |[§IIB" ||,

IA

IA

2utl(e" - &", D" )| < Crll" w2l B" 11 D" g
< %IIDTS”“H% + Ctllcurle”||3,
2ut(B" = 5", Drg" )| < CTlIVE ||+ 1D-e™ o
< EH D& 1} + Crlfeurle”
2ut|(R7:Y, Do) < CTlIR™ ol D-"lo
< EID& 1B + CrIR I,
2/1T|(b”+1 . V(u”” _ un),D78n+1)| < CT||b"+1||2||V(u"+1 _ un)”O”Dré‘nHHo

NT n n n
= 5 lID-e G + CrlIVE! = uhIg,
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2utl(B"! = b") - V", Deg™ D] < Crllb"™! = b ol Vet llz= 1D lo
< D 1 + P IV
2utl(e" - Vi, Deg" )| < Crlle" o Vul[I1D-&"lo
< %IIDTs””HS + Crllcurle”|[5]|Vu"|[] «,
2ut|(B" - Ve", D" )| < Ctl|B"||=|[Ve ol D" o
< B I + CrIVe I8

Substituting these above inequality into (3.30), we obtain

v(lle™ 1T = lle" I} + lle™ ' = e"lI) + u(llcurle™ 1§ — llcurle”|[g + lcurls™! — curle”|[)
12 12
+7lD-e"" I + prllDe" g
2 112 2 112 112 3
<Cr(|le"|1? + llcurle™ |2 + llcurle”|2) + C(IRIME + IR2|12) + C7°. (3.31)

Taking sum of the (3.31) for n from O to m < N and using discrete Gronwall’s inequality Lemma 2.1,
we arrive at

m
max (vlle"* |} + llcurle™ ' |3) + 7 )" (vlle™! = €"|I} + pllcurle™" — curle”|})

0<n<m
n=1

+7 ) (ID-€" 1} + D" }) < T (3.32)
n=1

Furthermore, the standard result for (3.17) and (3.18) with p = 2, respectively, leads to

i+l
18"l

C N C rn rn n n n n
<C|ID-€"lo + ;Ilen — & + ;IIU = U"llo + CIIR Nlo + ClB™ " = B[V ]|

trl
+ ClIB"™ " = B0l VD" || + CIVE || |16™" = b"lo + CIIVE"olID" |
+ ClIB" lwr=lI€"llo + ClIE" olIVE" [l + ClIB || llcurle™ lo + 1€"]1;

<C|ID.e" Mo + CIRI o + 1€y + Cr, (3.33)
e I
C AN C n n n n n n
<C||D-&"|o + ;IIS” —&"lp + ;Ilb —b"llo + CIR™ o + CNB" Ml = o
+ ClIb™" = B"||olIVe" || + ClIE" ol V"l + C|IB"||=]IVe"llo
<C|ID.e" o + CIR! |y + C. (3.34)

Thanks to (3.19), we can obtain

(A€n+l,A€n+l) — (Aén+l,A€n+l),

1 ~n+1
lle" Ml < 118"l
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Then, we have
1 ~n+1 112 2
Z(ne"* B+ 12115 + lle""13) < 72,
From (3.35), we can arrive at
max [|U"|l; < max ("'l + [le"'[l2) < C,
0<n<m 0<n<m

max || 0", < max(llu”*‘llz +12") < C,
0<n<m

1 1 1
max [|P" |l < maX(IIP"+ e+ 16" M) < C,

0<n<m

max ||B"|| < maX(||b"+1||2 +lle" M) < C,
0<n<m

Z DU 2 < 2TZ(”D WB + 1D IR < C,

n=0

TZ 1D, 0" '1f5 < 2rZ(||D u™ G+ 1D 1) < €,

n=

TZ ID.P"| < 272_;(”13719"”“% +ID£™R) < C,

7 Y D BE < 27 Y (D"} + 1D+ 113) < C.

n=0 n=0
From (2.7) and (2.5), we have

U -0
T

DTUn+1 _ VAU;HI + VPn+1 — fn+1 _
and

D.B"! + curlcurlB™! = g™ + (B" - V)U" -
-

By (2.9), we have

—AU™ =V xVx 0",

— uB" x curlB"*!,

Bn+1 _ Bn

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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Considering the identity V20" = VV . ™! - V x V x U™*! and (3.46), we can obtain
AU = VvV .- O™ - AU™. (3.47)

Now, the standard result for the Stokes system (3.17) and (3.18) with p = d* > 2, respectively, leads
to

||Un+1||W2’d* + ||Pn+l _ V . 0n+]|lwlvd*

C .
<C|\\D.U"M|;ar + =NU" = U"||pr + CILf" |0 + C||B" X curl B" || .or

T
<C(IDU" M| + IVU | NU Iz + 11 e + 1Bl llcurl B Yl ), (3.48)

1B |2
n+1 n+1 C N n n n
<ClID:B"" llpa= + Cllg" " ll o= + ;IIB = B||pa + Cl|B" - VU"|| 1

<CUIDB" Ml +11g"  Nzae + VBl 1Bz + B | VU || ). (3.49)

By (3.48) and (3.49), we get

T WU + 1B 1R < C. (3.50)
n=0
Thus, we can obtain
le™ Il + /4T Ny < 1, (3.51)
le™ L + /4B e < 1. (3.52)
The proof is complete.
O

3.2. Error estimation for the fully discrete method

For the sake of simplicity, we denote R, = R,(U", P"), O} = OQn(U", P"), Ry, = RyB",n =1,2,...,N,
and ¢} = u} — R},&} =i} — R}, &} = B} —R},,n = 1,2,...,N, where Ry, : L*(Q)> — W, is the L*-
orthogonal projection, where

IRonw = wllo + AV (Ropw = w)llo < CA™ Wil (3.53)
IRonwllz < Cliwllz, (3.54)
IVRopwllze < Cliwllwr. (3.55)
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Theorem 3.2 Suppose that assumption A2—A3 are satisfied, there exists a positive C > 0 such that

m
12 12 1 2 1 2
13 + gl B NG + >l = wlly + pll By = Byl
n=0

m
+7 ) (vVIVE S + pllourl By ) < C,
n=0

m
o 1+ plleurl B UG + D (it = 1l + plcurl By~ curl Bj)
n=0

+7

M=

(VAU 3 + plicurl By 13) < C.

Il
=}

n

m+1 m+1 n+1

m

2 2 1 2 2

e 113 + el 115 + > (lles™ = ehlly + llel! = £hIR)
n=0

m
+7 ) (vVIVE I + pllcurlel ! IF) < ChY,
n=0

m
12 12 12 12
Iy 1 + B s+ > IR + B ) < C.
n=0
Proof. We prove following estimates

n
2 2 2 2 4
eI+ wlle 5 +7 D (VIVeyI; + pllcurley'IF) < Ct,

m=0

by mathematical induction form = 0,1, ..., N.

(3.56)

When m = 0, u2 = U, 32 = By. It is obvious (3.56) holds at the initial time step. We assume that
(3.56) holds for 0 < m < n for some integer n > 0. By (2.20), (2.21), (3.54), (3.55), Theorem 3.1 and

inverse inequality, we infer

_d
Ty llwres <l llwre + IR i) < CA72IVe o + 1U™ lwres + 1P ll1)

1
<-,
4

-4 m /11
TlIB) llwre <ley llwre + [IRGllwrs) < C(h™2{[Vegllo + [|1B"[lwi)
1
S_y
4
and
-4 m m /1
Tl Iz < (lley Il + IR 1z=) < C(h2|legllo + 1U™]l2 + IP"[I) < C,
4w m
T||B) |l < (lle) Il + IRgyllz=) < C(h™2]le)lo + [1B"]l2) < C.
Combining (2.23) and (2.24), we obtain

un+1 -
(u, vh) + (Vi V) = (P, V - vy) + (B - Vv, By

(3.57)

(3.58)

(3.59)
(3.60)
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- /l(Vh : VBZ, BZ) = (fn+1’ v )
When m = n + 1, letting v, = ZTu”“ in (3.61), we can obtain

2wl —ul + -, @Y + 2ve (Vi Vit = 2¢(ppt, v - it
+ 2ut(B} - Vil BitY — 2ur(ii)t - VB, B}
_2T(fn+l ~n+1

Letting v, = u}*! in (2.24), since V - u*! = 0, it follows that
Gy = @ ),
Taking v, = Tu} in (2.24), we get
Gl @) = @, ).
Subtracting (3.64) from (3.63), we can obtain
@ = 7Y = @ -l ),
Using 2(a — b,a) = |lall} - |IbI5 + lla — I3, leads to

1 1 ~n+1 1 ~n+1
ety ™15 = Noa 15 + ey ™ = willg + 2velIVag ™ Iig = 22 (P, V - iy

=27(f" gty + 208 -, @Y — 2uT(B) - Vit B,
Taking v, = Vp/*! in (2.24), we deduce

_2T(ph+l V- ~n+l)
=27V iIG = 222V LIS + 2721V oy = V)G

When m = n + 1, letting ¢, = 2utB}*! in (2.22), we can obtain

2u(B*' — By + B} — B}, Bi*") + 2ut(curl By, curl B} ")
— 2ut(By - Vuj, By*') = 2ur(g", Bj*).

Using 2(a — b, a) = lall§ — IbII5 + lla — blIZ, we have

HIIB;NG = tllBRIIG + 1By = Byl + 2utlicur By I
=2ut(g"", By*") + 2ut(B}, - Vuy, By + 2u(B), - B), Bi™).

Taking sum of (3.66) and (3.69) yields

e 15 = eeplls + all By 15 = (BRI + 2211V PG = 222NV gl + Nty ™ = w4315
+ullBy* = Billg + 27V Pyt = Vpillg + 2ve|| Vi[5 + 2urllcurl By 15

_2T(fn+1 un+l) + 2,UT(gn+1,BZ+1) + 2( uZ, ﬁz+l) _ 2,LlT(Bn . Vljtz-ﬂ, BZ+])
+2u(B — B}, B'*") + 2ut(B} - Vul, BI*Y).

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)
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Then, we can obtain
2|(f" ! <Cr||f”“||o||a"“||o
IIVﬁ”“IIO + Cll ™G
2utl(g"™', Byt sCTIIg"“IlollBZ“Ho

!
s%ucurwz“né + Crllg™ |2,

~ 1 AN ~
20(i — uf, i) <Crlli} — ullleyslli I o
~n+
<Ct|IVu ||zl lloll Vi, ™ Ml

~n+1
SZIIVMZ+ llg + Clled;|I5.

2utl(B" - Vi, Byt <ClIB" =11Vt ol By llg
VT - n

SZIIVuh“II% + C7l|B; I,

<Ct||B; - Bjll-1lIB;" Iy

<Ctl|BllollB}llw1llcurl B, lo

2ul(B; ~ B, B}™)

1
<—||CurlB"+ Ilg + CTlIB,IGIB,IG,

2ut|(B" - Vi, By) sCTIIB"IILw|Iuh||o||0urlBZ”||o

-
S'ulecurlBZ“II% + Crllu|.

Substituting these above estimates into (3.70), we obtain

NG = Nedhlls + B IS — pllBYIG + 22NV it Is — UV + ™ = wllg
+ul|BI = BIE + 272Vt — Vpills + vl Vit |13 + prllcurl B[S
<Crllf" 1§ + Crllg"™ |5 + Crlluflls + ClIBIl5- (3.71)

Taking sum of the (3.71) for n from O to m < N and using discrete Gronwall’s inequality Lemma 2.1,
we get

1 1 2 1 1 2 1 2
13 + B G + VP + Z(Ilu’” — i} + llBy = By

m
+7 ) (vIVET G + pleurl By E) < C.
n=0

Letting v, = 2t Au*" in (3.61), we obtain

20" =y + ujy = iy, A + 2ve( A, Audy!
+ 2ut(B} - VAU, BI™Y) — 2ur(Au) - VB, B))
=27(f", Aulth). (3.72)

From (3.63), we arrive at

(ﬂ~n+1 n+1) _ (ﬂu"“ ﬂun+l)’
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(§q~n+] 5qun+l ”équn+1”0.
Using 2(a — b,a) = ||a||% - ||b||(2) + |la - bll(z), leads to

1 1 1
ety I = o1+ ety ™ = wll + 2vellAug 15

=27(f", Ay + 280 — u), Aultt) — 2ur(B) - VAU, B, (3.73)
Letting ;, = 2urcurlcurl B)*! in (2.22), we can obtain

wlicurl B[S — wllcurl By|[5 + pllcurl By — curl B}|[5 + 2ur]|curlcurl B} ||
=2ut(g"*", curlcurl B)*") + 2ut(B} - Vul, curlcurl B}*") + 2u(B} — B}, curlcurl B*). (3.74)

Taking sum of (3.73) and (3.74) yields

+1”2 n+1

2 1 2 1 2
— lujlly + pllcurl B * ||O MllcurlBle0 + |y — upll; + pllcurl By — curl Byl

[127%
+ 2v|\ A5 + 2ur|curleurl B3

=27(f", Ay + 28 - ul, Aulhy + 21(g", curleurl Bt = 2ur(B) - VAU, B
+ 2ut(B} - Vi, curleurl By + 2u(B} — By, curlcurl B, (3.75)

Then, we get

27|(f", Ay DI < Crll £ ol Ay o
< A G + Crilf G,
2ut|(g"", curlcurl B < Crllg" [lollcurlcurl B}l
< “—T||cur1cur13',;+1||g + Crllg™ 2,
20(@, — up, Au | < Crlluhllwl4||uh||L4||ﬂu"“||
< —IIﬂu’,i“Ilo + Crllull;,
2ut|(B) - VA, Byl < CTl| Byl N A llol1B; llo
< —IIﬂu”“IIO + Crllcurl B},
2ut|(B} - Vu}, curlcurl By )| < Ctl|B} |||V} llolicurlcurl B}l
< 'u—llcurlcurlB"“llo + O Va2,
2ul(B) — B, curlcurl B*")| < Ct|B}||y14l| B}l +llcurlcurl Byl
< —||cur1cuﬂB"+1||O + CTlIBLI . IByI1,

< —||cur1cur13"+1||0 + Ctllcurl B}|I3.

Substituting these above estimates into (3.75), we obtain

n+lH n+l1

1 2 1 2
[|u 1= ||uh||1 +,u||curlB”Jr ||0 pllcurlB), ||O + |lu,™ =l +u||curlBZJr — curlB; |l
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+ v|| A5 + prllcurleurl B3
<Ct|lf"M5 + Crllg" M5 + Crllufllf + C(llcurl B3 + |lcurl BY13). (3.76)

Taking sum of the (3.76) for n from O to m < N and using discrete Gronwall’s inequality Lemma 2.1,
we get

1™ 1 + ellcurl B |2 + Z(Ilu”+1 = I} + pllcurl B!~ curl Bj[lg)
n=0

m

+7 Z (vllﬂuﬁ“ll% + pllcurlcurlBZ“ll(Z)) <C.
n=0

Then, we rewrite (3.61) and (2.22) as

(D, vy) + (Vi Vv, = (PP, V- wy)

_rn+l ”Z - aZ n n+1 n n
=(f"", ) — e —u(B), - Vv, B,7) + u(vy, - VB), By), (3.77)
and
n+1 n+1 n+1 n n BZ - BZ
(DB, ,yp) + (curl B, curlyy,) = (", yp) + (B), - Vi, ¥) — - sYn - (3.78)

Subtracting (3.15) and (3.16) from (3.77) and (3.78), respectively, leads to

(Deeft! vy + (Ve V) — (pp = QL V- vy

i, —u, | A L
=(DU"" = Ry, V”)+( — Vh)+(f,vh)‘ﬂ(8’;-Vw,,BZ“)

— (R, — B - Vv B = u(B" - Vv ™) = u(B" - Vv, R = B™)
+u(vy - Ve, By) + u(vy, - VB, &) — u(vy, - VB", Ry, — B")
+ u(vy - V(Ry, — B"), B)), (3.79)

and

(D&, yn) + (curlel!, curly))

B B pop
:(DT(Bn+l - Rgzl)’ lﬁh) + ( L T h’ ‘ﬁh) + ( T s 'ﬁh) + (SZ ' VMZ, ‘ﬁh)
+ ((Ry, = B") - Vuy, ) + (B - V(R, = U"), yrp,) + (B" - Ve, yy). (3.80)

Taking v, = 2te}*! in (2.24), we can obtain

(en+1 ~n+1) — (en+1 n+1

b

n+1 ~n+l n+l n+l
(D € ’ h - (D h ’

Ve, V) = (Ve ey = Ve .
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Let¢" = U" - R}, " = B" — R}, By taking v;, = 2T€n+1 in (3.79), we deduce

1 1 1
lley™ I — Neplls + lley™" — el + 2velVey |5

=27(D, U™ — R (D, U™, D.P™"), el*") + 2(& — ef, ef*!) + 2(8" — 8", e}*)
= 2ut(e), - Vet Byt = 2ut(n" - Vet Byt = 2ut(B" - Vet gt
—2ut(B" - VeZ”, 7 + 2ut(e}™! - Vel BY) + 2,u‘r(e”Jrl VB", &)
+2ut(el"! - VB, ") + 2ur (et - V', By). (3.81)

By taking ¢, = 2ute)*™! in (3.80), we have

pller ™ M15 = mllghlls + plleg™ — €)lI5 + 2urllcurle)™ |3
=27(D,B"™' — Ry, D.B"™"), &) + 2u(el — &1, &y + 2u(” — 7", &)
+2ut(e} - Vul, ety = 2ur(y” - Vull, &) + 2ur(B" - V(R] - U") gty
+2ut(B" - Ve, &/™. (3.82)

Combining (3.81) and (3.82), we obtain

1 1 1 1 2
lleg: 113 |5 15 — wllehlls + llep™ — eqlls + Sllei™ — &7l

n+1

0~ ||€h||0 +
+ 2v7|[Vel ! |[5 + 2url|curlel ™13

=27(D, U™ — Ry(D, U™, D.P"*"), el*") + 28} — e}, &) + 2(0" — 8", &)
—2ut(gl - Vel BitY = 2ur (" - Ve, Bt — 2ur(B" - Vet Bt
—2ut(B" - Ve, " + 2ur(elt! - Vel BY) + 2ut(eft! - VB, &) + 2ut(elt! - VB, ")
+2ut(el™ - V", BY) + 2t(D.B"" — Ry, D.B"™), &™) + 2u(e) — &, &
+2u(y" = " &P + 2ut (el - Vull, ety = 2ur(y” - Vi, &)
+2ut(B" - V(R} — U"), &'y = 2ur(B" - Ve, Bi™). (3.83)

Due to (2.19) and Theorem 3.1, we can get ||6"|lo < CR*(|U"|l, + [|P"]l;) < Ch?, |In"]lo < Ch?||B"||>. By
Lemma 3.1, there holds that

21D U™ = Ry(D:U™!, D-P"™), €5 < Cth? |l Hlo(1D- U Iy + D-P™ Iy
< 2OIIVe”“IIO + CTh*(ID- U™l + D P™ D),
21(&, — €5 €7Dl < Clie, = 1111V e, g
< Crl|Vepllolly w11V e, o
< %IIVB”“IIO + Crllellg,
208" - 8", "l < Cllg" = 811111V e lo
< CT||3n||o||uh||W1°°||Ve o

< —||IVer P + Cr)|0"
2O|| n ||o | ||0,

1 1 1 1
2utl(g) - Ve, ™, By )| < Crllgyllol Ve, lloll Byl

VT 1,2 2
< 2—0||V€Z+ Iy + Cllsllos
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2utl(p" - Ve, Byl < Crlin"llol Ve, lloll Byl

< 2—0||Ve”“||0 + Crlln"|I5,
2utl(B" - Vet ™l < CrllB||=[IVe; ™ lolleh ™ o
2—0||Ve”“||o + Crllg 115,
2ut|(B" - Ve, ] < CTlIB a1V e, ol lo

1 1
OIIVeZ+ g + Crll"™ 115,

I/\

I/\

2
2utl(e;™ - Ve, Byl < CTIIVeZ“IIoIIShIIoIIB [l
2—0||Ve G + CrlisyIi,
2utl(e;™ - VB, ;™| < CtlIVey ol B"llalljllo

I/\

I/\

1
20||VeZ+ 6 + Cllellc,

2utl(ey - VB, ") < CrlIVey™ ol B"llalln"llo

I/\

2OIIVeZ“Ho + Crlln"|I5,

2url(ey - Vo', Bl < CrlIVes ol lloll Byl
< —IIVe’Z,“IIO + Clln"|I5,

27|(D.B"™" — Ry D B™', &/"1)| < Crh2||s"“||o||DTB"“||2||n"||o

< 1—||cur1 ey lio + CTh*|IDB™ |3,

1 1
2ul(ey; — &, ) < Cllgy = Ellollel™ llo
1
< Crllcurlég)|lol|Byllz=ll€5 " [lo
1 1
—||cur18hJr ||O + Crlley” IIO,

2ul(m" — 7", "“>|<C||n — 7" IVer o
< Clli"lol1 B}l llcurle o

< S eurle I + Crly I,
2ul(el - Vadl, &) < CT||8h||0||VMh||L3|| & 10
< 2 curle™ I+ Crlleg 15,
2ty - Vg, &) < CTIIn oIVl e s
< S eurle ™ I + iy,
2uTi(B" - V(R - U"), ™)) < CT||B"||2||9"||0||VSZ+1||o
”—||cur18h+1||o + Crlle|R,

2utl(B" - Ve, &) < CtllBl|=llejllolicurle; ™ lo
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1
16llcurls,;r 1% + CT||€h||o

Substituting these above estimates into (3.83), we obtain

1 1 1 1 2
llei ™15 G = plleplly + e = eplls + ullel™ = ehllg

1 n+1||

o = lleplls + plle)

n+1

+v1||Ve), 0
<Ct(|lefll5 + €13 + llep 13y + Cth?. (3.84)

||0 + ut|cur

Taking the sum of the (3.76) for n from 0 to m < N and using the discrete Gronwall’s inequality Lemma
2.1, we get

1 1 1 1 2
e =115 + elley =115 + Z(Ile’” = jlls + plle™ = 1)

m
+7 ) (VIVe I} + plicurlel ! |F) < Ch.
n=0

Then, we can deduce

max [ju;" |- < maX(IIR"”IILw + ey M)

0<n<m
<C max U™, + C max 1P, + Ch? max el < C,
<m
1 1
max 1B} < max(IIRS,t e + ller " )
< Comax IB™ ||, + Ch™2 max ||g"+1|| <C,
m
1 1 1
T N R < 2TZ(||R”+ 2 e )
n=0 n=0

< CTZ(HU"“HW +IPE) + Crh™ Z VeI < C,

n=0 n=0

m m
12 112 1
T B R < 20 ) (IRE R + N 1)
n=0 n=0

<Cr Y B, + CTh ™ Y Ve < C.

Thus, all the results in Theorem 3.2 have been proved. O
4. Numerical results

In order to show the effect of our method, we present some numerical results. Here, we consider
the

ur = (y +y*) * cos(t),
b =(x+ xz) * cos(t),
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p=020xx—-1.0)%(2.0%y—-1.0)*cos(¢),
By = (sin(y) + y) * cos(t),

B, = (sin(x) + x*) * cos(?).

The boundary conditions and the forcing terms are given by the exact solution. The finite element
spaces are chosen as P1b-P1-P1b finite element spaces. Here, we choose 7 = hWand h = 1/n, n =
8,16,24,32,40,48. Different Reynolds number Re and magnetic Reynolds number Rm are chosen
to show the effect of our method, the numerical results were shown in Tables 1-6. Here, we use the
software package FreeFEM++ [32] for our program.

Tables 1 and 2 give the numerical results for Re = 1.0 and Rm = 1.0. In order to show the effect
of our method for high Reynolds number, we give the numerical results for Re = 100.0, 1000.0 and
Rm = 100.0, 1000.0. Tables 3 and 4 give the numerical results for Re = 100.0 and Rm = 100.0. Tables
5 and 6 give the numerical results for Re = 1000.0 and Rm = 1000.0. It shows that our method is effect
for high Reynolds numbers. It shows that the errors are goes small as the space step goes small and the
convergence orders are optimal. We can see that | fQ V - Bdx| and | fQ V - udx| are small, which means
that our method can conserve the Gauss’s law very well.

Table 1. The numerical results for Re = 1.0 and Rm = 1.0 for different hat T = 1.0.

1/h

lw, —ullo IV, = u)llo lIp, = pllo

B, —Bllo  IVB, =Bl IE;, — Ello | [,V -Bdxl | [,V - udx]

8

0.00395939 0.104518

0.0633311 0.00146071 0.0443105

0.0402426 4.95209e-17 1.99024e-14

16 0.00109704 0.0527177  0.0212408 0.000384435 0.0221793  0.0208612 1.41995e-16 4.15508e-15

24 0.000473611 0.0347495  0.0118957 0.000175071 0.0148256  0.0141051 5.03032e-17 5.95751e-15

32 0.000256132 0.0258999  0.010131  9.82405e-05 0.0111161 0.010656  3.35182e-16 7.38832¢-15

40 0.000160786 0.0206654  0.00831346 6.2778e-05 0.00889124 0.00856254 7.97451e-16 5.55468e-15

48 0.000110796 0.0171977  0.00648101 4.35568e-05 0.00740848 0.00715659 1.00015e-16 4.15077e-15
Table 2. Convergence order for Re = 1.0 and Rm = 1.0 for different h at T = 1.0.

1/h u-17° u-H, P-1? B-1? B-H,

16 1.85166 0.987389 1.57608 1.92586 0.998435

24 2.07166 1.02792 1.42982 1.93995 0.99343

32 2.13671 1.0217 0.5582 2.00837 1.00097

40 2.08665 1.01181 0.88607 2.00685 1.00084

48 2.04246 1.00748 1.36571 2.00491 1.00066

AIMS Mathematics Volume 5, Issue 4, 3922-3951.



3948

Table 3. The numerical results for Re = 100.0 and Rm = 100.0 for different h at T = 1.0.

Uhlw,—ully IV, —wa)llo llpy — pllo 1B, =Bllo  1IVB, =B)llg IE, = Elly | [,V - Bdx| | [,V - udx]
8 0.0172667 0.279161 0.0354359 0.0127351 0.19731 0.00779509 3.41253e-17 3.17954e-14
16 0.00233046 0.0697115 0.01409  0.00240034 0.0479792  0.00159673 9.63754e-17 1.3337¢-14
24 0.000831767 0.0398145  0.00892872 0.000977778 0.0269431  0.000711847 8.03834e-18 8.42217e-15
32 0.000422379 0.0280313  0.00649219 0.000527044 0.0184095  0.000385869 2.36579¢-16 5.31439¢-15
40 0.000256947 0.0217553  0.00511173 0.000330314 0.013926 0.000239563 7.44033e-16 2.85026e-15
48 0.000173343 0.0178297  0.00421705 0.000226765 0.0112143  0.000162916 7.14376e-17 2.41418e-15
Table 4. Convergence order for Re = 100.0 and Rm = 100.0 for different # at T = 1.0.
1/h u-12 u-H,; P-1I? B-1L° B - H,
16 2.88931 2.00163 1.33054 2.4075 2.03998
24 2.54095 1.38147 1.12512 2.21495 1.42315
32 2.35555 1.21978 1.10773 2.1482 1.32391
40 2.22742 1.13589 1.07134 2.09391 1.2508
48 2.1588 1.09144 1.05529 2.063 1.1878
Table 5. The numerical results for Re = 1000.0 and Rm = 1000.0 for different 2 at T = 1.0.
Uhlw,—ulle IV, —a)llo llp, = pllo 1B, =Bllo  1IVB; =B)llg lE, = Elly | [,V - Bdx| | [,V - udx]
8 0.0397337 1.68458 0.0330041 0.029124 1.17999 0.0213862 1.41814e-16 1.99053e-14
16 0.00470743 0.368592 0.0137702 0.00403407 0.219747 0.00228304 7.44847e-17 1.26213e-14
24 0.00158913 0.177215 0.00901776 0.00143967 0.106852 0.000843484 8.59434e-17 8.328e-15
32 0.000750714 0.102493 0.00644056 0.000756826 0.0713168  0.000456685 2.75943e-16 5.37049¢-15
40 0.000430867 0.0675245  0.00509083 0.000460115 0.0510193  0.000286991 8.76007e-16 2.73806e-15
48 0.000276193 0.0481754  0.00421193 0.000306103 0.038122 0.000195792 1.25266e-16 2.4751e-15
Table 6. Convergence order for Re = 1000.0 and Rm = 1000.0 for different ~h at T = 1.0.
1/h u-L? u-H, P-1I? B-1? B-H,
16 3.07735 2.19229 1.26109 2.8519 2.42487
24 2.6783 1.80614 1.04402 2.54119 1.77829
32 2.60675 1.90339 1.16997 2.23523 1.40541
40 2.48819 1.8701 1.05392 2.23021 1.50095
48 2.43909 1.85191 1.03949 2.23536 1.59834
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5. Conclusions

In this paper, we have given a modified characteristics projection finite element method for the
unsteady incompressible magnetohydrodynamics(MHD) equations. In this method, the modified
characteristics finite element method and the projection method were combined for solving the
incompressible MHD equations. Both the stability and the optimal error estimates in L? and H' norms
for the modified characteristics projection finite element method have been given. In order to
demonstrate the effectiveness of our method, some numerical results were given at the end of the
manuscript.

Acknowledgments

The authors would like to thank the anonymous referees for their valuable suggestions and
comments, which helped to improve the quality of the paper. This work is supported in part by
National Natural Science Foundation of China (No. 11971152), China Postdoctoral Science

Foundation (No. 2018M630907) and the Key scientific research projects Henan Colleges and
Universities (No. 19B110007).

Conflict of interest

The authors declare there is no conflict of interest in this paper.

References

—

R. Moreau, Magnetohydrodynamics, Kluwer Academic Publishers, 1990.
2. W. Hughes, F. Young, The Electromagnetodynamics of Fluids, Wiley: New York, 1966.

M. D. Gunzburger, A. J. Meir, J. S. Peterson, On the existence, uniqueness, and finite element
approximation of solutions of the equations of stationary, incompressible magnetohydrodynamics,

Math. Comput., 56 (199), 523-563.

4. J. Gerbeau, C. Bris, T. Lelievre, Mathematical methods for the Manetohydrodynamics of liquid
metals, Oxford University Press, 2006.

5. M. Sermange, R. Temam, Some mathematical questions related to the magnetohydrodynamic
equations, Comput. Compacts, 1 (1983), 212.

6. U.Hasler, A. Schneebeli, D. Schotzau, Mixed finite element approximation of incompressible MHD
problems based on weighted regularization, Appl. Numer. Math., 51 (2004), 19-45.

7. J. L. Guermond, P. D. Minev, Mixed Finite Element approximation of an MHD problem involving
conducting and insulating regions: The 2D case, ESAIM: Math. Modell. Numer. Analy., 36 (2002),
517-536.

8. J. L. Guermond, P. D. Minev, Mixed finite element approximation of an MHD problem involving
conducting and insulating regions: The 3D case, Numer. Methods Partial Differential Equations,
19 (2002), 709-731.

AIMS Mathematics Volume 5, Issue 4, 3922-3951.



3950

0.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

D. Schotzau, Mixed finite element methods for stationary incompressible magneto-hydrodynamics,

Numer. Math., 96 (2004), 771-800.

J. F. Gerbeau, A stabilized finite element method for the incompressible magnetohydrodynamic
equations, Numerische Mathematik, 87 (2000), 83—111.

N. B. Salah, A. Soulaimani, W. G. Habashi, A finite element method for magnetohydrodynamics,
Comput. Methods Appl. Mech. Eng., 190 (2001), 5867-5892.

A. L. Nesliturk, M. Tezer-Sezgin, Two-evel finite element method with a stabilizing subgrid for the
incompressible MHD equations, Int. J. Numer. Methods Fluids, 62 (2010), 188-210.

X. J. Dong, Y. N. He, Y. Zhang, Convergence analysis of three finite element iterative methods for
the 2D/3D stationary incompressible magnetohydrodynamics, Comput. Method. Appl. Math., 276
(2014), 287-311.

Y. N. He, Unconditional convergence of the Euler semi-implicit scheme for the three-dimensional
incompressible MHD equations, IMA. J. Numer. Anal., 35 (2015), 767-801.

X. J. Dong, Y. N. He, Two-level newton iterative method for the 2D/3D stationary incompressible
magnetohydrodynamics, J. Sci. Comput., 63 (2015), 426-451.

R. Ingram, Numerical analysis of a finite element Crank-Nicolson discretization for MHD flows at
small magnetic Reynolds numbers, Int. J. Numer. Analy. Model., 10 (2012), 74-98.

Y. F. Lei, Y. Yang, Z. Y. Si, Error estimate of fully discrete dc-fem for unsteady incompressible
magnetohydrodynamics equations, Appl. Anal., 97 (2018), 2355-2376.

Z. Y. Si, S. J. Jing, Y. X. Wang, Defect correction finite element method for the stationary
incompressible magnetohydrodynamics equation, Appl. Math. Comput., 285 (2016), 184-194.

Z.Y. Si, C. Liu, Y. X. Wang, A semi-discrete defect correction finite element method for unsteady
incompressible magnetohydrodynamics equations, Math. Method Appl. Sci., 40 (2017), 4179-
4196.

J. E. Deng, Z. Y. Si, A decoupling penalty finite element method for the stationary incompressible
magnetohydrodynamics equation, Int. J. Heat. Mass. Tran., 128 (2019), 601-612.

W. Layton, H. Tran, C. Trenchea, Numerical analysis of two parititioned methods for uncoupling
evolutionary MHD flows, Numer. Methods Partial Differ. Equ., 30 (2014), 1083-1102.

G. D. Zhang, Y. N. He, D. Yang, Analysis of coupling iterations based on the finite element method
for stationary magnetohydrodynamics on a general domain, Comput. Math. Appl., 68 (2014), 770—
788.

G. D. Zhang, Y. N. He, Decoupled schemes for unsteady MHD equations. I1: Finite element spatial
discretization and numerical implementation, Comput. Math. Appl., 69 (2015), 1390-1406.

R. A. Adams, Sobolev Space, In: Pure and Applied Mathematics, vol. 65, Academic Press, New
York, 1975.

V. Girault, P. Raviart, Finite element methods for Navier-Stokes equations, 1986.

J. Heywood, G. John, The Navier-Stokes equations: On the existence, regularity and decay of
solutions, Indiana University Math. J., 29 (1980), 639-681.

AIMS Mathematics Volume 5, Issue 4, 3922-3951.



3951

27. Y. N. He, Two-level method based on finite element and Crank-Nicolson extrapolation for the time-
dependent Navier-Stokes equations, SIAM J. Numer. Anal., 41 (2004), 1263-1285.

28. G. Galdi, An introduction to the mathematical theory of the Navier-Stokes equations: Steady-state
problems, Springer, New Yourk, 2011.

29. Y. Achdou, J. L. Guermond, Convergence analysis of a finite element projection/Lagrange-Galerkin
method for the incompressible Navier-Stokes equations, SIAM J. Numer. Anal., 37 (2000), 799—
826.

30. R. Bermejo, P. Galan del Sastre, L. Saavedra, A second order in time modified Lagrange-Galerkin
finite element method for the incompressible Navier-Stokes equations, STAM J. Numer. Anal., 50
(2012), 3084-31009.

31.Z. Y. Si, J. L. Wang, W. W. Sun, Unconditional stability and error estimates of modified
characteristics FEMs for the Navier-Stokes equations, Numer. Math., 134 (2016), 139-161.

32. F. Hecht, New development in FreeFem++, J. Numer. Math., 20 (2012), 251-265.

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 5, Issue 4, 3922-3951.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Notation and preliminaries
	Unconditional stability and convergence
	Error estimation for the time-discrete method
	Error estimation for the fully discrete method

	Numerical results
	Conclusions

