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1. Introduction

Let Q € RY be a bounded domain with a C>-boundary dQ. In this paper, we study the following
quasilinear Robin problem

—Au— A@Hu + a(x)u = Af(x,u) in Q,

(1.1)
(')_u +B(x)u=0 on 0Q,
on

where % = Vu - n with n(x) being the outward unit normed vector to JQ at its point x, a(x) € L*(Q)
satisfying essing; a(x) > 0, B(x) € C*7(0Q, Rg) for some 7 € (0,1) and B(x) # 0. A > 0 is a real
parameter. *

The Robin boundary problems with Laplacian operator have been widely investigated in recent
years ( [1-6]). For example, Papageorgiou et al. in [4] considered the Robin problems driven by
negative Laplacian with a superlinear reaction and proved the existence and multiplicity theorems by

variational methods. However, the Robin boundary problems with quasilinear Schrédinger operator
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have not been dealt with yet. Based on the above issues, this paper aims to study the existence and
multiplicity of solutions to problem (1.1). In our work, one of the main difficulties is that there is no
suitable space on which the energy functional is well defined. To the best of our knowledge, the first
existence result for the equation of the following form

—Au— AW+ a(x)u = Af(x,u), xeRY (1.2)

is due to Poppenberg, Schmitt and Wang( [7]), and their approach to the problem is the constrained
minimization argument. Since then, some ideas and approaches were developed to overcome these
difficulties. Liu and Wang, in [8], reduced the quasilinear equation to a semilinear one by the change
of variable. In [9], using the same methods in [8], Colin and Jeanjean considered the problem (1.2)
on the usual Sobolev space. In this paper, we will use the change of variable to overcome the main
difficulties.

Let f : Q X R — R be a Carathéodory function such that f(x,0) = O for a.e. x € Q and let

F(x,0) = f t f(x,6)dé, (x,f) € QXR.
0

We first posit the following assumptions on f.

(1) |f(x, 0] < co(1 +|t™") for a.e. x € Q, where ¢y > 0,4 <r <2-2%
(f2) lim 252 = 0and lim F(x,7) = —co uniformly for x € Q;

—+00 t—+00

(f3) There exists it € L"(Q) such that [ F(x, #)dx > 0;
(f4) There is a constant 6 > 0 such that f(x,¢) < 0 fora.e. x € Qand t € (0,0);

(f5) For every p > 0, there exists u, > 0 such that 7 — j% + u,t 1s nondecreasing on [0, p];

Remark 1.1. The following function satisfies hypotheses (f1)-(f5), for simplicity we drop the x-
dependence,

0, ifr<o,
f@) ==+ 271 ifre(0,1],
Py R N B

where 3 < k; < ky <2k; < +ooand 1 < ks < ky < 4.
The theorem below is the first result of our paper.

Theorem 1.1. If hypotheses (f1)-(f5) hold, then there exists a critical parameter value A, > 0 such that
forall A > A, problem (1.1) has at least two positive solutions vy, v, € int(C,) with vy < vy in Q.

To study further the multiplicity of solutions for problem (1.1) under the assumption (f1), we give
some other conditions on f as follows:

(f6) lim @ = +oo uniformly with respect to x € Q, and there exist @ € (max{l, (r — 4)%}, 2%),

[t]—+0c0
Co > 0 such that
Dt —4F (x,t
0 < & < liminf 27 S

lfl—+o0 |£]2

uniformly for x € Q.
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(f7) f(xa _t) = _f(-x’ l)
Remark 1.2. The following function satisfies hypotheses (f1), (f6) and (f7):

f(&) = 1n(1 +|¢]) for all r € R.

Theorem 1.2. If hypotheses (f1), (f6), (f7) hold and A > 1, then problem (1.1) has infinitely many high
energy solutions in H'(Q).

The paper is organized as follows. In Section 2, we give some preliminary results, which will be
used in this paper. We prove Theorem 1.1 and Theorem 1.2 in Section 3 and Section 4 respectively.

2. Preliminaries and variational setting

In this paper, the main working spaces are H'(Q), C'(Q) and LI(0Q), 1 < g < +0c0. We denote the
norm of L4(Q) and H'(Q) by

1/q 1/2
||u||q:( f |u|qu) , ||u||:( f Vuldx + f |u|2dx) .
Q Q Q

The Banach space C'(Q) is an ordered Banach space with positive (order) cone
C,:={ueC(Q):ux)>0,VxeQl

This cone has a nonempty interior given by
int(C,):={ueC,:ukx)>0,VxeQ.

On 0Q we will employ the (N — 1)-dimensional Hausdorff measure 0. By applying this measure
we can define the Lebesgue spaces LY(0€QQ) (1 < g < +00). The Trace Theorem says that there exists a
unique continuous linear map y, : H'(Q) — L?(02), known as “trace map”, such that

Vo) = ulpo, ¥ u€ H'(Q) N CQ).
Consequently, the trace map extends the notion of boundary values to any Sobolev function, and

imy, = H>2(9Q), kery, = H\(Q).

Moreover, the trace map 7y, is compact from H'(Q) into L1(dQ) with g € [1, 25(,\’__21)) if N > 3 and
q € [1,+00) if N = 1, 2. In the sequel, for the sake of notational simplicity, the use of the trace map
vo Will be dropped. The restrictions of all Sobolev functions on the boundary 0€2 are understood in the
sense of traces.

We know that (1.1) is the Euler-Lagrange equation associated to the energy functional

I(u) = %( f IVul> (1 + 2u*)dx + f a()uldx + | Bou*(l +u2)d<7)—/l f F(x, u)dx.
Q Q Q

0Q
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Unfortunately, the functional I could not be well defined in H'(Q) for N > 3. To overcome this
difficulty, we use the argument developed in [9]. More precisely, we make the change of variable
u = g(v), which is defined by

1
’ t e — 05 S D)
g0 T on[0, +o0)
g(t) = —g(-1) on(—o0, 0].

Now we present some important results about the change of variable u = g(v).

Lemma 2.1. ([10]) The function g and its derivative satisfy the following properties:

(i) g is uniquely defined, C* and invertible;

(1) gD < 1 forallteR;
(iii) |g(®)| < tforallt e R;

(iv) &2 > 1, ast — 0

V) g < 2Y414'? for all t € R;

(vi) g(6)/2 < tg’(t) < g(t) for all t > O, and the reverse inequalities hold for t < O;
(vii) %) —a; >0, ast—> +oo;

(viii) |g(t)g' (1) < 1/ V2 forall t € R;

(ix) There exists a positive constant Cy such that
A ST/ E
A= e, =1
Therefore, after the change of variable, the functional /(uz) can be rewritten in the following way

J(v) :% f |Vv|2dx+% f a(x)g%v)dm% fa B W1 + g2 (v))do
Q Q Q (2.1)

—/lfF(x,g(v))dx.
Q

From Lemma 2.1, by a standard argument, we see that J is well defined in H'(Q) and J € C'. In
addition,

J' W) = f VyWedx + f a(x)g(v)g' (v)pdx + f B)gMg W) + 2g°(v))pdo
Q Q oQ (22)

-4 fQ f(x, ()8’ (v)pdx

for all v, € H'(Q).
It is easy to see that the critical points of J correspond exactly to the weak solutions of the semilinear
problem

{—Av +a(x)g(v)g'(v) = Af(x,g(v)g'(v)  in Q,
(2.3)

2_2 +BREME (1 +28%(1) =0 on dQ.

Hence, to prove our main results, we shall look for solutions of problem (2.3), i.e., the critical points
of the functional J.
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Let X be a Banach space and X* be its topological dual. By (-,-) we denote the duality brackets
for the pair (X, X*). We now give the definitions of the (PS). condition and Cerami condition in X as
follows.

Definition 2.2. Let ¢y € C'(X,R) and ¢ € R. We say that ¢ satisfies the (PS). condition, if every
sequence {u,} € X such that

Y(u,) = ¢, ¥'(u,) > 0in X" asn — oo

admits a strongly convergent subsequence.

Definition 2.3. Let € C'(X,R) and ¢ € R. We say that ¢ satisfies the Cerami condition, if every
sequence {u,} € X such that

%//(Mn) — C, (1 + ||Mn||x)l//,(1/tn) — O iIl X* asn — oo

admits a strongly convergent subsequence.
The following two lemmas are known as Mountain Pass Theorem and Fountain Theorem.

Lemma 2.4. (Mountain Pass Theorem, [11]) If ¢ € C'(X,R) satisfies the (PS).-condition, there are
uy, uy € X with |luy — upllxy >0 >0,

max{y(uo), Y(uy)} < inf{y(u) : llu —uolly = o} = m,

and ¢ = inﬁgna)% y(I'(7)) where I' = {y € C([0, 1], X) : v(0) = up, y(1) = uy}, then c > m, and c is a
yel 0<t<

critical value of .

If X is a reflexive and separable Banach space, then there are e; € X and e; € X" such that

X =spanfejlj=1,2, -}, X" =spanfeilj=1, 2, ---},

(epey =1 P
ei7e' =
! 0, i#]j

For convenience, we write

X; := spanle}}, Yy := & X), Z = 07, X (2.4)

Lemma 2.5. (Fountain Theorem, [12]) Let y € C'(X,R) be an even functional. If. for every k € N,
there exists py > yr > 0 such that
(Al) ar:= sup Y(u) <0,
ueYy.,llullx=px
(A2) by = inf  Y(u) > oo ask — oo,
ueZy,|lullx =y

(A3) ¢ satisfies the Cerami condition for every ¢ > 0.

Then ¥ has an unbounded sequence of critical values.

AIMS Mathematics Volume 5, Issue 4, 3825-3839.



3830

3. Existence of positive solutions
In this section we prove the existence of positive solutions of problem (1.1). For simplicity, we may
take f(x,f) =0forae. x € Q,allr <O0.
Proposition 1. If (f1)—(f3) and (f5) hold, then problem (2.3) admits a solution v, € int(C,).
Proof. We consider the C'-functional J, : H'(Q) — R defined by

1
J(v) == (uwn% + vl + f ag’Wdx+ | Pgr )1 +g2(v))d(r)
2 Q oQ (31)

-1 f F(x,g(v"))dx.
Q

We claim that J, is coercive. Arguing by contradiction, assume that we can find a sequence {v,},>; C
H'(Q) and a constant M such that

[[v,|]| = +o00asn — coand J,(v,) < M foralln > 1. (3.2)

Then from (3.2) we have

1
Mz 3 (nwnné + lvalz + f a(0g’v)dx + | BOg W) + g2<vn>>da)
Q

0Q

—/lfF(x,g(v;))dx (3.3)
Q

1
> E(IIanH% + v, 115) — ﬂfF(x, g(v,;)dx
Q

for all n > 1. Hypotheses (f1) and (v) of Lemma 2.1 imply that there exist ¢;, ¢z > 0 such that
IF (e, gl < ea(1+ [l < es(1+ vy o).
Combining this with (3.2), (3.3), we get

Vil = 400 as n — oo.

+
Vi

lvzll>

Letw, = n > 1. Then ||w,|| = 1 for all n > 1, and so we may assume that

w, — win H(Q), w, —» win L°(Q) and in L?(Q) for each 6 € (1,2"). (3.4

From (3.3) we have

F(x,g(v;y)) .
[[v;:]? ~vill?

1
~ Vw2 - A foralln > 1. (3.5)
2 Q

Invoking (f1), (f2) and (v) of Lemma 2.1, we can find ¢, > 0 such that

IF(x, 2()] < gﬂ +c, forae xeQ, allt>0,
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which yields, for n > 1 large enough,

N
IFx, g, € cdQly

—————dx < - <e. (3.6)
o IviIR 2 I
Passing to the limsup as n — oo in (3.5) , and using (3.6), we have
lim sup ||[Vw,|[5 < 0. (3.7)

n—+oo

In addition, from (3.4) we have ||Vw||§ < liminf IIanllg. Combining this with (3.7), we obtain that
n—+oo

Vw, — Vw = 0in L*(Q). Hence,
w, — win H(Q),

and so |[|w|| = 1, w > 0. Since Vw = 0, we have w = 1/ V|Q|y, and v} (x) — +co for a.e. x € Q.
On the other hand, combining with (f1), (f2), (3.3), (vii) of Lemma 2.1 and Fatou’s lemma, we get

M>J.(v,) > —/lfF(x, g(vH))dx — +oco asn — oo,
Q

which is impossible. Thus, J, is coercive.

Furthermore, from Lemma 2.1, Sobolev embedding theorem and trace theorem, we see that J, is
sequentially weak lower semicontinuous. By Weierstrass-Tonelli theorem we can find vy € H'(Q) such
that

J.(vo) = inf{J,(v) : v € H(Q)). (3.8)

Consider the integral functional Jr : L'(QQ) — R defined by

Jr(v) = fF(x, g(v))dx.
Q

From hypothesis (f1), (i) of Lemma 2.1 and the dominated convergence theorem, we see that J is
continuous. By hypothesis (f3) and (ix) of Lemma 2.1, there exists ¥ € L"(€2) such that

Jr(@) > 0.
Exploiting the density of H'(Q) in L"(€2), we can find ¥ € H'(Q) such that
Jr(¥) > 0. 3.9
Therefore, from (3.1) and (3.9), there exists A, > 0 such that
Ji(vo) < J+(v) <0 = J.(0)

for all 4 > A.. This ensure that vy # 0. From (3.8), we have J’, (vy) = 0, that is,

vangodx—fvacpdx+fa(x)g(vo)g'(vo)godx
Q Q Q

+ fa Qﬁ(x)g(vO)(g"(vO)(l +2g%(v))pdor = A fg J(x, 8(vg)g (vg)epdx (3.10)
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for all ¢ € H'(€). In (3.10) choosing ¢ = -V, » We obtain
IVvll3 + IIvoll3 <0,

which implies vy > 0 a.e. in Q. Hence,

f Vv Vedx + f a(x)g(vo)g' (vo)pdx
Q Q (3.11)

+ 6Q,B(X)g(vO)g’(Vo)(l +2g°(vo))pdo = A fg f(x, 8(vo))g (vo)pdx

for all ¢ € H'(Q). That is to say v, is a weak solution of problem (2.3). By Theorem 4.1 in [13],
we know that vy € L*(Q). Furthermore, applying Theorem 2 in [14], we have vy € C,\{0}. Taking
P = llg(vo)lle, from (f5), there exists u, > 0 such that

f(x, 8v0))g" (Vo) + ,8(vo) >0 fora.e. x € Q. (3.12)
From (2.3), (3.12) and (iii) of Lemma 2.1 we obtain
—Avy + (g, + [la(x)|l)vo = 0 fora.e. x € Q.

Therefore, vy € int(C,) by the strong maximum principle(see [15]). |

To look for another positive solution to problem (2.3), we consider the functional J. e CY(HY(Q),R)
defined by

K(x,v)do) — f F(x,v)dx, (3.13)

Q

A 1 _
Jo(v) = 5(||Vv||§ + V715 + 10 = o) 113 +f
0Q

where v is given in Proposition 1, F(x, 1) = fot f(x, s)ds, K(x, 1) = fot IAc(x, s)ds, and
0 ifs<0,

f(x,5) = {Af (x, g())g'(5) — a(x)g(5)g'(5) if 0 <5 < wp(x), (3.14)
Af(x, g(v0))g' (vo) — a(x)g(vo)g'(vo)  if s = vo(x),

for all (x,s) € Q X R.

0 if s <0,
k(x,s) = B(x)g(s)g’ (s)(1 +2g%(s)) if 0 < 5 < vp(x), (3.15)
Bx)g(vo)g (vo)(1 +2g%(vg)) if s = vo(x),
for all (x, s) € 0Q X R. It is easy to see that f (x, s) and IAc(x, s) are Carathéodory functions.

Proposition 2. If (f1), (f5) hold and v is a critical point of J.(v), then v is a solution of problem (2.3),
and v € [0,vo] Nint(C,).
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Proof. The assumption yields the following equality:

vaVgodx—fv_gadx+f(v—vo)+godx+f lAc(x,v)godO':ffA(x,v)godx (3.16)
Q Q Q oQ Q

for all ¢ € H'(Q). Taking ¢ = —v~ in (3.16), we obtain (arguing as in Proposition 1) v > 0 a.e. in Q.
On the one hand, letting ¢ = (v — vp)* in (3.16) again, we have

f VWV = vo) dx + [|(v = vo)*Il5 + f a(x)g(vo)g' (vo)(v — vo) dx
Q Q (3.17)
+ ] BIgWe)E (o)(1 +28* (o)) (v — vo) dor = A f f(x, 8(v0)g’ (Vo)(v — vo) " dx.
Q Q

On the other hand, the fact that vy > 0 is a critical point of J, yields

f VioV(v - vo)dx + f a(x)g(v0)g' () (v — vo) dx
Q Q (3.18)
+ 69ﬁ(x)g(vO)g'(vo)(l +287 (o)) (v — vo)do = A fg f(x, 8(v0)g’ (vo)(v — vo) " dx.

Then from (3.17) and (3.18), we obtain

IV = vo)*II5 + 1I(v = vo)*1I3 = 0,

and (v — vg)* = 0. Therefore v € [0, vy] a.e. in Q. Now, (3.16) becomes

f VyVedx + f a(x)g(v)g' (v)pdx
Q Q

+ fa Q,3()C)g(V)g’(V)(1 +2g8°(W)pdo = A L f(x, g(n)g’ (v)pdx

for all ¢ € H'(Q). So v is a weak solution of problem (2.3). Reasoning as in the proof of Proposition
1, we have v € int(C,). O

Lemma 3.1. If hypotheses (f1)—(f5) hold, then J, satisfies the (PS). condition.

Proof. We first check that J, is coercive. Since vy € C'(Q), using (f1), (ii1) of Lemma 2.1 and (3.14),
we can find a constant ¢, > 0 such that

’ f £(x, v)dx| < deglvl, for all v e H'(Q). (3.19)
Q
Because of (3.15) we have
f K(x,v)do >0 forallve L*0Q). (3.20)
oQ
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Moreover, for every v € H'(Q) we see that
2 2
v =vo)'ll; = 1" = vo)*ll;

2 2
= lv = vol3 - f (vo — v)dx
{v*<vo}

1 1 (3.21)
> SR — Sl — 2
> 2||v 12 2||V0||2 f{wgm} vodx
1
> §||v+||§ = 2|[voll3-
From (3.13), (3.19), (3.20) and (3.21) we derive
# l 2 2 1
Ji(v) 2 4IIVII voll; = Acallvlla, ¥ v € H ().
It is easy to see that J, is coercive.
Now let {v,},>1 be a sequence such that
Jovy) = ¢, J.(v,) = 0in H'(Q) as n — co. (3.22)

The coercivity of J, and (3.22) imply that {v,},s; is bounded in H'(Q). Hence, there is v € H'(Q) such
that, along a relabeled subsequence {v,},>1,

v, = vin HY(Q), v, = vin L(Q) and in LY(9Q) for each 6 € (1,27). (3.23)

The second part of (3.22) yields

vaanodx—fv;¢dx+f(Vn—V0)+‘de
Q Q Q

(3.24)
+ f lAc(x, v)pdo — ff(x, v)edx — 0
0 Q

as n — oo, for all ¢ € H'(Q). In (3.24) choosing ¢ = v, — v, using (1), (3.23) and Lemma 2.1, we find

lim | Vv,V(v, —v)dx = 0.

—00
n Q

Therefore ||v,||> — |[v||* as n — 0. Recalling that the Hilbert space H'!(Q) is locally uniformly convex,
we obtain v, — v in H'(Q). This shows that J, satisfies the (PS). condition. O

In the next lemma, we state a consequence which depends on the regularity results in [13] and
Theorem 2 in [14]. The proof is similar to Proposition 3 in [2].

Lemma 3.2. If (f1) holds and v € H'(Q) is a local C'(Q)-minimizer of J,, then v € C"*(Q) and it is a
local H'(Q)-minimizer of J..

Proposition 3. If (f1)-(f5) hold, then J, admits a critical point v, € H'(Q) different from 0 and vy
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Proof. Letv € C'(Q) with 0 < IVllci@y < 6. From (f4) and (iv) of Lemma 2.1, we get F(x,g(v)) <0
for a.e. x € Q which implies

J.(v)> -2 f F(x, g(v)dx > 0.
Q

This shows that 0 is a local C'(Q)-minimizer of J,. Applying Lemma 3.2, we derive that 0 is a local
H'(Q)-minimizer of J,.

If 0 is not a strict local minimizer of J,, the result is obvious because any neighborhood of 0 in
H'(Q) contains another critical point of J,.

We next only need to discuss that 0 is a strict local minimizer of J.. In such a condition, we can
find a sufficiently small o € (0, 1) such that

J.(0) < inf{J,(v) : [Vl = o} = 7in,. (3.25)

Note that
Ji(vo) = J(vo) < J,(0) = J.(0) = 0.

This fact, together with (3.25) and Lemma 3.1 permit the use of the Mountain Pass Theorem, which
yields a critical point v, of J, different from 0 and v,. i

Theorem 1.1 follows immediately from Proposition 1, Proposition 2 and Proposition 3.
4. Existence of infinitely many solutions
Lemma 4.1. If (f1) and (f6) hold, then, for any c > 0, the functional J satisfies the Cerami condition.
Proof. Let {v,},=1 € H'(Q) be a Cerami sequence of J, that is,
J) = ¢, (1+ v, DI (v,) = 0in H'(Q) as n — oo. 4.1)

First we prove the boundedness of {v,},>;. By (4.1) we have

c+121( f Vv, [*dx + f a(x)g>(v,)dx + f B + g2 (v,))do)
2 Q Q oQ (4.2)

- f F(x,g(v,))dx
Q

and

llell
— 5 2/ (e
L+ vl

- fg Vv, Vedx + fQ a(x)g(v)g' (v.)pdx + fa Qﬁ(X)g(vn)g’(vn)(l+2g2(vn))90d0 (4.3)
- [ Fr g O

for all ¢ € H'(Q) with €, < 1. Choosing ¢ = ¢, = —%, we obtain

IVeoul = [Vl(1 + 2(g(m)g' ().
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Because of Lemma 2.1(vi, viii), ¢, € H'(Q). Therefore,

2611 2 J’(Vn)‘pn = _f |an|2((1 + 2(g(vn)g,(vn))2)dx - fa(x)gz(vn)dx
° ° (4.4)

- f? Qﬁ(x)g%vn)(l +2¢°(vy))do + A fg f(x, g(va))g(v)dx.
Now using (f6) and (viii) of Lemma 2.1, it follows from (4.2) and (4.4) that
crl+ 2> f (5 - —(1 + 2(8()g (V) Pdx + i f a(x)g* (v)dx
+7 f B (v)do + f (f(x. 8(v))g(va) = 4F (x, g(v,)))dx (4.5)
25 fg (f(x, 8(v))g(va) = 4F (x, g(v,)))dx.

On the other hand, from (f1) and (f6) we can find &, € (0, ¢y) and ¢5 > 0 such that
f(x,£) —4F(x,0) > &t —¢s  ae. x e Q. (4.6)

By (4.5) and (4.6), we conclude that {g(v,)},> is bounded in L?**(Q). Furthermore, due to (ix) of
Lemma 2.1,
{V,}n>1 1s bounded in L*(Q). 4.7)

Suppose that N # 2. By (f6), without loss of generality, we may assume that @ < 5 < 2*. So, we
can find z € (0, 1) such that

A S 4.
r a +2* (4.8)

Invoking the interpolation inequality, Sobolev embedding theorem and (4.7) we have

1-
Walls < Hvally “lvally. < cellvall (4.9)

_ 80

pTom in (4.3), we have

for some cg > 0. Taking ¢ = —¢, =

f IV ((1 + 2(8(va)g’ (V)P )dx + f a(0gdx + | B v +28*(v,))do
Q Q oQ

(4.10)
<2 +4 f S (x, 8(vn))g(va)dx.
Q
By use of (f1) and (v) of Lemma 2.1, we can obtain that
Fx, g))gvn) < ca(1 + 18wl < es(1 + [vl?). (4.11)

From (f1), we assume that r is close to 2 -2*, hence @ > 2. Then {v,},»; is bounded in L*(Q).

Combining this with (4.9), (4.10) and (4.11), we have
vall® < co(1 + [lvall®). (4.12)
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Hypothesis (f6) and (4.8) lead to zr < 4, and consequently, {v,},; is bounded in H'(Q).
If N = 2, then 2* = +oo and the Sobolev embedding theorem says that H'(Q) — L"(Q) for all
n€[l,+o0). Letn > 5 > aand z € (0, 1) such that

-t (4.13)
or zr = 129 Note that
n—a

Jim 129
N+ N — @

=r—2aandr - 2a < 4.
Repeating the previous proof method, for > 1 large enough, we again obtain that
{Vu)ns1 is bounded in H'(Q).

Next, we show that {v,},s; is strongly convergent in H'(Q). Since {v,},>; is bounded, up to a
subsequence(which we still denote by {v,},s1), we assume that there exists v € H'(Q) such that

v, = vin H'(Q), v, = vin LY(Q) and LY(0Q) for each 0 € (1,2%). (4.14)

Choosing ¢ = v, —v € H'(Q) in (4.3) and combining (f1) with Lemma 2.1(ii, iii, ix), we obtain
lim fQ Vv, V(v, — v)dx = 0. Hence ||v,||> — |[v||*> as n — oo. Recalling that the Hilbert space H'(Q) is

locally uniformly convex, we get v, — v in H'(Q). i

Lemma 4.2. ([16]) Let X = H'(Q) and define Yy, Zy as in (2.4). If 1 < g < 2%, then

diy:= sup Jlull, > 0ask — oo.
u€Zy,|lull=1

Proof of Theorem 1.2. Since g(¢) and f(x, f) are odd respect to ¢, functional J € C'(H'(Q),R) is
even obviously. Further, from Lemma 4.1, we know that J satisfies the Cerami condition. So we need
only to verify J satisfying the conditions (A1) and (A2) in Lemma 2.5.

Since Y} is finite-dimensional and all norms are equivalent on Yy, for v € Y}, we have

IVIP < Calvii3.
From the assumption (f6) and (ix) of Lemma 2.1, there exists R > 0 such that
F(x,g(t)) > 2G|t = C; forallx € Q, |f] > R.

Forv e Y;, A > 1, we have
J) < Ml = f F(x,g0))dx < —Colpll5 + C3|Qly < —IVIF + C3IQy.
Q

So (A1) is satisfied for sufficiently large ||v]|.
From (f1) and (v) of Lemma 2.1, there exists constant C4 > O such that

F(x,g(t)) < C4(1 +12), VteR. (4.15)
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Let us define
di:= sup |l

VvEZp|IVlI=1

For v € Z;, using (4.15), we get

1 1 1 -
JW) = IVl + = fa(x)gz(V)dx += | BZW + g ()do — CAlVlI; — C4AIQly
2 2 Ja 2 Jsa 2
1 o1
> EIIVII2 - CMIIVI@ EIIVH% = C4AQly
1 rooy
> EIIVII2 — Csd|VII? — CelQn.

Choosing y; = (%Csrdk%)ﬁ, if [|[v|| = y«, we obtain
1 2.1 r o4
JOW) > (5 = = )N5Csrd) )7 — Ce|Qly.
W) 2 (5 = )5 Csrdy) 6l
By Lemma 4.2, d; — 0 and yy — oo as k — oo, the condition (A2) is verified. In summary, all
conditions of Fountain Theorem are satisfied. Thus J has an unbounded sequence of critical values.
Theorem 1.2 is proved.
5. Conclusions
In this paper, we have studied a class of quasilinear Schrodinger equation in a bounded domain with
Robin boundary. By giving different conditions on the reaction, we obtained two existence results of
solutions to the equation. The Mountain Pass Theorem and Fountain Theorem were also employed in
this study.
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