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1. Introduction

The transmission eigenvalue problem in inverse scattering theory is to find k € C,w, o € L*(D),w —
o € H;(D) such that

AN’w —kn(x)w =0, in D, (1.1)
A0 -k*c =0, in D, '

where D is a bounded inhomogeneous media. n(x) is the index of refraction to be determined(see,
e.g. [1,2]). The quadratic eigenvalue problem

OWx := (A + AB+ C)x =0, (1.2)
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can be derived from the finite element discretization of the transmission eigenvalue problem (1.1).
The quadratic inverse eigenvalue problem is to construct the matrices A, B and C such that the
quadratic eigenvalue problem (1.2) holds. That is, for given X = (x,x,---,x,) € C™" and
A = diag(4;, A, -+, 4,) € C™ finding A, B, C € C™" such that

AXA?> + BXA + CX = 0. (1.3)

If A = 0, then quadratic inverse eigenvalue problem (1.3) reduces to generalized inverse eigenvalue
problem
BXA +CX =0. (1.4)

If A = 0, B = I, then quadratic inverse eigenvalue problem (1.3) reduces to inverse eigenvalue problem
XA+CX =0. (1.5)

Due to its wide application in engineering and scientific computation (see, e.g., [3-7]), inverse
eigenvalue problem has raised much attention. So far, many researches are devoted to the solvability
conditions and numerical solutions. Bai et al. [8] considered the sufficient and necessary conditions
for the inverse eigenvalue problem with Hermitian generalized skew-Hamiltonian matrices. Dai and
Liang [9] considered solving the generalized inverse eigenvalue problem for the (P, Q)-conjugate
matrices and the associated approximation problem by using generalized singular value decomposition
and canonical correlation decomposition. Gao et al. [10] considered that solving generalized inverse
eigenvalue problem with the coefficient matrices is reflexive or anti-reflexive matrices by the direct
method. Wei etal. [11] discussed the generalized inverse eigenvalue problem for Hermitian generalized
Hamiltonian matrices and derived general expressions for the solution and the optimal approximation
solution by the matrix decomposition theory and Hilbert space approximation theory. Mo and Li [12]
discussed the inverse eigenvalue problem AX = XB for Hermitian and generalized skew-Hamiltonian
matrices with a leading principle submatrix constraint using singular value decomposition and Moore-
Penrose generalized inverse. Cai et al. [13, 14] considered the optimal approximation problem of
the generalized inverse eigenvalue problem and proposed an iterative method to obtain the least-
squares solutions of generalized inverse eigenvalue problem over Hermitian-Hamiltonian matrices with
a submatrix constraint.

Inspired by previous work, we consider the following constrained quadratic inverse eigenvalue
problems:

Problem 1.1. Given X € C™", A = diag(A, Az, -+ , A,,) € C™", s = (51,82, ,Sp.h+1=5,,--- ,n+
I —sy,n+1—=s1) € Dypy, t = (11,02, tgon+1 -t ,n+1—-tH,n+1-1) € Dy, u=
(i, up, -+ supyn+ 1=ty n+1—up,n+1-u) €Dy, A, € C2P<2p, B, € C**%1 gnd C, € C*>%,
Let S| = {X|X[sls] = A,, X[5[5] € GSH®2P*=20)} 'S = (X|X[tlf] = B, X[1f] € GS H"-20x(n-20)}
S3 = {X|X[ulu] = C,, X[ulu] € GS H"2>*=20} find A* € S|, B € S, and C* € S5 such that

A*XA% + B' XA + C*X = 0. (1.6)

The rest of this paper is organized as follows: In Section 2, by reformulating Problem 1.1 as its
equivalent Problem 2.1, we present a generalized conjugate direction method to solve the constrained
quadratic inverse eigenvalue Problem. The convergence properties of the proposed algorithm are

AIMS Mathematics Volume 5, Issue 4, 3664-3681.



3666

reported later; In Section 3, by choosing a special kind of initial matrices, we discuss the unique
least Frobenius norm solution of Problem 1.1; Some numerical results are reported in section 4; The
conclusions are given in Section 5 at last.

In our notation, let R™" and C"™" be the sets of all real and complex mXxn matrices, respectively. Let
A € C™" we write Re(A), Im(A), A, AT, A" ||A|l, A", and R(A) to denote the real part, imaginary part,
conjugation, transpose, conjugate transpose, Frobenius norm, inverse, and the column spaces of matrix
A, respectively. For any matrix A = (a;;), B = (b;j), matrix A (X) B denotes the Kronecker product
defined as A ® B = (a;;jB). For the matrix X = (x, X2, -+ , x,) € C™", vec(X) denotes the vec operator
defined as vec(X) = (x1,x2,---,x1)T € C™. Letl, = (e1,es---,e,) and S, = (ep, €41, -+ ,€1)
be the n X n unit matrix and reverse unit matrix, respectively, where e; denotes its ith column of unit
matrix. Let D,, = {d = (d\,d,--- ,d,) : 1 <d| <d, <--- <d, < n} denote the strictly increasing
sequences of p elements from 1,2,--- ,n. For s = (51,52, ,5,) € Dy, t = (11,1, -+ ,1;) € Dy,
u=(u,uy, -+ ,u,) € D,,, we assume that £ = (e, e5,, - ,e5,) € C™F, E, = (e, e, ,€,) € C™,
E, = (ey,eu, - ,e,) € C™. Also, Als]t] stands the submatrix of A determined by rows indexed by s
and columns indexed by r. Moreover, the notation A[s, 7] represents the submatrix of A determined by
deleting rows indexed by s and columns indexed by ¢.

Let AS OR™" stand for the set of all m X m antisymmetric orthogonal matrices, i.e.,

ASOR™™ = (J\J'J=JJ" =1,,] =-J',J € R™™).
In the space C"™", the inner product can be defined as
(A, B) = Re[tr(A" B)]. (1.7)

Definition 1.1. Let J € AS OR™" be given.

(1) Matrix A € C™" is called a generalized Hamiltonian matrix if JAJ = A", The set of all n X n
generalized Hamiltonian matrices are denoted by GH™".

(2) Matrix A € C™" is called a generalized skew Hamiltonian matrix if JAJ = —A". The set of all
n X n generalized skew Hamiltonian matrices are denoted by GS H™".

The generalized skew Hamiltonian matrices have practical applications in information theory, linear
system theory, linear estimate theory and numerical analysis, see, for instance, [15]. More literatures
on generalized skew Hamiltonian matrices can be found in [16-21].

2. An iterative methods for solving Problem 1.1
Notice that the solution set of Problem 1.1 is not a linear subspace. Some effective iterative

algorithms cannot be extended directly to solve Problem 1.1. Therefore, we shall first transform the
solution set of Problem 1.1 into the following equivalent form:

S = §,®8, = (X|X[sls] = A,, X[5[5] = 0} ® (X|X € GS H™", X[s]s] = 0}, (2.1a)
S, = S,®$, = {X|X[1l] = B,, X[1]f] = 0} & {X|X € GS H™", X[t]t] = 0}, (2.1b)
Sy = S3@8; = (X|X[ulu] = C,, X[ulu] = 0) & (X|X € GS H™", X[ulu] = 0}. 2.1c)
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Let

A =
B =
C =

D= el
QO ==

+
+
+

then we can reformulate Problem 1.1 into the following Problem 2.1

Problem 2.1. Given X € C™", A = diag(A, Az, -+ ,A,) € C"™", s = (51,82, ,Sp, A+ 1—=5,,--- ,n+

1 - Sy, n + 1- S1) S sz’n, t = ([1,[2,--- ,tq,l’l+ 1 _tqa"' n+1 —thyn + 1 _tl) c D2q,n: u =
(i g, sty 1=ty ,n+ 1 —up,n+ 1 —uy) € Dy, A, € CPP, By € C*¥ and C, € C*™,
ﬁ”dA*ESI» B* €S, and C* € S5 such that

A'XN +BXA+C'X =Z, (2.2)

where Z = —A,XA? - B, XA - G,X, A,, B,, C, satisfied: A,[s|s] = A,, B,[1lf] = B,, C.[ulu] = C, and
A,[515] = 0, B[] = 0, C,[ulu] =

It is not difficult to find that (A*, B*,C*) is a solution of Problem 2.1 if and only if (A,B,C) =
(A* + A,,, B + Bq, C'+C, ) is a solution of Problem 1.1.

Lemma 2.1. A matrix X € GS H™" if and only if X" = —JXJ.
Lemma 2.2, Let A € C™" and X € GS H™". Then

A—-JARJ
(X, T) = (A, X).
Proof. For any A € C"™", X € GS H™", we have
A—JART 1 1
X,——) = (X, A) - —(X,JA"J
( > ) 2( ) 2( )
1 1
= —(X,A) - —(JXJ A"
2( ) 2( )
1 1
= §<X’A> + §<XH7AH> = <X’A>

Lemma 2.3. Suppose that X € C™", W, € El, W, € §2 and W5 € §3. Then (E‘YESTXE‘YEST, W) =0,
(E,ETXE.ET,W,) =0 and (E,ETXE,ET,W;) =0
Proof. Since W, € S,, W, € S, and W5 € S5, we immediately have ETW\E; =0, ETW,E, = 0 and
ETW3E, = 0. Hence
(E,E'XE,ET,W,) = Re{tr(WIE,E'XE,E")} = Re{tr(E,E' X" E,ETW))}
Re{tr(EIX"E,ETW\E,)} =

Similarly, we have
(E.E/XE,E],W,) =0 and (E,E'XE,E', W) =0

The proof is completed. O
In this section, we propose a generalized conjugate direction method (GCD) with the matrix form

to solve Problem 2.1.
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Algorithm 2.1.  (GCD method for solving Problem 2.1)

Step 0 Input X € C™™, A = diag(A;, Az, -+ ,A,) € C™", s = (81,82, ,8p,n+1—=5,--,n+
I —sy,n+1—=s1) € Dy, t = (t1,02, tgon+ 1 —t5,--- ,n+1—-tH,n+1-1) € Dy, u =
(i, up, -+ s upyn+ 1=ty n+1—up,n+1—-uy) € Dyp, Ay € C2Px2p, B, € C**% C, e C¥2r, Xp,
B, , C, satisfied: A,[sls] = A,, B[tl] = B,, C.[ulu] = C, and A,[3|3] = 0, B,[7] = 0, C,[ali] = 0, and
Z= —A,,XAZ — B,XA — C,X. Choose arbitrary initial matrices A(1), P\(1) € Sy, B(1), P,(1) € S, and
5(1),P3(1) € §3, respectively.Set k := 1.

Step 1 Compute

R(1) = A(DXA? + BOHXA + C(HX - Z,

set S(1) = R(1) and T;(1) = P;(1) fori=1,2,3; and

P() O 0
T(l):P(l):[ 0 Pyl) O ]
0 0 Pi)

Step 2 If||R(k)|| = O, stop, otherwise, go to step 3.
Step 3 Compute
W(k) = Ti(k)XA? + To(k)XA + Tx(k)X.

Zi(k) = SK)XAHT — IXA*SH(k)J — E;ET[S (k) (XA? — JXA*SH (k)J1EE",
Zy(k) = SKXAY — IXAS(k)J — E,ET[S (k)(XA)" — IXAS " (k)J|E,E],
Zyk)y = S(kX"-JxS"k)J - EE'S (kX" — JXST(k)JIE,EL.

Zyk)y O 0
Z(k) = [ 0 Zyk) O ]
0 0  Zk)

Update the sequences N N
Ak + 1) = A(k) — ;T (k),

B(k + 1) = B(k) — oy Ta(k),
Ck + 1) = C(k) - a;T5(k),

Rk +1) = A(k + DXA? + Btk + DXA + C(k + DX — Z = R(k) — x W (k).
Pik+1) = Pik) - BZj(k), j=1,2,3;
Tik+1)=Pitk+1)+yeaTik), j=1,2,3;
Sk+1)=Rk+1)+ 06115 (k);

where
o _IRGIP 5 = PR
TSR, WY TR T 2(S (k), W(k))’
PG+ DIP IR+ DI
7k+1——

IPOIE T RGP
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Denote
Pik+1) 0 0
Pk+1):= [ 0 Pyk+1) 0 ],
0 0 Pyk+1)
Ti(k+1) 0 0
Tk+1):= [ 0 Tr)(k+1) 0 ]
0 0 T3(k+1)

Step 4 Set k := k + 1, go to Step 2.

To establish the convergence property of GCD method, we first give some basic properties of
Algorithm 2.1 as follows.

Lemma 2.4. Let the sequences {A(k)), {(B(k)L,{IC(){P;(k)}, {T;(k)}, {Z;k)} be generated by
Algorithm 2.1. Then, we have

(DAL AP (Y AZ1OLAT ()} C S 15

(2) {B()}, (P2 ()} AZ2 (k) AT (k)Y € S o5

() {CR)} AP ()} AZs (k) A T3 (k)Y C S35

The proof is obvious and thus omitted here.

Lemma 2.5. Let the sequences {W(k)}, {S (k)}, {T'(k)} and {Z(k)} be generated by Algorithm 2.1. Then
we have

(T(W), Z(k)) = 2{W(v), S (k)).

Proof. By Algorithm 2.1 and Lemmas 2.2, 2.3, 2.4, we have

(T1(v), Z1(k))
= (T1(v), S (XA — IXA*SH(k)J — E;ET[S () (XAHY — IXA*SH(k)J1EET)
= (T\(v), S (XA — IXA*S (k) J)
= XT1(»), S (XA
= AT (v)XA>, S (k)). (2.3)

Similarly, we have
(T2(v), Z2(k)) = AT>(VXA, S (k)),

and
(T5(v), Z3(k)) = A(T5(v)X, S (k)).
Hence,
3
(T(v), Z(k)) = Z(Tj(V),Zj(k» = 2W(), S (k)).
j=1
We complete the proof. O
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Lemma 2.6. Let the sequence {R(k)}, {P(k)},{W(k)},{S (k)} and {T (k)} be generated by Algorithm 2.1,

then we have

and

(R(u), Rv)) =0, for u,v=1,2,--- ,k,u#v; 2.4)
(P(u), P(v)y =0, for u,v=12,--- k,u#v, (2.5
Ww),SW) =S w),Ww)) =0, for u>v; (2.6)
(P(w), T(v)y =0, for u>v; 2.7)
(R(uw),S(v)) =0, for u>v; (2.8)

Proof. By mathematical induction, for k = 2, by lemma 2.4 we have

(W2),51)) =

AIMS Mathematics

(R(2),R(1))

(R(1) = a1 W(1),R(1))
I R() IP —a(W(1),S(1)) =0,

(PQ),P(1)) = (P(1)-piZ(1), P(1))
= 1P IP =Bi<Z(1), P(1))
= I P IP -Bi(Z(1), T(1))

= |1 P(D) IP =2B:(S (1), W(1))
IP(HIP
= || PQD) P —————(S (1), W(1
I Pl (S(l),W(1)>< (D), W(1))
0.

(T{(2)XA? + TH(Q)XA + T3(2)X, S (1))
(T1(2)XA?, S (1)) +(T22)XA, S (1)) +(T3(2)X, S (1))
(T1(2), S (XA +(T2(2), S (DX ATy +(T5(2), S (HX™)

%(T1 2), S (DXAH — IXAZSH(1)T
~EET[S()(XAHY — JXA*SH(1)JEET)
+%(T2(2), S(HXA)T — IXASH(1)J
~E,ET[S(HXA)? — IXASH(1)JIEET)
+%(T3(2), S(X? - yxstayJ
~EET[S()X" — JxST(W)JEED)

1 1 1

§<T1(2),Zl(1)> + §<T2(2),Zz(1)> + §<T3(2),Zs(1)>

1 1 1

§<P1(2) +y.T1(1),Z, (1)) + §<P2(2) +y2T5(1), Zy(1)) + §<P3(2) +y2T5(1), Z5(1))

1 1
(P2, Z(1)) + 5yAT(D), Z(1))
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and

1
57 (P(2), P(1) = P(2)) + y2{W(1), S (1))
2B

1
_2_I81<P(2), P(2)) + yAW(1),S(1))

1S (1), W(D)) IP(2)I1?

2
0.

(P(2),P(2)) +

(W(D),S(1))

IP(DI? IPCDI?

(@2, W) = (R(2)+6S(),W(l))

= (R(2), W(D)) + 62(S (1), W(1))
1
= Q—1<R(2),R(1) — R(2)) + 62(S (1), W(1))

(S (D), W) IRQ)IP
= ——(R(2),R(2
IRCDIPP (RE),RE) + IRCDIP

= 0.

(P2), T(1)) = (PQ2), P(1)) =0,

(R(2),5(1)) = (R(2),R(1)) = 0.

(S (1), w(l))

Suppose that (2.4)—(2.8) hold for k = w(w > 2). For k = w + 1, = w, it follows from Lemma 2.4,
2.5 and Algorithm 2.1 that

AIMS Mathematics

(P(w + 1), P(w))

(P(W) = ByZ(w), P(w))

I[P = BuAZ(w), P(W))

IPOIP = BuAZw), TW) =y, T(w = 1))

IPOIP = BuAZW), TW)) + Byl Z(W), T(w = 1))

PP = 2B, AW (W), S (W) + 2B, yu{W(w = 1), S (W)

IPOWIP = 2B, W (W), S (W)

o PP
PO = 25y WO S 00)

=0.
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(Ww +1),S(w))
= l(T(W + 1), Z(w))

= —(P(w+ 1)+ v T(W), Z(w))
= S(POW+ 1), Z(w)) + 5Vt {T(W), Z(w))
1
= g<P(w + 1), Pw) = P(w + 1)) + yys (W(W), S(W))

1
= —g(P(w + 1), Pw + 1) + 71 (Ww), S (W)
IP(w + DI

= —M<P(W +1),Pw+ 1))+

Ww), S

=0.

Rw +1),Rw)) = (RW) - a,W(w),R(w))
= [IRWI = a{W(Ww), R(w))
= [IRWI = & (W), S (W) = 6,8 (w = 1))
= [IRWI? = @ (W(Ww), S (w))

IRWIIP

= |RW|} - ————
IRW)II SO, Won)

= 0.

(Ww), S (w))

(S(w+ 1), Ww)) RW + 1) + 6,418 (W), W(w))

= %(R(W + 1), Rw) = R(w + 1)) + 6,,41(S (W), W(w))

2
__{S(w), W(W)>||R(W+ DIE + IROw + D

S , W
||R(W)||2 ||R(W)||2 ( (w) (W)>

= 0.

(Pw+ 1), Tw)) = (Pw)=p,Z(w),T(w))
= (PW), T(W)) = Bu{Z(w), T(W))
= [IPWI? = 2B,(S (W), W(w)) = 0.

and

(Rw+1),S(w))

(Rw) — a,,W(w), S (w))
(Rw), S(w)) — a,\W(w), S (w))
IRWIIF = @, {W(w), S (w)) = 0.
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Fork=w+ 1, =1, by Lemma 2.4, 2.5, Algorithm 2.1 and the induction, we get

(P(w+ 1), P(1))

(P(w) = BwZ(w), P(1))
—BulZ(w), P(1))
_ﬁw<Z(W)’ T(1)>

2B (W(w), S (1))

0.

Rw +1),R(D)) = (Rw) - a, W(w),R(1))
= —a,(Ww),R(1))
= —a,(Ww),S(1))
= 0.

Similarly, fork =w+ 1,1 =2,3,--- ,w—1, we have

(Pw+ 1), P(1)) = (Pw)=pBZ(w), P(1))
= =Bul{Z(w), P(1))
= —BulZw), T) =y, Tt - 1))
= BulZW), T®)) + ByyZ(w), T (1 = 1))
= =28(SW), W(®)) + 2B,,y(S(w), W(z - 1))
= 0.

(Rw+ 1),R(1)) = (RW)—a,W(w),R(1))
= —a,(W(w),R(®))
= —a (WW),S(t) - 8,8t - 1)) =0.

So relation (2.4) and (2.5) hold fork =w+ 1l and 1 <v < u < k. For u < v, we obtain
(P(v), P(w)) = (P(u), P(v)) = 0.

(R(), R(u)) = (R(u), R(v)) = 0.

Furthermore, fork =w + 1, =1,2,--- ,w— 1, by Lemma 2.5 and Algorithm 2.1, we have

(W + 1),8()

%(T(w + 1), Z(1))
1
= S PW+ 1D+ % TW), Z0)
1 1
= 5P +1),Z®0) + 570 (T (W), Z(1)

1
= 2_,3;<P(W + 1), P(t) — P(t + 1)) + Y i{\Ww), S (1))
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= _ZLE,UD(W + 1), P(t + 1))
= 0.

Sw+ D, W) = RW+1)+ 6,15 w), W)
= al(R(W + 1), R(1) = R(t + 1)) + 6,,,1(S (W), W(0))

= —al<R(w +1),Rt+1))=0,

(Pw+ 1), T®) (P(w) = BuZ(w), T (1))
= —BuZw), T®)

= —2B8.(S(w), W(®)) = 0.

and

(Rw +1),5 (1)) (Rw) — a, W(w), S (1))

= —a (W), S (®) = 0.

So the relations (2.4)—(2.8) hold for k = w + 1. The lemma is proved using the induction principle.
O

Theorem 2.1. The exact solution of Problem 2.1 can be derived with the generalized GCD method 2.1
in at most nm iterative steps in the absence of round-off errors.

Proof. Assume that R(k) # O fork = 1,2,--- ,nm, then R(nm + 1) can be derived by Algorithm 2.1.
According to Lemma 2.6, we know (R(u), R(v)) = O for all u,v = 1,2,--- ,nm,u # v. So, the matrix
sequence of R(1), R(2),--- , R(nm) is an orthogonal basis of the linear space F, where F € C"™". Since
R(nm+1) e Fand (R(nm+1),R(k)y =0fork=1,2,---,nm, which indicates that R(nm + 1) = 0. We
complete the proof. O

3. The least Frobenius norm solution

Before considering the least norm solution of Problem 2.1, we give the following lemma.

Lemma 3.1. Suppose that (A*, B*,C*) is a solution group of Problem 2.1. Then, arbitrary solution
group (A, B, C) of Problem 2.1 can be expressed as

(A,B,C) = (A* + W, B* + W), C* + W), (3.1)
where (W, W,, W5) € §1 X §2 X §3 satisfies
W, XA? + WHLXA + W5X = 0. (3.2)
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Proof. For arbitrary solution group (A, B, C) of Problem 2.1, first we define the following matrices

W, =A-A", W,=B-B, Wy;=C-C".

It is obvious that (W, W,, W) € S, X S, x S5. Since (A%, B*,C*) is a solution group of
Problem 2.1, then we have
A'XAN* + BXA+C'X-Z =0.

It then follows that

0 = |IAXA?+BXA+CX-Z|?
= |IA* + WDXA> + (B* + Wo)XA + (C* + WX - Z|I?
= JJA'XA2 + B XA + CX = Z|> + A" XA> + B XA + C*X — Z, W, XA? + WaoXA + W;X)
W XA? + WoXA + WsX])?
= |A'XA? + B XA + C'X = Z||* + | W1 XA + WLXA + WX

Hence
W, XA? + WHLXA + W)X = 0.

The proof is completed. O
In the following, it will be show that the unique least Frobenius norm solution of Problem 2.1 can
be derived by Algorithm 2.1 with special initial matrices.

Theorem 3.1. If we choose the initial matrices A(1), B(1), C(1) and Pi(1), P>(1), P5(1) as follows:

A(1) = M(DXAYD! — TXA2MH(1)J — E,ET[M(1)(XA2)¥ — JXA*M"(1)J|E,ET,
B(1) = M(1)(XA)Y — IXAMH(1)J - E,ETIM(1)(XA)" — IXAM"(1)JE,ET,
C(1) = M(1)X" - JXM"(1)J - E,ET[M(1)X" — JXM"(1)J]E,E",

Pi(1) = N(I)(XA2H — JXA2NH(1)J — E,ET[N(1)(XAY)H — IXA2NH(1)J]E,ET,
Py(1) = N()Y(XA)H — IXAN"(1)J — E,ET[N()(XA) — JXAN"(1)J1E,E",
P5(1) = N()XH — JXN"(1)J — E,ET[N()X" — JXNY(1)J1E,ET,

(3.3)

where M(1) € C™", N(1) # 0 € C™™, are arbitrary matrices, then, the solution group (Z*,E*,E*)
given by Algorithm 2.1 is the unique least Frobenius norm solution of Problem 2.1 .

Proof. Let A(1), B(1), C(1), P1(1), P»(1), P5(1) have the form of (3.3). According to Algorithm 2.1,
we have

AQ2) = A()-aTi(1)
= M)XAH? - IXA*MP(1)J - E,ETIM)(XAHY — IXA*MP (1) J1EET
— a{IN(HXAHT — IXANP(1)J — E;ET[N(1)(XAHY — JIXA*N"(1)J1EET}
= (M(1) — a;N(D))XAHT — IXA*(M(1) — ey N(1)"T
- EE[[((M() - oy NO)XAHT = IXA*(M(1) — ayN(1))' JE,ET
= MQ)XAH? — IXA*M*(2)J — E,ETIMQ)(XA)" — IXA*M™(2)J1EET,
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where M(2) = M(1) — a;N(1). Similarly, we have

B(2) = MQ)(XAY — IXAMH(2)J — E,ET[MQ)XA)" — IXAM"(2)J1E,ET,
C(2) = MQ)X" — JXM"(2)J - E,ET[M(2)X" — JXM"(2)J|E,ET.

Combining with Theorem 2.1, we can conclude that the solution (X*, E*, C *) can be obtained within
finite iteration steps, which can be represented as

A" = M(XA)H — IXA*MHJ — E,ETIM(XA2)Y — JXA2M" J1EET,
B = M(XA)" — JIXAM" ] — E.ETIM(XN)" — IXAM" J1E,ET (3.4)

C* = MXH" — JXM" ] — E,ET[MX" — JXM" J\E,ET.

Now suppose that (A,B,C) is arbitrary solution group of Problem 2.1, it then follows from
Lemma 3.1 that there exists (W, W,, W3) € §| X S, X §5 satisfy

(A,B,C) = (A* + W, B" + W,,C" +W5) (3.5)
and
W, XA? + WHXA + W5X = 0. (3.6)
Then, by using (3.4) we have

(A", W) + (B, Ws) +(C", W5)

2AYXAHE W) + 20V (XN, W) + 2(YXH, W)

2Y, Wi XA* + WoXA + W5X)

0. (3.7)

The combination of (3.5) and (3.7) yields

IAIP +11BIP +1ICI”
= A"+ WIIF + 1B + WalP +[IC" + W5l
= AP + IBIP + NI + WP + W) + W5l
F2[ A", W) + (B, Wa) +(C, W)
AP + 1B + IC 1P + WA + WAl + W52
> AP + B + IC1-

This implies that the solution group (A*, B*,C*) is the least Frobenius norm solution of Problem 2.1.
The proof is completed. O

4. Numerical experiments

In this section, we report some numerical results to illustrate the effectiveness of the proposed
algorithm. The experiments has been carried out by MATLAB R2011b, Intel(R)Core(TM)i15-2430M,
CPU2. 40GHz, RAM 8 GB PC Environment. In view of the influence of round-off errors, we regard a

matrix T as the zero matrix if (T, T) < 107!°, where (-, -) denotes the inner product defined by (1.7).
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Example 4.1. In this example, we consider the following quadratic inverse eigenvalue problem

AXA? + BXA + CX =0,

where
3.1472 + 4.5717i 4.1338 —3.5811;i —-2.2150+2.9221i 4.6489 — 4.6429i 6.723 + 1.2123i
4.0579 - 0.1462i 1.3236 — 0.7824i 0.4688 + 4.5949; —-3.4239 +3.4913; 2.000 + 1.6755i
X= -3.7301 + 3.0028; —4.0246 +4.1574i 4.5751 + 1.5574i 4.7059 + 4.3399: 3.000 — 2.4321i

3.5303 +4.0272i  0.1325-0.1075{ -2.6008 — 1.3075i —2.6005 —1.1026i 2.4325 + 1.000i
1.2206 + 4.4479i —-0.9819 — 1.6228i —-3.7668 —3.8880i —0.8273 —2.5831i 3.2317 —2.1267i
—1.4905 - 0.0914i —-4.2403 +4.0005i -3.1609 + 2.8025i —4.5035 —0.9609;i 2.3495 — 1.0421i

2.4321+0.2341i 0 0 0 0
0 0.9812+1.0441i 0 0 0
A= 0 0 1.8751+0.2132i 0 0
0 0 0 -1.8732+1.0121i 0
0 0 0 0 -0.4391+2.9012i

Lets:{z,S},z={2,5},u:{3,4},A,,=[ o ‘15+.i]Bq=[ o 2‘”.]a=[j*f o ] then
-2—1i +i —5—i 2+i +i —i

0 0 0 0 0 0 0 0 00 0 O
0 2+4i 0 0 -5+i O 0 5 00 -2i 0
~ 0 0 0 0 0 0] = 0 0 00 0 O
A]): ,Bq: s
0 0 0 0 0 0 0 0 00 0 O
0 -2-i 0 0 1+i O 0 -5-i 0 0 2+i O
0 0 0 0 0 0 0 0 00 0 O
00 O 0 0 0
00 O 0 0 0
~ 0 0 5+i 1+2i 0 O
C}’: . . ’
00 2+i 2-i 0 O
00 O 0 0 0
00 O 0 0 0

Z=-A,XA*~B,XA-C,X =
~10.2414+2.8131i  -6.5680-5.6994i 12.4720+0.5147i 11.2590—1.2639i —2.6222+24.3481i
3.4700+3.6332i  -0.4012-0.1856i —2.8751-2.7625i 2.1603+1.0206i  0.7737+2.8362i
11.243245.9463i  4.0224+4.7689i -8.8280-2.1618; -8.9101-10.9506i —4.2535-11.7322i
1.5677-2.2806i  0.4102+0.3327i -0.0478+3.3802i 0.1671-2.6704i  -0.2873—-0.5648i
1.6693-0.4214i  1.5723+0.2339i -0.6157-0.4610i -0.2488—1.4681i —1.6223-0.2241i
0 0 0 0 0

If we choose A(1) = B(1) = C(1) = zeros(6,6), N(1) = 0.5 * ones(6,5) + 3 * i * ones(6,5), and
P(1), P5(1), P5(1), have the form of (3.3). Then by using Algorithm 2.1, after 84 iteration steps, we
obtain the unique least Frobenius norm solution of Problem 2.1:

A(84) =

AIMS Mathematics Volume 5, Issue 4, 3664-3681.
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0.8441 — 1.1815i
—0.9659 +2.7543i
-2.1664 + 1.1079i

0.6653 — 1.2347i

1.8897 + 1.3489i

2.9656 + 0.0000i

B(84) =
1.4883 — 4.7200i
11.7698 + 3.7515i
5.8103 — 2.3157i
1.8741 — 4.9631i
6.5289 + 0.5833i
—0.4786 + 0.0000i

C(84) =
0.6030 + 5.3560i
—13.7993 — 4.7247i
1.2187 — 9.2566i
-3.6265 + 9.8061i
~5.1867 — 14.5513i
—8.0598 + 0.0000i

0.8999 — 0.7114i
0
—8.2386 — 2.7482i
—-0.2723 + 0.7023i
0
—1.8897 + 1.3489i

—-0.3546 — 1.2510i
0

12.5363 + 4.6009i

1.9491 - 3.1209i
0

—6.5289 + 0.5833i

—2.1553 + 0.3928i
3.9183 - 10.6060i
4.7554 + 3.3998i
—4.5678 — 2.0375i
8.7330 + 0.0000i
5.1867 — 14.5513i

—2.5005 — 1.5452i
0.3295 — 4.9417i
—2.9876 + 2.5889i
—1.2946 + 0.0000i
0.2723 + 0.7023i
0.6653 + 1.2347i

—2.6436 + 1.8236i
—2.0284 + 3.3924i
0.6514 — 8.3676i
—-1.2799 + 0.0000:
-1.9491 - 3.1209:
1.8741 +4.9631i

—-0.1398 + 3.6903i
-2.5907 - 5.1673i
0
0
4.5678 —2.0375i
—3.6265 - 9.8061i

3.8047 + 1.5856i
—2.3941 + 5.3146i
—1.1264 + 0.0000:

2.9876 + 2.5889i
—8.2386 + 2.7482i

2.1664 + 1.1079i

—-0.3317 - 3.1903i
9.3574 - 1.9698i
10.9132 + 0.0000:
—-0.6514 — 8.3676i
12.5363 — 4.6009i
—-5.8103 — 2.3157i

—1.5865 — 0.0585i
-2.2921 - 7.6398i
0
0
4.7554 — 3.3998i
-1.2187 - 9.25661

—2.3664 + 4.0612i
0

2.3941 + 5.3146i

0.3295 +4.9417i
0

—0.9659 —2.7543i

—-0.0363 + 5.6767i
0
-9.3574 — 1.9698i
—2.0284 — 3.3924i
0
11.7698 — 3.7515i

1.4352 + 2.5339i
-9.6510 + 0.0000:
2.2921 - 7.6398i
-2.5907 + 5.1673i
—-3.9183 - 10.6060i
—13.7993 + 4.7247i

1.7260 + 0.0000i
2.3664 +4.0612i
3.8047 — 1.5856i
2.5005 — 1.5452i
0.8999 + 0.7114i
—0.8441 — 1.1815i

7.0430 + 0.0000i
0.0363 + 5.6767i
—-0.3317 + 3.1903i
2.6436 + 1.8236i
—0.3546 + 1.2510i
—1.4883 — 4.7200i

3.0260 + 0.0000i
—1.4352 +2.5339i
—1.5865 + 0.0585i

0.1398 + 3.6903i
—2.1553 - 0.3928i
—-0.6030 + 5.3560i

Hence, the least Frobenius norm solution of Problem 1.1 can be obtained as follows:

A=AB4)+A, =
0.8441 — 1.1815i
—0.9659 + 2.7543i
—2.1664 + 1.1079i
0.6653 — 1.2347i
1.8897 + 1.3489i
2.9656 + 0.0000i

B=B84) +B, =
1.4883 — 4.7200i
11.7698 + 3.7515i
5.8103 — 2.3157i
1.8741 — 4.9631i
6.5289 + 0.5833i
~0.4786 + 0.0000i

C=CB84)+C, =
0.6030 + 5.3560i
—13.7993 — 4.7247i
1.2187 — 9.2566i
-3.6265 + 9.8061i
~5.1867 — 14.5513i
—8.0598 + 0.0000i

0.8999 — 0.7114
241
—8.2386 — 2.7482i
-0.2723 + 0.7023i
-2—1i
—1.8897 + 1.3489i

—-0.3546 — 1.2510i
5
12.5363 + 4.6009:
1.9491 - 3.1209i
-5-1i
—6.5289 + 0.5833i

—2.1553 + 0.3928i
3.9183 - 10.6060i
4.7554 + 3.3998i
—4.5678 — 2.0375i
8.7330 + 0.0000i
5.1867 — 14.5513i

—2.5005 — 1.5452i
0.3295 — 4.9417i
—2.9876 + 2.5889i
—1.2946 + 0.0000i
0.2723 + 0.7023i
0.6653 + 1.2347i

—2.6436 + 1.8236i
—2.0284 + 3.3924i
0.6514 — 8.3676i
—-1.2799 + 0.0000:
—-1.9491 - 3.1209:
1.8741 + 4.9631i

—0.1398 + 3.6903i
—2.5907 — 5.1673i
S5+i
241
4.5678 —2.0375i
—3.6265 — 9.8061i

3.8047 + 1.5856i
—2.3941 + 5.3146i
—1.1264 + 0.0000i

2.9876 + 2.5889i
—8.2386 + 2.7482i

2.1664 + 1.1079i

—-0.3317 - 3.1903i
9.3574 — 1.9698i
10.9132 + 0.0000:
—-0.6514 — 8.3676i
12.5363 — 4.6009:
-5.8103 - 2.3157i

—1.5865 - 0.0585i
-2.2921 - 7.6398i
1+2i
2-i
4.7554 — 3.3998i
-1.2187 - 9.2566i

At this moment, the norm of R(k) defined as Algorithm 2.1 is

IR(k)|| = 6.6747e — 11.

—2.3664 + 4.0612i
=5+
2.3941 + 5.3146i
0.3295 +4.9417i
1+
—0.9659 — 2.7543i

—0.0363 + 5.6767i
-2i
-9.3574 — 1.9698i
—2.0284 — 3.3924i
241
11.7698 — 3.7515i

1.4352 + 2.5339i
-9.6510 + 0.0000:
2.2921 - 7.6398i
-2.5907 + 5.1673i
—-3.9183 - 10.6060i
—13.7993 + 4.7247i

1.7260 + 0.0000i
2.3664 +4.0612i
3.8047 — 1.5856i
2.5005 — 1.5452i
0.8999 + 0.7114i
—0.8441 — 1.1815i

7.0430 + 0.0000i
0.0363 + 5.6767i
—-0.3317 + 3.1903i
2.6436 + 1.8236i
—-0.3546 + 1.2510i
—-1.4883 — 4.7200i

3.0260 + 0.0000i
—1.4352 +2.5339i
—1.5865 + 0.0585i

0.1398 + 3.6903i
—2.1553 - 0.3928i
—-0.6030 + 5.3560i

The relationship between the number of iterations and the norm of R(k) is shown in Figure 1.
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Figure 1. The relationship between the number of iterations and the norm of R(k) for
Example 4.1.

5. Conclusions

In this paper, we consider a class of constrained quadratic inverse eigenvalue Problem 1.1: for
given X € C™™ A = diag(d;,45,--+ ,4,,) € C™™ find A*, B*,C* € C™", such that AXA?> + BXA +
CX = 0, where A", B*,C* are generalized skew Hamiltonian matrices with a constrained submatrix.
By reformulating Problem 1.1 as its equivalent Problem 2.1, a generalized conjugate direction method
is proposed later. It is shown that the proposed algorithm always converge to the generalized skew
Hamiltonian solutions with constrained submatrix of Problem 1.1 within finite iterative steps in the
absence of roundoff error. In addition, by choosing a special kind of initial matrices, the unique least
Frobenius norm solution of Problem 1.1 can be obtained consequently. Some numerical results are
reported to demonstrate the efficiency of our algorithm.

Acknowledgments

This research was funded by Training Programme Foundation for distinguished young scholars of
Higher Education Institutions of Fujian Province.(Grant No.J1-1266)

Conflict of interest

The authors declare no conflicts of interest regarding the publication of this paper.

References

1. Y. Yang, J. Han, H. Bi, et al. Mixed methods for the elastic transmission eigenvalue problem , Appl.
Math. Comput., 374 (2020), 125081.

AIMS Mathematics Volume 5, Issue 4, 3664-3681.



3680

10.

11.

12.

13.

14.

15.

16.

17.

J. Han, Nonconforming elements of class L, for Helmholtz transmission eigenvalue problems,
Discrete Cont. Dyn-B., 23 (2018), 3195-3212.

H. Dai, Z. Z. Bai, Y. Wei, On the solvability condition and numerical algorithm for the

parameterized generalized inverse eigenvalue problem, Siam J. Matrix Anal. A., 36 (2015), 707—
726.

K. Ghanbari, A survey on inverse and generalized inverse eigenvalue problems of jacobi matrices,

Appl. Math. Comput., 195 (2008), 355-363.

Y. X. Yuan, H. Dai, A generalized inverse eigenvalue problem in structural dynamic model
updating, J. Comput. Appl. Math., 226 (2009), 42-49.

K. W. E. Chu, M. Li, Designing the Hopfield neural network via pole assignment, Int. J. Syst. Sci.,
25 (1994), 669-681.

Z.J. Bai, The inverse eigenproblem of centrosymmetric matrices with a submatrix constraint and
its approximation, Siam J. Matrix Anal. A., 26 (2005), 1100-1114.

Z. J. Bai, The solvability conditions for the inverse eigenvalue problem of Hermitian and
generalized skew-Hamiltonian matrices and its approximation, Inverse Probl., 19 (2003), 1185—
1194.

L. F. Dai, M. L. Liang, Generalized inverse eigenvalue problem for (P, Q)-conjugate matrices and
the associated approximation problem, Wuhan Univ. J. Nat. Sci., 21 (2016), 93-98.

Y. Q. Gao, P. Wei, Z. Z. Zhang, et al. Generalized inverse eigenvalue problem for reflexive and
antireflexive matrices, Numer. Math. J. Chin. Univ., 34 (2012), 214-222.

P. Wei, Z. Z. Zhang, D. X. Xie, Generalized inverse eigenvalue problem for Hermitian generalized
Hamiltonian matrices, Chin. J. Eng. Math., 27 (2010), 820-826.

R. H. Mo, W. Li, The inverse eigenvalue problem of hermitian and generalized skew-Hamiltonian
matrices with a submatrix constraint and its approximation, Acta Math. Sci., 31 (2011), 691-701.

J. Cai, J. Chen, Iterative solutions of generalized inverse eigenvalue problem for partially
bisymmetric matrices, Linear Multilinear A., 65 (2017), 1643—-1654.

J. Cai, J. Chen, Least-squares solutions of generalized inverse eigenvalue problem over Hermitian-
Hamiltonian matrices with a submatrix constraint, Comput. Appl. Math., 37 (2018), 593-603.

H. C. Chen, Generalized reflexive matrices: Special properties and applications, Siam J. Matrix
Anal. A., 19 (1997), 140-153.

J. Qian, R. C. E. Tan, On some inverse eigenvalue problems for Hermitian and generalized
Hamiltonian/skew-Hamiltonian matrices, J. Comput. Appl. Math., 10 (2013), 28-38.

D. Xie, N. Huang, Q. Zhang, An inverse eigenvalue problem and a matrix approximation problem
for symmetric skew-hamiltonian matrices, Numer. Algorithms, 46 (2007), 23-34.

AIMS Mathematics Volume 5, Issue 4, 3664-3681.



3681

18. R. H. Mo, W. Li, An inverse eigenvalue problem for Hermitian and generalized skew-Hamiltonian
matrices with a submatrix constraint and its approximation, Acta Math. Sci., 31 (2011), 691-701.

19. W. R. Xu, G. L. Chen, X. P. Sheng, Analytical best approximate Hermitian and generalized skew-
Hamiltonian solution of matrix equation AXA® + CYCH = F, Comput. Math. Appl., 75 (2018),
3702-3718.

20. Y. Liu, Y. Tian, Y. Takane, Ranks of Hermitian and skew-Hermitian solutions to the matrix equation
AXA=B, Linear Algebra Appl., 431 (2009), 2359-2372.

21. M. Wei, Q. Wang, On rank-constrained Hermitian nonnegative-definite least squares solutions to
the matrix equation AXA” = B, Int. J. Comput. Math., 84 (2007), 945-952.

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

% AIMS Press

AIMS Mathematics Volume 5, Issue 4, 3664-3681.


http://creativecommons.org/licenses/by/4.0

	Introduction
	An iterative methods for solving Problem 1.1
	The least Frobenius norm solution
	Numerical experiments
	Conclusions

