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1. Introduction

In the Euclidean space E?, three classes of curves exists, which are called rectifying, normal
and osculating curves all satisfying Cesaro’s fixed point condition [1]. The rectifying curve in E® is
defined as a curve whose position vector always lies in its rectifying plane which is spanned by the
tangent vector T and the binormal vector B [2]. The relationship between the rectifying curves and
the notion of centrodes in mechanics was introduced in [3]. Many authors in their papers have
investigated rectifying curves in Euclidean and Lorentz-Minkowski space [4-9].

Similarly, a normal curve in Minkowski 3-space E; is defined in [10] as a space curve whose
position vector always lies in its normal plane which is spanned by the normal vector N and the
binormal vector B of the curve. According to this definition, the position vector of a normal curve
satisfies «(s) = A(s)N(s) + «(s)B(s) for some differentiable functions A(s) and w(s) in arclength
function s . Spacelike, timelike and null normal curves in Minkowski space are studied in [10] and [11].
Spacelike and timelike normal curves in Minkowski space-time are investigated in [12]. The
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relations between rectifying and normal curves in Minkowski 3-space are obtained in [13]. The
characterizations of normal curves in Galilean space are obtained in [14] and [15]. Moreover in [16],
the definition and concept of a normal curve is extended to the general case E".

In this paper, by using similar methods as in [8], we introduce the normal curves in the
Lorentzian n-space E. We characterize null and non-null normal curves in terms of their curvature

functions and obtain necessary and sufficient conditions for any curve to be a normal curve.
2. Preliminaries
Let E] denote the Lorentzian n-space. For vectors X =(x,X,,..,x,) and Y =(y,,¥,,...,y,) in E/
(X.Y) =%y, + 2%y,

is called Lorentzian inner product. Since (,) is an indefinite metric, recall that a vector ve E}' can have
one of three causal characters; it can be spacelike (v,v))0 or v=0; timelike if (v,v)(0 and null (lightlike)

if (v,v)=0and v=0. The pseudo-norm (length) of a vector v is given by ||v||=}<vv>| [17].

We define the curve of a=af(s) to be an arclength parametrized non-null curve in E. Let
{T(s),N(s),B,(s),....B, ,(s)} be the moving frame along «, where the vectors T(s),N(s),
B,(s),..., B, ,(s) are mutually orthogonal vectors satisfying

(T.T)=5=%L (N,N)=¢,=+1 and (B,B)=¢,,=%1, i={12..,n-2}, (2.1)

Then the Frenet equations of the curve o are as follows [18]:

T'(s) =&,k (S)N(s),

N'(s) ==&k, ()T (S) + &5k, (S)B,(S),

BJ(s) = —&,k, (S)N(s) + £,k;(5) B, (s), (2.2)
B/(S) = —&1.1Ki.1 () By (S) + &,5Ki.» (3) B,y (),

B2 (s) =—&,.1K, 1 (S)B, 5(S).

If the curve is not arclength parametrized, then the right-hand sides of (2.2) must be multiplied by the
speed v of «. We recall the functions k,(s) are called the i -th curvatures of for i={2,...n-1. All

the curvatures satisfy k (s))0 for all sel, 1<i<n-2. If k _,(s)=0 for all sel, then B _,(s) is a
constant vector and the curve lies in a (n—1) -dimensional affine subspace orthogonal to B, , which
is isometric to the Lorentzian (n—1) -space E;™. Thus the curve lies in a hyperplane if and only if in
every point the position vector of a curve lies in the orthogonal complement of B, ,. Analogously, if
in every point the position vector of an arclength parametrized curve lies in the orthogonal
complement of the tangent vector T, then the curve « lies on some hyperquadrics. Indeed, we see
that the derivative of (a,a) is zero; hence (a,a) is a constant and thus lies on some hyperquadrics.
Here the converse is also true. From this reasoning, we study curves for which in every point the
position vector of the curve lies in the orthogonal complement of the tangent vector T [8].

Definition 2.1. A curve a:1 cR—E is a normal curve if the orthogonal complement of T(s)
contains a fixed point for all s eI . Hereafter, since the orthogonal complement of T(s) is defined by
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TH(s)={v < E!

differentiable real functions

(v,T(s))=0}, the position vector of a normal curve holds (2.3) with 4,4, tt,,...44,,

a(s) = A(SIN(S) + £4(S)By(S) +... + 14, ,(S)B, ,(S) - (2.3)
Let us note that the hyperquadrics S/ and H;™ are defined by

S ={v <]

(vv)=1}, Hy'={veE

(v,v)=-T}

respectively. In the rest of this paper, we assume that all the curvatures of the curve are not
identically zero.

3. Some characterizations of null normal curvesin E;

In this section we give some characterizations of null normal curves in E', n)4.
Let a:lcR—>E' be a null curve parametrized by the pseudo-arclength such that
{a'(s),a"(s),....a"(s)} is a basis of T  E' for all s. Then there exists only one Frenet frame

satisfying the equations

(s)

T'=N,

N'=kT-B,

B, =—k,N +k,B,, (3.1)
B, =—k,T +k;B,,

B'=—-kB,_,+k,B.,, ie{3,..,n-3}

B, =—kK.,B, 4

where

Let a(s) be a null normal curve in E', parametrized by pseudo-arclength s . Then its position vector
satisfies the equation

a(8) = A(S)T(S) + 14 (SIN(S) + 14, (8) B, (8) +... + 14, ,(S) B, ,(S) 3.2)

for some differentiable functions A(s), 14 (S), 1 (S),..., 14, ,(s) . Differentiating (3.2) with respect to s
and by using (3.1), we obtain the system of equations

A+ k= ik, =1, (3.3)

A+ =0, (3.4)
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=0, (3.5)

= ks =0, (3.6)

i = ik = ke, =0, ie{2,3..,n-3}, (3.7)
Ho o + Hy 3Ko , =0. (3.8)

From the Egs. (3.4) and (3.5) we get . (s)=0 and A(s)=0. Considering the differentiable functions
A(S), 14,(S), 44, (S), .., 12, ,(S) , we get the following theorem.
Theorem 3.1. Let a:1 cR— E be a null normal curve in E, parametrized by pseudo-arclength s.

Then the following statements are hold:
I. The components of the position vector of « are

A(s)=0, 14,(s) =0,

ui(s){zjyi,k(s);?[—kts)] ie{23..0-2

where the functions ;  can be inductively defined by

Ly =0, too =1
and for i {3,4,...n-2}

ki (S) 44 2,0(S) + £410(S)
ki (s)
_ Ki 1 ()t o4 (8) + #4131 (S) + 41, (S)
Hik (s)= k(s) )
L i g (S)+ 444, 5(8)
ki (s)

Higiz (s)

ki(s)

Lio(S) =

(3.9)

i 5(8) =

L 5(S)=

i. If k,,k,,....k,_, are nonzero constants, then o lies in pseudosphere S;"*(r), r e R}.
Proof. i. Let a(s) be a null normal curve in E], parametrized by pseudo-arclength s. Then its
position vector is given by (3.2). Then the equation system (3.3)—(3.8) gives

A(s)=0, 1,(s) =0,
1 1 (1)
u2(8)=—k2(s), ﬂa(s)—ks(s)( kz(s)j- (3.10)
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Considering the functions s, 14, 5, 14, and z,, , we have

(s) = M,o(s)(— kjs)} 110(5) =0,
1y(s) = uz,o(s)[—ﬁ} y0(8) =1,
()= kis) (— kis) J (=0, ,(5)= kjs).
By induction from (3.7), we obtain
14 (S) = éyiyk(s)%[—ﬁ} 2<i<n-2. (3.11)

Here the functions ;  are defined by (3.9). This proves the statement ().
i. If k,,ks,....k,_, are nonzero constants, then the components z,, s..., i1, , Of the position vector
of «(s) are constant numbers. Then the position vector of «a(s) is

a(s) = 1,B,(s) + 14B5(S) +...+ 11, ,B, ,(8).

From the last equation, we get

2

<cz(s),05(s)>:ﬂz2 VL, =10 reR;,

which means that «(s) lies in S(r) with center at the origin and the radius r. This proves the

statement (ii).
Theorem 3.2. Let a:1cR—E' be a null curve in E' with nonzero curvatures. Then «(s) is

congruent to a normal curve if and only if

n-4 8k 1 , n-5 ak 1
(kZ:O Hn_2k (S)g[_mjj + kn—2 (S)(kzi) Hn_ax (S) g(—ﬁlj =0. (312)

Proof. If «(s) is a null normal curve in E, writing (3.11) for i=n-3 and i=n-2 in (3.8), we

obtain (3.12).
Conversely, assume that (3.12) holds. Then we define the vector m(s) e E' given by

mM(S) = a(S) — 1, (8) B, (S) — .. — 4, ,(8) B, ,(S) (3- 13)

With g4, 44,,..., 14, , @S in (3.10) and (3.11). If we differentiate (3.13) with respect to s and using (3.1)
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ms) - [:z‘;u“,k(s%[—k iS)D s (s)[:zjuns,k(s%(—ki@ﬂ B2 (9 (314)

gives m’(s)=0. Then m(s) is a constant vector and so «(s) is congruent to a null normal curve.

4. Some characterizations of non-null normal curves in E/

In this section, we first characterize the non-null normal curves in terms of their curvatures.

Let a:1 cR—E] be an arclength parametrized non-null normal curve in E'. The position
vector of the curve satisfies (2.3) for smooth functions 4,4, ,,....4, ,. Differentiating (2.3) with
respect to s and using (2.2), we have

T(s) ==k (S)A(S)T (5) + (A'(8) — £,K, (5) 14, (8))N (s)
+(£3K, (S)A(S) + £4(8) — £3K; (8) £4,.(8)) By (S)

+5 6k ()14 4(5) + 4(9) =81k ()14, (5) B (S)
+ (12 (8) + ,K,1(8) 14, 5(8)) B, (S)

It follows that

1+ £k, (S)A(s) =0, (4.1)

A'(8) = &K, () 4(s) =0, (4.2)

&3K, (8)A(S) + 14(8) — &:K;(8) 1, (5) =0, (4.3)

&1, oK1 ()41 (8) + £4(S) — &1.,2K;, 2 () 44,1 (8) =0, ie{23,..,n-3} (4.4)
Hy o (8)+ &K, 4 (8) 4, 5(5) =0. (4.5)

This system consists of n equations and (n—1) curvature functions, the function 2 and (n-2)
functions . Thus the coefficient functions g can be expressed in terms of the curvature functions,
derivatives of the curvature functions and the function 1. From (4.1), we have

A(s) =— kg(ls) . (4.6)

Using the coefficient (4.6) in (4.2), we get

1 (1)
1 (8) =—¢¢, m[@] : (4.7)

Similarly using the coefficient (4.7) in (4.3), we obtain

AIMS Mathematics Volume 5, Issue 4, 3510-3524.
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&1€3 k (S)

ka(s)| " ki(s)

1, (8) =~

[1[1H
+&
Ky (8)\ ki (8)

When the other coefficient functions are calculated, long and complex expressions with curvature

functions appear. Considering the functions s o, 14, , 14,, and g, ,, we have

!

1
K, (S)J o (8) =—&8

1
Aﬁ(S)==/aJ(S)( PAoR

' 1
1 (8) = ,uzo(s)[kl( )j /u21( )(k( )j /uz,z(s)(kl(s)

where

L0)

Hy, o(8)=

1
Uy, (8) =—&.6,¢ 3(k s )j(k (S)J

Similarly introducing the functions ,,, 44,44, and zz, We have

"

s(8) = ﬂ3o(s)[k( )j+/“l31( )[k( )] ++ﬂ32(3)(k( )J

where

#ol) =106 (ks(s)J |

/131(5)=_8184 5254[k (S)] [kZ(S)]+8283{ : [
' k,(s) k() )\ Ks(s) ks (s) Lk,

(S)_—£15253g4_ 1 1 ,+ 1 1 ’
2277000 |60 ) ) ke kG))) |

(s)= —6,6,88,( 1 1
BB 700 @) k() )

By induction from (4.4), we obtain

)= 1y ()= ( : j 1<i<n-2.

k,(s)

AIMS Mathematics

w=-se( 55 )
“6) 2 % 6® G )

+ iy 5(8 )(k( )J

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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Here the functions 4, can be inductively defined by

i R L0
tho (S) — O, s (S) =—&&, k2 (S) ) Ho (S) =—& k3 (S) )

/121(5):_515253(Lj[ ! ja :Uzz(s):_glgzga[i]( L J’
’ @ \e@) ' ) g

H;, o(8) = S (gi+1ki (S)ﬂi—z,o (s)+ /ui,—l,O (5)),

|+1( ) (414)
M (8) = H(l 5) (5i+1ki ()2 (S) + 41 (8) + :ui—l,k—l(s))’
/’ll i 1( ) - H(l ) (;ui—l,i—z (S) + :ui,—l,i—l(s))v
lul |( ) - Hl( )lul—l,i—l(s)'

where k e{l,2,...,i—3} and i e{3,4,...,n—2}. Substituting Egs. (4.6) and (4.13) into (2.3), we get the
position vector of the normal curve as:

1
- 4.15
a(s) kl() (Zﬂ. (&) (k( )B (3) (4.15)

Then based on the Egs system (4.1)—(4.5), we state the following theorem:
Theorem 4.1. Let «:1 cR— E]' be an arclength parametrized curve in E with nonzero curvatures.
Then «(s) is congruent to a normal curve if and only if

(1)) 1
(Z/'In Zk() (k()]J +5kn1(s)(2ﬂn3k() (k(s)D 0 (4-16)

with gz, inductively defined by the system (4.14).
Proof. If «(s) isanormal curve, writing (4.13) for i=n-3 and i=n-2 in (4.5), we obtain (4.16).
Conversely, assume that (4.16) holds. Then we define the vector m(s) e E' given by

m(s) = () = A(S)N(8) — £4(S)By(S) —-.. — 44, »(5) B, ,(S) (4.17)

with A(s) = kg(ls)

with respect to s and by using (2.2)

m'(s) [[:Zzﬂnz,k (S)%Lk ts)jj n- 1(3)[2 My 5, (S ) (kt )jJJ B, 2(s) (4.18)

AIMS Mathematics Volume 5, Issue 4, 3510-3524.
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gives m'(s)=0. Then m(s) is a constant vector and so «(s) is congruent to a normal curve.

Now, assume that all the curvature functions k,,k,,...,.k. , of normal curve are nonzero constants.
Then, we give the following result:
Theorem 4.2. For odd n, there exists no normal curve with nonzero constant curvatures and for
even n, every curve with nonzero constant curvatures is a normal curve in E.
Proof. Assume that there exists a normal curve with its nonzero constant curvatures ki, k,,...,k, ;.
From (4.1), (4.2), (4.3) and (4.4), it follows that

&
A=-2L, =0,
K, =
k
Hy ==& ri(g’ #s =0
For ie{4,5,..,n—2} Eq. (4.4) gives
gi+2 ’
: = -k : '(s)).
ﬂ|+1 (S) ki+2 (S) (‘9|+2 |+l(s);u|—l(s) + /u| (S))
By induction we obtain that
Moy =0, (4.19)
[Tk,
Hom =—E1mq— (4.20)
E k2i—l

For odd n , with the help of (4.19) and (4.20), Eq. (4.16) takes the following form

g Kkikoky o
KKy K, ok,

However, since we assume all curvatures to be nonzero, this leads to a contradiction. For even n,

according to Theorem 4.1., since the curvature functions obviously satisfy the relation (4.16) then
a(s) is congruent to normal curve. Thus the proof is completed.

Example 4.1. A curve S:1 cR— E which has all its curvatures constant is parametrized by

L(s) = (a cosh(b;s), a sinh(b;s), a, cos(b,s), a, sin(b,s),...,a, cos(b,s), a, sin(b,s)) (4.21)
for even n=2t and by

B(s) = (a cosh(bs),a, sinh(b;s),a, cos(b,s),a, sin(b,s),...,a, cos(b;s),a, sin(b;s),cs) (4.22)
for odd n=2t+1. Here c,a,b R and all b, are different numbers for i={12,...,t}.

AIMS Mathematics Volume 5, Issue 4, 3510-3524.
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From the parametrization (4.21), for even n, we obtain the derivative of <ﬂ,,8> is zero. Then
(B, B)=constant and thus g lies on some hyperquadrics in E;'. This means that in every point the

position vector of the curve lies in the orthogonal complement of the tangent vector T . So the curve
S is a normal curve. Also we can easily show that the curve g with all its curvatures constant is a

normal curve since <,b'(s),T(s)>:0. From the parametrization (4.22), for odd n, the curve g with all

its curvatures are constant is not a normal curve since < ﬁ(s),T(s)) #0.

Theorem 4.3. Let a=a(s) be an arclength parametrized curve, lying fully in the n-dimensional
Lorentzian space with nonzero curvatures. Then « is a normal curve if and only if « lies in some
hyperquadrics in E.

Proof. First assume that «(s) is congruent to a normal curve. It follows, by straightforward
calculations using Theorem 4.1., we obtain

i) 2l ][ }

&, +2¢

ky(s) )\ Ky (8) kp(s)\ k (S) k (S) k (5)

2¢, 1 53k2(s)+5 (S)+$2 1 ( 1 ]
ks(s)| " ky(9) (S) (S) ky(s) k, () L Ky (5)

" +zg,+2[z;z.k : (kis)ﬂ[ [k(s)B
bov2, (Zﬂn s (kts)miﬂn 2 (k(s)n

On the other hand, the previous equation is differential of the equation
2 ’ 2 ,
[1} 1[1} 1 ki (S) , 1[1}
&l ——= | t&| ——| —— +¢, &, +¢,
k,(s) k, () Kk, (s) ks(s) k(S) k,(s) ki (s)
oo 1 )Y (1))
+.. +g,+2(2,u, [k(s)n +... (Z/JHK [k(s)jj =r, relk

Then using (4.6)—(4.13) in (4.17), we get (a(s)—m,a(s)—m)=r . Consequently «(s) lies in some
hyperquadrics in E;.

Conversely, if «(s) lies in some hyperquadrics in E;, then (a(s)—m,a(s)-m)=r, reR where
m(s) e E]' is a constant vector. By taking the derivative of the previous equation with respect to s,
we obtain (a(s)—m,T(s))=0, which means that «(s) is a normal curve.

Theorem 4.4. Let «:1 cR—E be an arclength parametrized normal curve in E]' with nonzero
curvatures. Then the following statements are hold:

!

2
’

(4.23)

AIMS Mathematics Volume 5, Issue 4, 3510-3524.
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i. The normal component and the first binormal component of the position vector of the curve
are given by

_&s%

(a(s)N(9)) = )’

(4.24)

&6 1 ,

ii. The first binormal component and the second binormal component of the position vector of
the curve are given by

868 1 ,
<“(S)’Bl(s)>:‘m(kl<s>J |

(4.25)

_ &858 k(S) LI |
(a(s),B,(s)) = k. (5) &3 k. (s) +8{k2(3)[k1(s)J J .

iii. The second binormal component and the third binormal component of the position vector of
the curve are given by

!

[ 1 [ 1 j]
&, ,
k,(s)\ k. (s)
gz[k3(s)( 1 ]']
k, (s)\ K,(s)

_&1658,

S0

6 ,

(a(s),B,(s)) = % (s)

(4.26)

&1€5

(a(s), By(s)) = - .(5)

1

+é,
ks (s)| ki (8)

k()

+ 8283[

.
K, (s)

1
K, (5)

)

!

’

iv. The jth binormal component and the (j+1)th binormal component of the position vector of
the curve are given by

(a5).B,) =202 u,-,k(s)s?(kl—
(4.27)

j+1 o
(a(s),B4(5) = .5 2 ik (S) @( kl(S)J

where 3< j<n-3 and y;, isintroduced by (4.14).
v. The distance function p(s) =||a(s)| satisfies p*(s)=|a| for some aeR.
vi. The distance function p(s)=|a(s)| is constant and the binormal component a®(s) of the

position vector of the curve has nonconstant length.
Conversely, if a(s) is an arclength parametrized curve with nonzero curvatures and one of the

above statements holds in E', then «(s) is congruent to a normal curve.

AIMS Mathematics Volume 5, Issue 4, 3510-3524.
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Proof. To prove (i), (ii), (iii) and (iv), assume that «(s) is an arclength parametrized normal curve in
E/'. Taking the inner product of the two sides (4.15) with N(s),B,(s),B,(s),...,B;(s),B;,,(s) where
3< j<n-3 respectively, we obtain the statements (i), (ii), (iii), (iv).

Conversely, assume that (i) is given. Differentiating <a(s),N(s)>=—% with respect to s and
s
1

by using (2.2), we get (a(s),T(s))=0, which means «(s) is congruent to a normal curve. Similarly
since the statements (ii), (iii), (iv) holds, then «(s) is a normal curve.

To prove (v), assume that «(s) is an arclength parametrized normal curve. Then
multiplying (4.3), (4.4), and (4.5) with ¢, (s) where ie{l,2,..,n—2} respectively,

!

r — L L
&4t (S) (1 = &5Ky ()11, (5)) = 82(&(9](&@)) ’

&tk ()& oK1 (8) 244 (8) + /Ui' —&,,Ki,(8) 14,1 (8)) =0,
Entln 5 (S)(&,K, 1 (St 5(S) + 47 ,(5)) =0

2
and adding these equations we get ggi+2yi2 =-¢, [%} +a for aeR. From (4.15), we have
i=1 4 (S

7(5) =fa(s). )] = |t + 5 i | Il

Conversely, differentiating p*(s) = |(a(s), a(s))| =|a| with respect to s, we get («(s),T(s)) =0.
Thus, «(s) is congruent to a normal curve.
vi. Decompose the position vector of a curve «(s) in its normal and binormal component, i.e.,

a(s) =&, (a(s),N(s))N(s) + a®(s).

Thus, the binormal component has

From aB(S)=I§2M (s)B.(s), we have ”aB(S)“—\Asz [@j +al .

nonconstant length. The distance function p is proved in (v).
Conversely since p?(s)=|a(s)| is constant, (a(s),T(s))=0. Hence, a(s) is congruent to a

normal curve.
Lemma 4.1. Let «:1 cR—E' be an arclength parametrized curve with non-null vector fields

N,B,,B,,...,B, ,, lying fully in E, then «(s) is congruent to a normal curve if and only if there
exists a differentiable function f(s) such that

f(s)k,1(8) = (Zﬂn HOUSE ) [ )B

f'(s)=-¢ nl(s)[zlun 3k() k(S) J

(4.28)

AIMS Mathematics Volume 5, Issue 4, 3510-3524.
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Applying similar methods as in [19-21] together with Lemma 4.1., we obtain the following theorems
for normal curves in E.

Theorem 4.5. Let «(s) be an arclength parametrized curve in E' with nonzero curvatures and
timelike principal binormal B, ,. Then «(s) is congruent to a normal curve if and only if there exist
constants a,,b, e R such that

f'(s) ={ao—I( f'(s) f'(s) k! ,(s)- f(s)knl(s)jsinh H(S)ds}sinh (s)
kn—l(s) n 1(5) k (S)
(4.29)

f(s) _ f'(s) J

—<b, - ———Kk/ ,(s)— f(s)k, ,(s) |[cosh&(s)ds rcosh &(s)
{°J£n49 kio(9) " 1 }

where |7k, ,(s)ds =6(s).

Proof. Let «(s) is congruent to a normal curve with & =-1. According to Lemma 4.1., there exists

a differentiable function f(s) such that the relation (4.28) holds. Let us determine the differentiable

functions 6(s),a(s) and b(s) by

0(s) = [;k, +()ds, (4.30)
a(s) = —kf'—(fs))sinh a(s) + f(s)cosh 4(s)

il | (4.31)
+I{M PG (s)- F(s)k. 1(3)}smh o(s)ds,

ko1 (8)  Kpa(s)

b(s) = — kf '((53) cosh 8(s) + f (s)sinh 6(s)

N I[& f(s) Kk’ (s)—f(s)kn_l(s)}coshﬁ(s)ds.

(4.32)

kia(8)  koa(s) ™

By using (4.28), we find a’(s)=0 and b’(s)=0. Thus a(s)=a, and b(s) =h, e R. Multiplying (4.31)
and (4.32) respectively with sinh&(s) and —coshé(s) , adding the obtained equations, we get (4.29).
Conversely let a,,b, e R are constants such that the relation (4.29) holds. Let us define the

differentiable function f(s) by
1
nﬂizﬂmd)_ﬁ) [mgﬂ'

By the derivative of (4.29) with respect to s, we obtain

f(s)=

f(s):{a0 - j[ f"((s)) kf ((S)) K/ (s)— f(s)k, _l(s)]smh e(s)ds}cosh o(s)

—{bo I[ f "1((5)) kfz 1((5)) k' (s)— f(s)k, _1(S)JCOSh H(S)ds}smh o(s).
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ak

As a result of this and (4.29), we obtain f’(s)z[nzayn&k(s) P
k=0

{LBkm(s). Thus Lemma 4.1.
k,(s)

implies that «(s) is congruent to a normal curve.

For the curves with spacelike principal binormal B, _,, we obtain the following theorem, which
can be proved in a similar way as Theorem 4.5.
Theorem 4.6. Let «(s) be an arclength parametrized curve in E' with nonzero curvatures and
spacelike principal binormal B,_,. Then «(s) is congruent to a normal curve if and only if there
exist constants a,,b, e R such that

fis) _Jof £7)  F'(8) vy i
k., (s) _{f (k“(s) () ka1 (s) f(s)knl(s))cose(s)ds ao}cose(s)
(4.33)

f's)  f'(s) . _ _
_ {I[ k() - m Ki_,(s)—f (S)knl(S)}Sln 6(s)ds —h, }sm 0(s).

5. Conclusion

This study gives normal curves and examines some characterizations of normal curves in
Lorentzian n-space E'. We determine necessary and sufficient condition for a null and non-null

curve to be congruent to a normal curve in Lorentzian n-space E'. We characterize normal curves

in terms of their curvature functions. The results of this study may also be developed to other
different spaces.
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