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1. Introduction

In the area of fixed point theory the study of common fixed point for couple of mapping is a new
research area (see [1, 7] and the references therein). For hybrid pair the (E. A) property was
introduced by Kamran [6] and established coincidence and fixed points results via hybrid strict
contractive conditions. To obtain common fixed point results for hybrid type contractive condition,
Liu et al. [8] extended this property to common (E. A) property for hybrid pairs of (set-valued and
single) mappings. For mapping of single-valued Sintunavarat and Kumam [13] put together the notion
of the common limit range (CLR) property and showed its dominance on the property (E. A). For the
mapping of hybrid pair the common limit range property defined by Imdad et al. [5] for set-valued
fixed point mapping in the semi-metric (symmetric) spaces.
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Afrah [2] generalized this property for single hybrid pair of mapping and then the same author
in [3] extended the CLR, property for two hybrid pairs of of mapping. In fuzzy metric spaces, by
means of CLRg property, Rold and Sintunavarat [14] established common fixed point results. In 2016,
Shoaib and Sarwar [11] studied applications to two functional equations by using set-valued fixed
point theorems for a pair of maps and made use of (CLR) property via generalized contractions. For
generalized hybrid (F, ¢)-contractions Nashine et al. [10] established common fixed point results and
used the common limit range property. For more detail see( [4, 12, 15-18]).

Motivated by above, using strong common limit range property, we derived set-valued common
fixed point results in metric space for couples of maps. Using this property, established hybrid common
fixed point results. Also explain the property by giving examples.

In the whole paper CB(V) shows the class of all bounded and closed subsets of N, R* is the set of
positive real numbers and R the set of real numbers respectively.

Definition 1.1. [9] Maps f : N — N, S : N — CB(N) are said to be occasionally S-weakly
commuting if there exists & € N such that f¢€ € S& and ffé € fSE.

Definition 1.2. [13] If for a sequence {&,} in N, lim f&, = limgé, = fu for some u € N. Then,
f,g : N = N are said to have the common limit range property of f with respect to g (shortly, the
(CLR)-property w.r.t to g).

The following two definitions can be found in [3].

Definition 1.3. If for a sequence {&,} in N and Q; € CB(N), lim f¢, = fu € Q, = limS&, for some
ueN.Then, S : N - CB(N), f: N - N, over metric space (N, d) are said to have the common limit
range property of f with respect to S (shortly, (CLR)-property w.r.t to S).

Definition 1.4. If for sequences {£,},{{,} in N and Q;,Q, € CB(N), limS¢, = Q, imT¢Z, = Q,,
lim f¢, = limgs, = fu € Q; N Q,, for some u € N. Then, S,T : N — CB(N), f,g : N = N on
metric space (N, d) are said to have the common limit in the range of f with respect to S (shortly,
(CLRy)-property w.r.t §).

The below definition is new and it is a modification of Definition 1.3 for couples of functions.

Definition 1.5. Assume f,g: N - Nand §,T : N — CB(N) are functions defined on metric space
(N,d). Then the couple (f, g) and the couple (S,T) are said to fulfil the common limit in the range
of f with respect to (S,T) via g (shortly, (CLRy)-property with respect to (S, 7T) via g) if there exist
sequences {&,} and {¢,} in N and Q,,Q, € CB(N) such that, for some u € N we have limS¢&, = Q,

imTZ, = Q, and lim f&, = limgZ, = fu € QN Q. o

n—oo

Remark 1.6. Clearly, if f = gand S = T in Definition 1.4 then we reobtain Definition 1.3.

The below definition announces the so-called the strong common limit range property.

Definition 1.7. If the couples (f, g) and (S, T) satisfy the (CLR)-property with respect to (S, 7) via g
and the (CLR,) property with respect to (S, 7T) via f then we say the couples (f, g) and (S, T') fulfil the
strong common limit range property.
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Remark 1.8. f and S fulfil strong common limit range property if there exists {£,} and {,} in N and
Q,,Q, € CB(N) such that, for some u € N we have limS¢, = Q, limS¢Z, = Q, and lim f¢, =
lim f¢, = fu e Q; NQ,.

Remark 1.9. Couples (f, g) and (S, T) said to be not strong common limit range property. if lim f&,
and lim gZ), exist but not equal to fu or their does not exist {&,}, {{,} such that lim f&, = limg{, = fu.

Example 1.10. Let N = [0, o) with the usual metric. Define f,g: N - Nand S, T : NxN — CB(N)
by f(x) =1+ x, g(x) = x>, S(x) = [1,2+2x], T(x) = [1,2 + %T"], VxeN.

Consider the sequences {,} = {1 + 1}, {¢,} = {2+ 1},

Clearly }LIEOS (sn) =1[1,4] = Q,

Im7(Z) =11, 1=, lim f(¢,) = limg(fy) =2 = f(1) = g(2) € Q1 Ny,

Therefore couples the (f, g) and (S, T') fulfil the strong common limit range property.
Example 1.11. Let N = [0, 10) with the usual metric. Define f,g: N — Nand S,T : NxN — CB(N)
by f(x)=1,g(x) =2,85(x) =[2x,2 +2x], T(x) = [x,2 + %"], VxeN.

For any choice of {¢,} and {¢,}, the couples the (f, g) and (S, T) does not hold the strong common
limit range property.

Now, we provide definitions defined for set-valued mappings in a metric space (N, d). Defined the
function H : CB(N) x CB(N) — R" for N;, N, € CB(N) by

H(Nla NZ) = maX{ Sup d(gl’ N2)9 Sup d((la Nl)}’

S 1€N,
where 3 3
d(&1, Ny) = inf{d(§1,41) = &1 € Ny,
DNy, Ny) = infld(s1,41) : 61 € N1, 41 € Na).
and

(N1, No) = supld(s1,41) : 61 € Ny, &y € No)

Lemma 1.12. [19] Let (N, d) be a metric space. For any Ny, N, € CB(N). We have
d(&,N>) < H(N,, N,), for all ¢ € N,.

Definition 1.13. [20] Letn : N — Nand A : N — CB(N) be a mapping. Then 5 are known
occasionally weakly A- commuting < there exist x in N such that nnx € Anx for nx € Ax .

Theorem 1.14. [3] Let f,g : N — N and S,T : N — CB(N) be a maps on metric space (N,d)
satisfying the following condition.
(a)The pairs (S, ) and (T, g) have common limit range property (CLRy),
(b)for all x,y € N
HP(Sx, Ty)) < ¢(A(x, y))), (1.1)

where,

_ xS @yTy) dFxTYd (8.5 0
ACr,y) = max { d7(fx, gy), SRS, SRR |

Here, p > 1, and ¢ : [0, 00) — [0, ) is continuous monotone increasing function such that ¢(0) = 0
and @(t) < t for all t > 0. If f(N) and g(N) are closed subsets of N, then we have the following:
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(A1) (f,S) have coincidence point.

(Ay) (g,T) have coincidence point.

(A3) fand S has a common fixed point, if f fv = fvand f and S are weakly compatible at v,
(Ay) g and T has a common fixed point, if f fv = fvand g and T are weakly compatible at v;
(As) if (A3) and (Ay) holds. Then g, f, T and S have a common fixed point.

Definition 1.15. [17] Let F denotes the class of all mapping F; : R* — R, with the below conditions
(1) F, is strictly increasing and continuous;

(2) lima, = 0if and only if limF(a,) = —o0;

n—oo

(3) For {a,} c R", lima, = 0, there exists g € (0, 1), such that li%(an)qFl (a,) = 0.

Thoroughly in this section ® denote the below class

K[—)T1

{ ¢ : R™ = R, upper semi-contineous, increasing such that lim (k) < ¢o(11), o(11) < 71, }
D= + .

forall Ty >0

Theorem 1.16. Let f,g : N — N and S,T : N — CB(N) be a maps on metric space (N, d). Suppose
that (S, g) and (T, f) have strong common limit range property. Furthermore assume that

T+ F(H"(Tx,Sy)) < F(p(A(x, y))), (1.2)
where, H?(T x,Sy) > 0 and

d’(fx,Sy)d’(gy, Tx)
L +dr(fx,gy)

A(x,y) = ald”(fx,gy)] + B +y[d’(fx,Tx)

+d?(gy, Syl + old”(fx, S )] + nld” (gy, Tx)].
Here, TeR",a+B+y+0+n<1,p>1,F € F,;and ¢ € ®. Then the below assumption holds.

(A1) (f,T) have coincidence point.

(Ay) (g,8) have coincidence point.

(A3) T and f has a common fixed point, if f fv = fv and f is occasionally T-weakly commuting at v;
(A4) gand S has a common fixed point, if ggu = gu and g is occasionally S -weakly commuting at w ;
(As) if (Az) and (Ay) holds. Then g, f, T and S have a common fixed point.

Proof. Since f,g: N — Nand T,S : N — CB(N) have strong common limit range property, therefore
there exists a sequence {&,} and {{,} in N and Q,,Q, € CB(N) such that,

IimT7Té&, = Qp, limS ¢, = Q, and lim f¢, = limgd, = fu=gv e Q) N Q.

n—oo

for some u,v € N.
Now, we show gv € Sv, suppose gv ¢ Sv. then putting x = &,,y = v in inequality (1.2), we have

T+ F(H'(T&,,5v)) < F(e(A(&,,v))), (1.3)
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where,

dP(f&n, S £n)d(gv, TEy)
1 +dr(f&,, gv)

M) = ol (16, 891 + 5] |+ vt s e
+d"(gv, SV + Ld”(f&,, Sv)] + nld”(gv, TEN].
By taking limit to A, we have

d’(fu,Qy)d’(gv,€))
1 +dpr(fu,gv)

lim A, v) = ald”(fu, g0)] + 5| |+ rtarcru @

+dP(gv,SV)] + old’(fu,Sv)] + n[d?(fu, Q)]

HmA(E,, v) = yld”(gv, Sv)] + o[d”(fu, Sv)] + nld"(fu, Q].
mAE,w) = (v + )" (gv, SV)]. (1.4)
Apply limit over (1.3) and by using (1.4), we have
7+ F(H"(€4,5V)) < Fp(a((y + o)(d”(gv, Sv))).

Which implies that
F(H"(Q1,8v)) < F(e(a((y + 0)(d"(gv, SvIN)).

Using definitions of F and ¢, we have
HP(Q,8v) < a((y + o)(d’(gv,Sv))).
But @ < 1 and using Lemma 1.12
d’(gv,Sv) < H?(Q,Sv) < a(d’(gv,Sv)) < d’(gv,Sv). (1.5)

Which is contradiction. Hence, gv € Sv.
Again from (1.2), we have

T+ F(H"(Tu,S ) < F(p(Au, £,))), (1.6)
where,

dP(fu, S E)dP (gL, Tu)
[+ d(fu,g2,) |+ a1

+d" (84w, S ] + old”(fu, S &) + nld" (g4, Tu)).

A, 43) = ald”(fu, 8] + 6|

By taking limit to A, we have

dP(fu,Q)dP(gu, Tu)

] +Y[d(fu, Tu)
+d"(fu, )] + old’(fu, Q)] + nld’(fu, Tu)].
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limA(u, £,) = (y + n)d?(fu, Tu). (1.7)
By taking limit to (1.6) and using (1.7), we have
7+ F(H?((Tu, ) < F(p(a((y + n)d”(fu, Tu)))).

Which implies that
F(H((Tu, ) < F(p(a((y + md”(fu, Tu)))).

Using definitions of F and ¢, we have
H(Tu, (%)) < oy + md”(fu, Tu)).
But @ < 1 and using Lemma 1.12
d’(fu,Tu) < H (Tu,,) < a((y + n)d’(fu, Tu)) < d’(fu, Tu).

Which is contradiction. Hence, fu € Tu. Since ffv = fvand fv € T fv, therefore y = fy € Ty.
Similarly y = gy € Sy. (As) hold obviously. |

Example 1.17. Let N = [0, o) is a metric( w.r.t) the usual metric. S,7 : N - CB(N), f,g : N - N
and ¢ : R* — R* define by S(x) = [1,5 + 28x], T(x) = [1,5 + Bx], f(x) = 4x, g(x) = 2x Vx € N and
() =pt,0<B < 1.

Consider the sequences {£,} = {1 + 1}, {¢,} = (2 + 1},

Now, limS(&,) = [1,5 + 28] imT({,) = [1,5 + 28], limg(Z,) = limf(&,) = 4 = f(1) = g(2) €
[1,5+B1N[1,5+28]. o o o

Therefore couples (f, g) and (S, T') satisty the strong common limit range. Now

H(Sx,Ty) = H([1,5 + 2Bx],[1,5 + By])

=max {d([1,5 + 28x],[1,5 + By]),d([1,5 + Bx], [1,5 + 2By])},

= max {[Bx — 28y, 0},
_B
= zd(gx, fu)
1
= E-so(d(gx, fu)

< 5.¢(A(x,y))

By taking natural logarithm on both sides we conclude by Theorem 1.20 that C(S, f) # @ and C(T, g) #
0. where C(S, f) represent coincidence point of S and f.
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Example 1.18. Let N = (=11, 11) with the usual metric. Define S,7 : NxN — CB(N), f,g: N = N,
¢:R* 5R'and F: R* > Rby S(x) = [-6,2+ 5], T(x) = [-6,2 + £x], f(x) = 4, g(x) = £ Vx € N,
o) =pt,0 < B < 1and F(r) = In(t).

Consider the sequences {£,} = {2 + %}, (&)} =03+ %},

Now, lim§ (&) = [-6,2 + 5] imT(4,) = [-6,2 + 5], limg(¢,) = limf(£,) = 1 = f(2) = g(3) €
[-6,2 + 41N [-6,2 +5].

Therefore couples (f, g) and (S, T') satisfy the strong common limit range. Now

Now,

H(S x,Ty) = H([-5, 1+2 ] [-5, 1+—])

= max {d([-5, 1 + ?], [-5,1+ @]),d([—s, 1+2 ] [-5,1+ Ty])}’
max {|%- — 1.0,
= Ed(gx, VA))
= lso(d(gx, )

P(A(x, y))

l\.)l*—‘

< % (A, ).

Taking logarithm on both sides and p = 1, we conclude that all the other condition of Theorem 1.16
are satisfied. Therefore (f, g) and (S, T') have coincidence point point.

Remark 1.19. From above examples it is clear that

e Theorem 1.14 is not applicable to Example 1.18 because f(N) = (=L, 1) nor g(N) = (

2°72
are closed.

-1u
323

Theorem 1.20. Let f,g : N — N and S,T : N — CB(N) are mapping on metric space (N,d).
Furthermore assume that (S, g) and (T, f) have strong common limit range property and

T+ F(H?(Tx,Sy) < F(e(A(x,y))), (1.8)
where, H?(Tx,Sy) > 0 and

dP(fx, Syp), dr(gy, Tx), df(fx, 2y),
X, X P(fyx .
A(x,y) = max{ DCULESHETD PUrS)dHe Ly

ar(gy, TX)d” (UxSy) d’(fxS y)d‘f ’(8y,Tx)
1+dP(fxgy) °> 14DP(Sx,Tx)

Here, Te R, p> 1, F € F; and ¢ € ®. Then the below condition holds.

(A1) (f,T) have coincidence point.
(Ay) (g,8) have coincidence point.
(A3) T and f has a common fixed point, if f fv = fv and f is occasionally T-weakly commuting at v;
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(A4) S and g has a common fixed point, if ggw = gw and g is occasionally S -weakly commuting at w ;
(As) if (Az) and (Ay) holds. Then f, S, g and T have a common fixed point.

Proof. Since f,g: N — Nand T,S : N — CB(N) have strong (CLR)-property, therefore there exists
a sequence {&,} and {£,} in N and Q;, Q, € CB(N) such that,
IimTé¢, = Qp, limS ¢, = Q, and lim ¢, = limgd, = fu=gve Q NQ,,
for some u,v € N. Now, we show gv € Sv , suppose gv ¢ Sv, by putting x = &,,y = v in inequality
(1.22), we have
T+ F(H (T, Sv) < F(p(A(&, v))), (1.9)
dr(f&,, Sv),d"(gv, T&,), d"(f&n, 8v),
dP(fén, SV)‘*’dp(gV T&) dp(f‘fn SV)dp(gvsT‘fn)

A(é“n, V) = max s df'flg ) )
dr(gv, Tfn)dp(f'fn Sv) dp(ffn SV) (g, T€n)

L+dP(f&n.gv) 7> 1+DP(S&.TER)

Taking limit to A, we have

dr(gv, Sv),d"(gv,€2y),d"(gv, gv),
. dP(fv, Sv)+d1 (gv,.Q1) dP(gv,Sv)dP(gv,Q1)
llmA(é"n, V) = max s 1+dP( gv gv) H]
n—eo dr(gv, Ql)dp(gVSV) dP(gv.Sv)dP(gv,Q1)
1+dr(gv.gv) > 1+DP(Q,,01)

llmA(é‘:n, v) = maX{ dp(gv’ SV), d”(g;,sv) }

limA(&,,v) = dP(gv,Sv). (1.10)
By taking limit over (1.9), and using (1.10), we have
T+ F(H"(Q4,5V)) < F(p(a(d"(gv, Sv)))).

Which implies that
F(H"(Q4,8v)) < F(p(a(d"(gv,Sv)))).

Using definitions of F and ¢, we have
HP(Q,Sv) < a(d’(gv,Sv)).
But @ < 1 and using Lemma 1.12
dP(gv,Sv) < HP(Q,Sv) < a(d’(gv,Sv)) < d’(gv,Sv). (1.11)

which is contradiction. Hence, gv € Sv.
We show fu € Tu, suppose fu ¢ Tu. then putting x = u,y = {, in inequality (1.22), we have

T+ F(H (Tu,S &) < F(e(Au, £,))), (1.12)

dP(fu, S y), dP(84y, Tu), d"(fu, g4,),

a(fu, Sin)+d”(g§n Tw) dP(fu,S£)d" (gL, Tu)
A(V, é’/n) = max H 1+dP(fu,gly) s

dP(gén, Tu>d”(fu S&n)  dP(fuS {n)d];(g;n Tu)
1+dP(fu,gln) > 1+DP(Su,Tu)
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By taking limit over A, we have

d?(fu, ), d"(fu, Tu), d”(fu, fu),

dP(fu,Q0)+dP (fu,Tu) dP(fu,Q)d?(fu,Tu)

limA(u, {,) = max 5

2 ’ 1+dl’(£u,fu)
dP(fu,Tu)d? (fu,Qo) dP(fu,Q)d”(fu,Tu)
1+dP(fu,fuy  °>  1+DP(Su,Tu)

limA(u, £,) = max { d”(fu, Tu), “LT0 )

n—oo

limAu, £,) = d°(fu, Tu) (1.13)
By taking limit over (1.12) and using (1.13), we have
T+ F(H?(Tu,Q,) < F(p(ad?(fu, Tu))).

Which implies that
F(H(Tu, Q) < F(p(ad”(fu, Tu))).

Using definitions of F and ¢, we have
H?(Tu,Q,) < ad’(fu, Tu).
But @ < 1 and using Lemma 1.12
d?(fu,Tu) < H’(Tu,Q,) < ad’(fu, Tu) < d’(fu, Tu).

Which is contradiction. Hence, fu € Tu.
Succeeding the parallel line of Theorem 1.16, we can achieved that S, 7, f and g have common
coupled fixed point. O

If S =T and f = g in Theorem 1.16, by using Remark 1.6, we have

Corollary 1.21. Let f : N — Nand S : N — CB(N) be a maps on metric space (N, d). Suppose (S, f)
have strong common limit range property. Furthermore

T+ F(H?(Sx,8y)) < F(p(A(x, y))),
where, H(S x,Sy) > 0 and

d’(fx,Sy)d"(fy,S x)

AGy) = ald(fx Sl + | = 2 S

+ y[dP(fx,S x)
+dP(fy, Sy + old’(fx,Sy)] + nld”(fy, S )]

Here, TeR",a+B+y+0o+n<1,p>1, F € F,;and ¢ € ®. Then the below condition holds.

(A1) (f,S) have coincidence point.
(Ay) fand S has a common fixed point, if ffv = fv and f is occasionally S -weakly commuting at v;
Then f, S have a common fixed point.
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If f=gand S =T in Theorem 1.20 by using Remark 1.6, we have

Corollary 1.22. Let f : N - Nand S : N — CB(N) be a maps on metric space (N, d). Suppose (S, f)
have strong common limit range property. Furthermore

T+ F(H(Sx,Sy) < F(p(A(x, ))),
where, H(S x,Sy) > 0 and

d’(fx,8y),d"(fy,§ x),d”(fx, fy),
AP (Fx Sy (fyS) dP xSV (fy.S )
R ZEYON

2
dr(fy,S)dP(fx,Sy)
TR dr (fx, Sy)dP(fy, S x)

A(x,y) = max

Here, TeR', p> 1, F € F; and ¢ € ®. Then the below assumption holds.

(Ay) (f,S) have coincidence point.
(Ay) fand S has a common fixed point, if ffv = fvand f is occasionally S -weakly commuting at v;
Then f, S have a common fixed point.

Theorem 1.23. Let f,g: N = Nand S,T : N — CB(N) be a maps on metric space (N, d). Suppose
that (S, g) and (T, f) have strong common limit range property. Moreover assume that

d?(fx, Tx)d?(fx,Sy) +dF(gy,Sy)dF(gy, Tx)

HP(Tx.Sy) < ,
(Tx5y) < a 1+ dr(fx,Sy) +d"(gy, Tx)

(1.14)

where, 0 < o < 1. Then

(A1) (f, T) have coincidence point.

(Ay) (g,8) have coincidence point.

(A3) fand T has a common fixed point, if f fv = fv and f is occasionally T-weakly commuting at v;
(A4) gand S has a common fixed point, if ggu = gu and g is occasionally S -weakly commuting at w ;
(As) if (A3) and (Ay) holds. Then f, g, S and T have a common fixed point.

Proof. Since f,g: N = Nand T,S : N — CB(N) have strong (CLR)-property, therefore there exists
a sequence {&,} and {{,} in N and Q,,Q, € CB(N) such that,

IimTé&, = Qp, limS ¢, = Q, and lim ¢, = limgd, = fu=gve Q NQ,,

n—oo

for some u,v € N. Now, we show gv € Sv, suppose gv ¢ Sv, by putting x = &,,y = u in inequality
(1.19), we have

dP(f&n, TEn)AP(fEn, SV) + dP(gv, Sv)dP(gv, TEy)

HP(T¢,,Sv) < , 1.15
(enSv) <@ L+ dr(f&,, Sv) + d(gv. TE,) (1
Applying limit, we have
HP(Q,,Sv) =0.
By using Lemma 1.12
d’(gv,Sv) < HP(Q,Sv) = 0. (1.16)
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which is possible if gv € Sv.
We show fu € Tu , suppose fu ¢ Tu. then putting x = u,y = £, in inequality (1.19), we have

d’(fu, Twd"(fu, S ) + d(ggn, S £,)d" (8¢, Tu)

H (Tu,S¢,) < , 1.17
(T, 560 < a L+ dr(fu,S,) +dr(sd, Tw) (17
Taking limit, we have
H?(Tu,Q,) =0.
Using Lemma 1.12, we have
HP(fu,Tu) < H’(Tu, ). (1.18)

Which is possible only if fu € Tu.
After succeeding the similar lines of Theorem 1.16 we can obtained that S, 7', f and g have common
coupled fixed point. O

Theorem 1.24. Let f,g : N = N and S,T : N — CB(N) be a maps on metric space (N, d). Suppose
that (S, g) and (T, f) have strong common limit range property. Moreover assume that
dP(fx, Tx)d(fx,Sy) +d”(gy, S y)d’(gy, Tx)

dP(fx,Sy) + dr(gy, Tx) ’

HP(Tx,Sy) <{if A" #0,
0,
if A*=0.

Where A* = dP(fx,Sy) +dP(gy,Tx), 0 <a < 1. Then

(A1) (f, T) have coincidence point.

(Ay) (g,S) have coincidence point.

(A3) T and f has a common fixed point, if f fv = fv and f is occasionally T-weakly commuting at v;
(Ay) S and g has a common fixed point, if ggu = gu and g is occasionally S -weakly commuting at w ;
(As) if (A3) and (Ay) holds. Then g, f, S and T have a common fixed point.

Succeeding the steps of Theorem 1.23 we can obtained that S, 7, f and g have common coupled
fixed point.
If f=g, T =S in Theorem 1.24 by using Remark 1.6, we get

Corollary 1.25. Let f : N — Nand S : N — CB(N) be a maps on metric space (N, d). Suppose that
(S, f) have strong common limit range property. Furthermore

d’(fx,Sx)d"(fx,Sy) +d"(gy,Sy)d"(fy,Sx)
dr(fx,Sy) +dr(fy,Sx) ’

HP(Sx,Sy) < {if A" #0,
0,
if A"=0.

Where A* = dP(fx,Sy) +d’(gy,Tx), 0 <a < 1. Then
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(A1) (f,S) have coincidence point.
(Ay) S and f has a common fixed point, if ffv = fv and f is occasionally S -weakly commuting at v.
Then f, S have a common fixed point.

IfT =S, f = gin Theorem 1.23. From Remark 1.6, we have

Corollary 1.26. Let f : N — N and S : N — CB(N) be a maps on metric space (N, d). Suppose (S, f)
have strong common limit range property. Furthermore

dP(fx,§ )d"(fx,Sy) +d’(fy,Sy)d"(fy, S x)

HP(Sx,Sy) <
Sx,Sy) <a 1 +dr(fx,Sy)+dr(fy,Sx)

, (1.19)

where, 0 < a < 1. Then

(A1) (f,S) have coincidence point.
(Ay) fand S has a common fixed point, if ffv = fv and f is occasionally S -weakly commuting at v.
Then S, f have a common fixed point.

2. Application to system of integral and differential equation
Now, we study solutions of 2nd kind general nonlinear system of Fredholm integral equations given
by

q
x(1) = ¢(1) + f Q:(t, 5, x(s))ds, 1 € [p,q],
L 2.1)
y(0) = (1) + f Oa(t, 5, y(s)ds, t € [p.q],.
p

Let N =C [p, q] be the set of all continuous function defined on [p, g]. Define
d: NxN — R* by
d(x,y) = [lx = yll.

Where ||x]| = sup{|x(¢)| : ¢ € [p,q]}. Then (N,d) is a complete d metric space on N. We give the
following theorem.

Theorem 2.1. Assume that the following assumptions hold

(A1) Q;:[p.ql XI[p,ql xR" = R", for j=1,2and ¢ : R* — R" is continuous;
(A,) there exist a continuous function G : [p, q] X [p, q] — [0, o) such that,

1011, 5,u) = Qa(2, 5, V)| < G(1, 8)y(|lu = v)),

foreacht,s €[p,ql,0 <y <1,
(A3) SUP, iy [ 1G, 9)lds < & for 7> 0.

Then the system of integral equations 2.1 has a common solution in C([p, q]).

Proof. Define S, T : C([p,q]) — C([p, q]) by,

q
Sx(r) = ¢(t)+f O:(1, 5, x(s)ds, 1 € [p,q].
p
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q
Ty(r) = ¢(t) + f Qa(1, 5, y(8))ds, t € [p, q].
p
Now we have,

d(Sx(1), Ty(n) = sup |Sx(z) = Ty(®)

r€[p.ql
q
< sup f 101(2, 5, X(5)) — Oa(t, 5, y(5)lds
t€lp.gl Jp
q
< sup f G, s)y(|x(s) — y(s)Dds
IE[P’(/] P
q
< sup y(|x(®) — y(®)|) sup f G(t, s)ds
t€[p.q] telp.gl Jp
< sup y(|x(r) — y(ODe™™
t€[p.q]

= y(llx(®) — y®OIDe™™ = y(d(x(®), y(1)))e ™.
By taking natural log to both side, we have

T+ F(H(Sx,Ty) < F(p(A(x,y))).

Define f(x) = g(x) = x, F(t) = In(t), ¢(t) = yt, and p = 1 then by Theorem 1.20 the system (2.1) has a

common solution in N.

O

With the help of Theorem 1.20, one can also solve the following coupled system of nonlinear

fractional ordered differential equations given by

‘DPut) + $i(v() =0, 1 <B <2, te[0,1],
‘DPv(t) + (w() =0, 1 <B <2,
u(0) =v(0) =a, u(l) =v(1l) = b,

where a, b are constant.

(2.2)

Where g1, ¢> : [0, 1]X[0, 0c0) — [0, c0). Then the equivalent system of integral equations corresponding

to (2.2) is given by
1
u(t) = ¢(1) + f G(t, 9)§1(v(s)ds, t € [0, 1],
0

1
v(t) = ¢(1) +f G, s)g2(w(s)ds, t € [0, 1],
0
Where G(t, s) is the Green’s function

(t—sP -1 -sp!
<s<
')
—1(1 — syA!
re - B -

g, s) =

(2.3)
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and continuous on [0, 1] x [0, 1]. Moreover sup fol |G(t, s)lds < 1. Further, using Q(t, s, x(s)) =
1€[0,1]
G(t, 5)g1(v(s) etc. Then the system (2.3)become

1
x(t) = ¢(t) + f O(t, s, x(s))ds, t € 0,1],
0 (2.4)

1
y(t)=¢(t)+f Oo(1, 5, y(8))ds, t € [0,1].
0

Clearly by Theorem 1.20 the System(2.4) has a solution, which is the corresponding solution of the
system of nonlinear fractional differential equation(2.2).

3. Conclusion

In this work, we introduced strong common limit range property for couples (f, g) and (S, 7T) to
relaxed the conditions of completeness (closedness), the containment of the range of the mappings,
convexity of the underline space and continuity of the mappings and by means of this new concept
we established common fixed point results for hybrid pair via (F, ¢)-contraction and rational type
contraction conditions. Further, using the established results existence of solution to the system of
integral and differential equations are also discussed. We provided example where the main theorem is
applicable but relevant classic result in literature fail to have a common fixed point.
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