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Abstract: Let f,(x) (n =0, 1,---) be the remainders for the asymptotic formula of InI'(x) and R, (x) =
(=1)" fu(x). This paper introduced the concept of completely monotonic integer degree and discussed
the ones for the functions (—1)" R,({")(x), then demonstrated the correctness of the existing conjectures
by using a elementary simple method. Finally, we propose some operational conjectures which involve
the completely monotonic integer degrees for the functions (—1)" R!(x) form =0,1,2,--.
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1. Introduction

It is well known that the convexity [1-6,8,9,11,15,16,40,55,63,64], monotonicity [7,12-14,41-53]
and complete monotonicity [58, 59, 61, 62] have widely applications in many branches of pure and
applied mathematics [19, 24,28, 32, 35, 38, 65]. In particular, many important inequalities [20, 25, 30,
33, 37,39, 69] can be discovered by use of the convexity, monotonicity and complete monotonicity.
The concept of complete monotonicity can be traced back to 1920s [18]. Recently, the complete
monotonicity has attracted the attention of many researchers [23, 34, 56, 67] due to it has become an
important tool to study geometric function theory [26, 31, 36], its definition can be simply stated as
follows.

Definition 1.1. Let / C R be an interval. Then a real-valued function f : I — R is said to be completely
monotonic on [ if f has derivatives of all orders on [ and satisfies

1" f"x) =0 (1.1)

forallxel/andn=0,1,2,---.

If I = (0, o), then a necessary and sufficient condition for the complete monotonicity can be found
in the literature [54]: the real-valued function f : (0, c0) — R is completely monotonic on (0, co) if and
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only if
fm:fe“mm (1.2)
0

is a Laplace transform, where « (#) is non-decreasing and such that the integral of (1.2) converges for
0<x<oo.

In 1997, Alzer [10] studied a class of completely monotonic functions involving the classical Euler
gamma function [21,22, 60,66, 68] and obtained the following result.

Theorem 1.1. Let n > 0 be an integer, «(x) and f, (x) be defined on (0, c0) by

K(x):lnF(x)—(x—%)lnx+x—%ln(27r) (1.3)
and 5
K(x) = Yoy s 2zl
S (X) = (1.4)
k(x), n=20,

where B, denotes the Bernoulli number. Then both the functions x — f,, (x) and x — —f5,, (x) are
strictly completely monotonic on (0, o).

In 2009, Koumandos and Pedersen [27] first introduced the concept of completely monotonic
functions of order r. In 2012, Guo and Qi [17] proposed the concept of completely monotonic degree
of nonnegative functions on (0, c0). Since the completely monotonic degrees of many functions are
integers, in this paper we introduce the concept of the completely monotonic integer degree as
follows.

Definition 1.2. Let f(x) be a completely monotonic function on (0, o) and denote f(co) = lim,_,, f(x).
If there is a most non-negative integer k (< oo) such that the function x*[ f(x) — f(c0)] is completely
monotonic on (0, o), then k is called the completely monotonic integer degree of f(x) and denoted as
deg’,, [f (¥)] = k.

Recently, Qi and Liu [29] gave a number of conjectures about the completely monotonic degrees of
these fairly broad classes of functions. Based on thirty six figures of the completely monotonic degrees,
the following conjectures for the functions (—1)" R™(x) = (=1)" [(=1)" £u(x)]™ = (=1)"*" £ (x) are
shown in [29]:

(1) If m = 0, then

0, ifn=0
deg.,; [R.(x)] = 1, ifn=1 ; (1.5)
2(n—-1), ifn>2

(1) If m = 1, then

1, ifn=0
degy,; [-R,(0)] = 2, ifn=1 ; (1.6)
-1, ifn>?2
(iii) If m > 1, then
m-—1, ifn=0
deg’,,; [(=1)" R™(x)| = m, ifn=1 . (1.7)

m+2mn-1), ifn>2
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In this paper, we get the complete monotonicity of lower-order derivative and lower-scalar
functions (—1)" RY"(x) and their completely monotonic integer degrees using the Definition 1.2 and a
common sense in Laplace transform that the original function has the one-to-one correspondence with
the image function, and demonstrated the correctness of the existing conjectures by using a
elementary simple method. The negative conclusion to the second clause of (1.7) is given. Finally, we
propose some operational conjectures which involve the completely monotonic integer degrees for the
functions (—1)" Ry (x) form = 0,1,2, - --

2. Lemmas

In order to prove our main results, we need several lemmas and a corollary which we present in this
section.

Lemma 2.1. If the function x"f(x) (n > 1) is completely monotonic on (0, ), so is the function

().
Proof. Since the function 1/x is completely monotonic on (0, o), we have x"~! f(x) = (1/x) [x"f(x)] is
completely monotonic on (0, co) too. O

Corollary 2.1. Let a (r) > 0 be given in (1.2). Then the functions x ! f(x) fori = n,n—1,---,2,1 are
completely monotonic on (0, 0o) if the function x" f(x) (n € N) is completely monotonic on (0, o).

The above Corollary 2.1 is a theoretical cornerstone to find the completely monotonic integer degree
of a function f(x). According to this theory and Definition 1.2, we only need to find a nonnegative
integer k such that x* f(x) is completely monotonic on (0, o) and x**! f(x) is not, then deg? . [ f(x)] =

The following lemma comes from Yang [57]:

Lemma 2.2. Let f, (x) be defined as (1.4). Then f, (x) can be written as

1 = t
() = - AL e ar, 2.1
£ @) 4f0p(2)e ' 2.1)
where
h 2%p
o= S S T o)

Lemma 2.3. Let m,r > 0,n > 1, f, (x) and p, (¢) be defined as (2.1) and (2.2). Then
1 AV
X (1R = o (<1 ) = f [(—1)" "D (5)] e, 2.3)
0

Proof. It follows from (2.1) that

X (=1)" R (x) x(—l)’"*"f,i’")(x)wc(—l)’"*"}1 fo ) (—r)'"pn(é)e—’“dt

ord [oneancr [ onGle-
e [l
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= (—1)”%£m [t'"pn(%)],e_’“dt.

Repeat above process. Then we come to the conclusion that

1 £\
r¢_1yn p(m) —(—1)* = m - —xt
¥ (=1 R™(x) = (~1) 4f0 [z pn(z)] e,

which completes the proof of Lemma 2.3. O
3. Complete monotonicity of the functions R,(x) and their completely monotonic integer degrees

In recent paper [70] the reslut deg’, . [R(x)] = deg, ;[—fi (x)] = 1 was proved. In this section, we
mainly discuss deg;,; [R.(x)] and deg,; [R3(x)]. Then discuss whether the most general conclusion
exists about deg’,,; [R,(x)].

Theorem 3.1. The function x*R,(x) is not completely monotonic on (0, o), and
deg;,,; [Ra(x)] = degy,,; [ /> (¥)] = 2.
Proof. Note that the function x’R,(x) is completely monotonic on (0, o) due to

L o1 -
X2Ry(x) Zj(; P5 (E)e 'dt,

cohr 1, 1 1

f = +—1r - = -,
P2 () ;a5 T3
@) = 2 ; 1 N 2 1 cosht
P2 = st T e £ Psinhi
., 45A(1) + 180 B(t) + t*C (1)
p2 (t) = > 07

90#4 sinh? ¢

where

A(t) = tcosh3t—3sinh3zr+ 9sinhz—tcosht

0 2(n—4)(32"—1) )
- Z; 2n+ 1)! £t >0,

n=

B()
C(1)

tcosht + sinht > 0,
sinh 3t — 3 sinh ¢ > 0.

So deg;,. [R2(x)] > 2.
On the other hand, we can prove that the function x° 5 (x) = x*R,(x) is not completely monotonic

on (0, c0). By (2.3) we have
1 00
Xfs(x) = 1 L p(;) (—;)e_’“dt,

then by (1.2), we can complete the staged argument since we can verify
t
p® (5) >0 e pP1)>0
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is not true for all # > 0 due to

0 2 2 N 4 24 6cosh’t 4cosh’t 2cosh’t
p = ) - 3 =T s T T - 3. -5
2 tsinh>t Asinh®’t £ £ tsinh*r Psinh’r £ sinh’t
2 cosht 4 cosht 6cosht
2sinht ginh’r t* sinht

with p7” (10) = -0.00036 - - - .

2

Theorem 3.2. The function x*R3(x) is completely monotonic on (0, ), and

degi‘cmi [Rz()C)] = degjmi [_f3 ()C)] =4.
Proof. By (2.3) we obtain that
® t
X*Rs(x) = f [_ P (—)] e Mdt.
0 2

From (2.2) we clearly see that

cotht 1 1, 2, 1

p=——-5+5 o5 ~ 3
1 H®
“4)
H=———,
Py 0 = e s 1
of 1 H®O
“4)
— = ————,
P50 = 30 sinn 7
where
H(r) = (26°+4725)sinh 5t — 945t cosh 5¢ — (1260¢ + 3780¢ — 2835¢) cosh 3¢
- (1016 +25201* + 378012 + 23 625) sinh 3¢ — (13 8607 — 3780¢° + 1890t) cosht
+ (2016 —75601* + 113404 + 47 250) sinh ¢
— i hn Z‘2n+3
L4 (2n+3)!
with
h, = o5 [64n6 +96n° — 80n* — 1201 + 161> — 2953 101n + 32484 375] 5%
1
—% [64n6 +961° + 5968n* + 1057201 + 393 1361 + 4005151 + 1760 535] 321

+20 [64n6 + 9615 — 11 168n* — 9696n° + 959252 + 13 191n + 7749]
> 0
for all n > 5. So x*R3(x) is completely monotonic on (0, o), which implies deg?, . [R3(x)] > 4.
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Then we shall prove x’R3(x) = —x° f3 (x) is not completely monotonic on (0, ). Since

XR3(x) = fom [—pgs) (é)] e Mdt,

I K()
-y () =5 ,
P 417 sinh® ¢

and

where

K(f) = 540cosh4z — 1350 cosh 2¢ — 90 cosh 67 — 240¢* cosh 2t + 601 cosh 4t
+807* cosh 2¢ + 40r* cosh 4¢ + 20815 cosh 2¢ + 81° cosh 4 — 1207’ sinh 2¢
+607° sinh 47 + 200 sinh 2 + 20¢° sinh 4¢ + 75¢ sinh 21 — 60¢ sinh 41
+15¢sinh 61 + 1807 — 120¢* + 2641° + 900.

We find K(5) = —2.6315 x 10'® < 0, which means —p{’ (5) < 0. So the function xX°R3(x) = —xf3 (x)
is not completely monotonic on (0, co).
In a word, deg’,,; [R3(x)] = deg’,,; [ /5 (x)] = 4. O

Remark 3.1. So far, we have the results about the completely monotonic integer degrees of such
functions, that is, deg’,;[Ri(x)] = 1 and deg,;[R,(x)] = 2(n—1) for n = 2,3, and find that the
existing conclusions support the conjecture (1.5).

4. Complete monotonicity of the functions —R/(x) (1 < n < 3) and their completely monotonic
integer degrees

In this section, we shall calculate the completely monotonic degrees of the functions (—1)" RV (x),
wherem =1and 1 <n < 3.

Theorem 4.1 The function —x*R’ (x) = x*f{(x) is completely monotonic on (0, c0), and
deg;, | (-D' Rj(x)] = 2.

Proof. By the integral representation (2.3) we obtain

Kf] (x) = }1 fooo [—tpl (%)]” e Mdt.

So we complete the proof of result that x*f{(x) is completely monotonic on (0, o) when proving

[—tpl (%)]” >0 = [l‘pl (%)]” <0 [tp; (D] <.

In fact,
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[tp1 (O]

2 sinh 7\’
tpr (O] = cosht — <0.
[pl()] Sinh3ll ( t ):*

Then we have deg,, [(-1)' Rj(x)] 2 2.
Here —x3R’1 (x) = x° f{(x) is not completely monotonic on (0, c0). By (2.2) and (2.3) we have

1 00 t 17"
ffiw=g [ [m(3)] ear

—tp (O] = 23t4 cosh® — t* sinh® 7 — 3 sinh* ¢
b 4 sinh* ¢

with [-1p; ()] |i=» = =3.6237 x 1072 < 0. O

and

Theorem 4.2. The function —x3R;(x) is completely monotonic on (0, o), and
degy,,; [-Ry(0)] = deg.,,; [-f,(x)] = 3.

Proof. First, we can prove that the function —x3R’2(x) is completely monotonic on (0, o). Using the
integral representation (2.3) we obtain

o=t ]

and complete the proof of the staged argument when proving

[tp 2 (%)](3) >0 < [tp, (1)]” > 0.

In fact,
cohr 1, 1 1
1 = —FP - =,
p2(0) t 45 £ 3
coshr 1 1 1
L(t =t = - —t——+ =1,
® L M IT
U = —180 cosh 2t + 45 cosh 4t — 124¢* cosh 2t + t* cosh 4t — 237¢* + 135
604 sinh* ¢
1 & 22n+2b
= ——— — s,
60r* sinh” t |4 (2n + 4)!
where

b, = 2% (4n4 +20m° +35n% +25n + 2886)
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—4 (775n + 108512 + 6201 + 124n* + 366)
> 0

foralln > 3.
On the other hand, by (2.3) we obtain

D R = PR W= fo i 102 (5)](4) e,

2
and 3 5
L) = [tpy (0] = 16520 _ gg L Hyco [ 24
sinh sinh® ¢ sinh’¢r
is not positive on (0, o) due to L¥(10) » —2.3993x107* < 0, we have that —x*R}(x) is not completely
monotonic on (0, co). 5

Theorem 4.3. The function —x5R§ (x) is completely monotonic on (0, c0), and

degzmi [_RS(X)] = deg?mi [f:s‘,(x)] =5.

Proof. We shall prove that —x’R;(x) = x°fj(x) is completely monotonic on (0, o) and —x°R}(x) =
x® f3(x) is not. By (2.2) and (2.3) we obtain

r ! _ l * _ E ) —Xxt
X fi(x) = 1 tp3 5 e M'dt, r> 0.
0

and
cothr 1 1, 2 , 1
) = — ——4+ —t"——1" — =,
p3 () : 245 T 945 3
coshr 1 1 1 2
M@t : =tp3(t) = ——t——+ = - =
® P30 =G T3 T a5t Toast
1 p@
MO = —— :
© 252 16 sinh® ¢
we have
1 p@)
[_M t ](5) AN )
© 252 16 inh® ¢
L g
-M0]© = - :
[=M®)] 4 {71 ginh’ t
where
p(f) = —14175cosh2s + 5670 cosh 4t — 945 cosh 61 + 13 134¢° cosh 2¢
+492¢° cosh 41 + 21° cosh 61 + 16 612° + 9450,
q(t) = 945sinh 3t — 315sinh 5¢ + 45 sinh 7t — 1575 sinh ¢ — 456¢" cosh 3¢

—8¢" cosh 5t — 24161’ cosh .
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Since
1 267 +492 - 4% + 13134 .27,
¢ — t n+6
p(0) ; )
T 945 - 621%6 — 5670 - 4216 4 14175 . 22146 s
— 2n + 6)!
> 0,
g(0.1) = -2.9625x 107 <0,

we obtain the expected conclusions. m|

Remark 4.1. The experimental results show that the conjecture (1.6) may be true.

5. Complete monotonicity of the functions R’ (x) (1 < n < 3) and their completely monotonic
integer degrees

Theorem 5.1. The function x’R”(x) is completely monotonic on (0, %), and

degg,,; [Ry (0] = deg,,; [-f{"(x)] = 3. 5.1

Proof. By (2.2) and (2.3) we obtain

144 44 1 * t " — Xi
)C3R1 (x) = —x° (x) = Zj(; [—t2p1 (E)] e Mdt,

and 0 |
cosht
Pp ()=t - -1,
PO =gy 73
1 2 o 3(n— 1) 2%+ )
o nl” = 21 s 0.
=2 @] 3sinh4tLZ:“ @n+ D)

So x’R}/(x) is completely monotonic on (0, o).
But x*R//(x) is not completely monotonic on (0, co) due to

4 1 * t (4) — X
x'R; (x):Z fo [—tzpl (E)] e dt,

1

sinh

and

(4 sinh 3¢ + 12 sinh ¢ — 22¢ cosh t — 2t cosh 3¢)

-2p 0] = —

t

with [~2p; 0] " leio  =5.2766 x 107 < 0.
So

deg;,,; [Ry (0] = deg,,; [-f{"(0)] = 3.

O
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Remark 5.1. Here, we actually give a negative answer to the second paragraph of conjecture (1.7).

Theorem 5.2. The function x*R/)(x) is completely monotonic on (0, ), and
dengmi [Ré,(x)] = deg?mi [fz/,(x)] = 4.

Proof. By (2.2) and (2.3) we

1 r~ £\14
txto- [ onlg) e
0

and
1 1 cosht
Pp,(t) = —t'— =+t -1,
p(0) = g =y
) @) 1 (=125 sinh 3¢ + sinh 5¢ — 350 sinh ¢ + 6607 cosh ¢ + 60z cosh 3¢)
[t p2 (I)] - 30 1S
30 sinh’ ¢
1 = 5(5% + (24n - 63)3% +264n+62) |
= t n
30 sinh’ 1 | 4 2n+ D!
> 0.
Since | )
44 t —X
X o (x) = é_lf(; [12p2 (5)] e Mdt,
and

50 sinh 2¢ — 661 + 5 sinh 4t — 52t cosh 2t — 2¢ cosh 4t

sinh® ¢

5)
[P (0] =
5
with [t2p2 (t)]( ) l=10 ® —9.8935 x 1077 < 0, we have that x° 5/(x) 1s not completely monotonic on

(0, ). So
deg’,.; [Ry (x)] = 4.

Theorem 5.3. The function x°RY(x) is completely monotonic on (0, o), and
deg,,; [R5 (0] = degg,,; [-f5' ()] = 6.

Proof. By the integral representation (2.3) we obtain

44 1 * t (6) —Xi
e = g [ [n(g) e
0

1 t\]7
—x"f3(x) é_lf [—t2p3 (E)] e Mdt.
0

It follows from (2.2) that

cohr 1 1, 2 , 1
H = -+ = - -,
p3 () 2 a5 T o5 T3
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1 1 2 cosht
NGO : =Ep3() = —1— = - O+t -1,
® P30 =25t =30 = 535" Y iy

1 r()
_N©O(; D
© 42 sinh’ ¢
2416¢ — 1715 sinh 2t — 392 sinh 4¢ — 7 sinh 6¢
; +2382¢ cosh 2¢ + 240¢ cosh 4t + 2¢ cosh 6¢
_N( )(t) = . ) s
sinh® ¢
where
r(t) = 6321sinh 3¢ + 245 sinh 5¢ + sinh 7¢ + 10 045 sinh t — 25 368¢ cosh ¢
—4788¢ cosh 3t — 84t cosh 5¢
_ i Cn s
- 2n+1)!
with

¢, =7-7" = (168n — 1141)5*" — (9576n — 14 175) 3*" — (50 736n + 15323).
Since ¢; > 0fori =4,5,6,7, and

Corl —49c, = (4032n —31584)5*" + (383 040n — 653 184) 3*"
+2435328n + 684768 > 0

foralln > 8. So ¢, > 0 for all n > 4. Then r(r) > 0 and —N©(7) > 0 for all 7 > 0. So x°R{(x) is
completely monotonic on (0, o).

In view of —N7(1.5) = —0.57982 < 0, we get x’R}/(x) is not completely monotonic on (0, o). The
proof of this theorem is complete. O

Remark 5.2. The experimental results show that the conjecture (1.7) may be true for n,m > 2.
6. Conjectures for the completely monotonic integer degrees of the functions (—1)" R™(x)

In this way, the first two paragraphs for conjectures (1.5) and (1.6) have been confirmed, leaving
the following conjectures to be confirmed:

deg;,,; [R,(0)] = 2(m—1), n>4; (6.1)
deg. ;[-R,(x)] = 2n-1,n>4; (6.2)
and form > 1,
m, ifn=0
deg’,,; [(=1)" R (x)| = m+1,  ifn=1, 6.3)

m+2mn-1), ifn>2

where the first formula and second formula in (6.3) are two new conjectures which are different from
the original ones.
By the relationship (2.3) we propose the following operational conjectures.
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Conjecture 6.1. Let n > 4, and p,, (¢) be defined as (2.2). Then

[(=1)" p, )]*" >0

holds for all ¢ € (0, o0) and
[(=D)" p. O]*" >0

is not true for all ¢ € (0, 00).

Conjecture 6.2. Let n > 4, and p, (¢) be defined as (2.2). Then

=" [tp, O]* " > 0

holds for all ¢ € (0, o0) and
(1) [tpa (0]*” > 0

is not true for all ¢ € (0, 00).

Conjecture 6.3. Let m > 1, and p,, (¢) be defined as (2.2). Then
[7"po )]™ > 0,

[ py O] >0

hold for all # € (0, ), and
[7"po (0] > 0,

[-"p; ] > 0
are not true for all ¢ € (0, c0).

Conjecture 6.4. Let m > 1, n > 2, and p,, (¢) be defined as (2.2). Then
(_l)n [tmpn (t)](m+2n—2) >0

holds for all ¢ € (0, o0) and

is not true for all ¢ € (0, 00).
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