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Abstract: In this paper, we study inextensible flows of a curve in an isotropic 3-space and give a
necessary and sufficient condition for inextensible flows of the curve as a partial differential equation
involving the curvatures of the curve. Using binormal flows of a space curve we give the Backlund
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1. Introduction

It is well known that many nonlinear phenomena in physics, chemistry and biology are described
by dynamics of shapes, such as curves and surfaces, and the time evolution of a curve and a surface has
significations in computer vision and image processing. The time evolution of a curve and a surface is
described by flows, in particular inextensible flows of a curve and a surface. Physically, inextensible
flows give rise to motion which no strain energy is induced. The swinging motion of a cord of fixed
length or of a piece of paper carried by the wind, can be described by inextensible flows of a curve
and a surface. Also, the flows arise in the context of many problems in computer visions and computer
animations [2, 7]

In [5], Hasimoto studied the relation between integrable systems and geometric curve flows and he
showed that the non linear Schrodinger equation is equivalent to the binormal notion flow of space
curves by using a transformation relating the wave function of the Schrodinger equation to the
curvature and torsion of curves (so-called Hasimoto transformation). In particular, Lamb [8] proved
that the mKdV equation and the sine-Gordon equation arise from the invariant curve flows by using
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the Hasimoto transformation. After, Mohamed [9] investigated the general description of the
binormal motion of a spacelike and a timelike curve in a 3-dimensional de-Sitter space and gave some
explicit examples of a binormal motion of the curves. Schief and Rogers [11] investigated binormal
motions of inextensible curves with a constant curvature or a constant torsion, and introduced two
new examples of integrable equations which are derived from the binormal motion of curves and
established the Bicklund transformation and matrix Darboux transformations of the extended Dym
equation and the mKdV equation. In [1] the authors studied curve motions by the binormal flow with
the curvature and the torsion depending velocity and sweeping out immersed surfaces and obtained
filaments evolving with a constant torsion which arise from extremal curves of curvature energy
functionals. Curve flows have been studied by many experts and geometers [4,6, 13].

The outline of the paper is organized as follows: In Section 2, we give some geometric concepts
of curves and surfaces in an isotropic 3-space. In Section 3, we study inextensible flows of a space
curve and give time evolutions of the Frenet frame, the curvature and the torsion of the curve. In the
last section, we construct the Béacklund transformations of the Schrodinger flows and the extended
Harry-Dym flows as the binormal flows and give a nonexistence of bi-harmonic Hasimoto surfaces in
an isotropic 3-space.

2. Isotropic space

The three dimensional isotropic space I has been developed by Strubecker in the 1940s, and it is
based on the following group G of an affine transformations (x, y,z) — (X, J,Z) in R,

X=a+ xcos¢ —ysing,
Yy=b+ xsin¢g + ycos ¢,
Z=c+cix+oey+z,

where a, b, ¢, ¢y, c2, ¢ € R. Such affine transformations are called isotropic congruence transformations
or isotropic motions of I°, in this case B¢ is denoted by the group of isotropic motions (cf. [12]).
Observe that on the xy plane this geometry looks exactly like the plane Euclidean geometry. The
projection of a vector X = (x1,y1,2;) In I* on the xy plane is called the top view of x and we shall
denote it by X = (x;,y;,0). The top view concept plays a fundamental role in the isotropic space I°,
since the z direction is preserved under action of B¢. A line with this direction is called an isotropic
line and a plane that contains an isotropic line is said to be an isotropic plane.

In the sequel, many of metric properties in isotropic geometry (invariants under 8¢) are Euclidean
invariants in the top view such as the isotropic distance, so call i-distance. The isotropic distance of two
points P = (x1,y1,21) and Q = (x,, y»,2) is defined as the Euclidean distance of the their top views,
ie.,

d(P, Q) := \(x1 — X2 + (1 — y2)*, 2.1)
As a fact, two points (x, y, z;) (i = 1,2) with the same top views have isotropic distance zero, they called
parallel points.

Let x = (x1,y1,z1) and y = (x2,¥2,22) be vectors in I>. The isotropic inner product of x and y is
defined by

(2.2)

2122, if x;3=0 and y;=0
(x,y) = , _
X1X2 + y1Y2, if otherwise.
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We call vector of the form x = (0,0, z) in I isotropic vector, and non-isotropic vector otherwise.

Now we introduce some terminology related to curves. A regular curve C : I — I?,i.e., C' # 0, is
parametrized by an arc-length s if ||C’|| = 1. In the following we assume that all curves are parametrized
by an arc-length s. In addition, a point a(sy) in which {C’(sy), C"'(s¢)} is linearly dependent is an
inflection point and a regular unit speed curve C(s) = (x(s), y(s), z(s)) with no inflection point is called
an admissible curve if X'y’ — x”y" # 0.

On the other hand, the (isotropic) unit tangent, principal normal, and curvature function of the curve
C are defined as usual

_t()

=—"  and «(s) = [It(s)l = I€(SI], (2.3)
K(s)

t(s) = C'(s), n(s)
respectively. As usually happens in isotropic geometry, the curvature « is just the curvature function
of its top view C and then we may write «(s) = (x'y” — x”’y")(s). To compute the moving trihedron,
we define the binormal vector as the vector b = (0, 0, 1) in the isotropic direction. The Frenet equation
corresponding to the isotropic Frenet frame {t, n, b} can be written as ( [12])

dt 0 « 0)(t
d—n:—KOT n |, (2.4)
SIp 0 00)\b

where 7 is the (isotropic) torsion, that is,

det(C’, C”, C///)
T= 5 .

K

Consider a C"-surface M, r > 1, in I? parameterized by

X(u,v) = (x(u,v), y(u,v), z(u, v)).

A surface M immersed in I? is called admissible if it has no isotropic tangent planes. We restrict our
framework to admissible regular surfaces.
For such a surface, the coeflicients g;; (i, j = 1,2) of its first fundamental form are given by

811 = <Xua Xu)a 812 = <Xu, Xv)a 82 = <Xv’Xv>a

where X, = ‘;—f and X, = ‘;—f. The coeflicients &;; (i, j = 1,2) of the second fundamental form of M are

calculated with respect to the normal vector of M and they are given by
det(XullXuXV) h det(XMVXMXV) h det(XVVXMXV)
= h=—— hn=—FT—
/det(g;;) /det(g;;) 4/det(g;;)

The isotropic Gaussian curvature K and the isotropic mean curvature H are defined by

11

K = det (hij) H = guihy —2g1hi + gnhi
det (g;;)’ 2 det(g;)) .

The surface M is said to be isotropic flat (resp. isotropic minimal ) if K (resp.H) vanishes (cf. [12,14]).

(2.5)
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3. Inextensible flows of a space curve

We assume that C : [0, /] X [0,w] — M C I3 is a one parameter family of a space curve in I3, where
[ is the arc-length of a initial curve. Let u be the curve parametrization variable, 0 < u < [. We put
V= ||‘?9—5||, from which the arc-length of C is defined by s(u) = fou vdu. Also, the operator % is given in
terms of u by £ = 12 and the arc-length parameter is given by ds = vdu.

On the Frenet frame {t, n, b} of the curve C in I3, any flow of C can be given by

oC
= = at + n + yb, (3.1

where «, 8,y are scalar speeds of the space curve C, respectively. We put s(u, t) = fou vdu, it is called
the arc-length variation of C. From this, the requirement that the curve not be subject to any elongation
or compression can be expressed by the condition

0 " ov
Z = —du = 2
% s(u, 1) fo o du=0 3.2)

for all u € [0, [].
Definition 3.1. A curve evolution C(u, 1) and its flow % in [z are said to be inextensible if
0 ' oC
ot || du

Theorem 3.2. If %—f = at+pn+vybisaflow of C in an isotropic 3-space I3, then we have the following
equation:

ov  Oa

— === . 3.3

ot Jdu vkp (3-3)
Proof. Since Vv = <g—g, g—§> and u, t are independent coordinates, a% and % commute. So by
differentiating of v* with respect to ¢ and using (2.4) and (3.1) we can easily obtain (3.3). O

Now, we give necessary and sufficient condition for a inextensible flow in an isotropic space and it
is useful to get our results.

Theorem 3.3. Let %—f = at + n + yb be a flow of a space curve C in I3. Then the flow is inextensible
if and only if

oa
— = «B. 34
3 K (3.4)
Proof. Suppose that the curve flow of a space curve C is inextensible. From (3.2) and (3.3) we have
0 "0 “(0
Es(u, 1) = ‘fo a—‘;du = ‘fo (6_(; - VK,B) du=0, forallucelO0,]I].
It follows that
oa 5
— = VK.
ou
Since & = 12 we can obtain (3.4).
Conversely, by following a similar way as above, the proof is completed. O
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Theorem 3.4. Let aa—f = at+pn+vyb be a flow of a space curve C in I5. If the flow is inextensible, then
a time evolution of the Frenet frame {t,n, b} along a curve C is given by

aft 0 w1 ¢ \(t
d—n:—nglOO n |, (3.5)
(b o 0o oJlb
where 3 3
Q= ﬁ +ak, ¢ = td + Br. (3.6)
as ds
Proof. Noting that
6_t_2 6—C _ﬁ( t +5n + yb)
o~ ai\as) " as ARty
3.7
= a£+a/< n+ 8—y+ﬁ‘r b
~\ds os '
Also,
0 ot on op on
0= E(t’ n> - <E’n> + <t7 E) - (% + (ZK) + <ta E%
0 on
O = 4 ab = _’b ’
3 t(ll )=« o )
which imply that a time evolution of the principal normal vector n can be expressed as
on op
E = —(% + CYK)t
This completes the proof. O

Now, we give time evolution equations of the curvature « and the torsion 7 of the inextensible space
curve C in I;.

Theorem 3.5. Let %—f = at + fn + yb be a flow of a space curve C in Is. Then, the time evolution
equations of the functions k and T for the inextensible space curve C are given by

Ok _ 01

at s’
P (3.8)

E =
Proof. It is well known that the arc length and time derivatives commute. That is,
o (ot 0
— === + @b
3 ((9t) as(%n ¢2b)

K@),

and

0o
= (—kp)t + (a—fm.
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Comparing two equations, we find

Ok Op
o ds’

Also by using & (‘Z—'[‘) = %(‘3—?) and following a similar way as above, we can obtain the second
equation of (3.8). The proof is completed. O
Remark 3.6. Taking S = —«;, by (3.4) one find o = —%KZ. From the time evolution of the curvature
(3.8) we get

35
Ki = —Ksss — EK Ks,

it follows that the curvature « evolves according to the mKdV equation
3
Ky + Kggs + EKZKS =0,

where k; = g—’; and k; = %’;. The corresponding flow of a curve is

C—lzt n
= 2K KS,

which is the so-called modified KdV flow [3].
We give a example of inextensible flow of a curve with constant torsion as follows:
Example 3.7. Taking 7 = ¢ = constant. If we consider
@=ay B=p, Y=-PoTos+ Yol
where «, 80, Yo are non zero constants, then the PDE system (3.8) takes the form
K; = QoK.
it follows that one solution of the last equation is
K(s, 1) = e* ",
Thus, (2.4) and (3.5) imply aot, = t, and n = e~¢+20t . If we take
t = (cosh(ags + 1), sinh(ags + 1), aps + 1),
the vector n is given by
n(s, 1) = e (sinh(ays + 1), cosh(aps + 1), 1).

Thus, we can get the family of curves C,, so we can determine the surface that is generated by this
family of curves.

4. Binormal flows of a space curve
Queet al. [10] studied the Béacklund transformations of geometric curve flows in a Euclidean 3-space
R3. In this section, we aim to give the Bicklund transformations of integrable geometric curve flows

by using time evolutions of a curve in an isotropic 3-space I°.
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4.1. The Schrodinger flows

It is well-known that the Schrédinger flow in a 3-space is given by [5]
C, =CyxCy = kb. 4.1)

In this case we take (a,8,y) = (0,0,«) in (3.1), it follows that (3.5) and (3.8) imply the following
theorem:

Theorem 4.1. The Schrodinger flow (4.1) implies the time evolutions of frame fields, the curvature and
the torsion of a space curve C in an isotropic 3-space Iz as follows:

d t 0 0 kg t
b 00 0)\b
d [ k 00 K
£fe)-(2 80

We now construct the Béacklund transformation of the Schrodinger flow (4.1). Considering another
curve in I® related C by
C(s,t) = C(s,1) + u(s, Ot + v(s, )n + £(s, )b, 4.4)

where u, v and ¢ are the smooth functions of s and 7. Using (2.4), (4.1) and (4.2), a direct computation

leads to

Cs = (1 + py — ot + (vs + kn + (£ + )b, 45)
C, = wt+vmn+ (k+ & + kb '

Let § be the arclength parameter of the curve C. Then

ds = ||Cyllds = (1 + pay — kv)? + (v, + ku)?ds := Qds,

where Q is a non zero smooth function. It follows that the unit tangent vector of the curve C is
determined by
i = (Dlt + (I)zn + (D3b, (46)

where ®; = Q7I(1 + py — kv), D, = Q7N (v, + ku) and @3 = Q7'(&, + 7v). Differentiating (4.6) with
respect to §, we get

q)ls —Kq)z (I)Zs +Kq)1 (I)3S +Tq)2
t+ n+
Q Q Q
which gives the curvature of the curve C:

igz b

= (@ — kD)2 + (Do + kD)2 O
= [|Cyl| = = —. 4.7
k= |IC, 5 o (4.7)

Thus form (2.3) the Frenet frames of the curve C are given by

. Dy — kD, Dy, + kD, D3, + 7D,
n= t+ n+

b, b=1(0,0,1). 4.8
) 6 6 ( ) (4.8)
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Assume that the curve C also fulfills the Schrodinger flow, that is,
C, = «b. 4.9)

The Bécklund transformation of the Schrodinger flow with the help of (4.6), (4.8) and (4.9) turns out
to be the following result (cf. [10]):

Theorem 4.2. The Schrodinger flow (4.1) is invariant with respect to the Bdcklund transformation
(4.4) in an isotropic 3-space 15 if u, v and & satisfy the system

/Jt = 07
Vi = 07
)
K+ &+ Kt = o
4.2. The extended Harry-Dym flows
The extended Harry-Dym flow [11]
C,=12b (4.10)

is obtained by setting @ =0, =0and y = r2ina space curve flow (3.1).

Theorem 4.3. The extended Harry-Dym flow (4.10) implies the time evolutions of frame fields, the
curvature and the torsion of a curve C in an isotropic 3-space I3 as follows:

J(t 00 (72), \/(t
Zlml={00 o n |, @.11)
b 00 0 b
d{ « 0 0)\/«
il 2= (e, o )(5) @i

We consider the Bicklund transformation of the extended Harry-Dym flow (4.10)
C(s,1) = C(s,1) + u(s, Ot + v(s, H)n + £(s, )b, 4.13)

where p, v and ¢ are the smooth functions of s and . Differentiating (4.13) with respect to s and ¢ and
using (4.11) we get
Cs = (1 + p; — kWt + (vs + k)N + (& + TV)b,
- | ) (4.14)
Co=ut+vm+ (72 + &+ u(t2),b.
Let § be the arclength parameter of the curve C. Then the unit tangent vector of the curve C is given
by
t= Ot + ®n + O3b, (4.15)
where we put
@) = Q7 (1 + s = kv),
@y = Q7' (v, + Ku),
O3 = Q& + V),

Q= \/(l + s — kv)? + (Vg + Ku)?.
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Differentiating (4.15) with respect to §, we get

- (Dls —K(I)2 ®23 +K(D1 q)3s +T(I)2
Q o "7 0

it follows that the curvature of the curve C leads to

o= V(@i = kD)2 + (g + kD) O
= ||Cyl| = = —. 4.16
k=Gl Q Q (4.16)
Thus form (2.3) the Frenet frames of the curve C are given by
D) — kO D, + kO D3 + 7D -
= 2y S T T T TR, b= (0,0, 1), (4.17)

n+
G G G

Assume that the curve C also fulfills the extended Harry-Dym flow, that is,

NI—=

C,=%b. (4.18)

The Bicklund transformation of the extended Harry-Dym flow with the help of (4.14) and (4.17) turns
out to be the following result:

Theorem 4.4. The extended Harry-Dym flow (4.10) is invariant with respect to the Bdcklund
transformation (4.13) in an isotropic 3-space 13 if u, v and & satisfy the system

Hi

Vi

ole £ O

T ), =

4.3. Hasimoto surfaces

Definition 4.5. The surface C(s,#) wiped out by the Schrodinger flow (4.1) is called a Hasimoto
surface.

Sometimes, Eq. (4.1) is called the vortex filament or smoke ring equation, and can be viewed as a
dynamical system on the space curves. Since C; = t and C, = «b, the first and second fundamental
forms of the Hasimoto surface are given by

I =ds® + K*dr,
Il = —xds’.
In this case « is non-vanishing everywhere. Thus, we have

Theorem 4.6. Let C(s,t) be a Hasimoto surface such that C(s,t) is a unit speed curve for all t in an
isotropic 3-space I3. Then the surface has zero Gaussian curvature and the mean curvature H = —%K.

Corollary 4.7. There is no minimal Hasimoto surface in an isotropic 3-space.
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Theorem 4.8. Let C(s,t) be a Hasimoto surface in an isotropic 3-space I3. Then the followings are
satisfy:

(1). s-parameter curves of the surface are non-asymptotic curves.

(2). s-parameter curves of the surface are geodesic curves.

Proof. Suppose that C(s, f) is a Hasimoto surface such that C(s, t) is a unit speed curve for all 7. It is
well known that the normal curvature «, of a s-parameter curve on the surface C(s, t) is given by
Ky = (U, Cy) = (—n,kn) = —k,

CyxC;
ICsXCyll

where U =
asymptotic.
Also, the geodesic curvature k, of a s-parameter curve on the surface C(s, t) is

is a unit normal vector of the surface. Since k # 0, a s-parameter curve is non-

ke = (U X Cy,Cy5) = —(m X t,kn) = 0,
it follows that a s-parameter curve is geodesic. The proof is completed. O

Theorem 4.9. Let C(s,t) be a Hasimoto surface in an isotropic 3-space I5. Then the followings are
satisfy:

(1). t-parameter curves of the surface are asymptotic curves.

(2). t-parameter curves of the surface are geodesic curves.

Proof. The normal curvature «, and the geodesic curvature k, of a t-parameter curve on the surface
C(s,t) are given by
Kp = <U7 Clt> = _<na Klb> = 0’

Kg = <U X Cl’ Cll‘) = —<l'l X Kb, Klb> = O

Thus, a t-parameter curve is asymptotic and geodesic. The proof is completed. O

On the other hand, the mean curvature vector H is given by
H=HU = %Kn, (4.19)
and Laplacian of the mean curvature vector is expressed as
AH = (2kk,) t + i (k* = & = Kiyy)m = % (3k,T + KT;) b. (4.20)

Theorem 4.10. Let C(s,t) be a Hasimoto surface such that C(s,t) is a unit speed curve for all t in an
isotropic 3-space I3. If the surface satisfies the condition AH = AH for some constant A, then the curve
C(s, 1) for all t has a constant curvature and a constant torsion. Furthermore, A1 = k*.

Proof. Suppose that a Hasimoto surface satisfies the condition AH = AH. With the help of (4.19) and
(4.20), we obtain the following equations:

kK =0,
Kt — Kf — KKy — AK* = 0, 4.21)
3k, T+ kT, = 0,

which imply «; = 0 and 7, = 0. From (4.3) we also get x, = 0 and 7, = 0, that is, « and 7 are constant.
Furthermore, from (4.21) A = «*. Thus, the proof is completed. O
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Corollary 4.11. There is no bi-harmonic Hasimoto surface in an isotropic 3-space.
Example 4.12. Let us consider the surface in I* parametrized by
C(s,t) = (cos s,sins,sins —coSs + 5§+ 1)
with 0 < s < 2mand -2 <t < 2. Then, we have
t(s,f) = (—sin s, cos s,cos s+ sins + 1),
n(s,7) = (—cos s, —sin s, —sin § + COS ),
b(s,?) = (0,0, 1),
k(s,t) =1,
7(s, 1) = 1.
On the other hand, we can check the following:
C,=1(0,0,1) = «b,
Kk, =0,
7, =0.

Thus the surface is a Hasimoto surface (Figure 1) and it satisfies AH = H.

Figure 1. Hasimoto surface with constant curvature and torsion.

Acknowledgments

The authors would like to thank the anonymous referee for useful comments and suggestions that
helped for a significant improvement of the exposition.

This paper was supported by Basic Science Research Program through the National Research
Foundation of Korea(NRF) funded by the Ministry of Education (NRF-2018R1D1A1B07046979).

AIMS Mathematics Volume 5, Issue 4, 3434-3445.



3445

Contflict of interest

The authors declare no conflicts of interest.

References

1.

10.

11.

12.

13.

14.

J. Arroyo, O. J. Garay, A. Pdmpano, Binormal motion of curves with constant torsion in 3-spaces,
Adv. Math. Phys., 2017 (2017), 1-8.

M. Desbrun, M. P. Cani-Gascuel, Active implicit surface for animation, In: Proc. Graphics
Interface-Canadian Inf. Process. Soc., 1998, 143-150.

R. E. Goldstein, D. M. Petrich, The Kortewege-de Vries hierachy as dynamics of closed curves in
the plane, Phys. Rev. Lett., 67 (1991), 3203-3206.

N. Gurbuz, Inextensible flows of spacelike, timelike and null curves, Int. J. Contemp. Math. Sci., 4
(2009), 1599-1604.

H. Hasimoto, A soliton on a vortex filament, J. Fluid Mech., 51 (1972), 477-485.

R. A. Hussien, S. G. Mohamed, Generated surfaces via inextensible flows of curves in R®, J. Appl.
Math., 2016 (2016), 1-8.

M. Kass, A. Witkin, D. Terzopoulos, Snakes: Active contour models, In: Proc. 1st Int. Conference
on Computer Vision, 1987, 259-268.

G. L. Lamb Jr, Elements of Soliton Theory, JohnWiley and Sons, New York, 1980.

S. G. Mohamed, Binormal motions of inextensible curves in de-sitter space S*!, J. Egyptian Math.
Soc., 25 (2017), 313-318.

C. Qu, J. Han, J. Kang, Bdicklund transformations for integrable geometric curve flows, Symmetry,
7 (2015), 1376—-1394.

W. K. Schief, C. Rogers, Binormal motion of curves of constant curvature and torsion. Generation
of soliton surfaces, Proc. R. Soc. London Ser. A, 455 (1999), 3163-3188.

7. M. gipué, Translation surfaces of constant curvatures in a simpley isotropic space, Period. Math.

Hungar., 68 (2014), 160-175.

M. Yeneroglu, On new characterization of inextensible flows of space-like curves in de Sitter space,

Open Math., 14 (2016), 946-954.

D. W. Yoon, J. W. Lee, Linear Weingarten helicoidal surfaces in isotropic space, Symmerty, 8
(2016), 1-7.

©2020 the Author(s), licensee AIMS Press. This
i1s an open access article distributed under the

@ AIMS Press

terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 4, 3434-3445.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Isotropic space
	Inextensible flows of a space curve 
	Binormal flows of a space curve 
	The Schrödinger flows
	The extended Harry-Dym flows
	Hasimoto surfaces


