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Abstract: Let p be a odd prime number and let IF, be the finite field of characteristic p with g
elements. In this paper, by using the Gauss sum and Jacobi sum, we give an explicit formula for the
number N(x} + xj = ¢) of solutions of the following two-variable diagonal quartic equations over F,:

. . . 1
Xj + x; = ¢ with ¢ € F,. From this result, one can deduce that N(x{ + x5 = ¢) = ¢ + O(q?).
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1. Introduction

Let p be an odd prime number with g = p*, s € Z*. Let F, be the finite field of g elements. For any
polynomial f(xi,---,x,) over IF, with n variables, we let N(f = 0) stand for the number of F,-rational
points on the affine hypersurface f(xy,--- , x,) = 0 over IFZ That is, we have

N(f:()) = ﬁ{(-xl"" 7-xn) EFZlf(Xl,"' ’xn) :O}

Calculating the value of N(f = 0) is a main topic in finite fields. Weil [15] proposed his famous
conjecture on the number of rational points of the nonsingular projective hypersurface over F.
However, it is difficult to give an exact formula for N(f = 0). Studying the explicit formula for
N(f = 0) under certain conditions has attracted a lot of authors for many years. Some works were
done by Ax [3], Adolphson and Sperber [1, 2], Carlitz [5], Hong [7-9], Hu, Hong and Zhao [11],
Zhao, Hong and Zhu [17]. It is noticed that the p-adic method is used by Hong et al. in [10] to
establish the universal Kummer congruences.
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On the other hand, in 1977, Chowla, Cowles and Cowles [6] determined the number of solutions of
the equation
N+t +x=0
in F,. In 1981, Myerson [13] extend the result in [6] to the field F, and first studied the number of
solution of the equation
A+ ++x=0

over ;. In 2018, Zhang and Hu [16] determined an explicit formula of equation
X+ + 0+ X =c,c€eF,

with p = 1 (mod 3) as follows: Let N(c) be the number of solutions of x} + x; + X + x; = c,c € F;,
with p =1 (mod 3), and F, = (g). Then they proved the following formula:

p* —6p —3p(5d ¥ 27b), if c = g>*!(mod p),
N(e) =1 p*—6p—Lp(5d+27b), ifc= g™ (mod p),
p* —6p+5dp, if ¢ = g*(mod p).

In this paper, we investigate the question of counting the number of solutions of the following
equation:
X +x=c
with ¢ € F}. Actually, we obtain the following result.
Theorem 1.1. Let F' = F, be the finite field with g = p* where p is an odd prime and s € Z*. Let ¢ € F,

and g be a primitive element of F.
(1). If p=1 (mod 8) or p =5 (mod 8) and s is even, then

g +6a(-1)"1 -3, if ind,(c)=0 (mod 4),
N+ =)= {97 2(=1*(a=2b) -3, zf %ndg(c) =1 (mod 4),
q+2a(=1)* -3, if indg(c) =2 (mod 4),

q+2(=1)°(a+2b)-3, if indy,(c)=3 (mod 4).

If p=5 (mod 8) and s is odd, then

q—2a(-1)*"1+1, if indy,(c) =0 (mod 4),
NG xi o= 1 2@+ 20) +1,if indy© =1 (mod 4)
qg+6a(-1)*1+1, if indg(c) =2 (mod 4),

g+2(-1y(a-2b)+1, ifindy(c)=3 (mod 4),
where a + bi = (a’ + b'1)° with a’ and b’ being integers such that
A+ =p,d =-1 (mod4), ¥ =dg'™ (mod p).
(ii). If p =3 (mod 4) and g = 1 (mod 4), then
N(xt+ x5 =c¢)
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= (g - 1= 2¢(=1) + 6rn(c)(=1)"") + 24/g = 9r(= 1) (( £ B(—)) + (F p(=O))i,
where r is uniquely determined by
g=r'+4,r=1 (mod 4),and,if p=1 (mod 4), then (r,p) = 1.
(iii). If p = 3 (mod 4) and g = 3 (mod 4), then
N(xt+x5=c)=q+1.

We notice that Theorem 1.1 (i) for the special case ¢ = p has been mentioned in the book of
Jacobsthal’s book. Furthermore, Theorem 1.1 (ii) is a special case of Wolfmann [14], but we here get
it by a different method. From Theorem 1.1, we can easily deduce the following statement.

Corollary 1.1. Let F = F, be the finite field with g = p*, where p = 1 (mod 4) is an odd prime and
s € Z". Let ¢ € F,. Then each of the following is true.

(). If p =1 (mod 4), then |N(x‘11 + xg =c) —q| < T+/q foreach g > 9.

(ii). If p =3 (mod 4) and g = 1 (mod 4), then [N(x} + x} = ¢)— gl < (7+4 V2) \/q for each g > 81.

This paper is organized as follows. First of all, in Section 2, we present several basic concepts
including the Gauss sums, and give some preliminary lemmas. Then in Section 3, we give the proof of
our main result Theorem 1.1 and Corollary 1.2. Finally, in Section 4, we supply two examples.

2. Preliminaries

In this section, we present several definitions and auxiliary lemmas that are needed in the proof of
Theorem 1.1. We begin with three definitions.

Definition 2.1. Let p be a prime number and g = p* with s being a positive integer. Let @ be an element
of F,. Then the trace and norm of a relative to F, are defined by

s—1

TrFq/IF,,((Y) —a+a’ +---+af

and
s—1 q-1

N]Fq/]pp(a) =aad? - = qr,
respectively. For the simplicity, we write Tr(a) and Na) for Trg jr, (@) and N /5, (@), respectively.

Definition 2.2. Let y be a multiplicative character of F, and  an additive character of F,. Then we
define the Gauss sum G(y, &) by

GO ¥) 1= ) YW,

"
xelFy

Definition 2.3. Let x| and x» be multiplicative characters of F,. Then the sum

JOx2) = ) xixa(l - x)

*
XeFy

is called a Jacobi sum in I,
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The character ) represents the trivial additive character such that y(x) = 1 for all x € F, and xo
represents the trivial multiplicative character such that yo(x) = 1 for all x € F,. For any x € F,, let

27i Tr(x)
L]
Then we call ¢, the canonical additive character of F,. Let a € F,. Then we define
27i Tr(ax)
RWCLE

for all x € F,. For each character ¢ of F, there is associated the conjugate character ¥ defined by
WU(x) = y(x) forall x € IF,. Let i be the quadratic character of IF,,.
We give several basic identities about Gauss sums as follows.

Lemma 2.1. [12] Each of the following is true:
(). Gy, ¥w) = X(@G(x, ) fora € F, b € F,.
@(i1). GO, ¥) = x(=DHG, Y).

(ii). IGOx, )l = ¢ for x # xo and y # .

Lemma 2.2. [12] Let F, be a finite field with g = p°, where p is an odd prime and s € N,. Then

(-1)"'q2, if p=1 (mod4),

G(U’ lﬂl) = {(_1)s—1isqé, #p = 3 (mOd 4)

If x1 and y, are nontrivial, there exists an important connection between Jacobi sums and Gauss
sums that will allow us to determine the value of Jacobi sums.

Lemma 2.3. [12] If x\ and x, are multiplicative characters of F, and  is a nontrivial additive
character of F,, then

G(Xl’ w)G(XZ’ lﬁ)
Gyix2,¥)

J(x1,x2) =

if x1x2 is nontrivial.

For a multiplicative character y of IF,, we obviously have y(—1) = £1. The value y(—1) is of interest.
The following result is regarding the sign of y(—1).

Lemma 2.4. [12] Let x be a multiplicative character of F, of order n. Then x(=1) = -1 if and only if
n is even and q%l is odd.

Clearly, we have the following consequence.

Corollary 2.1. Let p = 1 (mod 4) be an odd prime and q = p* with s being a positive integer. Let ¢
be a multiplicative character of F, of order 4. Then

(-1) = 1, if p=1 (mod8&)orp=5 (mod 8)and s is even,
PTUTNL i p=5 (mod 8) and s is odd.
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Proof. This corollary follows immediately from Lemma 2.4. O

Let ME"E] be the dual group consisting of all multiplicative characters of I, with the generator ¢. Then

ord(¢) = g—1 and the multiplicative character A with order d with d|(¢g—1) has the expression A = <p%f',
where 0 < ' < d and ged(?,d) = 1. Furthermore, the number of multiplicative character A with order
d is ¢(d), where ¢ is Euler’s totient function. We also need the following result.

Lemma 2.5. Let A be a multiplicative character of F, with order gcd(4,q — 1). Then

gcd(4,g-1)-1
NGx* = b) = Z V(b).

J=0

Proof. We divide this into the following three cases. Let A be any multiplicative character of F, with
order d := gcd(4,g — 1).

Cast 1. b = 0. Then x* = 0 has only zero solution x = 0 in F,. That is, one has NGx* =0) = 1.
Since 2°(0) = 1 and 2/(0) = 0 for 1 < j < d — 1, it follows that

d-1

Z ) =1=N&*=0)

Jj=0

as desired. So part (i) is proved in this case.
Case 2. b # 0 and x* = b has a solution in F,. Let b = g and x = ¢’. Then x* = b is equivalent to
the congruence
4y =k (mod g - 1). (2.1)

Then the congruence (2.1) has exactly d = gcd(4,q — 1) solutions y. Hence x* = b has exactly d
solutions in F,. Namely, N(x* = b) = d.

Let xo be an element of F, with x} = b. For any integer j with 0 < j < d — 1, since d|4 implying
that A* = y, the trivial multiplicative character, we have

by = V(x) = (A (x)) = 1.
Therefore one derives that

d-1 d-1
Z/lf(b):ZI:d:N(x4:b)
=0 j=0

as desired. Hence part (i) holds in this case.
Caske 3. b # 0 and x* = b has no solution in F,. Then N (x* = b) = 0 and (2.1) has no solution in F,.
Let b = g*. Then d { k and A(b) = A*(g) # 1 since A(g) is a d-th primitive root of unity. Then

d—1 d—1 d—1
Ab) Y M(by =Y A b) = > Ab),
j=0 =0 =0
which implies that

d-1
Ab) - 1) Z V(b) = 0.

J=0
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Since A(b) # 1, we have
d-1

D Ab)=0=N@*=b)
Jj=0
as required. Part (1) is proved in this case.
This finishes the proof of Lemma 2.5. O

The following relation between the Gauss sum G(y’,y’) of F, and the Gauss sum G(y, ¢) of F, is
due to Hasse and Davenport.

Lemma 2.6. [I2] Let Y/’ be an additive and )’ a multiplicative character of F,, not both of them
trivial. Suppose that ' and )’ are lifting to characters  and y, respectively, of the finite extension
field B, of F, with [F, : F,] = s. Then

G(X’ lﬁ) = (_I)S_IGS(X,’ lﬁ')

For a certain special multiplicative character of F,, the following result gives an explicit formula
about the associated Jacobi sums.

Lemma 2.7. [4] Let p =1 (mod 4) be an odd prime number and let ¢’ be a multiplicative character
of F, with ord(¢') = 4. 1f 0 is a generator of F,, with ¢'(6) = 1, then

J(¢' ¢) =d +bi,
where a’ and b’ are integers such that a’”> + > = p, @ = —1 (mod 4) and b’ = a0 (mod p).

The characters of F, can be lifted to the characters of F,, but not all the characters of F, can be
obtained by lifting a character of F,. The following result characterizes all the characters of F, that can
be obtained by lifting a character of F,.

Lemma 2.8. [12] Let y be a multiplicative character of F, with g = p*. Then x can be lifted from a
multiplicative character x' of F,, if and only if x*~" is trivial.

3. Proofs of Theorems 1.1

In this section, we present the proof of Theorem 1.1 as follows.
Proof of Theorem 1.1. (). Let p = 1 (mod 4). For x € F,, from the trigonometric identity

Z (27ri Tr(xy)) q, if x=0,
exp|—) =
N 0, if x#0,

we can deduce that

NG+ x5 =0) = : Z Z exp(zmTr(x(x;iJr X5 = C)))

X€Fy (x1,x2)€F>

1 271 Tr(xy*)\\2 2mi Tr(—
:52(2“13( 7l ;(xy ))) exp( i ;( xc))

x€F, yeF,
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_g+ D (Z exp (zm%(xyﬁ))zm(—xc). 3.1)

q xeF;  yeF,

Denote

R, = Z exp (ZmT+(xy4))

yeF,

Then by Lemma 2.5, we get

o1+ 3N = e (2D
zeFZ
=1+ Z (1 +0(2) + ¢*(2) + 903(2))%01()%),
zeFZ

where ¢ is a multiplicative character of F, with ord(¢) = 4. Then ¢(g) = +i. WLOG, in what follows,
we set ¢(g) = 1.
Note that ¢*> = 17 and ¢* = @, we know that

Ro= Y y1(x)+ )" o@ui(x2) + D @ (x2) + ) B (x2).

% ok Sk
z€F, z€lF z€ly z€Fy

D) =0,

z€F,

Since

it follows from the definition of Gauss sum and Lemma 2.1 that

Re= ) ¢@ui(x2) + Y m@wn(xd) + ) @i (x2)
z€F; z€F; z€F;
=Gp, ¥) + G, ) + G(p, )
= GG, Y1) + TG, Y1) + ¢XG@, Y1),

Noticing that the value of 7 is real and 7(x) = (%), from the Lemmas 2.1 and 2.2 we deduce that

R, = E00(. ) + (S 2 VG + =G0 (32)
From (3.1)) and ((3.2), we derive that
N+ x5 = ¢
=q+ %[ ZF] (FeG@.u + (%”)(—DH V7 + so(—x)W)zw—xc)
1
=g+ Z]);F;Tx. (3.3)
Since ¢’ =%, ¢ =¢* =1, ¢*(x)=("2)and Lemma 2.1 implying that
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G(p,¥1)G(p, 1) = g, it follows that

T, =(n(0)(G* (. ) + G2, 1) + 2(= 1) Va(e()G(. Y1) + (—DB(x)Glg. 1))
+ (14 20(=1))q )1 (~xc).

By using the following simple facts

_ -1 1
o =17 = 20, a0 = £ 5 v,
n(—c) ¢(c) o(c)
we deduce that
7 =BG ) + Gl + (1 + 26 1)
-1 1 -
£ (=1 «/a(%go(—xcx;«o, ) + ZSEOTE T (o) (3.4)

Since —xc runs over [} as x runs through F, it follows from (3.3),(3.4) and the fact of > y(—xc) =

xely
—1 that
N(x{ + x5 =¢)

5 .
=g+ 1(6 (‘)0,'7[/1) + Gz(‘p’l//l)

G, ) = (1 +2¢(=1))q

q n(=c)
et 2D el e 2 =
+2(-1) \/a—tp(c) G (p,y1) + (=1) \/aa(c)G(SO,l/’l)G(‘P’l//l))-

Note that .

_ I o _
el 2(c), st n(=c) = n(=bn(c) = n(c).

From Lemmas 2.1 and 2.2, we have

N+ x5 =c)=q+ %{((—1)5-1 V(G (@, 4) + G, 1) — (1 + 20(~1))g
+2(=1)"" Vge(—= (@G (¢, 1) + ()G, 1)), (3.5)
Noting that ¢(1) = ¢(1) = 1 = n(1), it follows from (3.5) that
N+ =1 =g+ é(l +26(- D)= Va(G* (@, Y1) + G2, ) — q).
From Lemmas 2.2, 2.3 and 2.6-2.8, we can deduce that
G (p.y1) = (@ + V)2,
where a’ and b’ are integers such that
, g1

a’+b*=p, d=-1 (mod4), b =dg+® (modp).
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Letting a + b1 = (a’ + b’1)* gives us that

G2 (g, 1) + GX@,01) = 2a+g, G (g, 41) — GXp,¥1) = 2bi\q.

Thus
NGt +x5=1) =g+ (1 +20(-1))2a(-1)*" - 1).

By Corollary 2.1, we get

g +6a(-1)"!' =3, ifeitherp=1 (mod 8),
N(x‘l1 + xg =1)= orp=5 (mod 8) and s is even,
g—2a(-1)"'+1, if p=5 (mod 8)and s is odd.

From (3.5), (3.6), ¢(g) = i and n(g) = —1 we obtain that
N} +23 = g) = ¢+ 2(=1)°(a — 2bp(=1) = (1 + 2¢(~1)).
By Corollary 2.1, we have

q+2(-1)(a—2b) -3, ifeitherp=1 (mod 8),
Nt +x3=¢) = orp=5 (mod 8) and s is even,
g+2(-1)(a+2b)+1, if p=5 (mod 8) and s is odd.

From (3.5), (3.6), ¢(g?) = —1 and n(g*) = 1, we have
NG +25 = ¢7) = g +2a(=1""'(1 = 20(=1)) = (1 + 2¢(=1)).
By Corollary 2.1 it follows that

q +2a(-1)* -3, if either p =1 (mod 8),
N(x‘ll + x‘zl = gz) = or p=5 (mod 8) and s is even,
g+6a(=1)"'+1, if p=5 (mod 8)and s is odd.

From (3.5), (3.6), ¢(g*) = —i and n7(g*) = —1, we deduce
NG +03 = &) = g+ 2(=1(a + 2bp(=1)) = (1 + 2¢(=1)).
By Corollary 2.1 we have

q+2(-1)(a+2b)-3, ifeitherp=1 (mod 8),
Nixt+x3=¢)= orp=5 (mod 8) and s is even,
g+2(-1)(a-2b)+1, if p=5 (mod 8)and s is odd.

From (3.7), (3.8), (3.9) and (3.10), we can conclude the proof of part (i).
(i1). Let p =3 (mod 4) and ¢ = 1 (mod 4). Since p = 3 (mod 4) implying that

s 1 (mod 4), if siseven,
q=p

3 (mod 4), if sisodd,

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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one must have that s is even. Let Nj be the number of solutions of x{ + x + --- + x{ = 0 over F,.

Myerson [13] gave the value of
N> =4g-3, N;=q*—6rg+6r,

where r is uniquely determined by

g=r*+4r,r=1 (mod4), andif p=1 (mod 4), then (r,p) = 1.

Since
M= Y= Y e 3
(x1.x7, r3)E]F (xq xz)EF ’C3EIF
X?+Ag+xg—0 x4+‘(‘2‘—0 ‘?""Cg’ X;t
4
=N, +(q— l)N(x1 + x5 = -1),
one has

Ni—N, q*—(6r+4)g+6r+3

N +x=-1)= =
(x] + x5 ) o o

From (3.11) and Corollary 2.1, we have ¢(—1) = 1 if s is even.
By (3.5), one has
N(xt + -1)

4
Xy =
( (=1 V(G (g, n) + G2 y1)) — (1 + 20(-1))q)

Va(GX(p.un) + G2, ) + 3q)
From (3.12) and (3.13), we can deduce

GX(p.u1) + GX . y1) = 6r V3.
Let G2(p, 1) = 3r /g + Bi. By G*(¢,1)G*(, 1) = ¢°, one has
B=+f—9rg.

So we can write G*(¢, 1) = 3r\/[q £ \/q> — 9r’q i. From (3.5), one has

N(x} + x5 =c¢)

= (= 1-20(=1D) +6m()(=1)"") +2g = 9r(=1)*((£ &(=0)) + (F p(=c))i.

This finishes the proof of (i1).

(3.12)

(3.13)

(iii). Let p = 3 (mod 4) and ¢ = 3 (mod 4). Since gcd(4,g — 1) = gcd(2,g — 1). By Lemma 2.5,

one has N(x* = A) = N(x*> = A). It follows that

N(xt+ x5 =c¢)
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Z N(x‘l‘ = cl)N(x;‘ =)

(x1,%2)€F2
cl+ep=c

Z N(x% = cl)N(xg =)

(x1,xp )E]ng
cl+ep=c

DU+ nen)(t +n(e)

2
(x1,xp )EFq
cl+ep=c

q+ Z n(cy) + Z n(c2) + Z n(cicr)

C1 E]Fq C1 E]Fq C1 EIFq
:q+277(cx—x2) =c]+Z:17(cx_1 -1).
x€F, xeFy
=q+ Yy ny-D=q+1.
yeF;
This finishes the proof of part (iii), and hence that of Theorem 1.1. m|

Proof of Corollary 1.2. (i). Letg = 1 (mod 4). From Theorem 1.1, one has |a| < /g and |b] < +/q,
therefore one deduces that |a +2b| < 3 4/g. Then we derive the desired result |N(x]+x; = ¢)—¢ql < 7+/g
by triangle inequality.

(ii). Let p = 1 (mod 4) and ¢ = 3 (mod 4). From Theorem 1.1, one has |r| < /g, /g —9+/g <

Vg —9r < /g +9+/qand |(( +o(-0)+ (7 go(—c)))il < 2. From this, we deduce that

IN(x} + 23 =€) — gl < |3+ 6r + 4 /g — 4]
<34+ 6r+4+/g+9r
<3+6r+442g
< (7T+4V2)\q

as required. The proof of Corollary 1.2 is complete. O
4. Two Examples

In this final section, we provide two examples to demonstrate the validity of our main result
Theorem 1.1.

Example 4.1. For finite field Fs, it is easy to see that 2 is a generator of F;. Note that s = 1. Then
a=a=-landb’' =b=-2.

Since ind,(1) = 0 (mod 4), ind,(2) = 1 (mod 4), ind,(3) = 3 (mod 4), ind>(2) = 2 (mod 4). From
Theorem 1.1, one can compute and get that

Nt +x3=1)=8, N(j+x3=2) =16,
N(x} + x5 =3) = N(x] +x3 =4) = 0.
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Example 4.2. Observe that x*> — 2 is irreducible over Fs. Let a be a root of x*> — 2 over its split field.
Then Fs(a) is an extension field of Fs with order 25, and we denote it by Fs, where

Fys ={x+ya | x €Fs,yeFs}.
For any x; + y; € Fps withi = 1,2, we define
(X1 +310) + (%2 + 120) := (¥ + 1) (mod 5) + (1 +y2) (mod 5))a
and

(X1 +01@)(x2 + y20) 1= (0122 + 21y2)  (mod 5) + ((x1y2 + x21)  (mod 5))ar

By matlab programme, we confirm that the element 2 + 4« is a generator of Fos.
Note that s = 2, a’ = -1, b’ = =2. Thena = =3 and b = 4. Since indy,4,(1) = 0 (mod 4) and
ind; 4. (@) =3 (mod 4), it follows from Theorem 1.1 that

N(xt+x3=1) =40, N(x]+x5=a)=32.
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