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1. Introduction

For 0 < x < n/2, the famous Huygens inequality (see [1,2]) and Wilker inequality (see [3]) are

known as follows: )
Sinx tanx

22—+ —— > 3, (1.1)
X X
and
sin x 2 tan x
(—) + — > 2. (1.2)
X X

Yang and Chu [4], Chu et al [5], Sun, Yang and Chu [6] studied some combinations of inequalities
(1.1) and (1.2) with parameters and came to some good conclusions.
Neuman established the following three inequalities in [7]:

sinhx tanhx
+

>3, x>0, (1.3)
X X
i t
MM Y S X Y 3 0<x<Z, (1.4)
X X sinx tanx 2


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2020191

2968

and b o
231nx+anx> ,x + >3, x>0. (1.5
X X sinhx tanhx
Mortici improved inequality (1.3) in [2] as follows.
sinhx tanhx 3 3
2 3+ —x'——x° 0. 1.6
B + P >3+ 20x 56x , X > (1.6)

The Wilker inequality was refined by some researchers. Sumner et al. [8] affirmed the truth of the
Problems presented by Wilker [3] and obtained a further results as follows:

Theorem 1.1. If0 < x < n/2, then

8
— X tanx < +——-2<—xtanx. (1.7)

T X X 45

16 (sin x)2 tan x
Furthermore, 16/n* and 8/45 are the best constants in (1.7).
In 2012, Neuman proposed us two inequality chains in [7] as:

sinx tanx sinx tan(x/2 X X
+ > +2 (/)>2

> 3, (1.8)

X X X x/2 sinx tanx

. 2 2
sin x tan x X X
+ > | = +
X X sin x tan x

) 2 2
_ sinx [tan(x/Z)] .- x/2 . [ x/2 } o2
X x/2 sin(x/2) | tan(x/2)

The hyperbolic counterparts of the right two inequalities of (1.9) were also given in [7] as follows:

and

(1.9)

(1.10)

sinhx [tanh(x/2) ] x x/2 T
x +[ x/2 ]>sinhx+[tanh(x/2)] >2

Then in 2014, Jiang et al. [9] established some new Huygens- and Wilker- type inequalities
described as the following Theorems 1.2 — 1.5:

Theorem 1.2. LetO < |x| < n/2. Then

—+ —— <3+ 3
sinx tanx T

1 87 — 24
34 0 sinr <2 al al 2 Ssinx, (1.11)

1/60 and (8 — 24)/n* are the best constants in (1.11).
Theorem 1.3. Let 0 < |x| < 7/2. Then

x° sin x, (1.12)

X x/2 T 7 +8r—32
2+ s N p JA L
720" " Sinx [tan(x/2)] < 273

the constants 17/720 and (x> + 87 — 32)/(2n%) in (1.12) are the best possible.
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Theorem 1.4. Let x > 0. Then

sinhx tanhx
2 +

3 3
= h 1.1
>3+ —x tanh x, (1.13)

the constant 3/20 in (1.13) is the best possible.
Theorem 1.5. Let x > 0. Then

sinhx [tanh(x/Z) :
X

23
2+ —x’tanh x, 1.14
2 ] > +720x anh x (1.14)

the constant 23/720 in (1.14) is the best possible.

Lately, Chen and Chueng posed three conjectures for Wilker- type inequalities in [10]. The aim of
this paper is to give some refinements and sharpness of the above Huygens- and Wilker- type
inequalities, and to show a proof of the second conjecture by Chen and Chueng in [10].

2. Lemmas

In order to prove the main conclusions of this paper, we need the following lemmas.

Lemma 2.1 ([13]). LetO < |x| < &. Then

2 |BZn| 2,,1
cotx———Z 2n)!

Lemma 2.2 ([11,12]). LetO0 < |x| < . Then

1 1 27 = DByl 4,
_ = = 4 .
2 ol

n=1

Lemma 2.3 ([12,14-18]). For all integers n > 1, let B,, be the even-indexed Bernoulli numbers. Then

the double inequality
2@2n)! 1 2(2n)! 1

< B,
(27T)2n 1—2-2n <|Ba| < P

(2.1

holds.
3. Main results and their proofs

Now let us state and prove some results about the refinements and sharpness of the Huygens- and
Wilker- type inequalities.

Theorem 3.1. For x > 0, we have

sinhx tanhx
+

3
~ — < 3+ %;& sinh x, 3.1

and 3/20 is the best constant in (3.1).
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Proof. We know that (3.1) is equivalent to

3
3xcosh x + Ex‘1 sinh 2x > sinh 2x + sinh x.

Let
3
Fi(x) =3xcoshx + 4—0x4 sinh 2x — (sinh 2x + sinh x), x > 0.

Then by the expansions of power series of hyperbolic sine and hyperbolic cosine functions we can get

2n & 2n+1

3xi X 3 4 b (zx)2n+l had (zx)2n+1 X
n=0

F = _ -
1) el T30 Lan+ D! |[L@n+ D) T L@t D)

[ee]
2n+1

ay
_ X s
4 102n + D!

where
a, = (12n4 1203 = 3% 4+ 3n — 160) 223 4. 20Bn+1)>0

for n > 3. So F(x) > 0 holds for all x € (0, c0), which leads to (3.1). At the same time,

sinh x tanh x
-~ 23S 4+ 2 3 _ i
-0+ x3 sinh x 20°

the proof of Theorem 3.1 is completed.

Theorem 3.2. For x > 0, we have

2 — x*sinh x, (3.2)

720

inh tanh(x/2) |* 23
sin x+[an (x/ )] o
X

and the constant 23/720 is the best possible in (3.2).

Proof. If x = 2t, then inequality (3.2) is equivalent to

23
2+ 70 (2¢)* sinh 21,

sinh 2¢ sinh7 |
+ <
2t tcosht

or
180z sinh 2¢ cosh? 1 + 360 sinh? 7 < 7207 cosh? ¢ + 92 sinh 2¢ cosh? z.

Let

F>()

72072 cosh® t + 92¢° sinh 2¢ cosh®  — (180t sinh 2¢ cosh®  + 360 sinh? t)

360¢ cosh 27 — 180 cosh 27 + 46¢° sinh 2¢ + 237 sinh 4¢ — 907 sinh 2z
—45¢ sinh 4t + 360¢ + 180.

Then from the expansions of power series of hyperbolic sine and hyperbolic cosine functions, we can
obtain

L@+
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where

by = (n+1)(92n* —92n° - 23n” + 23n — 2880) 2% + 16 (92n° — 115n° + 720n” + 923n — 180)
> 0
for n > 3. So F,(#) > 0 holds for all ¢ € (0, c0), which leads to (3.2). At the same time,
sinh x [tanh(x/Z)]2 _n

lim — X2 _ B
1—0* x3 sinh x 7200

the proof of Theorem 3.2 is completed now.
Theorem 3.3. For x > 0, we have

X N x/2 2 <4 119
sinh x | tanh(x/2) 5040

x> sinh x, (3.3)

and the constant 119/5040 is the best possible in (3.3).
Proof. For x = 2¢, inequality (3.3) is equivalent to

720¢ sinh ¢ + 7207 cosh® ¢t < 1440 sinh? f cosh ¢ + 1367 sinh 27 sinh® 7 cosh 7,

we can let

F5(1)

1440 sinh? f cosh ¢ + 136 sinh 2¢ sinh? 7 cosh ¢ — (720r sinh 7 + 720¢* cosh’ r)

360 cosh 37 — 360 cosh 7 — 180#% cosh 37 — 17¢ sinh 3 + 17¢ sinh 5¢
—720¢ sinh t — 540> cosh ¢ — 347 sinh £.

By the expansions of power series of hyperbolic sine and hyperbolic cosine functions, we can obtain

_ N dew i
Fi(1) = HZ:; ml‘ ,

where

¢, = 1TnQ2n+Dm+1)5"" = (34n3 +591n% + 8271 — 2160) 32n-1
2 (34n3 +321n2 + 6021 + 360) .

We can calculate

c3 = 2856960 > 0,

ca = 211092480 > 0,

¢cs = 10543656960 > 0,
ce = 447656297472 > 0.
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For n > 7, from binomial expansion, we can get

17020+ 1) (n+ 1) (3 +2)™" = (34n + 591n” + 827n — 2160) 3"

—~2(34n + 321n” + 6021 + 360)

= 1TnQ@n+ D)+ D3 +@n- 137224+ 2n-1)3-277 42|
—(34n® + 59107 + 827n - 2160) 3™~ — 2 (340" + 321n” + 6021 + 360)

> 1Tn@n+1)(n+ 1|3+ @n - 1)372-2| = (34 + 591n” + 827n - 2160) 3"
+|@n =132 + 2271 | = 2(34n° + 32107 + 6021 + 360)

= 2(68n" + 68n® — 827n” — 1232n + 3240) 3"

Cn

+i |27 (6n - 1) - 8(34n® + 3211 + 6021 + 360)| .

Obviously, 68n* + 68n* — 827n* — 1232n + 3240 > 0 for n > 7. So we can complete the proof of ¢, > 0
for n > 7 when proving
8 (34n° + 321n% + 6021 + 360)
6n -1
By mathematical induction we can prove the inequality (3.4). First, The inequality (3.4) is obviously
true for n = 7. Let’s assume that (3.4) holds for n = m, that is,

PRUBS

(3.4)

8 (34m3 +321m? + 602m + 360)
om -1

PRLIS
holds. In the following we shall prove that (3.4) holds for n = m + 1. Since

8 (34m3 +321m? + 602m + 360)

22m+2 =4. 22m 4.
g 6m—1 ’

we can complete the proof of (3.4) as long as

8 (34m3 +321m? + 602m + 360) 8 (34 m+1)7+321m+1)2+602(m+ 1) + 360)

4 > ,
6m—1 6(m+1)—1
that 1s,
A 4(34m’ +321m? + 602m + 360) _ 340+ 42307 + 1346m+ 1317 C
B 6m — 1 6m+ 5 "D

In fact,
AD-BC =3 (204m4 + 1960m° + 4405m> + 4708m + 2839) > 0.

So ¢, > 0 holds for all » > 3 and F5(¢) > 0 holds for all ¢ € (0, o0), which leads to (3.3). At the same
time,

. 2 TP
lim sinh x + [tanh(x/Z)] -2 _ 119
150t x3 sinh x 5040°
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the proof of Theorem 3.3 is completed.

At the end of this section, via the Lemma 2.1 and Lemma 2.2 we can obtain the following result:

*© 2n—1 _ X H2n
2L+L 3 1+22(2 1)|BZn|x2n Ty l_ 2 |an|x2n_]
sinx tanx po 2n)! x (2n)!
22n_ 2n
= 3+ Z oy Bl
1 N I I 22 _ 4

|B2n|x2n-

34 S — S
> 2750 504" Tagoot T an

Motivated by the result above, we can establish the following double inequality:
Theorem 3.4. For0 < x < /2, we have

1 | . X X 1, 960(71—3)—7r45

34+ —xt+ —xXsinx<2— + — <3+ —x*+ X’ sin x,

60 504 sinx tanx 60 307°
and the constants 1/504 and (960(r — 3) — n*)/(30n°) are the best possible in (3.5).
Proof. Let

X
F ()C) _ 2sinx tanx -3 _ 2 + COS x _ 3 _ 1
A= 5 -2 -2 5 o 60xsin x
x> sin x x4s1n x x*sin“x x°smnx X S1n x

By Lemma 2.1 and Lemma 2.2, we have

1 , 1 22(2n - 1)IByl , 2
= —_ t = — + n—
s Y= Z} et
cosx 1Y) 1 22(211—1)(22” '~ DByl 2,
sin?x sinx]  x2 - (2n)!
then
211 221(2n — D\Baul 4,
F = —|=+ "
() = G153 Z_; el

1 1 s 2 _ 2n—1 _

1 _‘Z (2n—-1)(2 1)|an|x2n_2

x4 | x? o (2n)!

3 (1 <« 27 = DByl o, 1|1 22" = DByl 5,
-—— |-+ -— |-+

x| x HZ:; (2n)! x 60x | x Z (2n)! x
N 2n - 22 4 4p + 12 o 2(221 - 1)
— B,, 2n-2 _ B,, 2n—-2
Zl Gnray ol Zl 60 any P
— N u x2n—2

n=1

(3.5)
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with u; = 1/504 and forn > 2,

2n - 224 4+ 4n + 12|B | 222! — I)IB |
Ml’l = n T T LA A N1 ni
(2n + 4)! 60 - 2n)!
By Lemma 2.3 we obtain
S 2n -2 1 4n+ 12 2(2n+4)! 2271 -1)  2(2n)!
Uy, -
2n+4)! (2244 — 1)mon+s 60 - 2n)! (2272 = 2)m>n

(4n — 12244 — (120n — 1297% — 24)2°" -2 (Sn +24 + 712)
307T2n+4(22n+4 — 1)(22n — 2)

_ p(n)
157T2n+4(22n+4 _ 1)(22n _ 2)’

where
p(n) = 16(4n — 7)2*" = (120n - 1297° - 24)2”" = 2(8n + 24 + °)

for n > 2. Since
p(2) = 29232 —2034n% > 0, p(3) = 764832 — 57282x* > 0,
we can obtain that p(n) > 0 for n > 2 when proving

2(8n +24 + 712)

22 >
16(4n — 72)22" — (1201 — 12972 — 24)

(3.6)

holds for all n > 4. First, The inequality (3.6) is obviously true for n = 4. Let’s assume that (3.6) holds
for n = m, that is,
2(8m+24 + %)

16(4m — 72)22m — (120m — 12972 — 24)
holds. In the following we shall prove that (3.6) holds for n = m + 1. Since

22m >

2 (8m +24 + 772)
16(4m — m2)22m — (120m — 12972 — 24)’

we can complete the proof of (3.6) as long as

22(m+1) — 4 . 22m > 4 .

) 2(8m +24 + )
16(4m — n2)22m — (120m — 12972 — 24)
2(8(m+1)+24+ %)
16(4 (m + 1) — 72)22m+2 — (120 (m + 1) — 12972 — 24)

or
2880m> — (27367r2 - 10 944) m— (78487r2 +387n% - 9984)

22m
~ 7680m2 + (30720 — 96072) m — (460872 + 2407 — 24.576)

(3.7)

holds for m > 4.
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We find that (3.7) is obviously true for m = 4, 10. We continue to prove (3.7) holds for m > 10 by
mathematical induction. Let’s say (3.7) is true when m = n, that is,

2880n% — (2736712 -10 944) n— (7848712 + 38774 — 9984)

22 .
~ 7680m2 + (30720 — 96072) n — (460872 + 2407* — 24 576)

Since

2880n? — (27367r2 ~10 944) n— (78487r2 +387n% — 9984)
7680n2 + (30720 — 96072) n — (460872 + 2407+ — 24 576)°

we complete the proof of (3.7) as long as

22(n+l) — 4 . 22n > 4 .

p 4[2880n% - (27367% — 10944) n — (784872 + 387x* — 9984))]
b~ 7680n2 + (30720 — 96072) n — (460872 + 240x* — 24 576)
2880 (n + 1)* — (27367% — 10944) (n + 1) — (78487> + 387n* — 9984)

7680 (n + 1)* + (30 720 — 96072) (n + 1) — (460872 + 2407* — 24576)

&.I o

In fact,

ad — bc
= 66355200(n — 10)4 + (3304 488960 — 71331 8407r2) (n - 10)3

+ (61 604 167 680 — 2796 871 6807 — 3110 400714) (n — 10)*

+ (3084 4807° — 59 844 0967* — 36463 509 5047* + 509 612 654 592) (n—10)

+42 674 6887° — 253228 032" — 158 109253 6327 + 278 6401 + 1578 576 642 048
> 0

holds for all n > 10.

So u, > 0 for all n > 1 and F(x) is increasing for 0 < x < m/2. In addition to the conclusion
lim, o+ F4(x) = 1/504 and lim,_,;/2)- F4(x) = (960(7r — 3) — 7*)/(307°), the proof of Theorem 3.4 is
completed.

4. Proof of of the second conjecture by Chen and Chueng

Chen and Chueng posed three conjectures in paper [10] and now we give the rigorous proof of the
second conjecture described as Theorem 4.1.

Theorem 4.1. ForO < x <n/2 andn > 1,

tan x

(L) +— <2+ Z k- 1)22k+1|B2k|x2" + 2By K]
sin x tan x (2k)! 2n +2)!
holds.
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Proof. Let
- (k- 1)22k+1|BZk| 2k 22n+3|an+2| 2 1 x \? X
o = S R
5(X) +Z ol = 2n+2)! W= N\Gnx) " anx
_ 22’” |Bon ol 2 ¢ Z (k — 1)22k+1|32k|x2k
2n +2)! s (2k)!
_ 2Bl g S 5 4% ~ DIByl yy _ Z (k= DBy
2n + 2)! — (2k)! s (2k)!
_ 22"”|an+2| Z 22721228720 — 1) By_anl 2 _ Z (k- 1)22k+]|B2k|x2k
S @n+2)! (2k —2n)! = (2h)!
= Vn+1X2"+2 + Z VkXZk,
k=n+2
where
_4n - 22" By|
T Y
and

1 22753 Boyia| 2272022720 — 1)|Byggal - (k — 1)2%41| By |
2n + 2)! 2k = 2n)! (2k)!

Vi =

foralln >3 and k > n + 2.
By the Lemma 2.3 we have

; 1228 |By,n| 26 — 1) 22k = 2m)! 1
¢ 2n +2)! (k—2n)!  Qm2n -2k
(k- 12212026 1

(k)  (Qm)* 1 -2l

U2 [ 2242g, 1 72 2k — 1)
T | an+2) 'ﬁ_m]
i U s e ) S B (S 1)]
2k g(2l’l +2)! 22n (271-)2n+2 1 =2-2n-2 22% _ 9
s 8n 2(k — 1)]
7T2k 7T2(22n+2 — 1) 22k _ 9
S 2%*+2 1 8n _2n+1)
7T2k 7T2(22n+2 _ 1) 22n+4 _ 9
2242 [ (108 — 87%)n — 82| 22" + 2(n + 1)n® - 16n]
T 7T2(22n+2 _ 1)(2n+4_2)
> 0 g

forallm >3 and k > n + 2.
So the proof of Theorem 4.1 is completed.
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